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1 Generalized Quantifiers (GQs) in Logic

1) a |3z¢||? = 1iffforsome ¢ ~, g, ||¢[|Y =1
b. ||Vz¢|? = liffforall¢ ~, g, ||¢[|Y =1

(2) ¢ =~, gifffor each variable v # z, ¢'(v) = g(v).

These quantifiers can be seen as taking unary predicates with = being the argument.
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In the context of GQs, they are called type-(1) GQs.
3) a |3x¢|’ = 1iffforsome g ~, g, |¢]|” =1
iff {g'(x) | ¢ ~o gand [[¢]|” =1} # &
b. ||Vz¢|? = liffforall¢ ~, g, ||¢[|Y =1
iff {g'(x) | ¢ ~z gand[|¢||” =1} =D
Other type-(1) GQs include:
@ a  |[fag|? = 1iffforno ¢ ~, g, [|¢]|” =1
iff {g'(z) | ¢ ~o gand [[¢|” =1} = &
b. | Bz¢||* = 1ifffor some ¢/, ¢" ~, g such that ¢’ # ¢, |¢]| = [|¢[| =1
iff[{g'(x) | ¢ =2 gand [|¢[|” =1}[>2

These are expressible in first-order logic, but there are type-(1) quantifiers that are
no first-order definable:

(5) a. [[dz¢|® = 1iff there are finitely many g’(x) ~, g such that ||¢||¢ =1
iff {¢/(z) | ¢ ~. gand ||¢||? = 1} is finite
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1.1 Type-(n)GQs

We can increase the number of variables to bind.

6) a. || Fzae0|? = 1iff for some ¢’ ~(4, 0y 9 |07 =1
iff { (g (21), 9'(x2)) | ' ~o10r gaNA [[@]]” =1} # &

b. |[Vaizae|? = 1iffforall ¢’ ~(4, . g, [0 = 1
iff { (g'(21), ' (22)) | ¢ ~ay 0o gand @]} =1} =D x D

(7) ¢ ~x gifffor each variablev ¢ X, ¢'(v) = g(v).

These are type-(2) GQs, essentially taking a relation as argument. Other type-(2) GQs
include:

8 a. ||3aiza0|” = 1ifffor some ¢’ ~,, g, and forall ¢’ ~,, ¢, [|¢]|* =1

g ~., gand
iff , " Ry ’ and

b' Hvaxl$2¢Hg =1 lfffOI all gl Rg g and for all g” ~ 1’29/’ H¢Hg” =1
g ~,, gand
ift g,(xl) { " g” Ry g’ and }
‘r a
92 | o2

More generally, the type-(n) versions of 3 and V look like:

9 a  |Fzi...z,.9|° = liffforsome ¢’ ~(,, 2.1 9) lof* =1
I~
lff{ <g/(I1), o ,g’(xn)> g Rz, %2}79 } #

b, |Vay...z.0)7 = liffforall ¢ ~(. 2.y 9 [|6IF =1

'''''

lff{ <g,(l’1), R ,g/(mn)> an’;l ||¢||g' =1 } =

1.2 Type-{1,...,1)GQs
We can increase the number of formulas to take.

(10)  a  |Pa(¢;¢)|? = Liffforsome g’ ~, g, [|]* = ||¢[|” =1
iff {¢'(z) | ¢ ~. gand [|¢]| = [[¢]|” =1} # &

b |Va(¢;¢)| = tiffforallg' ~, g, |6]” = [|lel|” =1
iff {g'(z) | ¢ == gand [|¢]|” = [[¢||" =1} =D
These are type-(1, 1) GQs. Other type-(1, 1) GQs include:

(11) a. |[EVERYz(¢;0)||¢ = liffforall ¢ ~, g,if||¢||* = 1, then |[¢|]? =1

iff! o g/%%gal’ld }C{ / ' g’%%gand }
‘{gml ol =1 { VD] g =1



b. |[HALFz(¢;)||? = 1iff for half of ¢’ ~, g such that ||¢||? = 1, |[¢|| =1

iff
'{ /(x) g/ Xy g and } { /(x) g/ Xg g and }‘
g Ille = [lv])? =1 g ]|l = 1 and o] =0

More generally, the type-(1, ..., 1) versions of 3 and V look like:
¥V_J

>

n times
12) a. Wﬂ%~¢%W=1ﬂbwmmd%wW%W=~:W%W=1
) g ~, gan
lff / / ’ 75
{g“)n@wz~:wmw=1} 7
b. ||Vz(¢y;.. .;gf)n)Hg = liffforall ¢ ~, g, ||¢1|\~"'d= B |\¢n||g' =1
) g ~, gan
iff { ¢ / / =D
{g@)H%W=~:w%W=1

1.3 Type-(ni,...,n,) GQs

We can also increase the number of variables and number of formulas at the same
time.

13)  a  |Plaf.ohsaf 2o 0| =1

iff for some g ~ (1 ot gy 9 161]17 = - = [[gull™ =1
b. HV[:E%,Q:},,x?,,x?](qﬁl,,qﬁn) 7 =1
iff for all g/ %{m%,x% ..... ay,..af } 9, ||¢1||g == ||¢n||9 =1

2 Natural language quantifiers

Natural language quantifiers are analyzed as GQs (Montague 1973, Barwise & Cooper
1981, Keenan & Stavi 1986; for overviews, see Peters & Westerstahl 2006, Westerstahl
2024).

Determiners are type-(1, 1) GQs. Ignoring presuppositions for now:

(14) a. [some]’ = APy ;. AQ . forsomez € D, P(z) = 1and Q(z) = 1
= APy AQeeny- {2 | Pz) =1} n{z | Q) =1} # T
b. [no]? = AP, ;. AQep.fornoz e D, P(z) = 1and Q(z) = 1
= APy AQeeny- {2 [ Pz) =1} n{z|Qx) =1} =0
c. [every]? = APy .AQs. for every x € D such that P(z) = 1, Q(z) = 1
= AP Moy {2 | Pa) = 1} < (] Q) = 1)

/\

DP (e, t)
VP
<<€a t> ) <<6, t> ) t>> <6a t> (NUClear) Scope
some NP
no Restrictor |
every
\ Determiner \




DPs are Type-(1) GQs.

(15) a.

b.

C.

[some dog]’ = AQ. . for some dogz € D, Q(z) =1
= Ay {x|zisadog} n{z|Qx)=1}#
[no dog]’ = A\Q+,.fornodogz e D, Q(z) =1
= AN {x|zvisadog}n{z|Qx)=1}=C
[every dog[’ = AQ(... foreverydogz € D, P(z) = 1and Q(z) =1
= AN {x|xisadog}c{z|Q(x)=1}

Referring DPs can be lifted to type-(1) GQs.

(16)  [ohn]’ = AQ... Q) = 1

Ignoring presuppositions, type-(1) GQs are isomorphic to sets of sets of individuals.

(17 a.
b.

c
d.

{ScD|{x|zisadog}nS# T}
{ScD|{z|zisadog}n S =}
{ScD|{zx|zrisadog} < S}
{ScD|jeS}

Some determiners trigger presuppositions. (Ignoring plurality, homogeneity, and
presupposition projection)

(18) a.
b.

C.

[[both]]g = /\P<eyt>i | {l‘ | P(ZL’) =1 } | = 2-)\Q<e,t>-
for every x € D such that P(z) = 1, Q(x) = 1
[[neither]]g = /\P<e,t>: | {$ | P([E) =1 } ’ = 2-)\@<e,t>-
fornoxz e Dsuchthat P(z) =1, Q(z) =1
[the]” = AP py: [{z | P(z) =1} = L.AQ¢es-
forevery x € D such that P(z) =1, Q(z) = 1

Determiners with existence presuppositions:

(19) a.

b.

[[CVCI'YHQ = )\P<e,t>: |{:L" | P(I) =1 }| = 1-)\Q<e,t>-

for every x € D such that P(z) = 1, Q(z) = 1
[most]? = APy py: [{z | P(z) =1}] = 1.AQcp.

formost x € Dsuchthat P(z) =1,Q(z) = 1

(anti-presuppositions)
Without plurality, numerals look like.

(20) a.

b.

[three]’ = AP, ;. AQ(c. for three z € D, P(z) = 1and Q(z) = 1
= APty AQeeny- [{z | P(x) =1} n{z | Qz) =1}[ >3

[more than three]’ = AP, ;;.AQ ;. for three z € D, P(z) = 1and Q(z) = 1
= APty Aeny- [ {2 | P(z) =1} n{z | Q(z) =1}[>3

[fewer than three]’ = AP, ;,.\Q. . for three z € D, P(z) = 1and Q(z) = 1
= Ay AQeny- [{w | P(x) =1} n{z [ Q(z) = 1}[ <3

[exactly three]” = AP, ;,.AQ . for threex € D, P(z) = 1and Q(z) = 1
= APy M- [{a | P(x) =1} n{a [ Q(z) = 1}[ =3



2.1 Plurality

For plurality, let’s use i(ndividual)-sums (Link 1983).

Ifz,ye D,thenx Lye D.
crxuzr=nrzuy=yur (zuy)uz=zu(yu:z)
e rCyiffruy=y

e A=minc D

ey, yiffrcyandzre A

21) a. [dog]? = \z..zisadog
b. [dogs]’ = Az..foreachy =, z, [dog]’(y) =1
(22) a. [fell asleep]’ = \z..foreachy =, z, y fell asleep
b. [met]’ = \z..x met
c. [wrote apaper]’ = \x.. z wrote a paper

(23) [A]? = APy Az.. foreachy =, z, P(y) =1
(We ignore non-atomic distributivity)
(24) a. [threedogs]’ = \Q.. . forsomexz e D,
foreachy =, z,yisadogand |{y |y S,z }| =3and Q(x) =1

b. [three]’ = AP, ;. \Q( . .for some z € D,
Pz)=1land |[{y|yC.z}|=3and Q(z) =1

* (24) derives an at-least reading.

* Therestrictor might contain a non-distributive predicate, dogs that hate each other.
(25) a. [more than three]’ = AP, ;. \Q(. . for some z € D,
Pz)=1land |{y|yC,z}|>3and Q(z) =1

b. [fewer than three]’ = AP, ;. AQ s .fornoz e D,
Pz)=1land|{y|yC.z}|=3and Q(z) =1

c. [exactlythree]’ = AP, ;. \Q(. . .for some z € D,
P(z)=1land|{y|yC,z}|=3and Q(z) = 1 and
fornoze D,P(z)=1and |[{y|yC,z}|>3and Q(z) =1

These can be restated more neatly as follows:

(26) a. [morethan three|’ = AP, ;,.A\Qccs.
{ylys.Uf{z | Pl@) =Qz) =1}} >3
b. [fewer than three]’ = AP, ;. Qs
{ylyca {2z | Pl@)=Qz)=1}}<3
c. [exactlythree]’ = APy, A\Q.s).
{ylycUf{z | P@) =Qz) =1}} =3

Generally determiners only count atomic individuals.
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o If there are two dogs, a and b, | { z | [dogs]’(z) =1} | =|{a,b,aub}| = 3.

e If there are three dogs, | { = | [dogs]’(z) = 1} | = 7, 4 of which are non-atomic.

If you believe both and neither are distributive quantifiers with respect to the nuclear
scope:

27) a. [both]? = APy, : |minc {z | P(z) = 1}| = 2.AQ¢cs-
foreachxz e {x | P(x) =1}, foreachy =, z, Q(y) = 1
b. [neither]’ = AP, : |minc {z | P(z) = 1}| = 22\Qcp-
foreachz e {z | P(x) =1}, foreachy =, z,Q(y) = 0

(28) [the]” = AP, ;y: |maxc {z | P(z) = 1}| = L.AQe-
forevery r € maxc {z | P(z) =1}, Q(z) =1

2.2 Quantifier Scope

English syntax allows the scope to be in all sorts of positions.

T~ T

DP VP Hans VP

A barked
D NP PP

every dog wrote  DP TN
N, for DP

I VP a letter D NP
a
saw/\DP student PP
PN TN
D NP fI‘OI‘Il DP
every dog

D NP
every class

Since all DPs are uniformly type-{1) GQs, we can just type-lift the verbs.

(29) a. [barked]’ = A\Qp1-Q(Az.. x barked)
b. ﬂsaw}]g = )\Q<<e,t>,t>-)\R<<e,t>,t>- R()\ye. Q()\l’e. Yy Saw 1‘))

But this is not enough to account for complex examples. Also, (29b) assigns the sub-
ject quantifier wide scope.

(30) A child saw every dog.

One way to derive the inverse scope reading, is by using a different entry for the verb.

31) [[SﬂWg]]g = /\Q<<e,t>,t>-)\R<<e,t>,t>- Q()\xe. R(/\ye. Yy Saw 33))

Or we can change the denotation of the quantifier
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(32) [every® dog[’ = AR(c ey AQety.tr- Q(Aze. for every dog y, R(z)(y))

These changes in meaning are systematic and formulated as general type-shifting
rules. Then we don’'t need to see scope ambiguity as lexical ambiguity, but ‘deriva-
tional ambiguity’.

Alternatively, one can assume a syntactic representation different from the surface
structure and move things around via Quantifier Raising to make sure that we always
have D(R)(S).

DP
AT
D NP I

VP
every dog VAN
saw

3 Strong and weak quantifiers

GQT treats all quantifiers on a par.

There are linguistic phenomena that seem to distinguish so-called weak and strong
quantifiers.

e There-sentences

e Stage-level vs. individual-level predicates

3.1 There-sentences

Only some quantifiers can appear in there-sentences in English (Milsark 1977).

a )
no
*the
*every
*each

| *Maria’s

(33)  Thereis < > solution to this problem.

some

three

many

no

(34) There are { *the > solutions to this problem.
*all
*most
*both

| *neither |

Note that definites and proper names are allowed in the ‘list’ interpretation.

(35) Who can help us?



a. There’s the new lecturer.
b. There’'s Maria.

But these become worse in questions/non-assertions(?).

3.1.1 Milsark’s 1977 analysis

Milsark 1977 called those noun phrases that can appear in there-sentences ‘weak’
and those that cannot ‘strong’.

Milsark 1977 analyzes weak noun phrases as cardinality predicates, so non-quantifiers.
(36) a. [threew]’ = AP,y .. P(z)=1land|{y|y=,2z}|=3
b. [some]’ = AP, . Az.. P(z) =1land |{y |y =, « }|is ‘small

The there-construction itself denotes the existential quantifier. One way to imple-
ment this is something like (37).

(37)
///,\
T VP
|
is/are {e,t)
there le,t) in the box
APty AQqe - three books

forsomexz e D, P(z) =Q(z) =1

Or the existential quantifier can be somewhere else, with there being completely
meaningless.

On this analysis, a strong quantifier cannot be the pivot for type-reasons.

Note that for negative weak NPs, we need to separate the negation. The following are
wrong (why?).

(38) a. [now]? = AP,y Ar.. P(z) =land|{y|y=,z}|=0
b. [fewer than three,]’ = AP, ;.\z.. P(z) =1land |[{y |y, 2z}| <3

We have to decompose these into negation and a positive weak NP, and have nega-
tion obligatorily take scope over the existential quantifier.

3.1.2 Complications

McNally’s 2019 observations (see also mcnallyvangeenhoven:97, mcnally:16 for re-
lated data and discussion):

e Strong quantifiers are allowed if they are about kinds/types.
(39) a. There was every reason to leave.
b. Students will be able to compute how many days during the week

there was each type of weather.

e Non-unique definites can appear in there-sentences.
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(40) We finally discovered that there was the lid to a Cool-Whip container in
the pie underneath the filling!

* Partitive quantifiers are not always bad.

(41)  *There are some of the people in the bathroom. (Milsark 1977)

(42)  Ida wondered if there was some of the marines’ homebrewed engine juice
around. (McNally 2019)

3.2 Stage-level vs. individual-level predicates

The coda of a there-sentence has to be a stage-level predicate describing a non-
permanent property, and cannot be an individual-level predicate (Milsark 1977 called
them ‘state-descriptive predicates’ and ‘property predicates’ respectively).

in the classroom
drunk
(43) There were some/no people < *intelligent
*tall
*young

NB: As Milsark 1977 points out, a complex AP like tall enough to play basketball may
appear as part of the pivot.

(44) There are [some people tall enough to play basketball] [CODA].

Milsark 1977 proposes that individual-level predicates only combine with strong quan-
tifiers. Note that some of the following are grammatical:

(45) a. ?2?A student was tall.
b. Students were tall.
c. Some students were tall.
d. Many students were tall.
e. Few students were tall.
f.  No students were tall.

But the acceptable cases are either generic, proportional (many, few), or partitive
(cf., some of the students), and not purely existential like (46). For Milsark 1977, they
are strong quantifiers (or strong uses of these words).

There was an tall student.
There were tall students.
There were some tall students.
There were many tall students.
There were few tall students.
There were no tall students.

(46)

o a0 o

One way of accounting for these observations is by postulating strong versions of the
weak NPs, which are universal, proportional, or partitive GQs.

Ideally, we want to have a general way of turning a weak NP to a strong quantifier
(and/or a strong quantifier to a weak NP).
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