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Abstract

The presence of unobserved confounders is one of the main challenges in identifying
treatment effects. In this paper, we propose a new approach to causal inference for panel
data based on uncovering latent similarities among units from long pre-treatment histo-
ries of outcomes. To this end, we assume that the untreated outcomes follow a nonpara-
metric nonlinear factor model satisfying minimal smoothness requirements. We impute
both missing counterfactual outcomes and propensity scores using kernel smoothing
based on the constructed measure of similarity between units, and demonstrate that our
estimator (nearly) achieves the optimal nonparametric rate of convergence. Finally, we
construct a doubly robust estimator of the average treatment effect on the treated (ATT),
and provide conditions, under which this estimator is

√
N-consistent, and asymptotically

normal and unbiased. Our simulation study demonstrates that our method provides
accurate inference for a wide range of data generating processes, whereas conventional
panel methods fail to do so.

∗Department of Economics, University College London
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1 Introduction

The potential presence of latent confounding variables is one of the main challenges for ca-
sual inference. With panel data opening up possibilities for controlling for time-invariant un-
observables (fixed effects) and imputation of counterfactual outcomes, methods for causal
inference in panels have become dominant in empirical work, and their development is an
active and rapidly growing area of research (see, e.g., Arkhangelsky and Imbens, 2024).

To control for selection based on the unobserved fixed effects and/or to impute potential
outcomes, existing methods for causal inference in panels impose different assumptions on
the untreated outcomes. For example, difference-in-differences (DiD) and two-way fixed ef-
fects (TWFE)methods rely on various parallel trend assumptions, whereas synthetic control
(SC) and (most of) matrix completion methods require the untreated potential outcomes to
follow a linear factor model. While such assumptions are routinely imposed for simplicity of
estimation and inference or motivated by limited data availability, they are known to be and
often criticized as restrictive.

The goal of this paper is to develop a new method for estimation of and inference on
causal effects of a binary treatment wi,t in large panels, which remains valid under weaker
assumptions imposed on the untreated potential outcomes. Specifically, we assume that the
untreated potential outcome of unit i in period t follows a nonlinear factor model

Yi,t(0) = µ(0)(αi, λt) + ui,t, (1)

where αi and λt are unobserved unit and time effects, µ(0)(·, ·) is an unknown function, and ui,t

is an (exogenous) residual.1 Importantly, we do not make any assumptions about the func-
tional form and shape of µ(0)(·, ·) (other than imposing minimal smoothness requirements).
Thus, the considered untreated potential outcomes model (1) is substantially more general
than the commonly used formulations µ(0)(αi, λt) = αi + λt and µ(0)(αi, λt) = α′iλt imposed by
DiD/TWFE and SCmethods, respectively. Finally, αi is also allowed to affect both the treated
potential outcomes Yi,t(1) and selection into treatment, i.e., it plays the role of the latent con-
founder in our framework.

While the generality of formulation (1) is appealing, it obscures identification and esti-
mation of treatment effects because αi cannot be identified unless additional restrictions are
imposed on the form of µ(0)(·, ·). Instead of trying tomodel µ(0)(·, ·) and estimate αi directly, we

1It is also straightforward to allow for a linear covariates adjustment in (1), but we deliberately abstract from
this extension for clarity of exposition of the main ideas.
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follow the approach of Zhang et al. (2017) and use a long history of pre-treatments outcomes
to construct a pseudo-distance d̂i, j informative about how close units i and j are in terms of
their latent characteristics αi and α j. This allows us to estimate the values of the conditional
mean µ(0)

i,t B E[Yi,t(0)|αi] and of the propensity scores pi,t B E[wi,t|αi] for a given post-treatment
period t for all units by kernel smoothing based on d̂i j, even though αi is not observed neither

identified.
We construct estimators of µ(0)

i,t and pi,t and establish their rates of convergence (uniformly
over i) when both the number of units N and the number of pre-treatment periods T0 go to
infinity. Notably, if T0 goes to infinity sufficiently fast, our estimators achieve the optimal
nonparametric rate of convergence (up to a log term) as if we observed the latent αi (Stone,
1980).

Once the values of the conditional means and the propensity scores are imputed, we con-
struct a doubly robust estimate of the average treatment effect on the treated (ATT) for a
given post-treatment period t (e.g., Robins et al., 1994; Chernozhukov et al., 2018a). We pro-
pose a simple cross-fitting scheme, which, together with double robustness, ensures that our
treatment effect estimator is

√
N-consistent, and asymptotically normal and unbiased, even

though µ(0)
i,t and pi,t are estimated at slower nonparametric rates. Remarkably, under certain

regularity conditions and if T0 grows sufficiently fast, our estimator achieves the semipara-
metric efficiency bound as if αi was observed.

Related Literature (preliminary and incomplete)

This paper contributes to the vast and rapidly growing literature on causal inference in pan-
els. We refer the reader to Arkhangelsky and Imbens (2024) for an excellent recent overview
of this field.

DiD and TWFE have been dominant and still growing in popularity causal inference
methods in appliedworkdue to their practicality andperceived transparency (e.g., Goldsmith-
Pinkham, 2024); see De Chaisemartin and d’Haultfoeuille (2023) and Roth et al. (2023) for
extensive reviews of the DiD and TWFE literature. While allowing for heterogeneous treat-
ment effects has been one of the main focuses of this literature (e.g., De Chaisemartin and
d’Haultfoeuille, 2020; Callaway and Sant’Anna, 2021; Sun and Abraham, 2021; Wooldridge,
2021; Borusyak et al., 2024), the validity of DiD and TWFE methods crucially relies on the
parallel trends assumption. A number of recent papers re-evaluated the restrictiveness of
this assumption and its implications for selection into treatment; the proposed approaches
to relaxing it within the DiD/TWFE framework typically involve putting a priori restrictions
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on the possible violations of the parallel trends assumption, and result in partially identi-
fied treatment effects (e.g., Manski and Pepper, 2018; Rambachan and Roth, 2023; Ghanem
et al., 2022). In contrast to this strand of the literature, our framework substantially relaxes
the parallel trends assumption while still allowing for rich heterogeneity of treatment effects
and selection mechanisms, and maintaining point identification, at the cost of relying on a
sufficiently long pre-treatment history.

Alternative popular approaches to causal inference in panels include SC andmatrix com-
pletion methods; see Abadie (2021) for a recent review of SC methods.2 Similarly to the
interactive fixed effects panel literature (e.g., Pesaran, 2006; Bai, 2009), SC and matrix com-
pletion methods generalize the TWFE framework by allowing the (untreated) outcomes to
follow a factor model. Similarly to this paper, these methods impute the missing counterfac-
tual outcomes leveraging the factor structure of a (long) history of pre-treatment outcomes.
However, to establish statistical guarantees and validity of inference, most methods assume
that µ(0)(αi, λt) = α′iλt follows the exact linear factor model and that the factors are strong,
whereas we consider the general nonparametric nonlinear factor model.3 While some ma-
trix completionmethods consider or allude to possible extensions to nonlinear factormodels,
these papers either do not provide inferential theory and/or impose strong smoothness re-
quirements on µ(0)(·, ·), e.g., assume that µ(0)(·, ·) belongs to a Hölder class (e.g., Agarwal et al.,
2020; Fernández-Val et al., 2021). In contrast, our imputation method (nearly) achieves the
optimal nonparametric rate of convergence and allows us to provide a semiparametrically ef-
ficient estimator of the ATTs under a substantially weaker Lipschitz continuity assumption.

The rest of the paper is organized as follows. Section 2 introduces the framework and
describes our estimator. Section 3 provides formal statistical guarantees. Section 4 presents
numerical evidence. All auxiliary lemmas and proofs are provided in Appendix A.

2Some recent developments in the rapidly growing SC and causal matrix completion literatures literature
include, among other, Arkhangelsky et al. (2021); Cattaneo et al. (2021); Chernozhukov et al. (2021, 2018b)
and Athey et al. (2021); Bai and Ng (2021); Agarwal et al. (2023); Abadie et al. (2024), respectively.

3The potential presence of weak factors is a known challenge to estimation and inference even when the
treatment effect is constant. Armstrong et al. (2022) provide a more detailed discussion of this problem, and
propose a new debiased estimator and construct bias-aware confidence intervals robust to the presence of weak
factors. Allowing forweak factors in settingswith heterogeneous treatment effects, to the best of our knowledge,
remain an open problem.
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2 Notation and Proposed Method

2.1 Model and Notation

Our sample consists of individuals indexed by i = 1, ..., n and time periods indexed by t =

1, ...,T . For each individual i and period t, we observe an outcome Yi,t and a binary indicator
wi,t. The indicator wi,t is equal to one if individual i is treated at or prior to time t and zero
otherwise. We let Yi,s:t denote the vector of outcomes for individual i from periods s to t

inclusive and similarly for other variables.
Let Yi,t(0) denote the potential outcome of individual i at time t under a counterfactual in

which the individual has not yet received treatment at period t. We assume that if wi,t = 0

then Yi,t = Yi,t(0). This precludes the possibility that individuals anticipate future treatment
and that this impacts their outcomes (e.g., Abbring and Van Den Berg, 2003; Borusyak et al.,
2022; Sun and Abraham, 2021). We state this formally in Assumption 1 below.

Assumption 1 (No Anticipation). If wi,t = 0 then Yi,t = Yi,t(0).

Central to our analysis is the assumption of a non-linear factormodel for the untreated po-
tential outcomes. Let αi be some latent and time-invariant characteristics of individual i, and
let λt be period-specific factors. αi may capture say, unobserved demographic characteristics,
individual preferences, or innate ability. λt may capture e.g., unobserved macro-economic
conditions, government policy, or environmental factors. We model the potential outcomes
and realized treatments as follows.

Yi,t(0) = µ(0)(αi, λt) + ui,t, E[ui,t|αi, λt] = 0. (2)

wi,t = pt(αi) + ϵi,t, E[ϵi,t|αi, λt] = 0. (3)

The residuals ui,t and ϵi,t are unobserved. The functions µ(0) and pt are unknown and we do
not assume that they have any particular functional form. Note that the model above implies
that the mean of Yi,t(0) given the latent factors is time-invariant and does not depend on the
individual i. However, the time-subscript on pt allows the conditional mean of wi,t to vary
over time, which reflects the fact that this variable is increasing and that it is therefore non-
stationary.

Knowledge of the latent factors αi and λt is insufficient to identify causal quantities of
interest. This is because the residual in the treatment model (3) may be correlated with the
residual in the outcome equation (2). In particular, there may be confounding factors that
are not included in αi and λt and which influence both the outcome and treatment status.
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In order to achieve identification we make the key assumption that the latent factors αi and
λt together account for all confounding between the outcome and treatment. Formally, we
assume that after controlling for these latent factors, there is no residual dependence between
the untreated potential outcome and treatment.

Assumption 2 (Latent Unconfoundedness). Yi,t(0) ⊥⊥ wi,t|αi, λt.

The assumption of latent unconfoundedness is common in the literature (e.g. Abadie
et al., 2024;Agarwal et al., 2021;Arkhangelsky and Imbens, 2022;Athey et al., 2021; Fernández-
Val et al., 2021). Note that the assumption effectively requires that the latent factors are suf-
ficiently rich.

Exposure to macroeconomic conditions and other shared aggregate factors may induce
dependence between the potential outcomes of different individuals. We assume that the
time-specific factors λt are sufficiently rich that after controlling for these factors and the
individual-specific factors, the untreated potential outcomes of any two individuals are in-
dependent.

Assumption 3 (Latent Independence). For any individuals i , j, Yi,t(0) ⊥⊥ Y j,t(0)|{αk}
N
k=1, λt.

Under Assumption 2, key counterfactual quantities of interest can be written in terms of
the latent factors and functions µ(0) and p. For notational convenience, let pi,t := pt(αi) and
µ(0)

i,t := µ(0)(αi, λt). Under Assumption 2, the average effect of treatment on the treated at time
t, which is defined as Et[Yi,t − Yi,t(0)|wi,t = 1], can be written in doubly-robust form as follows.

ATTt =
1

P(wi,t = 1)
Et

[
Yi,twi,t −

(1 − wi,t)Yi,t pi,t + (wi,t − pi,t)µ
(0)
i,t

1 − pi,t

]
The time subscript on the expectation above indicates that it is taken with respect to the pe-
riod t-specific distribution of the observables (i.e., conditional on λt). The doubly-robust form
ofATT above is proposed and used in panel data settings by Sant’Anna andZhao (2020). Ad-
ditionally, the proposed method can also adopt other causal estimands with their respective
doubly robust score functions (e.g., Arkhangelsky and Imbens, 2022).

In this paper we provide new methods for estimating pi,t and µ(0)
i,t . Given these estimates,

one can construct a doubly-robust estimate of ATTt and perform inference on this object.
Let p̂i,t and µ̂(0)

i,t be estimates of pi,t and µ(0)
i,t respectively. Then a corresponding doubly-robust

estimate of ATTt is given below,where N is the sample size, and N1,t the number of individuals
treated by time t.

ˆATT t =
1

N1,t

N∑
i=1

(
Yi,twi,t −

(1 − wi,t)Yi,t p̂i,t + (wi,t − p̂i,t)µ̂
(0)
i,t

1 − p̂i,t

)
(4)
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2.2 Proposed Method

Our proposed estimationmethod uses pre-treatment outcomes to find untreated individuals
whose latent factors αi are similar to those of treated individuals. To motivate our approach,
let us first suppose αi were observed. Under Assumptions 1 and 2, we have

µ(0)(α, λt) = Et[Yi,t|αi,t = α,wi,t = 0], pt(α) = Et[wi,t|αi,t = α].

The objects on the right-hand sides of each equation above are regression functions. If
αi,t were observable, we could apply Nadaraya-Watson to non-parametrically estimate the
functions µ(0)(·, λt) and pt(·) and thus pi,t and µ(0)

i,t . To be precise, we could obtain the following
estimates.

µ̂(0)
i,t =

∑
j;w j,t=0

K(∥αi − α j∥/h)Y j,t∑
j;w j,t=0

K(∥αi − α j∥/h)
, p̂i,t =

∑
j

K(∥αi − α j∥/h)w j,t∑
j

K(∥αi − α j∥/h)

The estimates above are infeasible because in practice, we do not directly observe αi for any
individual i. In order to obtain feasible estimates, we replace the infeasible distance ∥αi − α j∥

in the expressions above, with a feasible pseudo-distance. To define this pseudo-distance,
suppose that no individuals in the population are treated prior to some period T0 + 1 and let
⟨·, ·⟩ be the Euclidean inner-product. We use the pseudo-distance defined below:

d̂i, j =
1
T0

max
k<{i, j}
|⟨Yk,1:T0 ,Yi,1:T0 − Y j,1:T0⟩|

A pseudo-distance of the form above is employed in Zhang et al. (2017). To motivate the use
of the pseudo-distance, suppose Assumption 3 holds. Then conditional on the individual
latent factors, the inner-product in the pseudo-distance is an unbiased estimate of the object
on the right-hand side below.

E[⟨Yk,1:T0 ,Yi,1:T0 − Y j,1:T0⟩|αi, α j, αk] =
∫
µ(0)(α, λ)

(
µ(0)(αi, λ) − µ(0)(α j, λ)

)
dπ(λ).

In the above, π is the stationary distribution of λt. As such, we can understand the pseudo-
distance as the sample analogue of the population pseudo-distance below, where A is the
support of αi.

di, j = sup
α∈A

∣∣∣∣∣∫ µ(0)(α, λ)
(
µ(0)(αi, λ) − µ(0)(α j, λ)

)
dπ(λ)

∣∣∣∣∣ (5)

≥
1
2

∫ (
µ(0)(αi, λ) − µ(0)(α j, λ)

)2dπ(λ) (6)

The inequality relates the size of the pseudo-distance di, j to a squared L2 distance between
the functions µ(0)(αi, ·) and µ(0)(α j, ·). Thus di, j measures similarity of the latent factors to the

7



extent that they impact outcomes. We provide sufficient conditions for the consistency of the
sample pseudo-metric to this quantity.

It is worth contrasting the sample pseudo-distance above with the Euclidean distance
between the history of pre-treatment outcomes, which is defined as ∥Yi,1:T0 − Y j,1:T0∥

2. The
mean of the squared Euclidean distance conditional on the individual latent factors is given
below, where we again assume that untreated potential outcomes of different individuals are
independent conditional on the latent factors.

E[∥Yi,1:T0 − Y j,1:T0∥
2|αi, α j] =

∫ (
µ(0)(αi, λ) − µ(0)(α j, λ)

)2dπ(λ)

+

∫
E[u2

i,t|αi, λt = λ] + E[u2
j,t|α j, λt = λ]dπ(λ)

Thus the Euclidean distance is increasing in the conditional residual variance E[u2
j,t|α j, λt = λ].

Thus in the presence of conditional heteroskedasticity, a small Euclidean distancemay reflect
that individual j’s outcomes have a low residual variance and not that individual j and i

have similar latent factors. It is the need to be robust to conditional heteroskedasticity that
motivates our use of the pseudo-metric.

Given the pseudo-distance, we may form feasible estimates of pi,t and µ(0)
i,t as follows.

µ̂(0)
i,t =

∑
j;w j,t=0

K(d̂i, j/h)Y j,t∑
j;w j,t=0

K(d̂i, j/h)
, p̂i,t =

∑
j

K(d̂i, j/h)w j,t∑
j

K(d̂i, j/h)

One could plug the estimates above into the the formula for the doubly-robust ATTt estimate
(4). However, we instead employ a cross-fitting scheme to further de-bias our estimates.
This is in-line with the extensive literature on double machine learning, which demonstrates
the utility of cross-fitting for reducing bias and obtaining valid inference (e.g., Chernozhukov
et al., 2018a; Abadie et al., 2024). The full algorithmwith cross-fitting is detailed below along
with a variance estimate and confidence interval.
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Algorithm 1 Doubly-Robust Estimation and Inference with Cross-Fitting
Inputs: Number of folds J, bandwidth h, confidence level α. Returns: ATTt estimate ˆATT t,
variance estimate V̂t, and level 1−α confidence interval.
1: Randomly partition [N] = {1, 2, ...,N} into J folds {I j}

J
j=1 of size ≈ N/J. Let I− j = [N] \ I j.

2: for all j ∈ [J] and i ∈ I j do

3: Calculate µ̂(0)
i,t and p̂i,t as follows.

µ̂(0)
i,t ←

∑
j∈I− j;w j,t=0

K(d̂i, j/h)Y j,t∑
j∈I− j;w j,t=0

K(d̂i, j/h)
, p̂i,t ←

∑
j∈I− j

K(d̂i, j/h)w j,t∑
j∈I− j

K(d̂i, j/h)

4: end for

5: Construct ˆATT t using the formula below.

ˆATT t ←
1

N1,t

N∑
i=1

(
Yi,twi,t −

(1 − wi,t)Yi,t p̂i,t + (wi,t − p̂i,t)µ̂
(0)
i,t

1 − p̂i,t

)
V̂t ←

N
N2

1,t

N∑
i=1

(
Yi,twi,t −

(1 − wi,t)Yi,t p̂i,t + (wi,t − p̂i,t)µ̂
(0)
i,t

1 − p̂i,t
−

N1,t

N
ˆATT t

)2

6: Form 1 − α level confidence interval [ ˆATT t ± Z(1−α)/2

√
V̂/N

].

3 Large Sample Theory

The estimator ˆATT t is doubly robust and employs cross-fitting. An extensive literature (e.g.,
Robins et al. (2008); Chernozhukov et al. (2018a); Abadie et al. (2024)) provides sufficient
conditions for root-N consistency of such estimates and asymptotically correct coverage of
the corresponding confidence intervals. A key condition is that the first stage nuisance-
parameter estimates (in our case µ̂(0)

i,t and p̂i,t) converge sufficiently quickly. For this condition,
the following rates suffice:

max
i∈[N]

∣∣∣µ̂(0)
i,t − µ

(0)
i,t

∣∣∣ op(N−1/4) and max
i∈[N]

∣∣∣p̂i,t − pi,t

∣∣∣ = op(N−1/4)

We establish convergence rates for the first-stage estimates, which may be of interest per
se. We show that under certain conditions, the estimates achieve the Stone, 1980 optimal rate
for non-parametric regression on αi under Lipschitz continuity. That is, we can achieve the
same optimal rate attainable for the infeasible estimates that take αi as known. However, in
order to achieve this rate, we require that the number of pre-treatment periods T0
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∥∥∥µ̂(0) − µ(0)
∥∥∥ = Op

(
Rµ

)
and ∥ p̂ − p∥ = Op

(
Rp

)
Stone, 1980. The centric difficult inference procedure of nonparametric estimators is due

to failing to achieve the root-N rate of convergence, unlike other common parametric estima-
tors.

The augmented inverse propensity weighted (AIPW) estimator offers a valid approach
for inference-making with nonparametric estimators, primarily due to its rate double robust-
ness property related to convergence rates. Although the convergence rates for both the out-
come model and the propensity score model are slower than the root-N rate, the inference
process remains accessible under certain regularity conditions if the product of their rates is
sufficiently fast and attains the root-N rate. That is, suppose the rates of convergence for the
outcome and the propensity score model are denoted as∥∥∥µ̂(0) − µ(0)

∥∥∥ = Op

(
Rµ

)
and ∥ p̂ − p∥ = Op

(
Rp

)
Although both Rµ and Rp are slower than root-N when µ(w) and p are being nonparametri-
cally estimated, the doubly robust estimator for the target causal estimand can still achieve
asymptotic normality

√
N (DR Estimator − Causal Estimand)→ N

(
0,AsyVar

)
whenever Rµ = o(1), Rp = o(1), and RµRp = o(N−1/2). This concept, often referred to as rate
double robustness in the literature, is discussed in works such as Smucler et al. (2019) and
utilized in studies like Robins et al. (2008); Chernozhukov et al. (2018a); Abadie et al. (2024).

In Section 3.1, we will formally illustrate the assumptions and the rate of convergence for
the proposed method, which has been shown to achieve double robustness. Then, in Section
3.2, we will utilize this rate of convergence to establish the asymptotic inference result, along
with the corresponding doubly robust estimator.

3.1 Rate of Convergence for Outcome and Propensity Score

In order to derive convergence rates for our first-stage estimates of µ(0) and pt we impose the
following additional assumptions.

Assumption 4 (Model and Latent Factors).

(i) There is some c > 0 so that P(wi,t = 1|αi) ≥ c almost surely for all i and t > T0.
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(ii) E[ui,t|α, λ] = 0, and for some δ > 0, E[exp
(
ηui,t

)
|α, λ] ≤ exp

(
δη2

)
for all η ∈ R almost surely

and likewise for ϵi,t. These error terms are jointly independent across time and across
individuals conditional on the latent factors.

(iii) supp(α) ⊆ A whereA is a compact subset of Rdα . αi and λt are jointly i.i.d. across i and
t, respectively. There are constants 0 < c < c̄ < ∞ so that for any fixed α ∈ supp(α) and
any η, cηdα ≤ P(∥α − αi∥ ≤ η) ≤ c̄ηdα .

(iv) The functions µ(0), µ(1), p : A × L → R are uniformly bounded and satisfy, for some
L0, Lp < ∞,

|µ(0)(α1, λ) − µ(0)(α2, λ)| ≤ L0∥α1 − α2∥

|pt(α1) − pt(α2)| ≤ Lp∥αi − α j∥

for all αi, α j ∈ A, λ ∈ L, and t ∈ [T ].

(v) K : R+ → R is weakly positive and strictly positive at zero, supported on compact set
and bounded by K̄ < ∞. K satisfies |K(z) − K(z′)| ≤ K̄′|z − z′| for all z, z′ ∈ R+ for some
K̄′ > 0.

(vi) There exist constants c1, c2 > 0 so that for all α1, α2 ∈ A∫
λ∈supp(λ)

(
µ(0)(α1, λ) − µ(0)(α2, λ)

)2dπ(λ) ≥ c1∥α1 − α2∥
2 (7)

and

sup
α∈supp(α)

∫
λ∈supp(λ)

µ(0)(α, λ)
(
µ(0)(α1, λ) − µ(0)(α2, λ)

)
dπ(λ)

≥ c2

√∫
λ∈supp(λ)

(
µ(0)(α1, λ) − µ(0)(α2, λ)

)2dπ(λ) (8)

Assumption 4 (i) is a standard overlap condition and would be required for regular es-
timation of the ATT even if αi were observed. Note that because we are interested in the
average effect of treatment on the treated, we only require that the conditional probability
of treatment is bounded below away from zero and not above away from one. Assumption
4 (ii) restricts that the tail behavior of the error terms, requiring them to be sub-Gaussian.
The assumption also imposes that the residuals are independent over time given the time-
specific factors. This condition allows us to apply particular concentration inequalities in
order to obtain fast rates of convergence.
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Assumption 4 (iii) imposes that the latent factors are independent and identically dis-
tributed and that the individual-specific factors have compact support. Compact support
of the individual-specific latent factors helps to ensure that with high probability, for each
treated individual i, there exist untreated individuals in the sample whose latent factors are
close to those of i. Independence and identical distribution of the individual-specific latent
factors follows if we understand individuals to be drawn identically and independently from
the underlying population. Independence of λt over time may be plausible if time periods
are sufficiently far apart. This restriction on λt allows us to apply concentration inequalities
and ensure fast convergence of the pseudo-distance.

Assumption 4 (iv) imposes that the functions µ(0) and pt are bounded and vary smoothly
with the individual-specific factors. This smoothness assumption ensures that individuals
with similar latent factors also have similar conditional-mean potential outcomes and treat-
ments. Assumption 4 (v) stipulates properties of the kernel K. Kernels that satisfy this
condition include are common in the literature, with the Epanechnikov kernel a particularly
prevalent choices.

Assumption 4 (vi) relates the pseudo-distance to the distance between individual latent
factors. The assumption imposes first, that the mean-squared distance between µ(0)(α1, ·) and
µ(0)(α2, ·) is at least proportional to the Euclidean distance between α1 and α2. In addition, the
assumption states that the population pseudo-distance is at least proportional to this mean-
squared distance. Consider the special case in which µ(0)(α, λ) = α′Mλ for some fixed matrix
M. In this case, the condition (7) holds so long as the matrix M

∫
λ∈supp(λ)

λλ′dπ(λ)M′ is strictly
positive definite. If this is the case, then the second condition (8) holds if there is a c > 0

so that for any α1, α2 ∈ A we have c
∥α1−α2∥

(α1 − α2) ∈ A. This is true, for example, if A is a
Euclidean ball centered at zero.

Remark 1. Bi-Lipschitz-type assumptions that play a similar role to Assumption 4 (vi) are
common in the literature. Note that Assumptions 4 (vi) allows for multi-dimensional la-
tent factors α. For example, Zhang et al. (2017) and Issartel (2020) assume the standard
bi-Lipschitz condition on the graphon function in within a network context. Feng (2024a,b)
directly assume that the actual distance between latent factors can be inferred from the noise-
free oracle pseudo distance as both N and T0 grow to infinity, refer to Assumption 4.1 and
Theorem A.2 in Feng (2024b). Auerbach (2022) requires a specific type of continuous func-
tion. Similar arguments can be found in the network graphon literature, such as Theorem
13.27 in Lovász (2012); for further discussion, see Auerbach (2022).
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Theorem 1 (Rate of Convergence for the Outcome Model). Suppose Assumptions 1 to 4 hold

and 1
h

√
log(N)

T0
→ 0 and log(N)

h2dαN → 0, then

max
i∈[N]

∣∣∣µ̂(0)
i,t − µ

(0)
i,t

∣∣∣ = Op

h + √
log(N)
hdαN


max
i∈[N]

∣∣∣p̂(0)
i,t − p(0)

i,t

∣∣∣ = Op

h + √
log(N)
hdαN


The convergence rate in Theorem 1 is identical to that of the Nadaraya-Watson estimator

with observed covariates up to a log term. Setting h ∝ N−1/(dα+2) we get convergence rate
N−1/(dα+2)

√
log(N) which, up to a log term, is the optimal rate in Stone (1980) under Lipschitz

continuity. However, the rate at which h can converge to zero is restricted by the condition
that 1

h

√
log(N)

T0
→ 0. Thus the theorem above allows us to achieve the rate in Stone (1980),

up to log terms, if and only if T0 grows sufficiently quickly that N2/(dα+2)/T0 → 0. In order
to obtain root-N consistency and root-N centered asymptotic normality of the doubly-robust
ATT estimator, we require max

i∈[N]

∣∣∣µ̂(0)
i,t − µ

(0)
i,t

∣∣∣ = op(N−1/4) and similarly for p̂i,t. In the case of a
one-dimensional individual latent factor (dα = 1), Theorem 1 ensures that this holds for an
appropriate choice of h if and only if T0 grows quickly enough that N1/2log(N)

T0
→ 0.

3.2 Inference Framework with Rate Double Robustness

To achieve rate double robustness, different sets of regularity conditions or methodological
modifications are required. To avoid over-fitting bias while still attaining the root-N rate of
the doubly robust estimator, two approaches can be considered. The first approach involves
assuming strong Donsker conditions, i.e., strong smoothness conditions, for both the nui-
sance functions of the outcomemodel and the propensity score (e.g., Robins et al., 2008). The
second approach utilizes sample splitting techniques to retrieve independence and eliminate
over-fitting bias (e.g., Chernozhukov et al., 2018a; Abadie et al., 2024). Given that one advan-
tage of the proposed method is to not rely on structural assumptions about the underlying
data-generating process and to imposeminimal smoothness conditions, the first approach of
imposing Donsker conditions defeats this purpose. Therefore, we adopt the sample splitting
approach. Additionally, employing the sample splitting method with a cross-fitting algo-
rithm as suggested in the aforementioned literature and in Algorithm 1 can help us recover
any efficiency loss in the estimation procedure within each fold.

However, achieving rate double robustness is particularly challenging in the presence of
latent confounders. Abadie et al. (2024) provides an inference procedure for doubly robust
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estimators specifically designed for such situations. We will illustrate the assumptions and
theorems from Abadie et al. (2024) adapted to our notation. Also, it should be noted that
these assumptions are consistent with the assumptions of our proposed method.

AssumptionAADS.1 (Positivity; Assumption 1 inAbadie et al., 2024). Theunknownpropen-
sity score matrix P is such that

δ ≤ pi,t ≤ 1 − δ,

for all i ∈ {1, 2, ...,N} and t ∈ {1, 2, ...,T }, where 0 < δ ≤ 1/2 is a constant.

Assumption AADS.2 (Zero-mean, independent, and sub-Gaussian noise; Assumption 2 in
Abadie et al., 2024). Fix any t ∈ {1, 2, ...,T }. Then,

(i) {(ui,t, vi,t, ϵi,t) : i ∈ {1, 2, ...,N}} are mean zero and independent (across i),

(ii) (ui,t, vi,t) ⊥⊥ ϵi,t for every i ∈ {1, 2, ...,N}, and

(iii) ui,t and vi,t have sub-Gaussian norm bounded by a constant σ̄ for every i ∈ {1, 2, ...,N}.

Assumption AADS.3 (Assumption 3 in Abadie et al., 2024). The estimated propensity score
matrix P̂ is such that

λ̄ ≤ p̂i,t ≤ 1 − δ̄,

for all i ∈ {1, 2, ...,N} and t ∈ {1, 2, ...,T }, where 0 < δ̄ ≤ δ is a constant.

Assumption AADS.4 (Assumption 4 in Abadie et al., 2024). Fix any t ∈ {1, 2, ...,T }. There
exists a non-empty partition (I1,I2) of the units {1, 2, ...,N} such that

{(
p̂i,t, µ̂

(w)
i,t

)}
i∈I j
⊥⊥

{
ϵi,t

}
i∈I j

and

{
p̂i,t

}
i∈I j
⊥⊥

{(
ϵi,t, µ̂

(w)
i,t

)}
i∈I j

for every w ∈ {0, 1} and j ∈ {1, 2}

Assumptions AADS.1 and AADS.3 define the overlapping conditions between the pop-
ulation and its sample estimates for propensity scores. Assumption AADS.2 ensures the
independence of error terms across individuals in both the outcome and propensity score
models. Additionally, it restricts the tail behavior of the error term distribution, which is
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crucial for determining the bounds on the rate. Assumption AADS.4 specifies the allow-
able sample splitting algorithm that retrieves independence for eliminating over-fitting bias.
This assumption is satisfied by the proposed K-fold sample splitting with a cross-fitting al-
gorithm. With these assumptions, the asymptotic normality for the doubly robust estimator
is guaranteed by the following theorem.

TheoremAADS.1 (AsymptoticNormality forDoublyRobust Estimator; Theorem2 inAbadie
et al., 2024). Denote

E
(
P̂
)

:=
max

t∈{1,...,T }

{ ∑
i∈{1,...,N}

(
p̂i,t − pi,t

)2
}1/2

√
N

and

E (µ̂) :=
∑

w∈{0,1}

E
(
µ̂(w)

)
:=

∑
w∈{0,1}

max
t∈{1,...,T }

{ ∑
i∈{1,...,N}

(
µ̂(w)

i,t − µ
(w)
i,t

)2
}1/2

√
N

Suppose Assumptions AADS.1-AADS.4 and the following conditions hold,

(i) E(P̂) = op(1) and E(µ̂) = op(1)

(ii) E(P̂)E(µ̂) = op(N−1/2)

(iii) For every i ∈ {1, ...,N} and t ∈ {1, ...,T }, let σ(0)
i,t and σ(1)

i,t be the standard deviation of ui,t and vi,t,

respectively. The sequence

σ̄2
t :=

1
N

∑
i∈{1,...,N}

(
σ(1)

i,t

)2

pi,t
+

1
N

∑
i∈{1,...,N}

(
σ(0)

i,t

)2

1 − pi,t
,

is bounded away from zero as N increases.

Then, for all t ∈ {1, ...,T },
√

N
(

ˆATE
DR
·,t − ATE·,t

)
/σ̄t

d
−→ N(0, 1),

as N → ∞.

While the theorem is established with the average treatment effect being the target esti-
mand, asmentioned inAbadie et al. (2024), other causal estimands, such as ourmain param-
eter of interest ATTt, can also achieve asymptotic normality for inference. This is attainable
when having proper doubly robust score functions and the appropriate form of variance
estimator, as the result is immediate.

Employing Theorem AADS.1 along with the rate of convergence result in Theorem 1, we
establish the asymptotic inference for the proposed estimator:
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Theorem 2 (Asymptotic Inference for the Proposed Estimator). Assume Assumptions 1-4 hold,
N1/2log(N)

T0
→ 0 and h is chosen so that 1

h

√
log(N)

T0
→ 0, it follows that the product rate of the outcomemodel

and the propensity score model becomes faster than N−1/4. With the results from Theorem AADS.1,

the aforementioned doubly robust estimator for ATTt, outlined in Algorithm 1, achieves asymptotic

normality.

4 Simulation Study

In this section, we conduct aMonte Carlo simulation to illustrate the finite sample coverage of
the proposed inference method that addresses the issue of latent confounders. We consider
a large panel data setting with individuals labeled i = 1, ...,N over time periods t = 1, ...,T ,
where N = 500 and T = 500 in this numerical study. The treatment assignment mechanism
depends onunobserved latent characteristics for each i and time t. Specifically, the propensity
scorepi,t follows the model

pi,t =
exp(αi + λt)

1 + exp(αi + λt)

where the individual latent factorαi ∼ Uniform(−1, 1) and time latent factor λt ∼ Uniform(−1, 1).
With the configuration of both factors located on compact supports, it results in roughly
pi,t ∈ [0.1192, 0.8808], which satisfies the overlapping condition required for the proposed
method.

For the outcomemodel, we consider various data generating processes, as outlined in Ta-
ble 1, to investigate how the proposedmethod performs under common linear and nonlinear
models. Additionally, we examine how different nonlinear models with varying degrees of
smoothness affect the finite sample coverage.
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Table 1: Outcome models

Outcome model Data generating process

1. Additive model yi,t = αi + λt + τwi,t + ui,t

2. Interactive fixed

effects model
yi,t = αiλt + τwi,t + ui,t

3. Gaussian kernel

(non-smooth)
yi,t =

1
√

2πθ
exp

{
−

(αi − λt)2

θ

}
+ τwi,t + ui,t, where θ = 1/16

4. Gaussian kernel

(moderately smooth)
yi,t =

1
√

2πθ
exp

{
−

(αi − λt)2

θ

}
+ τwi,t + ui,t, where θ = 1/2

5. Gaussian kernel

(smooth)
yi,t =

1
√

2πθ
exp

{
−

(αi − λt)2

θ

}
+ τwi,t + ui,t, where θ = 1

6. Different functions

for counterfactuals
yi,t =


3
4

(
1 − |αi − λt|

2
)
+ ui,t , for wi,t = 1

αiλt + ui,t , for wi,t = 0

7. Binary outcome

with logit
Pr(yi,t = 1) =

exp(αiλt)
1 + exp(αiλt)

+ τwi,t

8. Poisson arrival

model
Pr(yi,t = k) =


(
5 · |αiλt| + τwi,t

)k exp
[
−

(
5 · |αiλt| + τwi,t

)]
k!

, for k = 0, 1, 2, ...

0 , o.w.

Notes: Error terms are set to be ui,t ∼ N
(
0, 0.52

)
for all i and t in model 1 to 6. For the treatment effect, τ is set to be

0.5 for models 1 to 5 and 8, and τ is set to be 0.1 for model 7. For model 6 with a more complex data generating
process, it has the treatment effect at time t being 1

2 −
3
4 · λ

2
t .

Models 1 and 2 are the workhorse additive and interactive fixed effects models that are
commonly used in the panel data literature for tackling unknown confounders, which can
be estimated by methods such as Moon andWeidner (2015). Models 3, 4, and 5 are the non-
linear Gaussian kernel, which is also used in the simulation design of Fernández-Val et al.
(2021). As discussed in Griebel and Harbrecht (2014), the corresponding smoothness of
such a nonlinear function can be adjusted by alternating the parameter θ in the Gaussian ker-
nel. Specifically, a lower value of θ results in a panel, or matrix, generated by the Gaussian
kernel that exhibits a slower speed of singular value decay. This makes these non-smooth
models more challenging to estimate using methods that depend on low-rank approxima-
tions, a property also noted in Zhang et al. (2017). Model 6 illustrates a scenario where
counterfactual outcomes in different treatment statuses arise from distinct data-generating
processes. As the proposed method calculates the distance of latent similarities only based
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on pre-treatment periods that share the same treatment status, it allows the following impu-
tation step to be more flexible and can accommodate different designs. Models 7 and 8 are
discrete outcome models that are difficult to estimate when latent confounders are present.
The proposedmethod is expected to address these challenges, as the pseudo distance is orig-
inally used to estimate the graphon with adjacency matrix in a network context (e.g., Zhang
et al., 2017; Zeleneev, 2020; Wang, 2022).

We simulate the aforementioned models with the number of replications being 500. In
these simulations, we utilize the Epanechnikov kernel, that satisfies the boundedness as-
sumption and is defined as K(x) = 3

4 (1− x2) ·1{|x| ≤ 1}, for both outcome and propensity score
imputations in the proposed method. Using this kernel, we compared the performance of
different methods: (i) Knowing the true latent factor αi for similarity in ℓ2 distance calcula-
tion and the true propensity score for doubly robust estimation. (ii) Knowing the true latent
factor αi for similarity in ℓ2 distance calculation, but the true propensity score is unknown
and needs to be estimatedwith the proposedmethod. (iii) Estimate the pseudo distance and
impute both outcome and propensity score without cross-fitting. (iv) Estimate the pseudo
distance and impute both outcome and propensity score with 2-fold cross-fitting. Methods
(i) and (ii) serve as benchmark methods for comparison, allowing us to assess how well the
pseudo distance reflects the actual similarities in the unobserved latent characteristics.

In the numerical experiment, the bandwidth is selected between 0.05 and 3. For methods
(i) to (iii), we choose the smallest bandwidth that still allowed the estimation of the outcome
and the propensity score, in line with the assumption that the bandwidth shrinks toward
zero. For method (iv), the bandwidth is determined using cross-validation through the 2-
fold cross-fitting procedure, which generally yields a value close to the smallest bandwidth
that keeps the model estimable in our numerical experiments. In Table 2, we report the 95%
confidence interval coverage and the average bandwidth selection across 500 replications in
our simulation for each outcome model and each method.
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Table 2: Simulation results

Outcome model Model 95% C.I. coverage Average bandwidth

1. Additive model

With true pi,t 93.80% 0.0541
With true αi 93.40% 0.0541
Pseudo distance 90.00% 0.1156
Pseudo distance w/ CF 95.60% 0.1575

2. Interactive fixed

effects model

With true pi,t 94.00% 0.0541
With true αi 93.40% 0.0541
Pseudo distance 94.00% 0.1000
Pseudo distance w/ CF 94.20% 0.1008

3. Gaussian kernel

(non-smooth)

With true pi,t 92.40% 0.0541
With true αi 93.80% 0.0541
Pseudo distance 90.40% 0.6798
Pseudo distance w/ CF 94.20% 1.1600

4. Gaussian kernel

(moderately smooth)

With true pi,t 94.00% 0.0541
With true αi 93.20% 0.0541
Pseudo distance 94.60% 0.1000
Pseudo distance w/ CF 94.40% 0.1001

5. Gaussian kernel

(smooth)

With true pi,t 94.00% 0.0541
With true αi 93.20% 0.0541
Pseudo distance 88.60% 0.1000
Pseudo distance w/ CF 89.00% 0.1000

6. Different functions

for counterfactuals

With true pi,t 92.00% 0.0541
With true αi 91.20% 0.0541
Pseudo distance 88.60% 0.0998
Pseudo distance w/ CF 88.20% 0.1000

7. Binary outcome

with logit

With true pi,t 90.00% 0.0541
With true αi 90.80% 0.0541
Pseudo distance 90.00% 0.7142
Pseudo distance w/ CF 94.40% 0.8476

8. Poisson arrival

model

With true pi,t 93.40% 0.0541
With true αi 92.40% 0.0541
Pseudo distance 94.40% 0.1000
Pseudo distance w/ CF 94.40% 0.1007
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For models 1 and 2 with the additive and interactive fixed effect model, the proposed
method demonstrates performance comparable to the benchmark methods (i) and (ii) re-
garding the 95% confidence interval coverage. This suggests that the pseudo distance mea-
surement effectively captures the unobserved latent similarities in low-rankpanelswith smooth
data generating processes.

In models 3 to 5, which involve Gaussian kernel data generating processes with vary-
ing degrees of smoothness, the proposed method continues to perform well, particularly in
the case of Model 3, which represents an extremely non-smooth data generating process.
This finding aligns with the work of Zhang et al. (2017): their neighborhood smoothing
approach—estimating the graphon using adjacency matrices within a network context—
performs effectively well even when the synthetic graphons generated are full rank. More-
over, the proposed kernel method, which assigns different weights to individuals based on
their latent similarities as measured by the pseudo distance, advantages significantly from
non-smooth data generating processes, as individuals with similar latent characteristics can
be more accurately separated.

In model 6, where counterfactual outcomes are generated by different functions, the pro-
posed method shows slightly lower confidence interval coverage. However, it still performs
comparably to the benchmark methods (i) and (ii), which rely on the scenario that latent
characteristics need to be observed.

For models 7 and 8, which focus on discrete outcomes, the proposed method, when com-
bined with cross-fitting, achieves good confidence interval coverage.

These simulation results indicate that across all outcome models—whether they are lin-
ear or nonlinear, smooth or non-smooth, and continuous or discrete—the proposed doubly
robust estimation procedure utilizing pseudo distance measurements for latent similarities
performs well, even in the presence of confounding treatment assignment mechanisms.
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Appendix

A Proofs

A.1 Supporting Lemmas

Lemma A.1 (Rate of Convergence for the Pseudo Distance Estimator). Suppose Assumption 4

holds and
√

log(N)
T0
→ 0. Then for all i, j ∈ [N]

max
i, j

∣∣∣d̂i, j − di, j

∣∣∣ = Op


√

log(N)
T0

+
log(N)

N

 .
Proof of Lemma A.1. By Assumption 4 (iii) we can write di, j as follows:

di, j = sup
αk∈supp(α)

∣∣∣E[µ(0)(αk, λt)
(
µ(0)(αi, λt) − µ(0)(α j, λt)

)
|αi, α j, αk

]∣∣∣
We further denote the oracle distance d̃i, j, which will be helpful throughout the proof, as
follows:

d̃i, j := max
k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

µ(0)
k,t (µ

(0)
i,t − µ

(0)
j,t )

∣∣∣∣∣∣∣
The proof is then separated into two parts: (i) the rate of convergence from d̂i, j to d̃i, j and (ii)
the rate of convergence from d̃i, j to di, j.

From d̂i, j to d̃i, j By applying the reverse triangle inequality and multiplying out, we derive
the max difference between estimated distance and oracle distance as

max
i, j

∣∣∣d̂i, j − d̃i, j

∣∣∣
=

∣∣∣∣∣∣∣ max
i, j,k: k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

(µ(0)
k,t + uk,t)(µ

(0)
i,t − µ

(0)
j,t + u j,t − u j,t)

∣∣∣∣∣∣∣ −max
k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

µ(0)
k,t (µ

(0)
i,t − µ

(0)
j,t )

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

≤ max
i, j,k: k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

[
uk,t

(
µ(0)

i,t − µ
(0)
j,t

)
+ µ(0)

k,t

(
u j,t − u j,t

)
+ uk,t

(
u j,t − u j,t

)]∣∣∣∣∣∣∣ (9)

By Assumptions 4 (ii), for each r, q ∈ {i, j, k} with r , q, it follows that E
[
uk,t|αi, α j, αk, λt

]
= 0

and E
[
uk,t(u j,t − u j,t)|αi, α j, αk, λt

]
= 0. Moreover, by Assumption 4 (iv), µ(0)

i,t , µ(0)
j,t , and µ(0)

k,t are
bounded, and by Assumption 4 (ii),

{
(ui,t, u j,t, uk,t)

}T0

t=1
are jointly independent over time and

sub-Gaussian conditional on αi, α j, αk, λt. Thus, from Bernstein’s inequality in Lemma A.7,
we get that for constants C, a, and b, for any η > 0, it follows that

P


∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

[
(uk,t(µ

(0)
i,t − µ

(0)
j,t ) + µ(0)

k,t (u j,t − u j,t) + uk,t(u j,t − u j,t)
]∣∣∣∣∣∣∣ > η

∣∣∣∣∣ αi, α j, αk, λt

 ≤ C exp
(
−

T0η
2

a + bη

)
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And so, applying the law of iterated expectations gives

P


∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

[
(uk,t(µ

(0)
i,t − µ

(0)
j,t ) + µ(0)

k,t (u j,t − u j,t) + uk,t(u j,t − u j,t)
]∣∣∣∣∣∣∣ > η

 ≤ C exp
(
−

T0η
2

a + bη

)
By taking the union bound and (9), we then get

P

(
max

i, j

∣∣∣d̂i, j − d̃i, j

∣∣∣ > η) ≤ N
3

C exp
(
−

T0η
2

a + bη

)
≤ N3C exp

(
−

T0η
2

a + bη

)

By setting η =
√

3a log(N)
T0

in the above inequality, it follows that

P

max
i, j

∣∣∣d̂i, j − d̃i, j

∣∣∣ > √
a log(N)

T0

 ≤ C exp

3 log(N) −
3a log(N)

a + b
√

a log(N)
T0


As the RHS goes to C, hence, we conclude the rate for convergence from d̂i, j to d̃i, j being

max
i, j

∣∣∣d̂i, j − d̃i, j

∣∣∣ = Op


√

log(N)
T0


From d̃i, j to di, j By applying the triangle inequality and reverse triangle inequality, we derive
the max difference between oracle distance and actual distance as

max
i, j,k: k<{i, j}

∣∣∣di, j − d̃i, j

∣∣∣
≤ max

i, j,k: k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

µ(0)
k,t

(
µ(0)

i,t − µ
(0)
j,t

)
− E

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

) ∣∣∣ αi, α j, αk

]∣∣∣∣∣∣∣ (10)

+ max
i, j

sup
α∈supp(α)

∣∣∣∣E [
µ(0)(α, λt)

(
µ(0)

i,t − µ
(0)
j,t

) ∣∣∣ αi, α j

]∣∣∣∣ − max
i, j,k: k<{i, j}

∣∣∣∣E [
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

) ∣∣∣ αi, α j, αk

]∣∣∣∣ (11)

We first derive the rate for (10). By Assumptions 4 (iii) and (iv), it follows that µ(0)
i,t , µ(0)

j,t , and
µ(0)

k,t are bounded and independent over time conditional on αi, α j, αk. Then by Hoeffding’s
inequality, there are constants C, a, and b such that for any η > 0,

P


∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

µ(0)
k,t

(
µ(0)

i,t − µ
(0)
j,t

)
− E

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

) ∣∣∣ αi, α j, αk

]∣∣∣∣∣∣∣
∣∣∣∣∣ αi, α j, αk

 ≤ C exp
(
−

T0η
2

a + bη

)
which further leads to

P


∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

µ(0)
k,t

(
µ(0)

i,t − µ
(0)
j,t

)
− E

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

) ∣∣∣ αi, α j, αk

]∣∣∣∣∣∣∣
 ≤ C exp

(
−

T0η
2

a + bη

)
Then applying union bound gives

P

 max
i, j,k: k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

µ(0)
k,t

(
µ(0)

i,t − µ
(0)
j,t

)
− E

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

) ∣∣∣ αi, α j, αk

]∣∣∣∣∣∣∣
 ≤ N3C exp

(
−

T0η
2

a + bη

)
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By setting η =
√

3a log(N)
T0

in the above inequality, it follows that

max
i, j,k: k<{i, j}

∣∣∣∣∣∣∣ 1
T0

T0∑
t=1

µ(0)
k,t

(
µ(0)

i,t − µ
(0)
j,t

)
− E

[
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

) ∣∣∣ αi, α j, αk]

∣∣∣∣∣∣∣ = Op


√

log(N)
T0


Then we derive the rate of convergence for (11). By the reverse triangle inequality, the

boundedness of µ(0)
i,t , and the Lipschitz condition inAssumption 4 (iv), we have that, for some

constant C,

max
i, j

sup
α∈supp(α)

∣∣∣∣E [
µ(0)(α, λt)

(
µ(0)

i,t − µ
(0)
j,t

) ∣∣∣ αi, α j

]∣∣∣∣ − max
i, j,k: k<{i, j}

∣∣∣∣E [
µ(0)

k,t

(
µ(0)

i,t − µ
(0)
j,t

) ∣∣∣ αi, α j, αk

]∣∣∣∣
≤ max

i, j
sup

α∈supp(α)
min
k<{i, j}

∣∣∣∣E [(
µ(0)(α, λt) − µ(0)(αk, λt)

) (
µ(0)

i,t − µ
(0)
j,t

) ∣∣∣ αi, α j, αk

]∣∣∣∣
≤ C sup

α∈supp(α)
min

k
∥α − αk∥

By the compactness of the support of α in Assumption 4 (iii), with a constant C, there is an
η-covering of the support of αi that consists of J ≤ C

ηdα open balls whose centerswewill denote
by

{
ᾱ j

}J

j=1
. Then by definition of the covering, it follows that

sup
α∈supp(α)

min
k
∥α − αk∥ ≤ max

j∈[J]
min
k∈[N]
∥ᾱ j − αk∥ + L0η

Then applying the union bound gives

P

(
max
j∈[J]

min
k∈[N]
∥ᾱ j − αk∥ > ϵ

)
≤

J∑
j=1

P

(
min
k∈[N]
∥ᾱ j − αk∥ > ϵ

)
By Assumption 4 (iii), there is a 0 < δ so that for any fixed α ∈ supp(α) and any η, P(∥α−αk∥ >

η) ≤ 1 − δη. With the independence of {αk}
N
k=1, we have

P

(
min
k∈[N]
∥ᾱ j − αk∥ > ϵ

)
=

{
P
(
∥ᾱ j − αk∥ > ϵ

)}N
≤ (1 − δϵ)N

which futher leads to

P

(
max
j∈[J]

min
k∈[N]
∥ᾱ j − αk∥ > ϵ

)
≤ JδNϵN ≤

C
ηdα

(1 − δϵ)N

By setting ϵ = dα log(N)
δN and η = 1

N , it follows that

P

(
max
j∈[J]

min
k∈[N]
∥ᾱ j − αk∥ >

log(N)
δN

)
≤ JδNϵN ≤

C
Ndα

(
1 −

dα log(N)
N

)N

→ C

Hence, we have

sup
α∈supp(α)

min
k
∥α − αk∥ = Op

(
log(N)

N

)
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Combining with previous derivation, therefore, we conclude the rate for convergence
from d̃i, j to di, j being

max
i, j

∣∣∣d̂i, j − di, j

∣∣∣ = Op


√

log(N)
T0

+
log(N)

N


□

Lemma A.2. Under Assumptions 4 (iv) and (vi), there exists a c > 0 so that for all α1, α2 ∈ A:

sup
α∈supp(α)

∫
λ∈supp(λ)

µ(0)(α1, λ)
(
µ(0)(α1, λ) − µ(0)(α2, λ)

)
dπ(λ) ≥ c∥α1 − α2∥

Proof of Lemma A.2. By Assumption 4 (vi), for some C > 0 we have:

C

√∫
λ∈supp(λ)

(
µ(0)(α1, λ) − µ(0)(α2, λ)

)2 dπ(λ)

≤ sup
α∈supp(α)

∫
λ∈supp(λ)

µ(0)(α, λ)
(
µ(0)(α1, λ) − µ(0)(α2, λ)

)
dπ(λ)

and the object on the LHS is bounded below by C∥α1 − α2∥. Thus letting c = C2 > 0 gives the
result. □

Lemma A.3. There exists a δ > 0 so that with probability approaching 1, for all i, j ∈ [N]:

K
 d̂i, j

h

 = 1
{
∥αi − α j∥ ≤ δh

}
K

 d̂i, j

h


Proof of Lemma A.3. By Lemma A.2, there exists a constant C, such that for any finite δ > 0,
we have

∥αi − α j∥ > δh =⇒ di, j > 2Cδh

Now, note that for all i, j,

d̂i, j

h
≥

di, j

h
−

maxi, j

∣∣∣d̂i, j − di, j

∣∣∣
h

.

Thus, it follows that

∥αi − α j∥ > δh =⇒
d̂i, j

h
> δC −

maxi, j

∣∣∣d̂i, j − di, j

∣∣∣
h

By Lemma A.1, we have

maxi, j

∣∣∣d̂i, j − di, j

∣∣∣
h

= Op

1
h

√
log(N)

T0
+

log(N)
hN


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By supposition, 1
h

√
log(N)

T0
and log(N)

hN go to zero, and so with probability approaching one, we
have maxi, j|d̂i, j−di, j|

h ≤ δC. Hence, with probability approaching one, for all i, j, it follows that

∥αi − α j∥ > δh =⇒
d̂i, j

h
> δC

AsAssumption 4 (v) states that the kernel is zero everywhere other than some compact (and
therefore bounded) sets. Hence, there is a constant c such that

d̂i, j

h
> c =⇒ K

 d̂i, j

h

 = 0

Finally, setting δ > c
C gives the desired result. □

Lemma A.4. Suppose Assumption 4 holds, and log N
Nh2dα → 0. Then for any fixed δ, there are constants

0 < c < c̄ < ∞ and 0 < c̃, such that with probability approaching one and for all i ∈ [N], it follows

that

chdα ≤
1
N

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
≤ c̄hdα

and

c̃ ≤
1

Nhdα

∑
j;w j,t=0

K(di, j/h)

Proof of Lemma A.4. For the first statement in LemmaA.4, byAssumption 4 (i), for some c > 0,
it follows that P(1 − w j,t|α j) ≥ c almost surely. And with the fact that w j,t is independent of αi

and that {α j}
N
j=1 are i.i.d. (by Assumption 4 (iii)), we have

E

 1
N

∑
j

(1 − w j,t)1
{
∥αi − α j∥ ≤ δh

} ∣∣∣ αi

 = E
 1
N

∑
j

P(1 − w j,t|α j)1
{
|αi − α j| ≤ δh

} ∣∣∣ αi


≥ c · E

 1
N

∑
j

1
{
∥αi − α j∥ ≤ δh

} ∣∣∣ αi


= c · P

(
∥αi − α j∥ ≤ δh

∣∣∣ αi

)
With Assumption 4 (iii), for any fixed δ, there are constants 0 < c < c̄ < ∞ such that

2chdα ≤ P
(
∥αi − α j∥ ≤ δh

∣∣∣ αi

)
≤

1
2

c̄hdα

By applying the union bound and Hoeffding’s inequality for Bernoulli random variables, it
follows that, for any C,

P

max
i∈[N]

∣∣∣∣∣∣∣ 1
N

∑
j

(1 − w j,t) · 1
{
∥αi − α j∥ ≤ δh

}
− E

 1
N

∑
j

(1 − w j,t) · 1
{
∥αi − α j∥ ≤ δh

} ∣∣∣ αi


∣∣∣∣∣∣∣ > Chdα


≤ 2N · exp

(
−2NC2h2

)
= 2 · exp

(
log(N) − 2NC2h2dα

)
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The RHS goes to zero if log N
Nh2dα → 0, which holds by supposition. By setting C = c and C = 1

2 c̄,
we see that with probability approaching one, for all i ∈ [N], it follows that

chdα ≤
1
N

∑
j;w j,t=0

(1 − w j,t)1
{
∥αi − α j∥ ≤ δh

}
≤ c̄hdα

Now for the second statement in LemmaA.4, byAssumption 4 (iv), it follows that µ(·, λ) is
Lipschitz continuous and bounded (uniformly over λ in both cases). Thus, for some constant
C < ∞, we have

∥αi − α j∥ ≤ x =⇒ di, j ≤ Cx

By Assumption 4 (v) of the kernel being positive and strictly positive at zero, and alongside
with Lipschitz continuous, thus, there must be some a, b > 0 such that for all x ≤ a, K(x) ≥ b.
Combining these results gives

∥αi − α j∥ ≤
a
C

h =⇒ di, j ≤ ah =⇒ K(di, j/h) ≥ b

Then with the positivity of the kernel, it follows that

b ·
1
N

∑
j

(1 − w j,t)1
{
∥αi − α j∥ ≤

a
C
· h

}
≤

1
N

∑
j

(1 − w j,t) · K(di, j/h)

But since we already established that for any fixed δ, there is a constant c > 0 such that
chdα ≤ 1

N

∑
j(1−w j,t)1

{
∥αi − α j∥ ≤ δh

}
for all i ∈ [N]with probability approaching one, therefore,

there is a constant c̃ > 0 such that with probability approaching one, for all i,

c̃ ≤
1

Nhdα

∑
j

(1 − w j,t) · K(di, j/h)

□

A.2 Proof of Theorem 1

Proof of Theorem 1. We prove the result for µ̂(0)
i,t . The result for p̂i,t follows by almost identical

steps. By Lemma A.3, there exists a δ < ∞ such that with probability approaching one, for
all i, j ∈ [N], we have

K
(
d̂i, j/h

)
= K

(
d̂i, j/h

)
· 1

{
∥αi − α j∥ ≤ δh

}
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And with the above equality holds, we can then decompose µ̂(0)
i,t − µ

(0)
i,t as follows:

µ̂(0)
i,t − µ

(0)
i,t =

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· µ(0)

j,t∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

) − µ(0)
i,t

+

1
hdαN

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

1
hdαN

∑
j;w j,t=0

K
(
d̂i, j/h

) (12)

The quantity on the first line of the RHS above is a weighted average of µ(0)
j,t over individuals

j for whom ∥αi − α j∥ ≤ δh. Using the Lipschitz condition in Assumption 4 (iv), we have∣∣∣∣∣∣∣∣∣∣
∑

j;w j,t=0
1
∥∥∥αi − α j∥ ≤ δh

}
K(d̂i, j/h) · µ(0)

j,t∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K(d̂i, j/h)

− µ(0)
i,t

∣∣∣∣∣∣∣∣∣∣ ≤ sup
∥α−αi∥≤δh

|µ(α, λt) − µ(αi, λt)|

≤ L0δh

We now consider the term in the second line (12). First consider the numerator. By
applying union bound, we have

Pt

max
i∈[N]

∣∣∣∣∣∣∣∣ 1
Nh

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η


≤ N · Pt


∣∣∣∣∣∣∣∣ 1
Nh

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η


By Lemma A.4, there exist constants 0 < c < c̄ < ∞ such that, with probability approaching
one, for all i chdα ≤ 1

N

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
≤ c̄hdα , it follows that In this case:

Pt


∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η
∣∣∣ {
α j, d̂i, j,w j,t

}N

j=1
, λt


≤ Pt


∣∣∣∣∣∣∣∣ 1∑

j;w j,t=0 1
{
∥αi − α j∥ ≤ δh

} ∑
j;w j,t=0,∥αi−α j∥≤δh

K
(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > 1
c̄
· η

∣∣∣ {
α j, d̂i, j,w j,t

}N

j=1
, λt


First, note that, given

{
α j, d̂i, j,w j,t

}N

j=1
and λt, the terms

{
K(d̂i, j/h)

}N

j=1
are constants, and these are

bounded above by Assumption 4 (v). By Assumptions 1 and 4 (ii), {u j,t}
N
j=1 are sub-Gaussian,

zero-mean, and independent random variables conditional on
{
α j, d̂i, j,w j,t

}N

j=1
and λt. Thus,

from the Bernstein inequality in Lemma A.7, it follows that for constants C, a, and b, for any
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η > 0,

Pt


∣∣∣∣∣∣∣∣ 1∑

j;w j,t=0 1
{
∥αi − α j∥ ≤ δh

} ∑
j;w j,t=0,∥αi−α j∥≤δh

K
(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > 1
c̄
· η

∣∣∣ {
α j, d̂i, j,w j,t

}N

j=1
, λt


≤ C · exp

−
∑

j
1
{
∥αi − α j∥ ≤ δh

}
· c̄−2η2

a + bη


≤ C · exp

(
log(N) −

cNhdα c̄−2η2

a + bη

)
where the last line again uses that chdα ≤ 1

N

∑
j;w j,t=0 1

{
∥αi − α j∥ ≤ δh

}
≤ c̄hdα . Then by the law

of iterated expectations, we have

N · Pt


∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > η
 ≤ C · exp

(
log(N) −

cNhdα c̄−2η2

a + bη

)

By setting η = c̄
√

a log(N)
chdαN in the above inequality, it gives that

N · Pt


∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > c̄

√
a log(N)
chdαN


≤ C · exp

(
log(N) −

a log(N)
a + bη

)
→ C

and leads to

Pt

max
i∈[N]

∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
· u j,t

∣∣∣∣∣∣∣∣ > c̄

√
a log(N)
chdαN


≤ C + o(1)

Finally, we consider the denominator term 1
Nhdα

∑
j;w j,t=0

K
(
d̂i, j/h

)
. By adding and subtracting

terms, we have
1

Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
=

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
di, j/h

)
+

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

} [
K

(
d̂i, j/h

)
− K

(
di, j/h

)]
Using that the kernel is Lipschitz by Assumption 4 (v), we have

max
i∈[N]

∣∣∣∣∣∣∣∣ 1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

} [
K

(
d̂i, j/h

)
− K

(
di, j/h

)]∣∣∣∣∣∣∣∣
≤ K̄′

max j,i

∣∣∣d̂i, j − di, j

∣∣∣
h

max
i∈[N]

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
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By Lemma A.1,
max

j,i
|d̂i, j−di, j|

h = op(1) and by Lemma A.4 max
i∈[N]

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
= Op(1),

it follows that

min
i∈[N]

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
d̂i, j/h

)
= min

i∈[N]

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
di, j/h

)
+ op(1)

Finally, by Lemma A.4, there exist a c̃ > 0 such that, with probability approaching one,

min
i∈[N]

1
Nhdα

∑
j;w j,t=0

1
{
∥αi − α j∥ ≤ δh

}
K

(
di, j/h

)
= min

i∈[N]

1
Nhdα

∑
j;w j,t=0

K
(
di, j/h

)
> c̃

Therefore, we conclude that

max
i∈[N]

∣∣∣µ̂(0)
i,t − µ

(0)
i,t

∣∣∣ = Op

h + √
log(N)
hdαN


and finish the proof. □

A.3 Bernstein Inequalities

In this section, we specify the Bernstein inequalities in LemmaA.5 to A.7 that are extensively
used throughout the proofs.

Lemma A.5 (Bernstein inequality; see Bennett (1962)). Let Z1, ...,Zn be mean zero independent

random variables. Assume there exists a positive constant M such that |Zi| ≤ M with probability one

for each i. Also let σ2 := 1
n

∑n
i=1 E[Z2

i ]. Then for all ϵ > 0

P


∣∣∣∣∣∣∣1n

n∑
i=1

Zi

∣∣∣∣∣∣∣ ≥ ϵ
 ≤ 2 exp

− nϵ2

2(σ2 + 1
3 Mϵ)

 .
Lemma A.6 (Bernstein inequality for unbounded random variables; see Boucheron et al.
(2013)). Let Z1, ...,Zn be independent random variables. Assume that there exist some positive con-

stants ν anc c such that 1
n

∑n
i=1 E[Z2

i ] ≤ ν such that for all integers q ≥ 3,

1
n

n∑
i=1

E[|Zi|
q] ≤

q!cq−2

2
ν.

Then for all ϵ > 0,

P


∣∣∣∣∣∣∣1n

n∑
i=1

(Zi − E[Zi])

∣∣∣∣∣∣∣ ≥ ϵ
 ≤ 2 exp

(
−

nϵ2

2(ν + cϵ)

)
.

Proof of Lemma A.6. See Theorem 2.1 in Boucheron et al. (2013) for detailed discussion. □
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LemmaA.7 (Bernstein inequality for sub-exponential randomvariables; seeZeleneev (2020)).
Let Z1, ...,Zn be mean zero independent random variables. Assume that there exist some ν > 0 such

that E[exp(λZi)] ≤ exp
(
νλ2

)
for all λ ∈ R. Then, there exist some positive constants C, a, and b such

that for all constants α1, ..., αn satisfying maxi |αi| < ᾱ and for all ϵ > 0,

P


∣∣∣∣∣∣∣1n

n∑
i=1

αiZi

∣∣∣∣∣∣∣ ≥ ϵ
 ≤ C exp

(
−

nϵ2

a + bϵ

)
and

P


∣∣∣∣∣∣∣1n

n∑
i=1

αi(Z2
i − E[Z2

i ])

∣∣∣∣∣∣∣ ≥ ϵ
 ≤ C exp

(
−

nϵ2

a + bϵ

)
.

Proof of Lemma A.7. See Corollary A.1 in Zeleneev (2020) for detailed discussion. □
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