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Abstract

We propose a simple and transparent approach to causal inference using panel data
with a large number of units and periods. Instead of imposing a particular parametric
specification on the untreated potential outcomes, we assume they follow a nonparamet-
ric nonseparable factormodel. Weuse longpre-treatment outcomehistories to construct a
measure of similarity between the latent factors of different units. Using this measure, we
impute missing counterfactual means and propensity scores through kernel smoothing.
Under weak smoothness conditions, these estimates can attain the optimal nonparamet-
ric convergence rate up to logarithmic factors, provided that the pre-treatment history
grows sufficiently quickly with the sample size. We construct a doubly robust estimator
of the period-specific average treatment effect on the treated (ATT) and provide con-
ditions under which it is

√
N-consistent and asymptotically normal, centered at the true

ATT. Simulations demonstrate accurate inference for a wide range of linear and nonlinear
data-generating processes.
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1 Introduction

The presence of unobserved confounding factors presents a major challenge for causal infer-
ence. The availability of rich panel data can help address this problem. Panel datasets contain
multiple observations for each individual and can thus provide a means of controlling for
time-invariant confounders (fixed effects). In addition, panel data can enable the imputa-
tion of individual counterfactual outcomes. Methods for causal inference with panel data
are widely used in empirical work, and their development is an active and rapidly growing
area of research (see, e.g., Arkhangelsky and Imbens, 2024).

Many popular methods for causal inference using panel data assume that untreated po-
tential outcomes have a linear or affine structure. For example, difference-in-differences
(DiD) and two-wayfixed effects (TWFE)methods rely onparallel-trends assumptions, whereas
synthetic control (SC) andmostmatrix-completionmethods require untreated potential out-
comes to follow a linear factor model. While such restrictions can simplify estimation and
inference, and may be necessary given limited data availability, it is natural to ask whether
they are fundamental for identifying treatment effects in large panels and, most importantly,
whether they can be relaxed while retaining a theoretically disciplined and practical ap-
proach that performs well in empirically relevant sample sizes.

This paper addresses this question by proposing a new method for estimating and con-
ducting inference on the causal effects of a binary treatment wi,t in large panels. We assume
that the untreated potential outcome of unit i in period t follows the possibly nonlinear and
nonseparable factor model

Yi,t(0) = µ(0)(αi, λt) + ui,t, (1)

where αi and λt are unobserved unit and time effects, µ(0)(·, ·) is an unknown function, and
ui,t is an exogenous residual.1 We assume that, conditional on the latent factors, untreated
potential outcomes are independent of treatment assignment. Importantly, we do not assume
that µ(0)(·, ·)has anyparticular parametric form. Thus,model (1) is substantiallymore general
than the commonly used linear formulations µ(0)(αi, λt) = αi+λt and µ(0)(αi, λt) = α′iλt imposed
by TWFE and SC methods, respectively.

While the generality of formulation (1) is appealing, it complicates the identification and
estimation of treatment effects because αi cannot be identified without strong additional re-
strictions imposed on the form of µ(0)(·, ·). Rather than attempting to model µ(0)(·, ·) and es-

1It is also conceptually straightforward to allow for a linear adjustment for observed covariates in (1). We
abstract from this extension for clarity of exposition.
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timate αi directly, we adapt an approach first developed by Zhang et al. (2017) for graphon
estimation in network data. Specifically, we use a long history of pre-treatment outcomes to
construct a pseudo-distance d̂i, j that is informative about the similarity between the latent
characteristics αi and α j of units i and j. Using this pseudo-distance, we impute the values

of the conditional means of untreated potential outcomes and the propensity scores (both
conditional on the latent factors) in a given post-treatment period t for all units through ker-
nel smoothing. Notably, we can do so even though αi is neither observed nor identified in our
setting.

We construct estimators of the untreated conditional means µ(0)
i,t and the propensity scores

pi,t, and establish their rates of convergence (uniformly over i) as both the number of units N

and the number of pre-treatment periods T0 go to infinity. If T0 grows sufficiently quickly rel-
ative to N, these estimators attain the optimal nonparametric rate of convergence established
by Stone (1980), up to a logarithmic factor, as if the latent characteristics αi were observed.

Even at the optimal rate, however, these nonparametric estimators generally converge
too slowly for conventional plug-in inference on the average treatment effect on the treated
(ATT). We therefore combine them in a doubly robust estimator of the ATT for each post-
treatment period t (e.g., Robins et al., 1994; Chernozhukov et al., 2018). We propose a cross-
fitting scheme that, together with double robustness, helps ensure that the resulting esti-
mator is

√
N-consistent, asymptotically normal, and centered at the true ATT. Remarkably,

under certain regularity conditions, and if T0 grows sufficiently fast, our estimator attains
the semiparametric efficiency bound that would apply if the latent characteristics αi were
observed.

Compared to some competing approaches, an advantage of our method is its simplicity
and transparency. We avoid the need to decompose an incomplete matrix of potential out-
comes or to regularize the components of that decomposition. Instead, we impute untreated
potential outcomes for treated units by averaging the outcomes of untreated units, placing
greater weight on those with similar pre-treatment outcome histories. Researchers can read-
ily inspect the pseudo-distances and corresponding kernel weights to see which comparison
units drive each imputation.

We provide extensive simulation evidence that our procedure performs well across a
broad range of linear and nonlinear data-generating processes. When the additive TWFE
model is correctly specified, our estimator delivers confidence-interval coverage compara-
ble to that of TWFE. Under interactive and nonlinear factor structures, it continues to pro-
vide accurate coverage, whereas TWFE can perform poorly. Our method is also competitive
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with—and often outperforms—the local PCA approach of Feng (2026) in small and mod-
erate panels, particularly when the pre-treatment history is relatively short. Finally, in an
empirical illustration based on the Walmart sales panel, we conduct empirically calibrated
Monte Carlo exercises in which our estimator performs nearly as well as an infeasible bench-
mark that uses the true latent characteristics. Taken together, our theoretical and numerical
results show that relaxing linear factor restrictions in large panels need not come at the ex-
pense of reliable inference in empirically relevant sample sizes.

To assist empirical practitioners who wish to apply our method, we provide an R imple-
mentation at https://github.com/chenweihsiang/PanelLatSim.

Related literature This paper contributes to the vast and rapidly growing literature on causal
inference in panels. We refer the reader to Arkhangelsky and Imbens (2024) for an excellent
recent overview of this field. DiD and TWFE are widely used and continue to grow in pop-
ularity in applied work, perhaps because of their practicality and perceived transparency
(Goldsmith-Pinkham, 2024); see de Chaisemartin and d’Haultfoeuille (2023) and Roth et al.
(2023) for extensive reviews of the DiD and TWFE literature. A major focus of recent econo-
metric work on these methods has been accommodating heterogeneous treatment effects
(e.g., de Chaisemartin and d’Haultfoeuille, 2020; Callaway and Sant’Anna, 2021; Sun and
Abraham, 2021; Wooldridge, 2025; Borusyak et al., 2024). However, their validity still relies
crucially on parallel-trends assumptions. Several recent papers have re-examined the restric-
tiveness of these assumptions and, in some cases, proposed relaxations at the cost of giving
up point identification of the causal parameters of interest (e.g., Manski and Pepper, 2018;
Rambachan and Roth, 2023; Ghanem et al., 2022). By contrast, our framework allows for rich
heterogeneity in treatment effects and selection mechanisms while retaining point identifi-
cation without imposing parallel trends. To achieve this, however, we require a sufficiently
long pre-treatment history.

Alternative popular approaches to causal inference in panels include synthetic control
(SC) and matrix-completion methods; see Abadie (2021) for a recent review of SC methods.
Recent contributions to the SC and causal matrix-completion literatures include, among oth-
ers, Arkhangelsky et al. (2021); Cattaneo et al. (2021); Chernozhukov et al. (2021, 2026) and
Athey et al. (2021); Bai and Ng (2021); Agarwal et al. (2023); Xiong and Pelger (2023); Choi
and Yuan (2024); Abadie et al. (2024), respectively. Similarly to the interactive fixed effects
panel literature (e.g., Pesaran, 2006; Bai, 2009), SC and matrix-completion methods gener-
alize the TWFE framework by allowing the untreated potential outcomes to follow a factor
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model. As in this paper, these methods use a long history of pre-treatment outcomes to im-
pute missing counterfactual means. Most of these methods, however, rely on a linear factor
model, µ(0)(αi, λt) = α′iλt, to establish statistical guarantees and justify inference, whereas our
framework allows for a general nonparametric and nonlinear factor structure.

Some recentmatrix-completionmethods also accommodate nonlinear factor structures of
the type considered in this paper by approximating the corresponding matrix of counterfac-
tual means with a low-rankmatrix. The resulting approximation error is typically controlled
by imposing relatively strong smoothness restrictions on µ(0)(·, ·), such as requiring it to be-
long to a sufficiently smooth Hölder class (e.g., Fernández-Val et al., 2021; Choi et al., 2024;
Abadie et al., 2025).2 By contrast, our imputation method does not rely on a low-rank ap-
proximation of µ(0)(·, ·). Under the substantially weaker smoothness assumption requiring
Lipschitz continuity only in the first argument of µ(0)(·, ·), our imputation method achieves
a nearly optimal nonparametric rate of convergence (given the imposed smoothness condi-
tions) and allows us to construct a semiparametrically efficient estimator of the ATT.3

Our imputationprocedure builds on the pseudo-distance proposed byZhang et al. (2017),
which allows us to find units with similar latent characteristics even though those charac-
teristics are neither observed nor identified. Variants of this pseudo-distance have been em-
ployed for nonparametric graphon estimation (Zhang et al., 2017; Zeleneev, 2026; Nowakow-
icz, 2024; Sun and Zhang, 2026), controlling for unobservables using network data (Auer-
bach, 2022), and estimation of nonlinear factor models (Feng, 2024). Related distance-based
methods have also been applied to treatment-effect estimation in network and panel settings
by Hoshino and Yanagi (2024) and Athey and Imbens (2025). Unlike this paper, however,
these studies neither establish asymptotic normality of their treatment-effect estimators nor
provide asymptotically valid confidence intervals.4

Imputation of the propensity scores alongside the counterfactual means is an important
and distinctive ingredient of our approach that allows us to estimate the ATT using doubly
robustmoments (e.g., Robins et al., 1994; Robins andRotnitzky, 1995;Hahn, 1998; Scharfstein

2Among these papers, Choi et al. (2024) develops an inference procedure for average treatment effects,
whereas Fernández-Val et al. (2021) and Abadie et al. (2025) establish estimation results but do not provide
corresponding inference procedures.

3Dwivedi et al. (2025) provide entrywise non-asymptotic error bounds for a nonlinear factor model under a
similar Lipschitz-continuity assumption. Their imputationmethod, however, relies crucially on homoskedastic
idiosyncratic errors. Moreover, they do not investigate whether their estimator achieves the optimal nonpara-
metric rate of convergence and do not provide semiparametrically efficient estimators of average treatment
effects.

4In particular, Athey and Imbens (2025) focus on identification of the counterfactual means and do not pro-
vide asymptotic theory for their treatment effect estimator. Hoshino and Yanagi (2024) provide error bounds
for various average dyad treatment effects but do not establish their asymptotic distribution. None of these
papers consider treatment effect estimation in a doubly robust form.
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et al., 1999; Chernozhukov et al., 2018, 2022). Wedemonstrate that, under suitable conditions,
the resulting doubly robust estimator is

√
N-consistent, asymptotically normal, and centered

at the true ATT, whereas conventional imputation estimators in the matrix-completion liter-
ature generally inherit the slower nonparametric convergence rate of the estimated counter-
factual means.

Although propensity scores are routinely estimated and used in doubly robust moments
to adjust for observed covariates in panel settings (e.g., Sant’Anna and Zhao, 2020; Arkhangel-
sky and Imbens, 2022; Chen et al., 2025), this strategy remains underexplored in latent fac-
tor models, where standard matrix-completion methods focus almost exclusively on im-
puting counterfactual means. A notable recent exception is Abadie et al. (2024), who esti-
mate propensity scores by applying matrix-completion methods to the observed treatment-
assignment matrix. However, our propensity-score imputation approach is fundamentally
different from theirs: we use pre-treatment outcome histories rather than rely on a low-rank
approximation of the propensity-score matrix.5

Finally, Feng (2026) studies causal inference with unobserved confounders when a large
number of auxiliary “proxies” for those confounders are available; in panel settings, pre-
treatment outcomes can serve as such proxies. As in this paper, Feng (2026) estimates coun-
terfactual means and propensity scores and combines them in doubly robust estimators of
causal effects. Their imputation procedure, however, is quite different from ours. Feng
(2026) first constructs K-nearest-neighbor neighborhoods using the pseudo-distance of Zhang
et al. (2017) or another distance, applies local principal component analysis (PCA) to ex-
tract factor loadings within each neighborhood, and then uses the estimated loadings as
regressors in local quasi-maximum-likelihood estimation (QMLE). Feng (2026) establishes
asymptotic results under higher-order smoothness conditions. Our method instead directly
estimates the counterfactual means and propensity scores using kernel smoothing based on
the pseudo-distance, avoiding local PCA, the selection of the number of components, and the
subsequent QMLE step. A benefit of the resulting procedure is that it is simple and trans-
parent, with counterfactual means and propensity scores expressed directly as smoothly
weighted averages of observed outcomes and treatments. The simplicity of the procedure
and our focus on panel data also carry over to the theoretical analysis. Under primitive con-
ditions on the nonlinear factor structure and conditions on the serial dependence structure of
the panel data, we establish nearly optimal uniform convergence rates for the estimated con-

5Outside of the panel causal inference literature, recent applications of doubly robust estimation in linear
panel regression models with unobserved heterogeneity having a nonlinear factor form also include Beyhum
and Mugnier (2024) and Freeman and Kristensen (2026).
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ditional means and propensity scores under Lipschitz continuity of the model, as opposed
to higher-order smoothness.6 We show that under our primitive conditions, the resulting
ATT estimator is

√
N-consistent and asymptotically normal. Our simulation results suggest

that the simplicity of ourmethod does not come at the expense of finite-sample performance:
our estimator is competitive with local PCA across the designs considered and often delivers
coverage closer to nominal in both small and moderate panels, particularly when the pre-
treatment history is relatively short.7

The rest of the paper is organized as follows. Section 2 introduces the framework and
describes our estimator. Section 3 provides formal statistical guarantees. Section 4 presents
simulation evidence, and Section 5 provides an empirical illustration based on Monte Carlo
exercises calibrated to theWalmart sales panel. All auxiliary lemmas andproofs are provided
in Appendix A.

2 Setup and Proposed Method

2.1 Setup

Our sample consists of individuals indexed by i = 1, ...,N and time periods indexed by t =

1, ...,T . For each individual i and period t, we observe an outcome Yi,t and a binary indicator
wi,t. The indicator wi,t is equal to one if individual i is treated at or prior to time t and zero
otherwise.8 We assume throughout that no individual in the population is treated prior to
a period T0 + 1 with T0 < T . We let Yi,s:t denote the vector of outcomes for individual i from
periods s to t inclusive and similarly for other variables.

Let Yi,t(0) denote the potential outcome of individual i at time t under a counterfactual
in which no individual is ever treated. We assume that if wi,t = 0 then Yi,t = Yi,t(0). This
precludes both anticipation and spillover effects from treated to untreated units (see, e.g.,
Abbring and van den Berg, 2003; Borusyak et al., 2024; Sun and Abraham, 2021). It does

6While our imputation method achieves the nearly optimal rate of convergence under Lipschitz continuity,
it does not take advantage of the potential higher-order smoothness, whereas the approach of Feng (2026) can
achieve faster rates of convergence in the latter case.

7We note that Feng (2026) also discusses a simpler estimator that extracts a single principal component,
which is described as analogous to local-constant smoothing. However, the one-component procedure still uses
local PCA and QMLE and therefore does not generally reduce to conventional nearest-neighbor averaging.

8For concreteness, we assume that treatment is an absorbing state, which is typical for staggered treatment
adoption applications. Our approach also accommodates treatment switching by restricting the period-t com-
parison to currently treated and never-treated units, provided that the maintained assumptions hold for this
comparison sample. In this extension, the equality in Assumption 1 is required for all units during the first T0
periods and for never-treated controls thereafter.
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not rule out spillover effects between treated units. We state this formally in Assumption 1
below.

Assumption 1 (No anticipation/spillovers). If wi,t = 0 then Yi,t = Yi,t(0).

Central to our analysis is the assumption of a nonlinear factor model for the untreated po-
tential outcomes. Let αi be some latent and time-invariant characteristics of individual i, and
let λt be period-specific factors. αi may capture, say, unobserved demographic characteristics,
individual preferences, or innate ability. λt may capture, e.g., unobserved macro-economic
conditions, government policy, or environmental factors. These time-specific factors may be
non-stationary (distributed differently over time) and in particular, their distribution in the
post-treatment period may differ entirely from that in the pre-treatment period. We model
the untreated potential outcomes and realized treatments as follows.

Yi,t(0) = µ(0)(αi, λt) + ui,t, E[ui,t|αi, λt] = 0. (2)

wi,t = pt(αi) + ϵi,t, E[ϵi,t|αi, λt] = 0. (3)

The residuals ui,t and ϵi,t are unobserved. The functions µ(0)(·, ·) and pt(·) are unknown, and,
importantly, we do not assume that they have any particular functional form. Note that the
model above implies that the conditional mean function µ(0)(·, ·) is the same for every indi-
vidual and every period. However, the conditional mean µ(0)(αi, λt) may vary with both i and
t through the latent factors. Notice that pt(·), the conditional mean function of wi,t, is allowed
to vary over time, which reflects the fact that this variable is increasing and therefore subject
to secular trends that need not be captured in λt.

Remark 1 (Nonseparable models). The additively separable models (2) and (3) may be de-
rived from non-separable models under primitive conditions. For example, suppose that
Yi,t(0) = q(0)(αi, λt, vi,t) for some function q(0)(·) and random variable vi,t that is independent of
αi and λt. If vi,t is exchangeable (separately in both i and t), then (2) holds with

µ(0)(αi, λt) B E[q(0)(αi, λt, vi,t)|αi, λt],

and the residual ui,t is mean-independent of αi and λt by construction.

Without additional assumptions, causal quantities of interest are not identified from the
model above. This would remain true even if the latent factors αi and λt were observed. This
is because the residual in the treatment model (3) may be correlated with the residual in the
outcome equation (2). In particular, there may be factors that influence both the outcome
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and treatment status (that is, confounding factors) and which are included in neither αi nor
λt. In order to achieve identification, we make the key assumption that the latent factors αi

and λt together account for all confounding between the outcome and treatment. Formally,
we assume that after controlling for these latent factors, there is no residual dependence
between the untreated potential outcome and treatment.

Assumption 2 (Latent unconfoundedness). Yi,t(0) ⊥⊥ wi,t|αi, λt.

The assumption of latent unconfoundedness is common in the literature (e.g. Abadie
et al., 2024;Agarwal et al., 2023;Arkhangelsky and Imbens, 2022;Athey et al., 2021; Fernández-
Val et al., 2021). Note that, since, in the spirit of the DiD and TWFE methods, we focus on
estimating average treatment effects for the treated units, Assumption 2 does not place re-
strictions on the treated potential outcomes. If we additionally require the treated potential
outcomes to be conditionally independent of treatment, our method straightforwardly ex-
tends to cover other counterfactuals including average treatment effects (ATEs).

Under Assumption 2, key counterfactual quantities of interest can be written in terms of
the latent factors and functions µ(0)(·, ·) and pt(·). For notational convenience, let pi,t := pt(αi)

and µ(0)
i,t B µ(0)(αi, λt). UnderAssumption 2 and a support overlap condition, the average effect

of treatment on the treated at time t ≥ T0+1, which is defined as ATTt B Et[Yi,t−Yi,t(0)|wi,t = 1],
can be expressed in the following doubly robust form:

ATTt =
1

Et[wi,t]
Et

[
Yi,twi,t −

(1 − wi,t)Yi,t pi,t + (wi,t − pi,t)µ
(0)
i,t

1 − pi,t

]
.

The time subscript indicates that each expectation is takenwith respect to the period t-specific
distribution of the observables (i.e., conditional on λt). Related doubly robust approaches to
estimating ATT-type parameters in panel and DiD settings are studied by, among others,
Sant’Anna and Zhao (2020); Arkhangelsky and Imbens (2022); Chen et al. (2025).

Remark 2. For clarity and concreteness, we focus on the period-specific average treatment ef-
fect on the treated ATTt. Under staggered treatment adoption, this parameter coincides with
the calendar-time average treatment effect considered by Callaway and Sant’Anna (2021). In
particular, letting Gi denote the period in which unit i is first treated and defining

ATT(g, t) B Et
[
Yi,t − Yi,t(0) | Gi = g

]
,

we have
ATTt =

∑
g≤t

Pt(Gi = g | Gi ≤ t) ATT(g, t).
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Our analysis can accommodate other standard ATT-type estimands analogously: one can
estimate the cohort-time effects ATT(g, t) using the corresponding doubly robust moments
and aggregate themwith appropriateweights to obtain event-time, cohort-specific, or overall
treatment effects. However, in order to achieve identification in this case, Assumption 2must
be strengthened slightly to Yi,t(0) ⊥⊥ Gi|αi, λt and one must impose a suitable support overlap
condition.

In this paper, we provide new methods for estimating the values of pi,t and µ(0)
i,t . Given

these estimates, one can construct a doubly robust estimate of ATTt and perform inference
on this object. Let p̂i,t and µ̂(0)

i,t be estimates of pi,t and µ(0)
i,t respectively. Then a corresponding

doubly robust estimate of ATTt takes the form

ˆATTt =
1

N1,t

N∑
i=1

(
Yi,twi,t −

(1 − wi,t)Yi,t p̂i,t + (wi,t − p̂i,t)µ̂
(0)
i,t

1 − p̂i,t

)
, (4)

where N1,t is the number of individuals treated by time t.
The argumentswe use to consistently estimate pi,t and µ(0)

i,t require an additional condition.
Consider that exposure to aggregate/macroeconomic conditions may induce dependence
between the potential outcomes of different individuals. We assume, in effect, that the time-
specific factors λt capture the influence of all such factors on untreated potential outcomes.
The condition also imposes that at least in the absence of treatment, the outcomes and latent
factors of an individual j cannot impact the untreated outcomes of any distinct individual i.

Assumption 3 (Conditional cross-sectional independence). For any two individuals i , j,
we have Yi,t(0) ⊥⊥ Y j,t(0)|αi, α j, λt and Yi,t(0) ⊥⊥ α j|αi, λt.

Assumption 3 is crucial to our arguments. The condition ensures that for any two distinct
individuals i and j,

E[⟨Yi,1:T0 ,Y j,1:T0⟩|αi, α j] = E[⟨µ(0)
i,1:T0

, µ(0)
j,1:T0
⟩|αi, α j],

where ⟨·, ·⟩ is the Euclidean inner product (i.e., ⟨a, b⟩ = a′b for two column vectors a and b

of the same length). Thus, this assumption allows us to relate observable quantities, i.e., the
history of pre-treatment outcomes, to the history of µ(0)

i,t , and thus to the individual-specific
latent factors.

2.2 Proposed method

Our proposed estimationmethod uses pre-treatment outcomes to find untreated individuals
whose latent factors αi are similar to those of treated individuals. To motivate our approach,
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let us first suppose αi were observed. Under Assumptions 1 and 2, we have

µ(0)(α, λt) = Et[Yi,t|αi = α,wi,t = 0], pt(α) = Et[wi,t|αi = α].

The objects on the right-hand sides of each equation above are regression functions. If
αi were observable, we could nonparametrically estimate µ(0)(·, λt) and pt(·) (as functions of
α), and thus also pi,t and µ(0)

i,t . For example, we could obtain the following Nadaraya-Watson
estimates:

µ̂(0)
i,t =

∑
j;w j,t=0

K(∥αi − α j∥/h)Y j,t∑
j;w j,t=0

K(∥αi − α j∥/h)
, p̂i,t =

∑
j

K(∥αi − α j∥/h)w j,t∑
j

K(∥αi − α j∥/h)
, (5)

where K(·) and h are some kernel and bandwidth.
The estimates above are infeasible because in practice, we do not directly observe αi for

any individual i. In order to obtain feasible estimates, we replace the infeasible distance
∥αi − α j∥ in the expressions above, with the following feasible pseudo-distance:

d̂i, j =
1
T0

max
k<{i, j}
|⟨Yk,1:T0 ,Yi,1:T0⟩ − ⟨Yk,1:T0 ,Y j,1:T0⟩|. (6)

A pseudo-distance of the form above was first employed in Zhang et al. (2017) for nonpara-
metric graphon estimation.

Tomotivate the use of this pseudo-distance, suppose Assumption 3 holds and that the ag-
gregate factors λt in each period t ≤ T0 are jointly independent of the individual-specific fac-
tors. Then the difference in conditional expected values of the inner-products in the pseudo-
distance can be expressed as

E[⟨Yk,1:T0 ,Yi,1:T0⟩|αk, αi] − E[⟨Yk,1:T0 ,Y j,1:T0⟩|αk, α j] =
T0∑
t=1

∫
µ(0)(αk, λ)

(
µ(0)(αi, λ) − µ(0)(α j, λ)

)
dπt(λ),

where πt denotes the (unconditional) distribution of λt, which may vary with t, i.e., λt does
not need to be stationary. As such, we can understand the pseudo-distance as the sample
analogue of the population pseudo-distance

di, j = sup
α∈A

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

∫
µ(0)(α, λ)

(
µ(0)(αi, λ) − µ(0)(α j, λ)

)
dπt(λ)

∣∣∣∣∣∣∣
= sup

α∈A

∣∣∣∣∣∫ µ(0)(α, λ)
(
µ(0)(αi, λ) − µ(0)(α j, λ)

)
dπ̄T0(λ)

∣∣∣∣∣
≥

1
2

∫ (
µ(0)(αi, λ) − µ(0)(α j, λ)

)2dπ̄T0(λ),

where A is the support of αi, and π̄T0 B
1

T0

∑T0
t=1 πt is the average of the probability laws of

λt over the pre-treatment period; notice that we suppress the dependence of di, j on T0 for

11



notational convenience.9 The inequality above relates the size of the population pseudo-
distance di, j to a squared L2 distance (with respect to the measure π̄T0) between the functions
µ(0)(αi, ·) and µ(0)(α j, ·).10 Thus di, j measures similarity of the latent factors to the extent that
they impact untreated outcomes. Finally, while the population pseudo-distance di, j is not
directly observed, it can be consistently estimated by the sample pseudo-distance d̂i, j. This
means that d̂i, j also effectively measures the similarity between the functions µ(0)(αi, ·) and
µ(0)(α j, ·), which, under an additional injectivity condition, also translates into the similarity
between αi and α j.

Remark 3. It is worth contrasting the sample pseudo-distance above with the (normalized)
Euclidean distance between the histories of pre-treatment outcomes, i.e., 1

T0
∥Yi,1:T0 − Y j,1:T0∥

2.
Under the previously employed conditional independence assumption, its population ana-
logue can be expressed as

E

[
1
T0
∥Yi,1:T0 − Y j,1:T0∥

2 | αi, α j

]
=

∫ (
µ(0)(αi, λ) − µ(0)(α j, λ)

)2
dπ̄T0(λ)

+
1
T0

T0∑
s=1

∫ (
E[u2

i,s|αi, λs = λ] + E[u2
j,s|α j, λs = λ]

)
dπs (λ).

The above demonstrates that the (population) Euclidean distance is increasing in the con-
ditional residual variance E[u2

j,t|α j, λt = λ]. Therefore, in the presence of conditional het-
eroskedasticity, a small Euclidean distance between a fixed unit i and unit j might not nec-
essarily indicate that α j is similar to αi: instead, it may simply reflect that unit j’s outcomes
have a low residual variance. It is the need to be robust to conditional heteroskedasticity that
motivates our use of the pseudo-distance (6).

Given the constructed pseudo-distance d̂i j, we obtain feasible estimates of pi,t and µ(0)
i,t :

µ̂(0)
i,t =

∑
j;w j,t=0

K(d̂i, j/h)Y j,t∑
j;w j,t=0

K(d̂i, j/h)
, p̂i,t =

∑
j

K(d̂i, j/h)w j,t∑
j

K(d̂i, j/h)
. (7)

In principle, one could directly plug the estimates above into the formula for the doubly ro-
bust ATTt estimate (4). However, to further de-bias our estimate, we propose additionally
combining (4) with a cross-fitting scheme. This is in line with the extensive literature on
double machine learning, which demonstrates the utility of cross-fitting for reducing bias
and obtaining valid inference (e.g., Chernozhukov et al., 2018; Abadie et al., 2024). The

9If λt is stationary during the pre-treatment period, we trivially have πt = π
∗ and πT0 = π

∗, where π∗ denotes
the stationary distribution of λt for t = 1, . . . ,T0.

10The inequality follows from taking α = αi and α = α j in the supremum and applying the triangle inequality.
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full algorithm with cross-fitting is detailed below along with a variance estimate and con-
fidence interval. Our asymptotic results assume a fixed number of folds for cross-fitting and
a deterministic bandwidth sequence. However, in practice, we select the bandwidth h by
cross-validation.11

Algorithm 1 Doubly Robust Estimation and Inference with Cross-Fitting
Inputs: Number of folds K , bandwidth h, confidence level 1 − ζ

Returns: estimate ˆATTt, asymptotic variance estimate V̂t, and 1 − ζ level confidence interval

1: Randomly partition [N] = {1, 2, ...,N} intoK folds {Ik}
K
k=1 of size ≈ N/K . Let I−k = [N] \Ik

2: for all k ∈ [K] do

3: for all i ∈ Ik and j ∈ I−k do

4: Calculate d̂i, j, the pseudo-distance between i ∈ Ik and j ∈ I−k, as follows:

d̂i, j ←
1
T0

max
ℓ<{i, j};ℓ∈I−k

∣∣∣∣〈Yℓ,1:T0 ,Yi,1:T0 − Y j,1:T0

〉∣∣∣∣
5: end for

6: end for

7: for all k ∈ [K] and i ∈ Ik do

8: Calculate µ̂(0)
i,t and p̂i,t as follows:

µ̂(0)
i,t ←

∑
j∈I−k;w j,t=0

K
(
d̂i, j/h

)
Y j,t∑

j∈I−k;w j,t=0
K

(
d̂i, j/h

) , p̂i,t ←

∑
j∈I−k

K
(
d̂i, j/h

)
w j,t∑

j∈I−k

K
(
d̂i, j/h

)
9: end for

10: Construct ˆATTt and V̂t using the formulas below

ˆATTt ←
1

N1,t

N∑
i=1

(
Yi,twi,t −

(1 − wi,t)Yi,t p̂i,t + (wi,t − p̂i,t)µ̂
(0)
i,t

1 − p̂i,t

)
V̂t ←

N
N2

1,t

N∑
i=1

(
Yi,twi,t −

(1 − wi,t)Yi,t p̂i,t + (wi,t − p̂i,t)µ̂
(0)
i,t

1 − p̂i,t
− wi,t ˆATTt

)2

11: Construct 1−ζ level confidence interval [ ˆATTt±z1−ζ/2

√
V̂t/N

], where z1−ζ/2 is the (1−ζ/2)-th
quantile of the standard normal distribution.

11Implementation of the proposed method in R is also available at https://github.com/chenweihsiang/
PanelLatSim.

13

https://github.com/chenweihsiang/PanelLatSim
https://github.com/chenweihsiang/PanelLatSim


3 Large Sample Theory

The estimator ˆATTt in Algorithm 1 is doubly robust and employs cross-fitting. An extensive
literature provides sufficient conditions for

√
N-consistency of such estimators and asymp-

totically correct coverage of the corresponding confidence intervals (e.g., Robins et al., 2008;
Chernozhukov et al., 2018;Abadie et al., 2024). Akey condition is that the first stage nuisance-
parameter estimates (in our case µ̂(0)

i,t and p̂i,t) have sufficiently fast rates of convergence. In
particular, this requirement is satisfied if

max
i∈[N]

∣∣∣µ̂(0)
i,t − µ

(0)
i,t

∣∣∣ = op(N−1/4) and max
i∈[N]

∣∣∣p̂i,t − pi,t

∣∣∣ = op(N−1/4). (8)

We establish convergence rates for the first-stage estimates. These rates may be of inter-
est per se because µ(0)

i,t is the optimal prediction of individual i’s untreated potential outcome
given the latent factors. In particular, we show that, under certain conditions, µ̂(0)

i,t and p̂i,t

achieve, up to logarithmic factors, the optimal convergence rate of Stone (1980) for nonpara-
metric regression on αi under Lipschitz continuity. That is, provided that the number of
pre-treatment periods T0 grows sufficiently quickly with N, our feasible estimators attain, up
to logarithmic factors, the optimal pointwise rate available when αi is observed.

3.1 First-stage rates of convergence

In order to derive convergence rates for our first-stage estimates µ̂(0)
i,t and p̂i,t, we impose the

following additional assumptions.

Assumption 4 (Model and latent factors). The models (2) and (3) hold and satisfy the fol-
lowing conditions.

(i) The factors α1, α2, ..., αN , λ1, λ2, ..., λT are jointly independent, and α1, α2, ..., αN are iden-
tically distributed. For each i, αi has support A ⊂ Rdα and there are constants 0 < c <

c̄ < ∞ and η̄ > 0 so that for any 0 < η ≤ η̄ and α ∈ A, cηdα ≤ P(∥α − αi∥ ≤ η) ≤ c̄ηdα .

(ii) There is some c > 0 so that c ≤ pi,t ≤ 1 − c almost surely for all i and t > T0.

(iii) For some δ > 0, E[exp
(
ηui,t

)
|{α j}

N
j=1, {λs}

T
s=1, {w j,t}

N
j=1] ≤ exp

(
δη2

)
for all η ∈ R almost surely

for all i and t. For each i and t, we have ui,t, ϵi,t ⊥⊥ {{u j,s, ϵ j,s}
t
s=1, α j} j,i, {ui,s}

t−1
s=1, {λs}s,t

∣∣∣ αi, λt.

(iv) The functions µ(0)(·, ·) and pt(·) are uniformly bounded (on the relevant supports) and
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satisfy, for some L0, Lp < ∞,

|µ(0)(α1, λ) − µ(0)(α2, λ)| ≤ L0∥α1 − α2∥,

|pt(α1) − pt(α2)| ≤ Lp∥α1 − α2∥,

for all α1, α2 ∈ A, λ ∈ L, and t.12

(v) K : R+ → R is weakly positive and strictly positive at zero, supported on a compact set
and bounded by K̄ < ∞. Moreover, |K(z) − K(z′)| ≤ K̄′|z − z′| for all z, z′ ∈ R+ for some
K̄′ > 0.

(vi) There exist constants c1, c2 > 0 so that if T0 is sufficiently large, then for all α1, α2 ∈ A∫
λ∈supp(λ)

(
µ(0)(α1, λ) − µ(0)(α2, λ)

)2dπ̄T0(λ) ≥ c1∥α1 − α2∥
2 (9)

and

sup
α∈A

∣∣∣ ∫
λ∈supp(λ)

µ(0)(α, λ)
(
µ(0)(α1, λ) − µ(0)(α2, λ)

)
dπ̄T0(λ)

∣∣∣
≥ c2

√∫
λ∈supp(λ)

(
µ(0)(α1, λ) − µ(0)(α2, λ)

)2dπ̄T0(λ). (10)

Assumption 4(i) requires the individual-specific latent factors to be independent and
identically distributed as if units are (independently) drawn from the underlying popula-
tion. At the same time, while Assumption 4(i) requires λt to be serially independent (and
independent of the individual factors), it does not need to be stationary. Serial independence
of λt simplifies the exposition and proofs, but may be stronger than needed. For example,
it is straightforward to allow for weakly dependent λt; see Remark 4. Moreover, with a sim-
ple modification, our method can also explicitly incorporate additive time effects allowed to
follow an arbitrary (potentially strongly dependent) process; see Remark 5 for details. The
final part of Assumption 4(i) requires that with high probability, for each treated individual
i, there exist untreated individuals in the sample whose latent factors are close to those of i,
which implies that the support of αi is bounded.

Assumption 4(ii) is a standard overlap condition and would be required for regular esti-
mation of the ATE even if αi were observed. The bound away from one permits us to impute
untreated potential outcomes for treated units using the outcomes of nearby untreated units,
and it keeps the inverse weight 1/(1 − pi,t) in the doubly robust score bounded. The bound

12Here L :=
⋃

t supp(λt), and we use supp(λ) as shorthand for L throughout.
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away from zero ensures that the treated share N1,t/N is bounded away from zero, so that ATTt

can be estimated at the
√

N rate.
Assumption 4(iii) enables us to apply particular concentration inequalities in order to

obtain fast rates of convergence. The condition restricts the tail behavior of the error term
ui,t, requiring it to be uniformly sub-Gaussian conditional on some other variables. The as-
sumption also imposes that, conditional on the latent factors αi and λt, the residuals ui,t and
ϵi,t are jointly independent of (a) the histories of these variables for all individuals other than
i, (b) the individual-specific latent factors of individuals other than i, (c) lags of ui,t, and
(d) the aggregate factors λs for s , t. In short, variables must be cross-sectionally indepen-
dent after conditioning on the aggregate factors λt, and the current outcome and treatment
residualsmust be serially independent of the lagged outcome residuals after conditioning on
individual-specific factors αi. One could relax this requirement and allow for serially corre-
lated outcome residuals; see Remark 4 for details. The conditional independence restrictions
in Assumption 4(iii) strengthen Assumption 3 to aid in the derivation of uniform conver-
gence rates. While Assumption 3 is then redundant, we retain it for exposition because it
plays a crucial role in identification.

Assumption 4(iv) imposes that the functions µ(0)(·, ·) and pt(·) are bounded (on the rel-
evant supports) and vary smoothly with the individual-specific factors.13 This smoothness
assumption ensures that individuals with similar latent factors also have similar conditional-
mean potential outcomes and treatments.

Assumption 4(v) stipulates properties of the kernel K(·). Kernels that satisfy this condi-
tion are common in the literature, with the Epanechnikov kernel being a particularly preva-
lent choice.

Assumption 4(vi) relates the pseudo-distance to the distance between individual latent
factors.14 The assumption imposes, first, that the mean-squared distance between µ(0)(α1, ·)

and µ(0)(α2, ·) is at least proportional to the squared Euclidean distance between α1 and α2.
In addition, the assumption states that the population pseudo-distance is at least propor-
tional to the square root of this mean-squared distance. Consider the special case in which
µ(0)(α, λ) = α′Mλ for some fixed matrix M. In this case, the condition (9) holds so long as
the matrix M

∫
λ∈supp(λ)

λλ′dπ̄T0(λ)M′ is strictly positive definite, with its smallest eigenvalue
13Note that pt(·) is bounded by construction. Boundedness of µ(0)(·, ·) is imposed for simplicity and can be

relaxed. In particular, it is straightforward to allow for an unbounded common trend in the outcomemodel (1);
see Remark 5 for details.

14See Sun and Zhang (2026) for a detailed discussion of a network version of this assumption and primitive
conditions sufficient for it to hold.
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bounded away from zero uniformly over all sufficiently large T0. If this is the case, then
the second condition (10) holds if there is a c > 0 so that for any α1, α2 ∈ A with α1 , α2, we
have c

∥α1−α2∥
(α1 − α2) ∈ A. This is true, for example, ifA contains a Euclidean ball centered at

zero.

Theorem 1 (Rates of convergence). Suppose Assumptions 1 to 4 hold and that 1
h

√
log(N)

T0
→ 0,

h→ 0, and log(N)
hdαN → 0. Then for t > T0,15

max
i∈[N]

∣∣∣µ̂(0)
i,t − µ

(0)
i,t

∣∣∣ = Op

h + √
log(N)
hdαN

 ,
max
i∈[N]

∣∣∣p̂i,t − pi,t

∣∣∣ = Op

h + √
log(N)
hdαN

 .
Theorem 1 establishes the uniform (over i) rate of convergence for the pseudo-distance

based estimators (7). The derived rate is identical to the (pointwise) convergence rate of the
infeasible Nadaraya-Watson estimators (5) that use the unobserved factors as regressors, up
to an extra log term needed to ensure uniformity over i. Setting h ∝ N−1/(dα+2) (which auto-
matically satisfies the restriction log(N)

hdαN → 0), we get convergence rate N−1/(dα+2)
√

log(N) which,
up to a log term, is the optimal (pointwise) nonparametric learning rate under Lipschitz con-
tinuity of the regression function (Stone, 1980). However, the rate at which h can converge
to zero is also restricted by the condition that 1

h

√
log(N)

T0
→ 0. Thus the theorem above allows

us to achieve the optimal rate, up to log terms, provided that T0 grows sufficiently quickly
that N2/(dα+2) log(N)/T0 → 0.

Recall that, in order to obtain
√

N-consistency and centered asymptotic normality of the
doubly robust ATT estimator, it would be sufficient to demonstrate that (8) holds. In par-
ticular, in the case of a one-dimensional individual latent factor (dα = 1), Theorem 1 en-
sures that this holds for an appropriate choice of h provided that T0 grows quickly enough
that N1/2 log(N)

T0
→ 0. For dα > 1, Theorem 1 does not provide sufficiently fast rates for

√
N-

consistency of the ATTt estimator.

Remark 4 (Relaxing serial independence). Assumption 4 imposes serial independence of the
time-specific factors λt and residuals ui,t. These conditions simplify the proof of Theorem 1
but may be stronger than needed.

In particular, these restrictions are used primarily to ensure that the sample pseudo-
distance d̂i, j is uniformly consistent for its population counterpart di, j, and to derive its rate
of convergence. More precisely, the restrictions enable us to apply Bernstein-type inequalities

15Because T0 is increasing with N, t is likewise understood to be a sequence increasing with N so that t > T0.
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(for independent randomvariables) to certain averages such as 1
T0

∑T0
t=1 uk,tui,t and 1

T0

∑T0
t=1 µ

(0)
k,tµ

(0)
i,t

to characterize their uniform (over i and k) rates of convergence to their population means.
Thus, one may invoke appropriate concentration inequalities for weakly dependent (rather
than serially independent) variables instead.

Remark 5 (Including additive time effects). Our assumptions do not rule out the possibility
that some of the time-factors enter themodel additively. However, the pseudo-distance in (6)
is not invariant to these additive factors, and our stated formal results require that they satisfy
the same conditions we place on non-additive factors. However, by adjusting the pseudo-
distance we can eliminate additive time-effects entirely and thus avoid the need to place
any conditions on these objects. In particular, γt can follow an arbitrary (potentially strongly
dependent) process and be unbounded. To see this, supposewe include additive time-effects
γt in model (2). That is, suppose that

Yi,t(0) = µ(0)(αi, λt) + γt + ui,t.

The time-effects can be eliminated (in the pre-treatment period) in the usual way, by simply
subtracting cross-sectional average outcomes. The corresponding sample and population
pseudo-distances that no longer depend on the additive effects γt can be constructed as

d̂i, j =
1
T0

max
k<{i, j}
|⟨Yk,1:T0 − Ȳ1:T0 ,Yi,1:T0 − Y j,1:T0⟩|,

di, j = sup
α∈A

∣∣∣∣∣∫ (
µ(0)(α, λ) − µ̄(0)(λ)

)(
µ(0)(αi, λ) − µ(0)(α j, λ)

)
dπ̄T0(λ)

∣∣∣∣∣ ,
where Ȳ1:T0 := ( 1

N

∑N
i=1 Yi,1,

1
N

∑N
i=1 Yi,2, ...,

1
N

∑N
i=1 Yi,T0)

′ and µ̄(0)(λ) =
∫
µ(0)(α, λ)dπα for πα the dis-

tribution of αk. One could adapt Theorem 1 (and the required assumptions) to apply with
the alternative sample and population pseudo-distances above.

3.2 Asymptotic normality

In this section, we apply well-established ideas from the literature on double machine learn-
ing to the studied setting and demonstrate that, under certain conditions, our ATT estimator
(with cross-fitting as specified in Algorithm 1) is

√
N-consistent and has a centered asymp-

totically normal distribution.

Theorem2 (Asymptotic normality). Suppose thatmaxi∈[N]

∣∣∣ p̂i,t − pi,t

∣∣∣ = op(1),maxi∈[N]

∣∣∣µ̂(0)
i,t − µ

(0)
i,t

∣∣∣ =
op(1), and that maxi∈[N]

∣∣∣(pi,t − p̂i,t)(µ
(0)
i,t − µ̂

(0)
i,t )

∣∣∣ = op

(
N−1/2

)
. In addition, suppose that the number of
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folds K ≥ 2 is fixed and, for each k, the size of fold Ik grows at the same rate as the sample size, that

is, |Ik |

N → ck for some finite ck > 0. Then, under Assumptions 1-4, we have that for t > T0,

√
N ˆATTt =

√
N

N1,t

N∑
i=1

Yi,twi,t −
(1 − wi,t)Yi,t pi,t + (wi,t − pi,t)µ

(0)
i,t

1 − pi,t

 + op(1),

in which case, if the usual conditions on the doubly robust ATT score ψi,t apply conditional on λt,16 we

obtain
√

N
(

ˆATTt − ATTt

)
/
√

Vt
d
→ N (0, 1), where Vt is the usual asymptotic variance of the doubly

robust ATT estimator, i.e.,

Vt = Et[ψ2
i,t], ψi,t :=

1
Et[wi,t]

Yi,twi,t −
(1 − wi,t)Yi,t pi,t + (wi,t − pi,t)µ

(0)
i,t

1 − pi,t
− wi,tATTt

 .
The first result in Theorem 2 relates the estimate ˆATTt to an infeasible estimate in which

the first stage estimates of µ(0)
i,t and pi,t are replaced by their true values. In particular, the

theorem states that under certain conditions, the difference between ˆATTt and the infeasible
estimate disappears strictly faster than N−1/2. It then follows from standard results that ˆATTt

is
√

N-asymptotically normal and centered at ATTt.17

The proof of Theorem 2 proceeds by similar steps to the results in Chernozhukov et al.
(2018) for DML2 estimators. A complicating factor is that, unlike in standard DML2 estima-
tion of the ATT, in our setting the estimates µ̂(0)

i,t and p̂i,t are constructed using the pseudo-
distance which includes outcome data for individual i in the pre-treatment period. That is,
unlike in standard DML2 ATT estimation, the first-stage estimates µ̂(0)

i,t and p̂i,t depend on
some of the outcome data from the fold that contains individual i, which requires a more
careful analysis.18

Theorem2 requires not only that the first-stage estimates are uniformly consistent over the
sample, but also that the product of their estimation errors is uniformly op(N−1/2). A sufficient
condition, mentioned earlier in this section, is that each of these estimates converges strictly
faster than N−1/4. The theorem further requires that each fold grows at the same rate as the
sample size. This is satisfied if the number of folds is fixed and all of the folds are of equal
size. In recent work, Velez (2026) provides conditions under which DML2 estimates are
centered root-N asymptotically normal even if leave-one-out cross-fitting is applied, and so
it may be possible to weaken this condition on the fold size in Theorem 2.

16Namely, that for each t, ψi,t is iid across i conditional on λt, with Et[ψ2
i,t] ≥ c and E[|ψi,t |

2+ρ] ≤ c−1 for a fixed
ρ > 0 and 0 < c < ∞.

17Under the conditions of Theorem 2, V̂t/Vt
p
−→ 1, so the confidence interval in Algorithm 1 has asymptotic

coverage 1 − ζ.
18In particular, it is straightforward to accommodate this dependence under the conditional serial indepen-

dence of the errors imposed in Assumption 4. The provided argument also naturally extends to the case when
the errors are weakly dependent.
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Remark 6 (Semiparametric efficiency). The scoreψi,t in Theorem 2 is thewell-known efficient
influence function for the ATT in cross-sectional settings with observed unit characteristics αi

(Hahn, 1998). Therefore, under the conditions of the theorem, our estimator achieves the
semiparametric efficiency bound for estimation of the ATT in the cross-sectional case with
observed αi, despite the fact that αi is latent in our framework.

4 Simulation Study

In this section, we illustrate the finite-sample properties of the proposedmethod in two sets of
numerical experiments. The first compares the proposed method with the workhorse two-
way fixed effects (TWFE) approach, both when the additive TWFE specification is correct
and when it is misspecified. The second compares the proposed method with the local PCA
method of Feng (2026) under the nonlinear data generating processes.

4.1 Simulation with Linear DGPs

The TWFE approach is widely used in applied research and is designed to adjust for un-
observed additive individual and time fixed effects. In this section, we demonstrate that
the proposed method performs comparably well in settings in which the TWFE approach is
valid. We also show that the proposed method maintains good finite sample properties in a
more complicated setting in which the TWFE approach fails.

We consider a panel with individuals i = 1, . . . ,N and time periods t = 1, . . . ,T , where
N ∈ {50, 250}, the number of pre-treatment periods is T0 ∈ {50, 250}, and T = T0 + 1, so that
there is exactly one post-treatment period. For the outcome we consider the following data
generating processes:

Model 1 (Additive fixed effects): Yi,t = αi + λt + 0.5 · wi,t + ui,t,

Model 2 (Interactive fixed effects): Yi,t = αi · λt + 0.5 · wi,t + ui,t,

where αi ∼ Uniform(−1, 1), λt ∼ Uniform(−1, 1), and ui,t ∼ N(0, 0.52) are drawn independently
of one another and i.i.d. across i and t. The target estimand is the average treatment effect on
the treated in the post-treatment period, ATTT = 0.5. Models 1 and 2 are standard additive
and interactive fixed effects specifications.

The treatment assignment mechanism depends on unobserved latent characteristics for
each i, and the treatment occurs only in the final period. wi,t = 0 for all t ≤ T0, and the
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propensity score for the last period pi,T follows the model

wi,T | αi ∼ Bernoulli(pi,T ), pi,T =
exp(αi)

1 + exp(αi)
.

Because αi ∈ [−1, 1], we have approximately pi,T ∈ [0.2689, 0.7311], which satisfies the overlap
condition required for the proposed method.

We simulate 1000 replications from these models. In these simulations, we utilize the
Epanechnikov kernel, which satisfies the requirements of Theorem 1 and is defined as K(x) =
3
4 (1 − x2) · 1{|x| ≤ 1}. We use this kernel for both the outcome and propensity score imputa-
tions in our proposed method. Using this kernel, we compare the performance of different
methods: (i) TWFE; (ii) the local PCA method proposed by Feng (2026) with 5-fold cross-
validation for the choice of nearest neighbors;1920 (iii) an infeasible doubly robust estimator in
which the pseudo-distance is replaced by the oracle ℓ2 distance between the true α’s; (iv) our
proposed method.

Two sample-splitting procedures are used for different purposes. Cross-fitting refers to the
sample splitting used when imputing the nuisance quantities µ̂(0)

i,T and p̂i,T to control overfit-
ting in doubly robust estimation. Cross-validation refers to the choice of the bandwidth h,
which is further implemented with grid search and evaluated via post-treatment period
squared prediction error of the imputed outcomes. Folds are drawn once per replication,
and since N can be quite small in some settings, redrawing is sometimes needed if any train-
ing set contains fewer than two treated or two control units.

In the numerical experiments, the bandwidth is selected between 0.05 and 5. In Tables 1
and 2, we report the 95% confidence interval coverage and other statistics across 1000 repli-
cations in our simulation for each outcomemodel and each method. Additionally, estimated
propensity scores close to one can generate large inverse-odds weights p̂i,T/(1 − p̂i,T ) on un-
treated observations and hence very large estimates. Such replications are rare but heavy
enough to distort mean-based statistics, and the effect is more pronounced when N is small.
For this reason we report the median absolute error, the median of |estimate − true value|,
and the median confidence interval length rather than their means.

19The implementation of the method proposed by Feng (2026) follows the replication files available on the
author’s website: https://github.com/yingjieum/replication-Feng_2026.

20There are some minor numerical issues in the implementation of Feng (2026). During the simulation,
LocalPCA occasionally fails to produce estimates during certain replications. This issue occurred in fewer than
10 replications for each different simulation design across various N,T0 settings. Since the overall results are
not significantly affected by these minor errors and we prefer to maintain the original implementation, we
have decided to drop the NAs while averaging for the summary statistics. This also explains why some of the
coverage results are not multiples of 0.001. Also note that the proposed method’s implementation produced
no errors in any of the simulations’ replications.
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Table 1: Simulation results for Model 1 (additive fixed effects)

TWFE
Local PCA Proposed Method

(Feng, 2026) W/ true αi Pseudo-Distance

Cross-Fitting LOO None 5-Fold

Bandwidth Selection LOO LOO 5-Fold

N = 50

T0 = 50

Median Abs. Err. 0.0951 0.1359 0.1233 0.1160 0.1342
95% CI Coverage 0.9500 0.8862 0.9580 0.9030 0.9480

Median CI Length 0.5642 0.6065 0.6897 0.5490 0.7121

N = 50

T0 = 250

Median Abs. Err. 0.0935 0.1340 0.1191 0.1067 0.1271
95% CI Coverage 0.9450 0.8740 0.9540 0.8980 0.9560

Median CI Length 0.5588 0.5919 0.7027 0.5568 0.7203

N = 250

T0 = 50

Median Abs. Err. 0.0442 0.0508 0.0490 0.0475 0.0483
95% CI Coverage 0.9440 0.9320 0.9570 0.9250 0.9450

Median CI Length 0.2507 0.2736 0.2789 0.2608 0.2827

N = 250

T0 = 250

Median Abs. Err. 0.0442 0.0539 0.0514 0.0498 0.0504
95% CI Coverage 0.9590 0.9410 0.9580 0.9400 0.9520

Median CI Length 0.2488 0.2713 0.2801 0.2617 0.2828

Notes: 1,000 replicationswere conducted in each setting, where the estimand isATTT = 0.5. LOOand
5-fold denote leave-one-out and five-fold procedures, respectively, for cross-fitting or bandwidth
cross-validation as indicated by the corresponding row; the bandwidth is chosen from the grid by
minimizing post-period squared prediction error. If the selected bandwidth yields an empty kernel
neighborhood, the next larger grid value is used. "None" indicates no cross-fitting. Local PCA
follows the replication package of Feng (2026) with K chosen by 5-fold cross-validation.

For Model 1, the additive fixed effects model, the proposed method shows performance
similar to the two-way fixed effects method in terms of 95% confidence interval coverage,
which is under an ideal data generating process for TWFE.Additionally, the proposedmethod,
which incorporates the pseudo-distance, effectively captures the distance between unob-
served latent characteristics, which is evinced by the performance of our method relative
to the oracle estimator which uses the true distance in the α’s. However, there is some loss of
efficiency when the sample size N is small. This efficiency loss could perhaps be mitigated
by increasing the number of folds or by using the leave-one-out procedure for bandwidth
selection.
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Table 2: Simulation results for Model 2 (interactive fixed effects)

TWFE
Local PCA Proposed Method

(Feng, 2026) W/ true αi Pseudo-Distance

Cross-Fitting LOO None 5-Fold

Bandwidth Selection LOO LOO 5-Fold

N = 50

T0 = 50

Median Abs. Err. 0.1725 0.1263 0.1189 0.1041 0.1228
95% CI Coverage 0.8490 0.8999 0.9450 0.9110 0.9450

Median CI Length 0.6780 0.5885 0.6290 0.5410 0.6415

N = 50

T0 = 250

Median Abs. Err. 0.1724 0.1215 0.1108 0.1036 0.1163
95% CI Coverage 0.8120 0.8899 0.9370 0.8920 0.9320

Median CI Length 0.6728 0.5850 0.6337 0.5468 0.6432

N = 250

T0 = 50

Median Abs. Err. 0.1644 0.0519 0.0485 0.0507 0.0512
95% CI Coverage 0.4500 0.9410 0.9510 0.9250 0.9380

Median CI Length 0.3014 0.2693 0.2687 0.2544 0.2704

N = 250

T0 = 250

Median Abs. Err. 0.1501 0.0506 0.0498 0.0490 0.0504
95% CI Coverage 0.5000 0.9390 0.9480 0.9300 0.9360

Median CI Length 0.2991 0.2685 0.2690 0.2555 0.2692

Notes: Details are provided in the notes to Table 1.

For Model 2, the interactive fixed effects model, the TWFE estimator is misspecified. Its
median absolute error remains between roughly 0.15 and 0.17 regardless of the sample size,
while its confidence intervals shrink as N grows. As a result, the TWFE method’s coverage
deteriorates sharply with N. In contrast, the proposed method maintains coverage close to
the nominal level for all considered settings of N and T0.

4.2 Simulation with More Complex Nonlinear DGPs

We compare the performance of our approach with the method proposed by Feng (2026),
which, to the best of our knowledge, is one of the few available inferential methods for av-
erage causal effects in nonlinear factor models. In this subsection, we use the same data
generating processes employed in Feng (2026)21 but we consider different values of N and T .

21The replication package of Feng (2026) was originally released in 2024 on the GitHub page. The author
later updated the package in 2026, making changes to both the simulation DGPs and the implementation of the
LocalPCAmethod. Since the 2024 version includes a wider variety of nonlinear DGPs, we retain the simulation
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The implementation is based on the replication code provided by the author. These numer-
ical exercises are designed to investigate how the methods that we consider perform under
relatively small sample sizes, which may be more typical of microeconomic applications.

Again, consider a large panel data setting with individuals labeled i = 1, ...,N over time
periods t = 1, ...,T , where N ∈ {50, 250, 1000} and T0 ∈ {50, 250, 1000} with only one post-
treatment time period. Our target estimand is the counterfactual mean E[Yi,T (0)|wi,T = 1]

which is the object of interest in the simulations of Feng (2026). Estimation and inference
for this counterfactual mean can be carried out in a manner analogous to those for the ATTt.
As with the ATTt, one can plug our estimates of µ(0)

i,t and pi,t into the standard doubly robust
formulae.22 We consider the following DGPs for the untreated potential outcomes:

Model 3 (Nonlinear factor model): Yi,t(0) = (αi − λt)2 + ui,t,

Model 4 (Gaussian kernel): Yi,t(0) = 1
0.1·
√

2π
exp

[
−100(αi − λt)2

]
+ ui,t,

Model 5 (Exponential kernel): Yi,t(0) = exp (−10|αi − λt|) + ui,t,

for t ∈ {1, ...,T0}. In the post-treatment time period, all three models follow

Yi,T (0) = αi + α
2
i + ε

(0)
i,T , Yi,T (1) = 2αi + α

2
i + 1 + ε(1)

i,T ,

where the latent factors and outcome residuals are drawn independently byαi ∼ Uniform(0, 1),
λt ∼ Uniform(0, 1), ui,t ∼ N(0, 0.52), and ε(w)

i,t ∼ N(0, 1). Treatment is drawn independently
across individuals by wi,T |αi ∼ Bernoulli(pi,T ), with the propensity score given by

pi,T =
exp

[
(αi − 0.5) + (αi − 0.5)2

]
1 + exp

[
(αi − 0.5) + (αi − 0.5)2] .

The design of the DGP ensures that approximately pi,T ∈ [0.4378, 0.6792], which satisfies the
required overlap condition.

The three designs differ only in the function that generates the pre-treatment history. The
post-treatment outcome equations, the latent variables and the assignment mechanism are
the same. The comparison therefore isolates how the quality of the pseudo-distance depends
on the shape of the pre-treatment structure. Model 3 is a smooth polynomial factor model.
designs from that version. However, the LocalPCA implementation follows the exact same code as the most
up-to-date 2026 paper and package. We also set the standard deviation of the pre-treatment disturbance to
σ = 0.5, so that the pre-treatment signal-to-noise ratio is more favorable to all methods; results with σ = 1 are
qualitatively similar.

22To be precise, in this case the relevant estimator is θ̂t =
1

N1,t

∑N
i=1 Yi,twi,t − ˆATTt and the variance estimate is

N
N2

1,t

∑N
i=1

(
(1−wi,t)Yi,t p̂i,t+(wi,t−p̂i,t)µ̂

(0)
i,t

1− p̂i,t
−wi,tθ̂t

)2
. For TWFE, here and in Section 5, we estimate the counterfactual mean as

themean post-treatment outcome among treated unitsminus the estimated treatment coefficient, with standard
errors based on the influence function of this difference.
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Models 4 and 5 are Gaussian- and exponential-kernel designs, which are harder to approxi-
mate. A similar simulation design is also used in Fernández-Val et al. (2021).

The results are provided in Tables 3, 4, and 5 below.23 We consider the same methods
and report the same statistics as for the previous numerical experiments. The number of
replications is 1000.

In general, the proposed method provides good coverage across different sample sizes.
Specifically, the configuration using five-fold cross-fitting (and five-fold cross-validation)
generally delivers confidence interval coverage closer to the nominal level than the configu-
ration without cross-fitting (and with leave-one-out cross-validation).

In Models 3, 4, and 5, the proposed method with five-fold cross-fitting achieves lower
median absolute error than local PCA in 19 of the 27 designs, while delivering substantial
improvements in confidence interval coverage in several settings. The coverage advantage
is particularly pronounced when N is small or the pre-treatment history is short relative to
N. For N = 50, local PCA has coverage below 90% in every design, whereas the proposed
method attains coverage between 91.8% and 94.4%, accompanied by longer confidence inter-
vals. In Model 5 with N = 1000 and T0 = 50, the proposed method reduces median absolute
error by approximately 30% relative to local PCA, from 0.0589 to 0.0413, while increasing cov-
erage from 79.5% to 92.3%. Also note that the proposed method delivers these gains while
estimating propensity scores nonparametrically, whereas local PCAuses local logistic regres-
sion with the same link function as the treatment assignment mechanism in the DGP. Across
all reported designs, the proposed method’s coverage is within three percentage points of
the nominal 95% level in all but two cases, both of which occur in Model 3.

In summary, these simulations demonstrate that the proposed method performs compa-
rably to TWFEwhen the additive TWFE specification is correct and continues to provide reli-
able inference in nonlinear settings where TWFE exhibits substantial undercoverage. Across
the nonlinear designs, the proposedmethod often improves on local PCA inmedian absolute
error and delivers substantial coverage gains in several settings, particularly when the cross-
sectional sample size is small or the pre-treatment history is short relative to it. These results
demonstrate that the proposed method combines simplicity with frequent gains in estima-
tion accuracy and substantial improvements in coverage relative to the competing methods.

23Note that the oracle benchmark uses the true individual factors αi and post-treatment data. Within each
model and for each fixed N, we use the same random seeds in corresponding replications to generate the indi-
vidual factors, treatment assignments, and post-treatment potential outcomes across all T0 settings. Since the
benchmark does not use the pre-treatment history, its reported results remain identical as T0 varies within each
N block of a given table.
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Table 3: Simulation results for Model 3 (nonlinear factor model)

TWFE
Local PCA Proposed Method
(Feng, 2026) W/ true αi Pseudo-Distance

Cross-Fitting LOO None 5-Fold
Bandwidth Selection LOO LOO 5-Fold

N = 50
T0 = 50

Median Abs. Err. 0.1992 0.2147 0.1832 0.1751 0.2004
95% CI Coverage 0.8740 0.8699 0.9330 0.8240 0.9180
Median CI Length 0.8896 0.9498 1.0547 0.7292 1.0744

N = 50
T0 = 250

Median Abs. Err. 0.2013 0.1916 0.1832 0.1666 0.2010
95% CI Coverage 0.8720 0.8760 0.9330 0.8550 0.9410
Median CI Length 0.8854 0.9552 1.0547 0.7823 1.0964

N = 50
T0 = 1000

Median Abs. Err. 0.2017 0.1945 0.1832 0.1744 0.1938
95% CI Coverage 0.8750 0.8899 0.9330 0.8730 0.9420
Median CI Length 0.8857 0.9487 1.0547 0.8148 1.0959

N = 250
T0 = 50

Median Abs. Err. 0.1716 0.0884 0.0754 0.0840 0.0841
95% CI Coverage 0.6430 0.9160 0.9580 0.8950 0.9380
Median CI Length 0.4119 0.4264 0.4353 0.3729 0.4289

N = 250
T0 = 250

Median Abs. Err. 0.1706 0.0752 0.0754 0.0761 0.0838
95% CI Coverage 0.6420 0.9400 0.9580 0.9150 0.9540
Median CI Length 0.4103 0.4299 0.4353 0.3845 0.4485

N = 250
T0 = 1000

Median Abs. Err. 0.1707 0.0745 0.0754 0.0744 0.0746
95% CI Coverage 0.6420 0.9390 0.9580 0.9260 0.9540
Median CI Length 0.4103 0.4317 0.4353 0.3969 0.4382

N = 1000
T0 = 50

Median Abs. Err. 0.1633 0.0462 0.0378 0.0423 0.0412
95% CI Coverage 0.1490 0.8910 0.9660 0.8790 0.9090
Median CI Length 0.2060 0.2109 0.2130 0.1939 0.2094

N = 1000
T0 = 250

Median Abs. Err. 0.1635 0.0383 0.0378 0.0371 0.0367
95% CI Coverage 0.1360 0.9540 0.9660 0.9410 0.9590
Median CI Length 0.2055 0.2132 0.2130 0.2009 0.2160

N = 1000
T0 = 1000

Median Abs. Err. 0.1630 0.0382 0.0378 0.0375 0.0369
95% CI Coverage 0.1420 0.9630 0.9660 0.9520 0.9620
Median CI Length 0.2054 0.2139 0.2130 0.2020 0.2109

Notes: 1,000 replications were conducted in each setting, where the estimand is E[Yi,T (0) | wi,T = 1]

with a true value around 0.9145. LOO and 5-fold denote leave-one-out and five-fold procedures,
respectively, for cross-fitting or bandwidth cross-validation as indicated by the corresponding row;
the bandwidth is chosen from the grid by minimizing post-period squared prediction error. If the
selected bandwidth yields an empty kernel neighborhood, the next larger grid value is used. "None"
indicates no cross-fitting. Local PCA follows the replication package of Feng (2026) with K chosen
by 5-fold cross-validation.
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Table 4: Simulation results for Model 4 (Gaussian kernel)

TWFE
Local PCA Proposed Method
(Feng, 2026) W/ true αi Pseudo-Distance

Cross-Fitting LOO None 5-Fold
Bandwidth Selection LOO LOO 5-Fold

N = 50
T0 = 50

Median Abs. Err. 0.2104 0.2405 0.1832 0.1812 0.2410
95% CI Coverage 0.8680 0.8679 0.9330 0.8330 0.9310
Median CI Length 0.9113 1.0565 1.0547 0.8092 1.2549

N = 50
T0 = 250

Median Abs. Err. 0.2052 0.2865 0.1832 0.1822 0.2427
95% CI Coverage 0.8570 0.8529 0.9330 0.8420 0.9440
Median CI Length 0.8875 1.0731 1.0547 0.8131 1.2789

N = 50
T0 = 1000

Median Abs. Err. 0.2063 0.2567 0.1832 0.1738 0.2388
95% CI Coverage 0.8550 0.8627 0.9330 0.8470 0.9420
Median CI Length 0.8846 1.0406 1.0547 0.8094 1.2360

N = 250
T0 = 50

Median Abs. Err. 0.1803 0.0829 0.0754 0.0753 0.0841
95% CI Coverage 0.6040 0.9350 0.9580 0.9310 0.9660
Median CI Length 0.4186 0.4404 0.4353 0.4116 0.4813

N = 250
T0 = 250

Median Abs. Err. 0.1810 0.0820 0.0754 0.0762 0.0814
95% CI Coverage 0.6010 0.9440 0.9580 0.9470 0.9660
Median CI Length 0.4118 0.4405 0.4353 0.4140 0.4689

N = 250
T0 = 1000

Median Abs. Err. 0.1824 0.0773 0.0754 0.0751 0.0761
95% CI Coverage 0.5930 0.9430 0.9580 0.9470 0.9610
Median CI Length 0.4096 0.4445 0.4353 0.4140 0.4630

N = 1000
T0 = 50

Median Abs. Err. 0.1704 0.0384 0.0378 0.0382 0.0380
95% CI Coverage 0.1230 0.9610 0.9660 0.9560 0.9660
Median CI Length 0.2096 0.2150 0.2130 0.2105 0.2203

N = 1000
T0 = 250

Median Abs. Err. 0.1745 0.0393 0.0378 0.0378 0.0385
95% CI Coverage 0.1060 0.9580 0.9660 0.9620 0.9620
Median CI Length 0.2064 0.2160 0.2130 0.2104 0.2178

N = 1000
T0 = 1000

Median Abs. Err. 0.1730 0.0394 0.0378 0.0371 0.0367
95% CI Coverage 0.0960 0.9560 0.9660 0.9620 0.9640
Median CI Length 0.2055 0.2168 0.2130 0.2101 0.2167

Notes: Details are provided in the notes to Table 3.

27



Table 5: Simulation results for Model 5 (exponential kernel)

TWFE
Local PCA Proposed Method
(Feng, 2026) W/ true αi Pseudo-Distance

Cross-Fitting LOO None 5-Fold
Bandwidth Selection LOO LOO 5-Fold

N = 50
T0 = 50

Median Abs. Err. 0.2005 0.1988 0.1832 0.1868 0.1979
95% CI Coverage 0.8620 0.8730 0.9330 0.8040 0.9240
Median CI Length 0.8850 0.9312 1.0547 0.7206 1.0791

N = 50
T0 = 250

Median Abs. Err. 0.2003 0.2001 0.1832 0.1883 0.2128
95% CI Coverage 0.8620 0.8769 0.9330 0.8210 0.9380
Median CI Length 0.8818 0.9294 1.0547 0.7457 1.2056

N = 50
T0 = 1000

Median Abs. Err. 0.1997 0.1881 0.1832 0.1727 0.2100
95% CI Coverage 0.8610 0.8879 0.9330 0.8640 0.9390
Median CI Length 0.8816 0.9205 1.0547 0.8073 1.1289

N = 250
T0 = 50

Median Abs. Err. 0.1788 0.0942 0.0754 0.0835 0.0869
95% CI Coverage 0.6080 0.8800 0.9580 0.8490 0.9270
Median CI Length 0.4100 0.4189 0.4353 0.3565 0.4505

N = 250
T0 = 250

Median Abs. Err. 0.1781 0.0804 0.0754 0.0797 0.0857
95% CI Coverage 0.6140 0.9340 0.9580 0.9040 0.9550
Median CI Length 0.4083 0.4198 0.4353 0.3729 0.4812

N = 250
T0 = 1000

Median Abs. Err. 0.1783 0.0781 0.0754 0.0733 0.0751
95% CI Coverage 0.6040 0.9230 0.9580 0.9360 0.9630
Median CI Length 0.4079 0.4132 0.4353 0.4033 0.4400

N = 1000
T0 = 50

Median Abs. Err. 0.1695 0.0589 0.0378 0.0425 0.0413
95% CI Coverage 0.1180 0.7950 0.9660 0.8670 0.9230
Median CI Length 0.2053 0.2069 0.2130 0.1858 0.2178

N = 1000
T0 = 250

Median Abs. Err. 0.1712 0.0405 0.0378 0.0379 0.0395
95% CI Coverage 0.1100 0.9350 0.9660 0.9420 0.9650
Median CI Length 0.2047 0.2090 0.2130 0.1963 0.2238

N = 1000
T0 = 1000

Median Abs. Err. 0.1710 0.0397 0.0378 0.0366 0.0367
95% CI Coverage 0.1090 0.9460 0.9660 0.9540 0.9620
Median CI Length 0.2045 0.2073 0.2130 0.2063 0.2114

Notes: Details are provided in the notes to Table 3.
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5 Empirical Illustration

To evaluate the proposed method in settings that resemble real-world applications, we con-
duct an empirically calibrated simulation. We estimate the factors and loadings, fit the data
nonparametrically, and then generate the panel by resampling from the estimated objects.
This approach ensures that the generated panels reflect the underlying structure, hetero-
geneity, and noise levels of genuine data, while still allowing us full control over the sample
size and potential smoothness.

5.1 Data

We calibrate the simulation to the Walmart weekly-sales panel used by Abadie and Zhao
(2026), where the data are originally from Prakash (2023). The balanced panel records
the weekly sales of Ñ = 45 Walmart stores over T̃ = 143 consecutive weeks, running from
February 5, 2010, through October 26, 2012. The outcome variable is store-level weekly sales.
After removing additive store and week fixed effects, the residualized panel retains a low-
dimensional index and an empirical noise distribution; these are the features the calibrated
DGP is designed to inherit. Note that since there is no treatment implemented in the actual
data, the treatment mechanism for our simulation will be manually set up later. The data are
standardized before the empirically calibrated panels are constructed, andwe further denote
this standardized outcome as Ỹi,t.

5.2 Empirically Calibrated Data Generating Process

The DGP is calibrated nonparametrically in four steps: (i) estimate the additive fixed ef-
fects and the low-rank components; (ii) resample new individual-level factors and select the
desired-length time-level loadings; (iii) fit the new factors back to outcomes nonparametri-
cally and add resampled error terms; and (iv) assign treatment through a propensity score
that depends on the latent features. A detailed description of each step is provided below.

Step (i) Extract factors: In a real-world scenario, although traditional two-way fixed effects
often account for a significant portion of the variation, some variation is still explained by
the nonlinear combination of remaining factors. To reflect this, we first remove additive two-
way fixed effects ᾱi and λ̄t from the standardized outcome Ỹi,t. Then with the remaining
outcome Ȳi,t := Ỹi,t− ᾱi− λ̄t, following Bai (2003), we estimate R factors and loadings, α̃ ∈ RÑ×R

and λ̃ ∈ RT̃×R, and these extracted latent factors are the estimated low-dimensional indices
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used to calibrate the subsequent nonparametric outcome model. In this simulation, we set
our number of factors to be R = 1. Note that the additive fixed effects ᾱi and λ̄t are used
only to isolate the remaining potentially nonlinear structure. As the original sales data are
heavily driven by store fixed effects and seasonal effects, and the purpose of this empirically
calibrated simulation is to study how the proposed method can further handle the nonlinear
structure, we do not add those additive fixed effects back to the simulated panel.

Step (ii) Sample new factors: For a target panel of dimensions N×T , new individual factors
α = {αi}i∈{1,...,N} are drawn by a kernel-density bootstrap24 from the empirical distribution of α̃.
This produces a smooth analogue of the empirical distribution that supports arbitrary cross-
sectional sample sizes N, while still preserving the empirical co-movement between factors
when R > 1 is used.

As it is more difficult to extrapolate the time dimension, here we only consider the T ≤

T̃ = 143 setting. Rather than resampling the time dimension, we simply select T equally
spaced calendar weeks from the original panel: simulated period t is mapped to the original
week τ(t) := round

(
t · T̃/T

)
for t = 1, . . . ,T . The simulated time dimension therefore inherits

the empirical time profile directly, including seasonality and trends, without a separately
drawn time factor. Note that τ(T ) = T̃ = 143, so the last simulated period corresponds to the
same calendar week in every T setting. In sum, the new individual factors are α ∈ RN×R.

Step (iii) Fitting the outcome nonparametrically: With the empirically sampled factors, to
generate the new outcome Yi,t(0) for i ∈ {1, ...,N} and t ∈ {1, ...,T }, we then fit the outcome Ȳi,t

nonparametrically:

Yi,t(0) =

Ñ∑
j=1

Kh

(
α̃ j − αi

)
· Ȳ j,τ(t)

Ñ∑
j=1

Kh

(
α̃ j − αi

)
︸                      ︷︷                      ︸

=: m̂(αi,τ(t))

+ ui,t︸︷︷︸
sampled from residuals

In the kernel regression part, the product Epanechnikov kernel is used:

Kh(v) =
R∏

r=1

3
4

(
1 − (vr/hr)2

)
· 1

{
(vr/hr)2 ≤ 1

}
,

The bandwidth in each dimension follows a rule of thumb hr = c · sr · Ñ−1/(R+4) for r = 1, . . . ,R,
where sr is the sample standard deviation of the r-th loading, Ñ = 45 is the number of original
stores, and c is a tuning constant that indexes the calibration regimes below. The shocks

24Here, we use the Epanechnikov kernel via R package kernelboot::rmvk, where each draw equals a uni-
formly resampled element of α̃ plus Epanechnikov noise scaled by the package’s default rule-of-thumb band-
width.
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ui,t are sampled uniformly and independently (with replacement) from the pooled fitted
residuals Ȳℓ,k − m̂(α̃ℓ, k) across all original stores ℓ and weeks k.
Step (iv) Treatment assignment mechanism and estimand: Since no treatment happened
in the actual data, here, we generate a simple mechanism. Treatment is confined to a single
period, the last one, with the first T − 1 =: T0 periods serving as the pre-treatment time
periods. Assignment is governed by a propensity score that is logistic in the latent individual
factors pi = 1/

[
1 + exp

(
−a ·

∑R
r=1 αi,r

)]
where we set a = 2.5 so that the propensity scores lie

approximately in [0.3, 0.7]. In this simulation study, no treatment effect is injected into the
outcome. The target estimand is the counterfactual control mean for the treated units in the
period T , E [

Yi,T (0) | wi,T = 1
].

Two calibration regimes of smoothness: The constant c in the kernel regression controls
how smooth the nonparametric structure is. A small c yields a small bandwidth, inducing
fast singular-value decay. Here, we generate two settings for every sample size,

Setting 1 (fast decay): c = 2.5 Setting 2 (slow decay): c = 6

Figure 1 reports the singular value spectra of the two calibrated regimes from one replication
alongside the residualized original data. In the figure, all spectra are normalized so that the

Figure 1: Singular Value Spectra

Notes: Each line is normalized by its own largest singular value. Settings 1 and 2 are single calibrated panels of
dimension Ñ = 45 by T̃ = 143 from one replication. The green line represents the original Walmart panel after
standardization and removal of additive store and week effects.

largest singular value equals one. Setting 1 falls sharply after the first component and then
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declines slowly; the residualized Walmart panel falls more gradually over the first few com-
ponents but continues to decline, so that beyond roughly the sixth component it sits below
Setting 1. Setting 2 remains well above both across the entire spectrum. The mechanism is
that a smaller calibration bandwidth produces a closer fit and hence smaller resampled resid-
uals. Therefore, in Setting 1 the fitted component accounts for a larger share of the variation,
whereas in Setting 2 the resampled noise dominates. We use these two settings to compare
the estimators across panels whose singular values decay at visibly different rates.

5.3 Results

We vary the size of the panel dimensions over N ∈ {50, 100, 200} and T ∈ {50, 100, 143}. Tables
6 and 7 report the results for the fast- and slow-decay regimes. In this empirical illustration,
the bandwidth input for the proposed method is selected between 0.01 and 9.

The oracle benchmark that uses the true loading attains coverage between 0.921 and 0.957

under fast singular value decay and between 0.920 and 0.956 under slow singular value de-
cay. The proposed estimatorwith the pseudo-distance performs very closely to this infeasible
benchmark, with coverage between 0.923 and 0.954 and between 0.919 and 0.953, respec-
tively. The configuration using five-fold cross-fitting and five-fold cross-validation again de-
livers coverage closer to the nominal level. The configuration without cross-fitting and with
leave-one-out cross-validation yields shorter intervals and exhibits greater undercoverage,
with coverage as low as 0.872; the coverage gap between the two configurations reaches five
percentage points at N = 50 and narrows as N grows.

Under fast singular value decay, TWFE covers only 0.767–0.790 at N = 200, which sug-
gests its bias may be large relative to its standard error. Local PCA does not suffer from
this problem but undercovers in the smaller panels, with coverage between 0.877 and 0.890

at N = 50, and reaches approximately 0.934 at N = 200. Under slow singular value decay,
all three feasible estimators perform much more similarly: at N = 200, TWFE covers 0.912–
0.939 and local PCA 0.912–0.939. Taken together, the proposed estimator is close to the ora-
cle benchmark across all reported designs, while the configuration without cross-fitting and
with leave-one-out cross-validation generally produces shorter intervals and greater under-
coverage, especially for smaller N.
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Table 6: Empirically calibrated simulation results (fast singular-value decay)

TWFE
Local PCA Proposed Method
(Feng, 2026) W/ true αi Pseudo-Distance

Cross-Fitting LOO None 5-Fold
Bandwidth Selection LOO LOO 5-Fold

N = 50
T = 50

Median Abs. Err. 0.0224 0.0210 0.0201 0.0191 0.0200
95% CI Coverage 0.9010 0.8820 0.9450 0.9030 0.9480
Median CI Length 0.1023 0.1055 0.1124 0.0944 0.1146

N = 50
T = 100

Median Abs. Err. 0.0247 0.0220 0.0206 0.0202 0.0223
95% CI Coverage 0.8490 0.8770 0.9210 0.8720 0.9230
Median CI Length 0.1046 0.1041 0.1117 0.0950 0.1143

N = 50
T = 143

Median Abs. Err. 0.0218 0.0226 0.0198 0.0196 0.0214
95% CI Coverage 0.8950 0.8900 0.9460 0.8880 0.9300
Median CI Length 0.1016 0.1036 0.1126 0.0943 0.1157

N = 100
T = 50

Median Abs. Err. 0.0183 0.0157 0.0146 0.0148 0.0151
95% CI Coverage 0.8470 0.9080 0.9250 0.9010 0.9240
Median CI Length 0.0756 0.0764 0.0789 0.0704 0.0794

N = 100
T = 100

Median Abs. Err. 0.0189 0.0174 0.0150 0.0151 0.0152
95% CI Coverage 0.8380 0.9110 0.9330 0.9070 0.9370
Median CI Length 0.0755 0.0777 0.0783 0.0703 0.0806

N = 100
T = 143

Median Abs. Err. 0.0187 0.0154 0.0143 0.0139 0.0149
95% CI Coverage 0.8550 0.9260 0.9400 0.9210 0.9420
Median CI Length 0.0751 0.0777 0.0792 0.0716 0.0802

N = 200
T = 50

Median Abs. Err. 0.0154 0.0097 0.0092 0.0091 0.0096
95% CI Coverage 0.7900 0.9340 0.9570 0.9360 0.9540
Median CI Length 0.0548 0.0552 0.0563 0.0518 0.0558

N = 200
T = 100

Median Abs. Err. 0.0170 0.0099 0.0094 0.0095 0.0098
95% CI Coverage 0.7700 0.9370 0.9480 0.9290 0.9440
Median CI Length 0.0542 0.0552 0.0561 0.0520 0.0557

N = 200
T = 143

Median Abs. Err. 0.0173 0.0098 0.0100 0.0095 0.0098
95% CI Coverage 0.7670 0.9340 0.9510 0.9280 0.9360
Median CI Length 0.0536 0.0553 0.0560 0.0516 0.0558

Notes: 1,000 replications were conducted in each setting, where the estimand is E[Yi,T (0) | wi,T = 1],
which is numerically approximated once per setting using 200,000 Monte Carlo draws of the noise-
less calibrated regression function (values ≈ 0.008). LOO and 5-fold denote leave-one-out and
five-fold procedures, respectively, for cross-fitting or bandwidth cross-validation as indicated by
the corresponding row; the bandwidth is chosen from the grid by minimizing post-period squared
prediction error. If the selected bandwidth yields an empty kernel neighborhood, the next larger
grid value is used. "None" indicates no cross-fitting. Local PCA follows the replication package of
Feng (2026) with K chosen by 5-fold cross-validation.
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Table 7: Empirically calibrated simulation results (slow singular-value decay)

TWFE
Local PCA Proposed Method
(Feng, 2026) W/ true αi Pseudo-Distance

Cross-Fitting LOO None 5-Fold
Bandwidth Selection LOO LOO 5-Fold

N = 50
T = 50

Median Abs. Err. 0.0211 0.0248 0.0215 0.0204 0.0204
95% CI Coverage 0.9360 0.9000 0.9420 0.9200 0.9440
Median CI Length 0.1152 0.1229 0.1242 0.1092 0.1255

N = 50
T = 100

Median Abs. Err. 0.0248 0.0277 0.0248 0.0243 0.0251
95% CI Coverage 0.8890 0.8700 0.9200 0.8820 0.9220
Median CI Length 0.1131 0.1220 0.1252 0.1100 0.1254

N = 50
T = 143

Median Abs. Err. 0.0213 0.0249 0.0217 0.0215 0.0224
95% CI Coverage 0.9330 0.8800 0.9480 0.9130 0.9490
Median CI Length 0.1139 0.1200 0.1236 0.1091 0.1255

N = 100
T = 50

Median Abs. Err. 0.0159 0.0173 0.0160 0.0155 0.0160
95% CI Coverage 0.9240 0.9090 0.9340 0.9100 0.9340
Median CI Length 0.0846 0.0881 0.0873 0.0807 0.0874

N = 100
T = 100

Median Abs. Err. 0.0156 0.0175 0.0170 0.0164 0.0160
95% CI Coverage 0.9180 0.9180 0.9320 0.9190 0.9340
Median CI Length 0.0857 0.0895 0.0892 0.0832 0.0894

N = 100
T = 143

Median Abs. Err. 0.0162 0.0178 0.0158 0.0159 0.0166
95% CI Coverage 0.9460 0.9140 0.9560 0.9390 0.9530
Median CI Length 0.0857 0.0899 0.0897 0.0831 0.0898

N = 200
T = 50

Median Abs. Err. 0.0123 0.0122 0.0118 0.0114 0.0121
95% CI Coverage 0.9390 0.9390 0.9470 0.9340 0.9430
Median CI Length 0.0625 0.0636 0.0629 0.0602 0.0626

N = 200
T = 100

Median Abs. Err. 0.0116 0.0120 0.0107 0.0111 0.0114
95% CI Coverage 0.9200 0.9300 0.9430 0.9310 0.9350
Median CI Length 0.0613 0.0645 0.0625 0.0602 0.0625

N = 200
T = 143

Median Abs. Err. 0.0126 0.0132 0.0115 0.0118 0.0120
95% CI Coverage 0.9120 0.9120 0.9210 0.9140 0.9190
Median CI Length 0.0618 0.0641 0.0632 0.0606 0.0629

Notes: Details are provided in the notes to Table 6.
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Online Appendix

A Proofs

A.1 Supporting Lemmas

Lemma A.1 (Rate of Convergence for the Pseudo-Distance Estimator). Suppose Assumption

4 holds and
√

log(N)
T0
→ 0. Then

max
i, j

∣∣∣d̂i, j − di, j

∣∣∣ = Op


√

log(N)
T0

+

( log(N)
N

) 1
dα

 .
Proof of Lemma A.1. By Assumptions 4 (i) we can write di, j as follows:

di, j = sup
αk∈A

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

E
[
µ(0)(αk, λt)

(
µ(0)(αi, λt) − µ(0)(α j, λt)

)
|αi, α j, αk

]∣∣∣∣∣∣∣ .
We further denote the oracle distance d̃i, j, which will be helpful throughout the proof, as
follows:

d̃i, j := max
k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

µ(0)
k,t (µ

(0)
i,t − µ

(0)
j,t )

∣∣∣∣∣∣∣ .
The proof is then separated into two parts: (i) the rate of convergence from d̂i, j to d̃i, j and (ii)
the rate of convergence from d̃i, j to di, j.

From d̂i, j to d̃i, j By applying the reverse triangle inequality and multiplying out, we derive
the max difference between estimated distance and oracle distance as

max
i, j

∣∣∣d̂i, j − d̃i, j

∣∣∣
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By (2) and Assumption 4 (iii), there exist constants C, a, and b, so that for any η > 0,

P


∣∣∣∣∣∣∣ 1
T0

T0∑
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 ≤ C exp
(
−

T0η
2

a + bη

)
. (12)

To see this, note that the independence conditions in Assumption 4 (iii) imply that for any
t ≤ T0 and any r and l with l , r in {i, j, k}, ur,t ⊥⊥ αl, {λs}s,t

∣∣∣ αr, λt,25 which in turn implies
25This and the other conditional independencies in this paragraph can be derived from the two conditional

independence restrictions in 4 (iii) by repeated application of the rule A ⊥⊥ B,C|D =⇒ (A ⊥⊥ B|C,D and A ⊥⊥
B|D), and the rule (A ⊥⊥ B|C,D and A ⊥⊥ C|D) =⇒ A ⊥⊥ B,C|D, for any random variables A, B,C,D.
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E[ur,t|αl, αr, {λs}
T0
s=1] = E[ur,t|αr, λt] and this is zero by (2), and so E[ur,t|αl, αr, {λs}

T0
s=1] = 0. Ad-

ditionally, by Assumption 4 (iii), ur,t ⊥⊥ ul,t

∣∣∣ αr, αl, {λs}
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s=1. Moreover, by Assumption 4 (iv),
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k,t are bounded. By Assumption 4 (iii), for each t ≤ T0 and r, l ∈ {i, j, k},
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s=1, and ur,t is sub-Gaussian conditional on αr, αl, and {λs}

T0
s=1.

Thus, from the Bernstein inequalities in Lemma A.8, we get that there exist constants C, a,
and b, so that for any η > 0,
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These inequalities hold for some a, b, and C by the Bernstein bounds in Lemma A.8. Apply-
ing the law of iterated expectations to integrate out the factors, and then using the triangle
inequality and the union bound yields (12).

By taking the union bound and (11), we then get from (12) that
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)
.

Set η =
√

Ma log(N)
T0

for some fixed M > 3, in which case by log(N)
T0

→ 0, we have η→ 0. Then
by the above inequality

P

max
i, j

∣∣∣d̂i, j − d̃i, j

∣∣∣ > √
Ma log(N)

T0

 ≤ C exp
(
(3 − M)a + 3bη

a + bη
log(N)

)
→ 0,

and so we conclude that

max
i, j

∣∣∣d̂i, j − d̃i, j

∣∣∣ = Op


√

log(N)
T0

 .
From d̃i, j to di, j By the triangle inequality and reverse triangle inequality, the maximum
difference between the population and oracle distances satisfies

max
i, j

∣∣∣di, j − d̃i, j

∣∣∣
≤ max

i, j,k: k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

µ(0)
k,t

(
µ(0)

i,t − µ
(0)
j,t

)
− E

 1
T0

T0∑
t=1

µ(0)
k,t

(
µ(0)

i,t − µ
(0)
j,t

)
| αi, α j, αk


∣∣∣∣∣∣∣ (13)

+ max
i, j


sup
α∈A

∣∣∣∣∣∣∣E
 1
T0

T0∑
t=1

µ(0)(α, λt)
(
µ(0)

i,t − µ
(0)
j,t

)
| αi, α j


∣∣∣∣∣∣∣

− max
k: k<{i, j}

∣∣∣∣∣∣∣E
 1
T0

T0∑
t=1

µ(0)
k,t

(
µ(0)

i,t − µ
(0)
j,t

)
| αi, α j, αk


∣∣∣∣∣∣∣


. (14)
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We first derive the rate for (13). By Assumption 4, conditions (i) and (iv), the vectors
(µ(0)

i,t , µ
(0)
j,t , µ

(0)
k,t ) are uniformly bounded and independent across t, conditional onαi, α j, αk. There-

fore, by the Bernstein inequality for bounded random variables (Lemma A.5), there are pos-
itive constants C, a, and b, uniform in i, j, k,N,T0, such that, for any η > 0,

P


∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

)
− E

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

)
| αi, α j, αk

]]∣∣∣∣∣∣∣ > η
∣∣∣∣∣∣∣ αi, α j, αk


≤ C exp

(
−

T0η
2

a + bη

)
.

Integrating out the individual factors gives

P


∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

)
− E

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

)
| αi, α j, αk

]]∣∣∣∣∣∣∣ > η


≤ C exp
(
−

T0η
2

a + bη

)
.

Applying the union bound over at most N3 triples yields

P

 max
i, j,k: k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

)
− E

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

)
| αi, α j, αk

]]∣∣∣∣∣∣∣ > η


≤ CN3 exp
(
−

T0η
2

a + bη

)
.

Set η =
√

Ma log(N)/T0 for some fixed M > 3. Since log(N)/T0 → 0, we have η → 0, and the
last bound becomes

C exp
[(

3 −
Ma

a + bη

)
log(N)

]
→ 0.

Consequently,

max
i, j,k: k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

)
− E

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

)
| αi, α j, αk

]]∣∣∣∣∣∣∣
= Op


√

log(N)
T0

 .
We next derive the rate for (14). The terms with i = j are zero, so it suffices to consider

distinct pairs. By the reverse triangle inequality, boundedness of µ(0), and the Lipschitz con-
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dition in Assumption 4(iv), there is a constant C such that

max
i, j


sup
α∈A

∣∣∣∣∣∣∣E
 1
T0

T0∑
t=1

µ(0)(α, λt)
(
µ(0)

i,t − µ
(0)
j,t

)
| αi, α j


∣∣∣∣∣∣∣

− max
k: k<{i, j}

∣∣∣∣∣∣∣E
 1
T0

T0∑
t=1

µ(0)
k,t

(
µ(0)

i,t − µ
(0)
j,t

)
| αi, α j, αk


∣∣∣∣∣∣∣


≤ max

i, j
sup
α∈A

min
k<{i, j}

∣∣∣∣∣∣∣E
 1
T0

T0∑
t=1

(
µ(0)(α, λt) − µ(0)(αk, λt)

) (
µ(0)

i,t − µ
(0)
j,t

)
| αi, α j, αk


∣∣∣∣∣∣∣

≤ C max
i, j

sup
α∈A

min
k<{i, j}
∥α − αk∥.

Define
R(−2)

N := max
i, j

sup
α∈A

min
k<{i, j}
∥α − αk∥.

By the small-ball condition in Assumption 4(i), for all sufficiently small η > 0, there is a
deterministic η-covering ofAwith centres {ᾱℓ}Jℓ=1 ⊂ A and J ≤ Cη−dα . The triangle inequality
therefore gives

R(−2)
N ≤ η +max

i, j
max
ℓ∈[J]

min
k<{i, j}
∥ᾱℓ − αk∥.

The same small-ball condition implies that there exist δ > 0 and ϵ0 > 0 such that, for every
α ∈ A and 0 < ϵ ≤ ϵ0,

P(∥α − αk∥ > ϵ) ≤ 1 − δϵdα .

For each fixed pair i , j and each ℓ ∈ [J], independence of the individual factors gives

P

(
min
k<{i, j}
∥ᾱℓ − αk∥ > ϵ

)
=

∏
k<{i, j}

P (∥ᾱℓ − αk∥ > ϵ)

≤ (1 − δϵdα)N−2.

Taking a union bound over both the excluded pairs and the covering centres, we obtain

P
(
R(−2)

N > η + ϵ
)
≤ P

(
max

i, j
max
ℓ∈[J]

min
k<{i, j}
∥ᾱℓ − αk∥ > ϵ

)
≤

∑
i, j

J∑
ℓ=1

P

(
min
k<{i, j}
∥ᾱℓ − αk∥ > ϵ

)
≤ CN2η−dα(1 − δϵdα)N−2.

Set
ηN =

1
N − 2

, ϵN =

(
M log(N − 2)
δ(N − 2)

)1/dα

,
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for some fixed M > dα+2. For all sufficiently large N, these radii lie within the ranges required
above, and

P
(
R(−2)

N > ηN + ϵN

)
≤ CN2(N − 2)dα

(
1 −

M log(N − 2)
N − 2

)N−2

≤ CN2(N − 2)dα−M −→ 0.

Since ηN = o(ϵN) for dα ≥ 1, it follows that

max
i, j

sup
α∈A

min
k<{i, j}
∥α − αk∥ = Op

( log(N)
N

)1/dα .
Combining the bounds for (13) and (14) with the preceding bound for maxi, j |d̂i, j − d̃i, j|,

and applying the triangle inequality, we conclude that

max
i, j
|d̂i, j − di, j| = Op


√

log(N)
T0

+

(
log(N)

N

)1/dα
 .

□

Lemma A.2. Under Assumption 4 (vi), there exists a c > 0 so that for all sufficiently large T0 and

α1, α2 ∈ A:

sup
α∈A

∣∣∣ ∫
λ∈supp(λ)

µ(0)(α, λ)
(
µ(0)(α1, λ) − µ(0)(α2, λ)

)
dπ̄T0(λ)

∣∣∣ ≥ c∥α1 − α2∥.

Proof of Lemma A.2. By Assumption 4 (vi), there exists a constant c2 > 0 such that

c2

√∫
λ∈supp(λ)

(
µ(0)(α1, λ) − µ(0)(α2, λ)

)2 dπ̄T0(λ)

≤ sup
α∈A

∣∣∣ ∫
λ∈supp(λ)

µ(0)(α, λ)
(
µ(0)(α1, λ) − µ(0)(α2, λ)

)
dπ̄T0(λ)

∣∣∣,
and the object on the LHS is bounded below by c2

√
c1∥α1 − α2∥. Thus letting c = c2

√
c1 > 0

gives the result. □

Lemma A.3. Suppose Assumption 4 holds and that 1
h

√
log(N)

T0
and log(N)

Nhdα go to zero. Then there exists

a δ > 0 so that with probability approaching 1, for all i, j ∈ [N]

K
 d̂i, j

h

 = 1
{
∥αi − α j∥ ≤ δh

}
K

 d̂i, j

h

 .
Proof of Lemma A.3. By Lemma A.2, there exists a constant C, such that for any finite δ > 0,
we have

∥αi − α j∥ > δh =⇒ di, j > Cδh
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Now, note that for all i, j,

d̂i, j

h
≥

di, j

h
−

maxi, j

∣∣∣d̂i, j − di, j

∣∣∣
h

.

Thus, it follows that

∥αi − α j∥ > δh =⇒
d̂i, j

h
> δC −

maxi, j

∣∣∣d̂i, j − di, j

∣∣∣
h

By Lemma A.1, we have

maxi, j

∣∣∣d̂i, j − di, j

∣∣∣
h

= Op

1
h

√
log(N)

T0
+

( log(N)
Nhdα

) 1
dα


By supposition, 1

h

√
log(N)

T0
and log(N)

Nhdα go to zero, and so for any fixed δ > 0, with probability
approaching one, we have maxi, j|d̂i, j−di, j|

h ≤ 1
2δC. Hence, for any fixed δ > 0, with probability

approaching one, for all i, j, it follows that

∥αi − α j∥ > δh =⇒
d̂i, j

h
>

1
2
δC

Assumption 4 (v) states that the kernel is zero everywhere other than a compact (and there-
fore bounded) set. Hence, there is a constant c such that

d̂i, j

h
> c =⇒ K

 d̂i, j

h

 = 0

Finally, fixing some δ > 2c
C gives the desired result. □

Lemma A.4. Suppose Assumption 4 holds, log N
Nhdα → 0, and h→ 0. Then for any fixed δ > 0, there are

constants 0 < c < c̄ < ∞ and 0 < c̃, such that for sufficiently large T0, with probability approaching

one and for all i ∈ [N], it follows that

chdα ≤
1
N

N∑
j=1

(1 − w j,t)1
{
∥αi − α j∥ ≤ δh

}
≤ c̄hdα

and

chdα ≤
1
N

N∑
j=1

1
{
∥αi − α j∥ ≤ δh

}
≤ c̄hdα

and in addition, c̃ ≤ 1
Nhdα

∑N
j=1(1 − w j,t)K(di, j/h) and c̃ ≤ 1

Nhdα

∑N
j=1 K(di, j/h).

Proof of Lemma A.4. Define Xi, j = 1
{
∥αi − α j∥ ≤ δh

}
and X(w)

i, j = (1 − w j,t)1
{
∥αi − α j∥ ≤ δh

}
. By

the upper bound in Assumption 4 (ii), for some c > 0, Et[1 − w j,t|α j] = 1 − p j,t ≥ c almost

45



surely. Using the fact that w j,t and α j are jointly independent of αi and that {α j}
N
j=1 are i.i.d.

and independent of λt (by Assumptions 4 (iii) and 4 (i)), we have

Et

[
X(w)

i, j

∣∣∣ αi

]
= Et

[
Et[1 − w j,t|α j]1

{
∥αi − α j∥ ≤ δh

} ∣∣∣ αi

]
≥ c · Et

[
1
{
∥αi − α j∥ ≤ δh

} ∣∣∣ αi

]
= c · P

(
∥αi − α j∥ ≤ δh

∣∣∣ αi

)
.

To upper bound the quantity note that

Et

[
X(w)

i, j

∣∣∣ αi

]
≤ Et

[
1
{
∥αi − α j∥ ≤ δh

} ∣∣∣ αi

]
= P

(
∥αi − α j∥ ≤ δh

∣∣∣ αi

)
.

With Assumption 4 (i), we then see that for any fixed δ and sufficiently small h > 0, there are
constants 0 < c− < c+ < ∞ such that

c−hdα ≤ Et

[
X(w)

i, j

∣∣∣ αi

]
≤ c+hdα .

By Assumption 4 (i), Et

[
Xi, j

∣∣∣ αi

]
= P

(
∥αi − α j∥ ≤ δh

∣∣∣ αi

)
and so we see that the above also

holds for X(w)
i, j replaced by Xi, j. Note that the variables X(w)

i, j for j , i are independent Bernoulli
conditional on αi and λt, and likewise for Xi, j, and so the above also demonstrates that they
have conditional variance below c+hdα . So applying the Bernstein inequality in Lemma A.7,
it follows that, for a sufficiently small fixed a > 0 and setting C = a2

2(c++a/3) ,

Pt

max
i∈[N]

∣∣∣∣∣∣∣ 1
N

∑
j,i

(
X(w)

i, j − Et

[
X(w)

i, j |αi

])∣∣∣∣∣∣∣ > ahdα


≤ 2N · exp

(
−CNhdα

)
= 2 · exp

(
log(N) −CNhdα

)
,

and similarly with X(w)
i, j replaced by Xi, j. The RHS goes to zero if log N

Nhdα → 0, which holds by
supposition, and so with probability approaching one, for all i ∈ [N],

(
N − 1

N
c− − a)hdα ≤

1
N

∑
j,i

X(w)
i, j ≤ (c+ + a)hdα ,

in which case, including the j = i term in the sum,

(
N − 1

N
c− − a)hdα ≤

1
N

N∑
j=1

X(w)
i, j ≤ (c+ + a)hdα + 1/N,

and the same steps apply with X(w)
i, j replaced by Xi, j. By supposition 1/N = o(hdα), and so by

setting a sufficiently small, we get the first two results in the Lemma.
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Now for the final two statements in Lemma A.4, by Assumption 4 (iv), it follows that
µ(0)(·, λ) is Lipschitz continuous and bounded (uniformly over λ in both cases). Thus, for
some constant C < ∞, we have

∥αi − α j∥ ≤ x =⇒ di, j ≤ Cx.

Since Assumption 4 (v) requires the kernel to beweakly positive, strictly positive at zero, and
Lipschitz continuous, there are constants a, b > 0 such that for all x ≤ a, K(x) ≥ b. Combining
these results gives

∥αi − α j∥ ≤
a
C

h =⇒ di, j ≤ ah =⇒ K(di, j/h) ≥ b.

Then with the positivity of the kernel, it follows that

b ·
1
N

N∑
j=1

(1 − w j,t)1
{
∥αi − α j∥ ≤

a
C
· h

}
≤

1
N

N∑
j=1

(1 − w j,t) · K(di, j/h)

and

b ·
1
N

N∑
j=1

1
{
∥αi − α j∥ ≤

a
C
· h

}
≤

1
N

N∑
j=1

K(di, j/h).

We already established that for any fixed δ, there is a constant c > 0 such that chdα ≤ 1
N

∑N
j=1(1−

w j,t)1
{
∥αi − α j∥ ≤ δh

}
and chdα ≤ 1

N

∑N
j=1 1

{
∥αi − α j∥ ≤ δh

}
for all i ∈ [N] with probability ap-

proaching one, therefore, there is a constant c̃ > 0 such that with probability approaching
one, for all i,

c̃ ≤
1

Nhdα

N∑
j=1

(1 − w j,t) · K(di, j/h)

and similarly c̃ ≤ 1
Nhdα

∑N
j=1 K(di, j/h). □

A.2 Proof of Theorem 1

Proof of Theorem 1. We prove the result for µ̂(0)
i,t . The result for p̂i,t follows by almost identical

steps, replacing u j,t by ϵ j,t, dropping the restriction to { j : w j,t = 0} in the kernel sums, using
that ϵ j,t ∈ [−1, 1] is bounded and hence sub-Gaussian, and removing conditioning on current
treatments throughout the argument.

By Lemma A.3, there exists a δ < ∞ such that with probability approaching one, for all
i, j ∈ [N], we have

K
(
d̂i, j/h

)
= K

(
d̂i, j/h

)
· 1

{
∥αi − α j∥ ≤ δh

}
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and by Lemma A.2 the same holds with d̂i, j replaced by di, j. Fix such a δ. In the event that
these equalities hold, we can then decompose µ̂(0)

i,t − µ
(0)
i,t as follows:

µ̂(0)
i,t − µ

(0)
i,t =

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· µ(0)

j,t∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

) − µ(0)
i,t

+

1
hdαN

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

1
hdαN

∑
j;w j,t=0

K
(
d̂i, j/h

) . (15)

The quantity on the first line of the RHS above is aweighted average of µ(0)
j,t −µ

(0)
i,t over untreated

individuals j for whom ∥αi − α j∥ ≤ δh. Using the Lipschitz condition in Assumption 4 (iv),
we have ∣∣∣∣∣∣∣∣∣∣

∑
j;w j,t=0

1{∥αi − α j∥ ≤ δh}K(d̂i, j/h) · µ(0)
j,t∑

j;w j,t=0
1
{
∥αi − α j∥ ≤ δh

}
K(d̂i, j/h)

− µ(0)
i,t

∣∣∣∣∣∣∣∣∣∣ ≤ sup
∥α−αi∥≤δh

∣∣∣µ(0)(α, λt) − µ(0)(αi, λt)
∣∣∣

≤ L0δh

We now consider the term in the second line (15). First consider the numerator. By
Lemma A.4, there exist constants 0 < c < c̄ < ∞ such that, with probability approaching one,
for all i, chdα ≤ 1

N

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
≤ c̄hdα . Call the event that this holds Eh, then we have

Pt

max
i∈[N]

∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η


≤Pt

max
i∈[N]

∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η
∣∣∣ Eh

 + 1 − Pt(Eh)

By applying union bound to the first probability on the second line above, we obtain

Pt

max
i∈[N]

∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η


≤ N ·max
i
Pt


∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η
∣∣∣ Eh

 + 1 − Pt(Eh).

Suppose that this Eh holds, it follows that

P


∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η
∣∣∣ {
α j, d̂i, j,w j,t

}N

j=1
, λt


≤ P


∣∣∣∣∣∣∣∣ 1∑

j;w j,t=0 1
{
∥αi − α j∥ ≤ δh

} ∑
j;w j,t=0,∥αi−α j∥≤δh

K
(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > 1
c̄
· η

∣∣∣ {
α j, d̂i, j,w j,t

}N

j=1
, λt


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First, note that, given
{
α j, d̂i, j,w j,t

}N

j=1
and λt, the terms

{
K(d̂i, j/h)

}N

j=1
are constants, and these are

bounded above byAssumption 4 (v). ByAssumptions 1 and 4 (iii), {u j,t}
N
j=1 are sub-Gaussian,

zero-mean, and independent random variables conditional on
{
α j, d̂i, j,w j,t

}N

j=1
and λt. Thus,

from the Bernstein inequality in Lemma A.8, it follows that for constants C, a, and b, for any
η > 0,

Pt


∣∣∣∣∣∣∣∣ 1∑

j;w j,t=0 1
{
∥αi − α j∥ ≤ δh

} ∑
j;w j,t=0,∥αi−α j∥≤δh

K
(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > 1
c̄
· η

∣∣∣ {
α j, d̂i, j,w j,t

}N

j=1
, λt


≤ C · exp

−
∑

j:w j,t=0
1
{
∥αi − α j∥ ≤ δh

}
· c̄−2η2

a + bη


≤ C · exp

(
−

cNhdα c̄−2η2

a + bη

)
,

where the last line again uses that Eh holds, i.e., chdα ≤ 1
N

∑
j;w j,t=0 1

{
∥αi − α j∥ ≤ δh

}
≤ c̄hdα . Then

by the law of iterated expectations, we have

N ·max
i
Pt


∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η
∣∣∣ Eh


≤C · exp

(
log(N) −

cNhdα c̄−2η2

a + bη

)
.

And so, combining with our earlier result we get

Pt

max
i∈[N]

∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η


≤C · exp
(
log(N) −

cNhdα c̄−2η2

a + bη

)
+ 1 − Pt(Eh).

By setting η = c̄
√

Ma log(N)
chdαN in the above inequality for a fixed M > 1, and noting that η→ 0 and

Pt(Eh)→ 1, we obtain

Pt

max
i∈[N]

∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η


≤ C · exp
(
log(N) −

Ma log(N)
a + bη

)
+ 1 − Pt(Eh)→ 0,

and therefore we have

Pt

max
i∈[N]

∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > c̄

√
Ma log(N)

chdαN


= o(1).
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Finally, we consider the denominator term 1
Nhdα

∑
j;w j,t=0

K
(
d̂i, j/h

)
. By adding and subtracting

terms, we have

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
=

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
di, j/h

)
+

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

} [
K

(
d̂i, j/h

)
− K

(
di, j/h

)]
.

Using that the kernel is Lipschitz by Assumption 4 (v), we have

max
i∈[N]

∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

} [
K

(
d̂i, j/h

)
− K

(
di, j/h

)]∣∣∣∣∣∣∣∣
≤ K̄′

maxi, j

∣∣∣d̂i, j − di, j

∣∣∣
h

max
i∈[N]

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
.

By Lemma A.1,
max

j,i
|d̂i, j−di, j|

h = op(1) and by Lemma A.4 max
i∈[N]

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
= Op(1),

it follows that

min
i∈[N]

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
= min

i∈[N]

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
di, j/h

)
+ op(1).

Finally, by Lemma A.4, there exists a c̃ > 0 such that, with probability approaching one,

min
i∈[N]

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
di, j/h

)
= min

i∈[N]

1
Nhdα

∑
j;w j,t=0

K
(
di, j/h

)
> c̃.

Therefore, combining the bias bound L0δh on the first line of the decomposition with the
numerator and denominator bounds just established, we conclude that

max
i∈[N]

∣∣∣µ̂(0)
i,t − µ

(0)
i,t

∣∣∣ = Op

h + √
log(N)
hdαN

 .
□

A.3 Proof of Theorem 2

Proof of Theorem 2. Recall the definition of the ATT estimate,

ˆATTt =
1

N1,t

N∑
i=1

Yi,twi,t −
(1 − wi,t)Yi,t p̂i,t + (wi,t − p̂i,t)µ̂

(0)
i,t

1 − p̂i,t

 .
50



Using (1 − wi,t)Yi,t = (1 − wi,t)µ
(0)
i,t + (1 − wi,t)ui,t and wi,t = pi,t + ϵi,t, we can express this as

ˆATTt =
1

N1,t

N∑
i=1

Yi,twi,t −
(1 − wi,t)Yi,t pi,t + (wi,t − pi,t)µ

(0)
i,t

1 − pi,t


+

1
N1,t

N∑
i=1

1
1 − p̂i,t

(pi,t − p̂i,t)(µ
(0)
i,t − µ̂

(0)
i,t )

+
1

N1,t

N∑
i=1

ϵi,t

µ(0)
i,t − µ̂

(0)
i,t

1 − p̂i,t


+

1
N1,t

N∑
i=1

(1 − wi,t)ui,t

(1 − pi,t)

(
pi,t − p̂i,t

1 − p̂i,t

)
.

We tackle each line separately.
By the upper bound in Assumption 4 (ii), for some c > 0, we have that 1

1−pi,t
≤ 1/c with

probability 1. And by supposition, we have maxi∈[N]

∣∣∣p̂i,t − pi,t

∣∣∣ = op(1) and so together with the
previous bound we see that maxi∈[N]

∣∣∣∣ 1
1− p̂i,t
− 1

1−pi,t

∣∣∣∣ = op(1) and thus maxi∈[N]
1

1− p̂i,t
= Op(1). Ad-

ditionally, by supposition maxi∈[N]

∣∣∣∣(pi,t − p̂i,t
) (
µ(0)

i,t − µ̂
(0)
i,t

)∣∣∣∣ = op

(
N−1/2

)
. With the lower bound

in Assumption 4 (ii) and the law of large numbers, N
N1,t

is bounded above uniformly with
probability approaching 1. Hence, it follows that

1
N1,t

N∑
i=1

1
1 − p̂i,t

(
pi,t − p̂i,t

) (
µ(0)

i,t − µ̂
(0)
i,t

)
= op

(
N−1/2

)
.

Define Dk,t :=
({{

(Y j,s(0),w j,s)
}t

s=1

}
j∈I−k

,
{{

Yi,s
}T0

s=1

}
i∈Ik

)
. By Assumptions 2 and 4 (iii), for t >

T0 and i ∈ Ik, we have ϵi,t ⊥⊥ Dk,t

∣∣∣ {αℓ}Nℓ=1 , λt and this implies

E
[
ϵi,t

∣∣∣Dk,t, {αℓ}
N
ℓ=1 , λt

]
= 0.

Thus, by the law of iterated expectations, and using the fact that µ̂(0)
i,t and p̂i,t are non-stochastic

givenDk,t, we have

E

ϵi,t

µ(0)
i,t − µ̂

(0)
i,t

1 − p̂i,t

 ∣∣∣∣∣Dk,t, {αℓ}
N
ℓ=1, λt

 = E [
ϵi,t

∣∣∣Dk,t, {αℓ}
N
ℓ=1, λt

] µ(0)
i,t − µ̂

(0)
i,t

1 − p̂i,t


= 0.

Also, by assumptions 2, 3, and 4 (iii), for any i, j ∈ Ik with i , j, we have ϵi,t ⊥⊥ ϵ j,t

∣∣∣ {αℓ}Nℓ=1, λt,Dk,t.
Using this and the fact that ϵi,t ∈ [−1, 1] for all i, it follows that

E

ϵi,tϵ j,t

µ(0)
i,t − µ̂

(0)
i,t

1 − p̂i,t


µ(0)

j,t − µ̂
(0)
j,t

1 − p̂ j,t

 ∣∣∣∣∣Dk,t, {αℓ}
N
ℓ=1, λt

 = E [
ϵi,tϵ j,t

∣∣∣Dk,t, {αℓ}
N
ℓ=1, λt

] µ(0)
i,t − µ̂

(0)
i,t

1 − p̂i,t


µ(0)

j,t − µ̂
(0)
j,t

1 − p̂ j,t


≤ 1 { j = i} ·

µ(0)
i,t − µ̂

(0)
i,t

1 − p̂i,t

2

.
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Using the results above and Markov’s inequality, we have

P


∣∣∣∣∣∣∣ 1
√
|Ik|

∑
i∈Ik

ϵi,t

µ(0)
i,t − µ̂

(0)
i,t

1 − p̂i,t


∣∣∣∣∣∣∣ > ϵ

∣∣∣∣∣Dk,t, {αi}
N
i=1, λt

 ≤
1
|Ik |

∑
i∈Ik

(
µ(0)

i,t −µ̂
(0)
i,t

1−p̂i,t

)2

ϵ2 = op(1),

where the final equality uses maxi |µ̂
(0)
i,t − µ

(0)
i,t | = op(1) together with maxi 1/(1 − p̂i,t) = Op(1).

Hence, by using |Ik| ≍ N, it follows that

1
|Ik|

∑
i∈Ik

ϵi,t

µ(0)
i,t − µ̂

(0)
i,t

1 − p̂i,t

 = op

(
N−1/2

)
.

Since the number of folds K is fixed, summing over k ∈ [K] and using N/N1,t = Op(1) gives
1

N1,t

∑N
i=1 ϵi,t

(
µ(0)

i,t − µ̂
(0)
i,t

)
/(1 − p̂i,t) = op(N−1/2).

Similarly, by Assumptions 2 and 4 (iii), we have ui,t ⊥⊥ Dk,t

∣∣∣ {αl}
N
l=1, λt,wi,t = 0, and for any

i, j ∈ Ik with i , j,

ui,t ⊥⊥ u j,t

∣∣∣ {αl}
N
l=1, λt,Dk,t,wi,t = w j,t = 0.

Therefore, by the law of iterated expectations, alongside the fact that p̂i,t is non-stochastic
givenDk,t, it follows that

E

[
ui,t

(1 − pi,t)

(
pi,t − p̂i,t

1 − p̂i,t

) ∣∣∣∣∣Dk,t, {αl}
N
l=1, λt,wi,t = 0

]
= E

[
ui,t

∣∣∣ {αl}
N
l=1, λt,wi,t = 0

] 1
1 − pi,t

(
pi,t − p̂i,t

1 − p̂i,t

)
= 0

Moreover, we have

E

[
ui,t

(1 − pi,t)
u j,t

(1 − p j,t)

(
pi,t − p̂i,t

1 − p̂i,t

) (
p j,t − p̂ j,t

1 − p̂ j,t

) ∣∣∣∣∣Dk,t, {αk}
N
k=1, λt,wi,t = w j,t = 0

]
= E

[
ui,t

(1 − pi,t)
u j,t

(1 − p j,t)

∣∣∣∣∣Dk,t, {αk}
N
k=1, λt,wi,t = w j,t = 0

] (
pi,t − p̂i,t

1 − p̂i,t

) (
p j,t − p̂ j,t

1 − p̂ j,t

)
≤ 1{ j = i} · E

[
u2

i,t

∣∣∣ wi,t = 0, {αk}
N
k=1, λt

] 1
(1 − pi,t)2

(
pi,t − p̂i,t

1 − p̂i,t

)2

≤ 1{ j = i} · σ̄2
Y ·

1
(1 − pi,t)2

(
pi,t − p̂i,t

1 − p̂i,t

)2

,

for somefinite constant σ̄2
Y , which exists byAssumption 4 (iii) (by standard properties of sub-

Gaussian random variables ui,t has conditional variance at most 2δ where δ is the ‘variance
proxy’ referred to in the assumption). Thus, by Markov’s inequality, it follows that

P


∣∣∣∣∣∣∣ 1
√
|Ik|

∑
i∈Ik

(1 − wi,t)
ui,t

1 − pi,t

(
pi,t − p̂i,t

1 − p̂i,t

)∣∣∣∣∣∣∣ > ϵ
∣∣∣∣∣Dk,t, {αi}

N
i=1, λt

 ≤ 1
|Ik |

∑
i∈Ik

σ̄2
Y

1
(1−pi,t)2

(
pi,t− p̂i,t

1− p̂i,t

)2

ϵ2 = op(1)

52



The conditional probability is op(1) which implies that the unconditional probability is o(1).
Hence, we have

1
|Ik|

∑
i∈Ik

(1 − wi,t)
ui,t

(1 − pi,t)

(
pi,t − p̂i,t

1 − p̂i,t

)
= op

(
N−1/2

)
.

By combining all previous results, we have shown that
√

N ˆATTt =

√
N

N1,t

N∑
i=1

Yi,twi,t −
(1 − wi,t)Yi,t pi,t + (wi,t − pi,t)µ

(0)
i,t

1 − pi,t

 + op(1).

The remaining steps are a standard application of asymptotic theory for the ATT estimate
with known nuisance functions, and so we omit them here. □

A.4 Bernstein Inequalities

In this section, we specify the Bernstein inequalities, which we refer to in the proofs.

A.4.1 Bernstein inequality for bounded random variables

Lemma A.5 (Bernstein inequality for bounded random variables; see Bennett (1962)). Let
Z1, ...,Zn be mean zero independent random variables. Assume there exists a positive constant M such

that |Zi| ≤ M with probability one for each i. Also let σ2 := 1
n

∑n
i=1 E[Z2

i ]. Then for all ϵ > 0

P


∣∣∣∣∣∣∣1n

n∑
i=1

Zi

∣∣∣∣∣∣∣ ≥ ϵ
 ≤ 2 exp

− nϵ2

2(σ2 + 1
3 Mϵ)

 .
A.4.2 Bernstein inequality for unbounded random variables

Lemma A.6 (Moments of a sub-Gaussian random variable). Let Z be a mean zero random vari-

able satisfying E[eλZ] ⩽ evλ2/2 for all λ ∈ R, for some v > 0. Then for every integer q ⩾ 1, we have

E[Z2q] ⩽ q!(4v)q.

Proof of Lemma A.6. See Theorem 2.1 in Boucheron et al. (2013). □

Lemma A.7 (Bernstein inequality for unbounded random variables). Let Z1, ...,Zn be indepen-

dent randomvariables. Assume that there exist some positive constants ν and c such that 1
n

∑n
i=1 E[Z2

i ] ≤ ν

and for all integers q ≥ 3,

1
n

n∑
i=1

E[|Zi|
q] ≤

q!cq−2

2
ν.

Then for all ϵ > 0,

P


∣∣∣∣∣∣∣1n

n∑
i=1

(Zi − E[Zi])

∣∣∣∣∣∣∣ ≥ ϵ
 ≤ 2 exp

(
−

nϵ2

2(ν + cϵ)

)
.
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Proof of Lemma A.7. Apply the one-sided bound in Corollary 2.11 in Boucheron et al. (2013)
to Z1, . . . ,Zn and to −Z1, . . . ,−Zn, with variance parameter nν and threshold nϵ. The moment
assumptions hold for both signs, so the union bound gives the stated two-sided inequality,
with the factor of two accounting for the two tails. □

Lemma A.8 (Bernstein inequality for sub-Gaussian random variables). Let Z1, ...,Zn be mean-

zero independent random variables. Assume that there exists some v > 0 such that E[eλZi] ⩽ evλ2/2

for all λ ∈ R and for all i ∈ {1, . . . , n}. Fix β̄ ∈ (0,∞). Then there exist positive constants C, a, and

b, depending only on v and β̄, such that for all constants β1, ..., βn satisfying maxi |βi| < β̄ and for all

ϵ > 0,

P


∣∣∣∣∣∣∣1n

n∑
i=1

βiZi

∣∣∣∣∣∣∣ ≥ ϵ
 ≤ C exp

(
−

nϵ2

a + bϵ

)
and

P


∣∣∣∣∣∣∣1n

n∑
i=1

βi(Z2
i − E[Z2

i ])

∣∣∣∣∣∣∣ ≥ ϵ
 ≤ C exp

(
−

nϵ2

a + bϵ

)
.

Additionally, let W1, ...,Wn be mean-zero random variables such that the pairs (Zi,Wi) are independent

across i, E[eλWi] ≤ evλ2/2 for all λ ∈ R and all i, and E[ZiWi] = 0 for all i. Then, after enlarging C, a,

and b if necessary, for all ϵ > 0,

P


∣∣∣∣∣∣∣1n

n∑
i=1

ZiWi

∣∣∣∣∣∣∣ ≥ ϵ
 ≤ C exp

(
−

nϵ2

a + bϵ

)
.

Proof of Lemma A.8. The first inequality follows from the sub-Gaussian tail bound in Section
2.3 of Boucheron et al. (2013), since n−1 ∑n

i=1 βiZi has variance factor at most vβ̄2/n.
For the second inequality, Lemma A.6 gives E[|βiZ2

i |
q] ≤ q!(4vβ̄)q for every integer q ≥ 2,

so Lemma A.7 applies to βiZ2
i .

For the third inequality, Cauchy–Schwarz and Lemma A.6 give

E[|ZiWi|
q] ≤ (E[Z2q

i ]E[W2q
i ])1/2 ≤ q!(4v)q

for every integer q ≥ 2. Apply LemmaA.7 to the independent, mean-zero products ZiWi. The
constants in all three bounds can be chosen to depend only on v and β̄. □
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