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Abstract

Large-scale energy storage is increasingly required to support offshore renewable
generation, motivating interest in floating mechanical storage systems. Here we study
the large-scale storage of kinetic energy via a floating offshore flywheel. We develop
a simple mathematical model for the flywheel dynamics subject to hydrodynamic
drag, bounded applied torque, and time-varying electricity prices, with optional wind-
driven torque from surface-mounted sails. The operation of the system is formulated
as an optimal control problem that maximises net energy revenue over a periodic
operating cycle. The resulting optimal control problem is studied using a combination
of asymptotic analysis and numerical optimisation. We show that across a wide range
of physically relevant parameters, optimal operation reduces to a regime of near-
constant angular velocity. In this regime, charging and discharging are governed by
a simple switching rule based on a critical electricity price that can be determined
directly from price data. Wind-driven torque enhances performance but does not alter
the basic switching control structure. Case studies using idealised price profiles and
German electricity market data demonstrate how the resulting switching-based control
strategy operates under realistic conditions.

Keywords Asymptotic methods - Energy storage systems - Numerical optimisation -
Offshore renewable energy - Optimal control

1 Introduction

The rapid expansion of renewable energy sources such as wind and solar has intro-
duced new challenges for electricity systems worldwide. A key issue is intermittency:
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supply fluctuates with weather conditions, while demand can change sharply and
unpredictably [1, 2]. To ensure reliable operation, future low-carbon grids will require
a substantial increase in large-scale energy storage capacity. For example, to meet
net-zero targets in the UK, the required storage capacity must rise from around 5 GW
today to more than 50 GW by 2050 [3, 4]. Developing technologies that can provide
cost-effective, large-scale storage is therefore a critical research priority [5].

Existing storage solutions each have strengths and limitations. Pumped hydropower
(such as the Dinorwig power station in Wales [6]) offers high capacity but is geo-
graphically restricted. Electrochemical batteries are flexible but face challenges of
degradation [7], safety (e.g. fire and explosions) [8, 9], and environmental impact [5,
10]. Other concepts such as compressed air storage [11], thermal energy storage [12,
13], and hydrogen electrolysis [14] continue to be developed but have yet to achieve
widespread deployment. This motivates exploration of alternative storage technologies
that may complement existing options.

Another possible solution may be found in the large-scale storage of kinetic energy
via an offshore flywheel. One such example called Gyrerg has been developed by
VerdErg Renewable Energy Limited in the UK [15]. This takes the form of a large
concrete flywheel that floats on the water surface (via a pressurised air cushion), and
stores energy mechanically by rotating (see Fig. 1b). Large scales are required to store
significant quantities of energy,—for example, a 900 m radius flywheel can store 1
GWh of energy if rotating at one revolution per 8.5 min (See Appendix A). Flotation
is achieved by introducing a void space beneath the annulus, whereby the weight of
the concrete is balanced by a pressurised air cushion beneath. This enables supporting
potentially millions of tonnes of concrete while also reducing the wetted surface area
and hence the hydrodynamic drag from the sea. To accelerate or decelerate the fly-
wheel, a torque is applied via wheels (or other means) positioned at the circumference.
The ability to float the flywheel enables placement near offshore wind farms to store
excess energy generated from wind turbines. Since the drag forces on the wetted sur-
faces (and therefore energy losses) are significant, any potential methods for offsetting
this lost energy would increase the viability of such a technology. One such idea is
to place a number of large sails on the upper surface to provide ‘free’ wind energy to
offset these losses (see Fig. 1c).

Previous flywheel studies have primarily focused on land-based systems to stabilise
the grid [16, 17] and to generate revenue via trading [18]. Some studies, such as [19],
have investigated the use of a flywheel to regulate energy from offshore renewables
(e.g. wind farms and marine-current farms). However, no optimisation framework has
been developed for floating flywheels, for which acceleration is crucially in opposition
to hydrodynamic drag from the water. Moreover, floating flywheels have the additional
feature of being able to extract energy directly from the wind via sails, thereby acting
as a hybrid between a flywheel and a conventional wind turbine. None of these features
specific for floating flywheels (hydrodynamic drag, wind-assisted operation) have been
modelled or optimised before, which restricts their use for grid stabilisation or revenue
generation in a fluctuating electricity market.

This work develops the first mathematical framework for optimal control of a float-
ing flywheel energy storage system under dynamic electricity prices. The framework
integrates hydrodynamic drag losses and optional sail-driven torque within an ana-
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Fig. 1 a Schematic diagram (plan view) depicting a large floating flywheel accelerated/decelerated by an
applied torque 74 (1), with additional torques due to the wind and due to friction from the sea. Electricity is
either bought from (to accelerate the flywheel) or sold to (to decelerate it) the electricity market at some price
C(t). b VerdErg’s conceptual design of Gyrerg, illustrating the ability to store energy from neighbouring
offshore wind farms. ¢ Conceptual design with sails on top. Both b and ¢ are taken with permission from
[15]

Iytical and numerical optimisation scheme. We formulate an optimal control problem
in which the applied torque serves as the decision variable and the net revenue is the
performance objective. Three price scenarios are considered: (i) step-change fluctu-
ations, (ii) sinusoidal variations, and (iii) real electricity market data from Germany.
Analytical and numerical methods reveal a range of operational behaviours, including
bang-bang and singular control regimes. Importantly, under realistic parameter values,
the system operates in a simple regime where the flywheel spins at nearly constant
velocity and charging/discharging decisions reduce to switching around a critical price
threshold. This result provides a practical, low-complexity control strategy requiring
minimal forecasting.

Finally, we investigate the role of wind-driven sails in enhancing performance by
generating additional revenue even when electricity prices are constant. The framework
we develop provides both fundamental insights into the control of flywheel storage
technologies as well as practical guidance for their potential integration into future
energy systems.
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2 Problem formulation

We consider the control of a large annular flywheel floating on the surface of the sea,
as depicted in Fig. 1a. A torque 74 (¢) is applied to the flywheel which spins at angular
velocity w(t) around a fixed vertical axis at its centre. The applied torque may either
be positive, whereby electricity is bought from the grid at price C(¢) and used to turn
the flywheel, or negative, whereby power is drawn from the flywheel to decelerate it
and electricity is sold back to the grid at price C(¢) (buy and sell rates are assumed to
be the same for simplicity). The rotating device undergoes friction by contact with the
surrounding water, resulting in a drag torque tp. As an optional feature of the setup,
we may also consider sails attached to the upper surface of the flywheel, such that an
additional torque Ts may be generated by the wind.

A simple model for the dynamics of the system is the following conservation of
momentum equation

dw
IE—TA'FTS—TD, @))
where [ is the moment of inertia of the flywheel. In addition, we use the following
quadratic inertial law for the drag due to the seawater in the limit of large Reynolds
number,
p = Ipw?, )

where Ip is a drag-related constant with the same dimensions as the moment of inertia.
There are a variety of complexities in modelling /p, including turbulent and viscous
friction, boundary layer separation, and effects due to the acceleration/deceleration of
the surrounding seawater. However, in the first instance, we choose to neglect such
details and simply treat Ip as a constant. Later in Appendix A, we discuss this drag
law in more detail, including an estimate of the order of magnitude of /p based on a
scaling law for high Reynolds number turbulent flows. The torque due to the optional
sails tg is modelled in more detail in Sect. 3.

We assume that the cost of electricity per unit of energy C(¢) is periodic in time
with period 7T (e.g. 1 week or 1 year) and we denote the revenue made as R. We also
assume that electricity can be bought and sold without restriction when needed. That
is, the applied torque is only limited by engineering constraints, as opposed to lack of
supply or demand to the grid. In particular, we consider linear constraints applied to
the torque of the form

— Tmax < TA(®) < Tmax. 3)

where Tyax 1s the maximum possible torque that can be used to charge/discharge
the system. We note that another variation of this problem uses the applied power
Pa(t) = t4(t)w(t) as the control variable, with equivalent bounds on the maximum
power used to charge/discharge the system. However, we do not go into the details
here since the methodology is similar.

The revenue per unit time is given by the product of the negative electricity price
per unit energy, —C(¢), and the applied power, P4(f) = t4(t)w(t). Hence, the total
revenue generated over the time interval [0, Tp] is given by
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Ty
Rlea()] = /0 _CWOTa(Ow () dr. @)

With the goal of increasing revenue, we therefore seek to maximise R over the period
of operation, where R is a functional of the applied torque.

Since the cost function C(¢) is periodic with period Tp, so too must be the dynamics
of the system. As such, we accompany (1) with the following periodic boundary
condition

w(0) = w(Tp). )

Finally, for the sake of consistency and to avoid confusion between negative/positive
applied torques and angular velocities, we restrict our attention to nonnegative angular
velocities only. Hence, we impose the additional constraint (accompanying (1)) that

w(r) = 0. (6)

We nondimensionalise the system using the scalings

ww('l/'m';i)()l/2 TA, TS ~ T l"\';
Ip ' | e (IDTmax)l/z’ @)
C~ Cpux. R~ I Tiax Cimax ’
Ip

where Cpax 1S the maximum price over the period of operation. These scalings result
in the nondimensionalised system

T
Rlta(®)] = fo —C(H)ta(Dw (1) dt, (®)
=1 =<7a(0) =1, 9

dw 2
T A1) + T5(t) — w(0)7, (10)
w(t) >0, (1
o (0) = o(T), (12)

where the dimensionless period is given by

_ To(UIpTmax)'/?
=

T 13)

In summary, our objective is to maximise (8) by varying the control 74(¢) subject to
the linear constraint (9) and the constraint that (10)—(12) are satisfied.
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2.1 Electricity price

We have chosen three possible price functions to represent behaviour in electricity
prices, as shown in Fig. 2. The first of these is simply a step-change in price that
alternates between a minimum Cpyj, and a maximum Cp.x. In dimensionless terms,
this is given by

T
1, g f 1< bR (1 4)
Co, 5 <t <T,

Ct) = {

where Cp = Chin/Cmax € [0, 1]. This periodic two-level price function represents
dramatic changes in electricity price, e.g. due to weather or large-scale events.

The second price function that we investigate is of a sinusoidal form. This could
represent smoother daily fluctuations, or longer term seasonal fluctuations. In this
case, the dimensionless price is given by

C@) = (15)

2 2 T

1+ Co n 1—-Co cos <2nt>‘

The third price function is based on average German electricity price over the
course of a week (data taken from 2015 to 2021), as shown in Fig. 2c. This European
Wholesale Electricity Price Data is provided by Ember Energy and the time period
(2015-2021) is chosen because these are the data that are freely available from [20].
The original dataset consists of hourly electricity prices over the period 2015-2021.
To obtain a representative periodic price over the course of one week, we partition
the data into weekly intervals and average each hour-of-week across all weeks in the
dataset. More precisely, if C,, denotes the hourly electricity price from the dataset and
t € [0, 167] denotes the hour within a week, then the representative weekly profile is
constructed as

1 w—1
Co =y kg Crosk+1» (16)

where W = 536 is the number of complete weeks. This procedure preserves the
characteristic weekday/weekend structure of the market while filtering irregular week-
to-week fluctuations and external events specific to individual time periods. The
resulting price profile therefore represents a typical weekly variation rather than any
specific historical week.

Over the course of this representative week, the price fluctuates between around
29 EUR and 111 EUR per MWh of electricity, resulting in a dimensionless value
of Cop = 0.26. Each day of the week has two distinct peaks in price (corresponding
roughly to before and after the working day) and there is a characteristic drop in price
on the weekend.

2.2 Solving the optimal control problem in the absence of wind

To begin with we will study the case where there are no sails (or simply no wind),
for which the torque term tg = 0. Using the theory of optimal control [21], the
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Fig.2 Electricity price functions given in dimensionless terms. a Periodic step-change price (14). b Sinu-
soidal price (15). ¢ Average German electricity price over the course of a week (2015-2021), taken from
[20]

Hamiltonian (the objective plus a Lagrange multiplier times the ODE constraint) is
given by

H = ~COo0ta®) + 1) (ta0) —00)?), a7)

where we are considering the applied torque t4(¢) as the control variable and A(z)
is the adjoint variable. The optimal solution for the applied torque minimises the
Hamiltonian, but since (17) is linear in 74 this is either achieved at the bounds 74 = +1
or on a ‘singular arc’. If the control variable is always at its limiting bounds, this is
referred to as ‘bang-bang’, whereas if it lies between its limiting bounds for a non-zero
time interval, this is referred to as a singular arc.

To determine the form of singular arcs we substitute 74 (¢) from (10) into (8), and
perform a calculus of variations to the angular velocity w(¢). The revenue is then
rewritten as

T
Rlw(®)] =f —CHw@) (d)(t) +a)(t)2) dr. (18)
0

The Euler—Lagrange equation for (18) requires that singular arcs (if present) take the
form

C@)

o*(t) =0 or w*(t) = T(t)’

(19)

where asterisks indicate an optimum. Hence, singular arcs are either given by a sta-
tionary system or by relating the angular velocity to the logarithmic derivative of the
price function. Since the angular velocity and the price are both nonnegative, the non-
zero singular arc (19) can only exist if the electricity prices are increasing C > 0. The
corresponding applied torque is given by

Tx(t) =0 or ;@)=

ﬁ (3cocm —2¢07?). (20)
We note that bang-bang control, while not necessarily always optimal, may be the
easiest operation strategy to implement. In contrast, the singular arcs may require
more accurate price forecasts as well as more precise control. An extension of this
work could involve stochastic control, whereby uncertainty in the future electricity
price is accounted for in the optimisation [22, 23].
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As an alternative to the above Euler—Lagrange approach, we may also calculate
optimal solutions numerically. These solutions are determined by discretising (10) in
time, and then solving for the discrete values of angular velocity and applied torque
that satisfy (9)—(12), and which maximise the revenue (8). The code is run with the
JuMP package of the Julia programming language [24] using the Ipopt solver [25],
which is an implementation of the interior-point method. All simulations were run with
a relative convergence tolerance of 10~% and a maximum of 2000 iterations, which
was sufficient to ensure convergence of both the objective function and dynamics.
Convergence was verified by repeating selected simulations with progressively refined
time discretisations, confirming that the optimal revenue and switching behaviour were
insensitive to further refinement. For reproducibility, the key model parameters, solver
settings, and a fully annotated example implementation (including code version and
package dependencies) are publicly available in the accompanying repository (see
Sect. 5 for availability statement).

Next, each of the above price functions are investigated using numerical optimisa-
tion and verified using analytical results where possible.

2.3 Step-change price fluctuations

For a step-change price function (14), there will be no non-zero singular arcs (19)
since these relate to derivatives of the price function. Hence, the stationary singular
arc is the only possible singular behaviour in this case. There are only 2 dimensionless
parameters that define the problem, which are Cy € [0, 1] and T > 0. A variety
of optimal solutions acquired via numerical optimisation are displayed in Fig. 3b—
e, for different values of Cyp and T'. There are two types of control: Bang-Bang BB
(where the control is only ever at its limits) and Bang-Singular BS (where there are
stationary intervals). Two BB solutions are shown in Fig. 3c, e, for different values
of Cp and T, and two BS solutions are shown in Fig. 3b, d. The solution behaviour
involves discharging (when electricity is expensive) before charging (when electricity
is cheap), with a possible stationary period in between. A curve in Fig. 3a delineates
between the cases of BB and BS, which is derived analytically below.

Motivated by our numerical solution, we next follow an analytical approach where
we posit the behaviour of the optimal control as follows:

-1, 0<1t <1,
T4t)=13 0, H <t <hb, 20
1, h<t<T,

where #1 and 1, are the switching times for discharging, being stationary (if relevant),
and charging. The corresponding analytical solution to (10) for the angular velocity is

tan (arctan (wg) — 1), 0<t <1,
w(t) = 0, H<t<t, (22)
tan h(t — T + arctanh(wy)), tr <t < T,
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Fig.3 Optimal control strategies for a step-change price. Colours in a indicate Bang-Bang (BB) and Bang-
Singular (BS) control. Different example strategies are displayed in b—e for different values of Cp and 7'.
(Color figure online)

where wy = w(0) is the maximum angular velocity at the initial time.'
In order for there to be some stationary period, we require that #; < 7. Since, in
this scenario, the angular velocity is zero at both #; and #,, we can determine that

t; = arctan (wg), t» = T — arctanh(wy), (23)
and hence there will be some stationary period if
T > arctan (wg) + arctanh(wy). (24)

For situations which satisfy (24) the device ought to be stationary for some interval
according to (22). In this case, the revenue earned over one period can be determined
as

t T
R = / l C(t)tan (t; — t)dt — / C(t)tan h(t — tp)dt, (25)
0 19}

! Note, it is possible to include an additional parameter 7y for the phase difference between 1 = 0 and
the maximum value of w. However, it is straightforward to show that the optimum 7 is 0, such that the
maximum value of w occurs at ¢ = 0.

@ Springer



9 Page100f28 R.Ward et al.

where w is chosen to maximise the revenue. For the case where the price drop happens
during the stationary period #; < 7 /2 < t; (such that C = 1 and C = Cj in the first
and second integrals above), we get

ﬂ _ @ Cowo 26)
dwp 1+ a)% 1-— a)(z) '
Here, R is minimised at wy = 0 and maximised at
1-C
wp = 0 Q27
1+ Co

We can also see that for Cy € (0, 1), we have wgy € (0, 1). The total revenue given by
this maximum is

1+ Co 2 Co
R— 1 S0 10g Co. 28
2 Og<1+co>Jr y 08%0 (28)

This is a monotone decreasing function of Cy, with R = 0 when Cyp = 1 (no price
change) and R = %log(Z) when Cp = 0 (maximum price change). The optimum
value (27) can be inserted into (24) to give the following condition required for a
stationary singular arc to exist

1—-C 1—C
T > arctan 0 + arctanh o). 29)
1+ Co 1+ Co

This curve is plotted in Fig. 3a, showing the division between BB and BS solutions.
If, instead (29) is not satisfied, then the device will never become stationary in the
time period [0, 7'] and we have the angular velocity given by

tan (arctan (wg) — t), 0<t<ty,

tan h(t — T + arctanh(wg)), t; <t < T, (30)

w(t) = {

where #; is the time when operation switches from discharging to charging. If we
denote w(t;) = wy and use the fact that the angular velocity must be continuous at 7,
then we have two equations relating the angular velocity to the time at the switching
point,

wy = tan (arctan (wg) — ty), 3D
wy = tan h(ty — T + arctani(wy)), (32)
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which can be solved simultaneously for #; and wy, given wy and T. In this case, the
revenue is given by

ts
R = / C(¢) tan (arctan (wg) — t) dt
. (33)
— / C(t)tanh(t — T + arctanh(wo)) dz.
1y

As before, finding the optimum value of w( requires setting dR/dwy = 0. However,
since #; and w; are related implicitly through (31) and (32), we cannot determine
an analytical expression for the optimum @y in this case. Nevertheless, the form of
the solution has been determined and can be validated against numerically optimised
solutions.

We compare numerical and analytical solutions in Fig. 3b—e, for different values of
Cop and T. Close comparison is observed except for some numerical oscillations near
the discontinuous price switch that are hard to eliminate>. We also show the optimal
revenue as a contour plot of Cp and 7T in Fig. 5a. We see that more revenue is achieved
for long periods and large price jumps, which makes sense intuitively.

It is interesting to note that for very small periods 7 <« 1, the angular velocity
remains almost constant such that w &~ wy, for all time, as shown in Fig. 3e (where
Cop = 0.8 and T = 0.2). Therefore, what appears to be a singular arc is in fact the
result of very rapid bang-bang control maintaining a constant @ value. Asymptotic
analysis of (31)—(33) in this limit reveals that to leading order, the switching time and
revenue are

ty =~

(1 - wd), (34)

R~ —Twy(l — Co —2w}). 35)

[\S]

Hence, the non-zero value of wp that maximises revenue (dR/dwy = 0) is

1—-0Co
~ . 36
Y z (36)

The above approximation shows good agreement with numerically optimised solutions
for small T values. For example, Fig. 3e shows angular velocities in the range w €
[0.13, 0.23], compared to wp = 0.183 as calculated using (36) with Cyp = 0.8 and
T = 0.2 (note, the approximation gets better as T gets smaller). It is also worth noting
that the mean torque in this approximation is given by

Al A LT CO
TA ~ Wy ~ 6 s

(37)

2 We have tried increasing the number of grid points as well as forward, backward and central finite
difference schemes, but the oscillations near the price jump persisted in all cases. Since BB and BS are the
only possibilities for this case, the oscillations must be a numerical artefact and should therefore be ignored.
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which can be seen by integrating (10) over one period. By substituting (36) into (35)
we can write the optimised revenue as

1
~ gTwo(l —Co) =0, (38)
and hence a positive revenue can always be made for small periods 7" < 1.

2.4 Sinusoidal price fluctuations

In the case where the price varies sinusoidally (15), non-zero singular arcs (19) are
permitted whenever C > 0 (i.e.for 7 /2 < ¢ < T). As with the above example, here the
only dimensionless parameters in the problem are Cp and 7. Numerically optimised
solutions are plotted in Fig. 4b—e, for different values of Cy, T. Unlike the previous
case, here there is a new possible type of solution in which the optimal control is purely
Singular (S) (including both stationary and non-stationary singular arcs). Also, unlike
the previous case, the lines delineating regions of solution space (BB/BS/S) are not
available analytically, so are approximated using the numerical solutions instead. For
small Cy, T, bang-bang control is optimal since singular values of rj (20) lie beyond
the constraints due to large derivatives in price. For large Co, T, price derivatives and
consequently non-zero singular arc values 7 (20) are small enough to be permissible.
It is also worth noting that the numerical oscillations observed in the previous case
are no longer present here due to the lack of discontinuous price jumps.

The optimal revenue generated for different values of Cp and T is shown as a
contour plot in Fig. 5b. Unlike the step-change price, here we see that for a given
value of Cy there is an optimum value of T that is finite (dashed black line). It is also
interesting to note that the overall revenue generated is less for the sinusoidal price
than the step-change price, indicating that sharper changes in price are more profitable.

Further analytical progress is possible in the limit of small price fluctuations Cy =~ 1.
To study this, we let Co = 1 — €, where € < 1 is a small parameter. Then, the optimal
solution is approximated as

0: 0<t<T/2,

w(t) ~ {—% sin (%)6 T/2<t<T, 7
N 0: 0<t<T/2, 40
TA(l) =~ _%cos(%)etT/2<f<T’ 0

where we enforce that the angular velocity must be zero when C(r) < 0. Analytical
approximations for w and t4 (39) and (40) are compared with numerically optimised
solutions in Fig. 4d, for which T = 1.5and Cyp = 0.9 (or correspondingly, fore = 0.1).
Overall, broad agreement is observed but the numerically optimised solution is overly
smoothed at the discontinuous jumps in t4.

The other limit of interest is when the period is very short 7 < 1, as shown in
Fig. 4e (for which Cp = 0.3 and 7 = 0.2). In this case, the angular velocity remains
almost constant such that w =~ wq, similarly to the case of the step-change price.
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Fig. 4 Optimal control strategies for a sinusoidal price. Colours in a indicate Bang-Bang (BB), Bang-
Singular (BS) and Singular (S) control. Different example strategies are displayed in b—e for different
values of C( and 7. Analytical/approximate solutions are only displayed where available. (Color figure

online)
0.3 5 0.1
(b)

4 0.08
0.2

3 0.06

K N &

2 0.04
0.1

1 0.02
0 0 0

0 0.5 1

(a)

0 0.5 1 .
Co CO

Fig.5 Revenue in the case of a step-change price and b sinusoidal price. A dashed black line in b indicates
the maximum revenue for a given cost ratio C), and therefore the optimum period of operation T’

We could proceed with asymptotic analysis to find an approximate value of wq, as
we did before. Instead, we demonstrate a more practical method based on the statistics
of the price function. In particular, by looking more closely at the switching dynamics,
we notice that switching occurs every time the price increases above a critical value,
which we denote C.. This is illustrated in Fig. 6a for a very small period 7" = 0.01.
We have highlighted the price at the switching moments and observe that they all
occur at a critical cost of C. = 0.71. This critical cost can be interpreted as the price
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Fig. 6 a Optimal control strategy for a sinusoidal price with Cp = 0.3 and a very small period 7 = 0.01,
showing that switching occurs at a critical cost of C. = 0.71. b—d Relative amount of time « and price 8
above the critical cost C, (44) and (45), showing where revenue (46) is maximised with a marker, for each
of the three different price functions: b Step-change, ¢ Sinusoidal, d German data. Revenue is set to R = 0
for @ < 1/2 to maintain real values

below which it is worth charging the device and above which it is not. Similar such
problems (where bang-bang control switches around a critical cost) frequently arise
in economics and other problems involving the optimisation of finite resources [21,
26].

Following from this observation, we posit that the optimal control for small periods
can be approximated as

all) = 1: C@) > Cg, @1
1: C@) <C..
It is possible to prove (following the approach of [27]) that the optimal control is in
fact bang-bang around a critical cost, but we do not go into the details here. Instead,
we move forward with the above ansatz and we note by inserting (41) into the formula
for the revenue (8), we can write

R:wO/ C(t)dt—a)o/ C(t)dt, 42)
Vil I

where Iy = {r: C(t) > C;}and I, = {t : C(t) < C.} are the time intervals above
and below the critical cost. Likewise, the near-constant angular velocity is decomposed

as
1 [T 1 172
~ (= 1) dr =——[- dt dr . 43
oo~ (7 [ mow) =g (- f o) @

From the above, we see that we must have 74 > 0, which implies that /1 < T /2. In
other words, no more than half the total time must be spent above the critical cost. The
relative amount of time and price above the critical cost are defined, respectively, as

1/2
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1 1
C))=— dr < —, 44
a(Ce) T/zl =5 (44)

1
B(Ce) = e /11 C(r)dr, (45)

where C is the average electricity price over the period of operation. As such, the
revenue (42) is written more simply as

R(C)=TC (1 -2a(C)'*2B(C)—1). (46)

We note that both « and B are monotone decreasing functions of C,, with «(Cp) =
B(Co) = 1 and (1) = B(1) = 0. Furthermore, we require that « > 1/2 to ensure
that revenue (40) is a real-valued number. Hence, if we define C,q as the price at which
a(Ceo) = 1/2, then we require that C, > C,o. The optimum value of C, is therefore
given by

IR
Cr= {CC € [Ceo, 1] : (€)= 0} : (47)

a0C

The functions «(C.) and B(C.) (44) and (45) are well defined for any price function,
allowing us to calculate the critical value of cost C. at which switching occurs using
(47). In general, this must be found numerically. For example, using the data from
Fig. 4e (Cyp = 0.3, T = 0.2), we find C, = 0.710 using (46) and (47), whereas the
numerical solution switches at around C, &~ 0.711 (and these values get closer as
T — 0).

The numerically calculated functions «(C.), B(C.) and the revenue (46) are plotted
for each of the different price functions in Fig. 6b—d for illustration. In each plot,
the optimum value of the critical cost C. occurs where the revenue is maximised,
indicated with a marker. This constitutes a remarkably simple and operable solution
for the optimal control since it only relies on manipulation of the price data C(¢) and
does not require any heavy duty optimisation solver. The method can be applied to
any price function C(¢) as long as the dimensionless period is small 7 < 1.

2.5 German electricity price data

Next we study the average German electricity price over the course of a week (2015-
2021), which is the available data range that is freely available from [20]. In this case,
the only free parameter is the period of operation 7', since the value of Cy = 0.26 is
fixed.

Example optimal control strategies for short and long periods are shown in Fig.
7b, c. Meanwhile, the total revenue generated and the mean torque are plotted in Fig.
7a. As before, we see that for very short periods, a near-constant angular velocity is
maintained, whereas for longer periods, w fluctuates more strongly as the flywheel
is accelerated before peaks in electricity price. All the results displayed here exhibit
Bang-Bang (BB) behaviour only. For very long periods 7 >> 1, Bang-Singular (BS)
and purely Singular (S) behaviour is observed, but we do not display these results

@ Springer



9 Page160f28 R.Ward et al.

AN AN ASIASN !

Mon Tue Wed Thu Fri Sat Sun

N NN NN N
N N

[2

70

<

LN

Mon Tue Wed Thu Fri Sat Sun

—C(t) ——uw(t) TaA(t) Analytical‘

Fig. 7 Optimal control strategies for different values of 7' for the average German electricity price over
the course of a week (2015-2021). Mean torque (left axis) and revenue (right axis) are plotted in a while
example solutions are shown in b, ¢. Analytical approximations for small 7" are shown as dashed lines

here since they are not relevant for realistic parameter values (see later discussion in
Sect. 4).

For very small periods T <« 1 (which are more realistic), the near-constant angular
velocity (e.g. see Fig. 7b) is @ ~ 0.25, resulting in a mean torque of 74 =~ 0.063.
The critical cost C, at which switching occurs is found by calculating « and 8 for
this price function and finding the maximiser of revenue (46) and (47). This occurs
at C. ~ 0.665 (see Fig. 6¢), whereas the numerically optimised solution switches at
C. ~ 0.666. This simple solution tells the flywheel operator to accelerate the device
every time the price drops below 66% of the maximum price of the week, a protocol
which is at the same time practical and optimal.

3 Operation with sails

In this section, we re-introduce the torque tg due to wind-driven sails attached to the
upper surface of the flywheel. To begin with, we consider constant wind velocity and
then extend the problem to account for variable wind. Throughout this section, we
consider the sail torque tg as a modelled input, while we consider the applied torque
74 as the control to be optimised.

We require a model for the torque 75 generated by multiple sails mounted on the
rotating structure in a crosswind. For a constant ambient windspeed, the aerodynamic
torque at zero angular velocity is finite and positive; we denote this value by . As
the rotational speed increases, the relative wind experienced by the sails decreases,
and there exists a critical angular velocity w¢ri¢ at which the net aerodynamic torque
vanishes. This critical angular velocity corresponds to when the torque from each sail
(due to lift and drag forces from the relative wind velocity) averages to a zero over
an entire rotation. For angular velocities w < wcri; the wind exerts a net accelerating
torque, while for @ > ¢, the aerodynamic contribution becomes decelerating.
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To capture these leading-order physical effects in a simple and analytically tractable
manner, we assume that the sail-generated torque varies linearly with angular velocity
according to

r5(w () = Ty - (1 — “’(t)) . (48)

Werit
This expression enforces the physically motivated limits 75(0) = Ty and t5(wcrit) = 0
and may be interpreted as a leading-order approximation to more detailed aerodynamic
torque laws that depend on the relative wind speed. Both parameters, Ty and wi; (see
Appendix A for definitions), are treated as constants in the present analysis, which is
equivalent to assuming a steady windspeed V.

Extensions to variable windspeed Vy,(t), together with practical estimates of Tty
and wcri¢ under realistic offshore conditions, are described in Sects. 3.1 and 4. A more
detailed examination of sail-generated torque for rotating structures in a crosswind
is provided by [28], where the linear relationship (48) is shown to provide a good
approximation under constant wind conditions. We verified that replacing the linear
law (48) with a higher-order quadratic formulation does not qualitatively alter the
optimal control structure of this study, nor the emergence of critical price switching.
It is also noteworthy that an analogous linear dependence between torque and angular
velocity appears in models of sprint cycling at fixed gear ratios [29, 30], where the
cyclist’s pedal plays a role analogous to a rotating sail.

Under the scalings (7), the dimensionless governing equation (including the sail
torque) becomes

dw 2
F = 14(1) + Two — aw(t) — w (1), (49)
where Two = Tw/Tmax and a is a dimensionless parameter defined by

w

=— (50)
(IpTmax) 12 Werit

Specifically, the dimensionless sail torque 7 is given by the two new terms Ty o—aw ()
in (49). As discussed later in Sect. 4, both Ty and a are estimated as order O(1) for
realistic scenarios.

The Hamiltonian (see (17)) for the equivalent optimal control problem with sails
is still linear in the control T4, as before. Hence, there may be intervals where t4 is
constant (such as bang-bang or bang-singular control). In the case where the applied
torque is a constant T4 = T4, this has a steady-state angular velocity of

N2,
= — - =, 51
w <TAO+TWO+ 4> 5 (51)

which is nonnegative if 749 + Two > O (i.e. if the total torque is positive when the
device is stationary). In the case where t4 () is not a constant, it can be substituted to
rewrite the revenue as a functional of angular velocity, such that

T
Rlo®)] = / —C(1) <w(z)i—i) — Twow (1) + aw(t)? + a)(t)3> dr. (52)
0
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Fig. 8 Optimal control strategies in the presence of a constant windspeed in the case of a—c step-change
price and d—f sinusoidal price. Parameter values are Cp = 0.8, 7 = 0.5,a = 2.0, tyg = [0.2, 1, 5] xa2/3
(from top to bottom). Dimensional parameter values are given in Appendix A, e.g. windspeed is taken as
10m/s. Note, in ¢, f, the angular velocity is constant (56) (w &~ 1.58) but is not plotted since it lies above
the upper axis limit

In this case, the Euler—Lagrange equation yields non-zero singular arcs of the form

€ —2aC +/(2aC — C)2 + 121y C?

w* (1) 5C ,

(53)

as well as stationary singular arcs w* = 0. Due to the sails, it is now possible to
generate revenue even when the electricity price is constant C = 1. For this case, (53)
yields the constant-value singular arc

a ™wo
a)*:§(/1+3ai2—1>, (54)

which has corresponding negative applied torque

2
rj=%</1+3%—1—6$)50, (55)

indicating that revenue can be made even when the price is constant, in which case
the flywheel acts like a regular wind turbine.

Numerical and analytical results are plotted in Fig. 8 in the case of a step-change
and sinusoidal price curve. Results are plotted for different values of Ty and a to
illustrate when drag from wind and water are imbalanced. Both singular and bang-
bang behaviours are observed depending on the parameter values. For example, in
Fig. 8a, b, the applied torque oscillates between its bounds and the constant singular
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value (55). In Fig. 8d, e, the applied torque is either zero or at its varying singular arc
value (an analytical expression for this is found by inserting (53) into (49) but we do
not include it here because it is long and complicated).

One interesting result occurs for Tyq > a? (i.e. wind drag much larger than water
drag), where the applied torque simply remains at its maximum negative value 74 =
—1 for all time, as shown in Fig. 8c, f. This is because the value of t/j resulting from
(53) lies outside the permitted bounds, such that 7} < —1. In this case, the system
rotates at the steady state given by

) 1/2
wo=—=+ (two+ = — 1 (56)
0 2 7 40] 4 >

and a revenue R = T Cuwy is generated purely by extracting energy from the wind,
much like a regular wind turbine.

Another limit of interest is when the period is very short 7 < 1, as studied before.
In this case, the angular velocity remains almost constant such that w =~ wq, where

a (12 1/2
wy = 3 + (Z + two + fA) . 57

We note that is now possible for the mean torque to be negative (unlike without sails),
so long as 74 > —a? /4 — two. We write the revenue (42) in terms of the functions
a, B (44) and (45) using the fact that 74 = 1 — 2a(C,), such that

0 Ta 1/2
R=TC- (—5 + |:Z +Two+1— 204(Cc):| ) 2B(Ce)—1.  (58)

The optimum value of C, is therefore given by (47) where the minimum permitted
value is defined by where a(C.o) = 1/2(1 + a?/4 + two). Hence, the presence of
wind typically increases the critical cost above which the device should be charged,
and results in more overall revenue. For example, in the case of the German electricity
data, we find C, = 0.666 without wind and C, = 0.569 with wind using parameter
values a = 2, two = 1 (see discussion in Sect. 4).

3.1 Variable windspeed

In this next section, we will consider a wind-driven torque from the sails tg resulting
from a non-constant windspeed V,, (¢). To adapt our model, we use (48) in combination
with the fact that the dimensional values for Ty and wcsi; are proportional to the
windspeed according to Ty Vj and w¢riy x Vi, (see (A12) and (A13) in Appendix
A).Hence, by non-dimensionalising according to the scalings (7) (where the maximum
windspeed over the period of operation Vi,x replaces the constant scaling for Vi), we
arrive at the dimensionless governing equation
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Fig. 9 Optimal control based on Germany’s electricity price data (2015-2021). Dimensionless period is
T = 0.12 in the case of a zero windspeed, a = 0, Ty = 0, b constant windspeed, a = 2, tyyg = 1, and ¢
variable windspeed (61) with Vj = 0.5

do 5 5
i TA(0) + Two Ve ()™ — aVy(Dw(t) — o). (59

Hence, following the same steps as before, the singular angular velocity can be deter-
mined as

€ = 2aCVy +,/2aCV, — €2 + 1200 C?V3
6C ‘

(1) = (60)

A simple demonstration of the effect of variable windspeed will be explored in the
next section. For this, we use a periodic wind profile (for the sake of simplicity), which
has its maximum in the afternoon at 2 pm and minimum at 2 am, such that

IEAOINGERON
w — 2 2

2% 10 61
0s [ﬂ( hour + )] s ( )

where fhoyr 1S the time given in hours and Vj is the ratio of minimum to maximum
windspeed.
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4 Application to realistic scenarios

In this section, we discuss realistic parameter values for application scenarios. The
parameters I and Ip are discussed in Appendix A. These measure the moment of
inertia and the effective moment of inertia due to drag. Using parameter values in
Table 1 for a 900 m radius flywheel, these are estimated as

I ~5.9x 10" kg m?, (62)
Ip ~ 2.6 x 10" kg m?. (63)

In the Appendix, we also estimate the stationary torque 7y due to wind at a constant
speed of 10m/s, such that

Tw ~ 5.24 x 10%kgm?s 2. (64)

For simplicity, we choose our torque constraint as tmax = Tw, such that Ty = 1.
In other words, we assume that the maximum applied torque (due to engineering
constraints) is the same as the maximum sail-driven torque available from a windspeed
of 10m/s. The dimensionless parameter a (A15) is estimated from the above values as
a = 2.0. The dimensionless period of the oscillations is given by (13). Hence, taking
Ty = 1 week and using the above values, we find T = 0.12.

We apply the above parameter values to the optimal control problem corresponding
to the German electricity price data taken from [20]. Results are plotted in Fig. 9a—c,
in the case without wind, with constant windspeed and with variable windspeed (using
(61) as our model for fluctuating windspeed with Vy = 0.5). In all cases, the optimal
angular velocity is nearly constant due to the small value of the dimensionless period
T = 0.12, as discussed earlier. By taking the average of (59) over one period, we can
approximate the near-constant value of the angular velocity as

1 _ _ -
w3 (—an + \/aZVu% +474 + 4IWOVU%> , (65)

where 74, V,, are the mean values of the applied torque and windspeed. The mean wind-
speed and applied torque are Vw =1[0,1,0.75]and 74 = [0.0620, —0.4103, —0.2165]
for the case without wind, with constant wind and with variable wind, respectively
(note the negative mean values to exploit wind when present). This results in near-
constant angular velocities (65) of @ = [0.2489, 0.2608, 0.2192], respectively. The
approximation (65) is plotted as a dashed line in Fig. 9a—c, showing very close agree-
ment with the numerics.

The critical cost C. at which switching occurs can be found a priori by calculating
a(C,) and B(C,) (44) and (45) for this price function and finding the stationary point
of (58). In the case of variable wind, the first bracketed term in (58) (representing the
constant angular velocity) must be replaced with (65) to do this. Hence, the optimum
switching price occurs at C. ~ [0.666, 0.569, 0.614] for the case without wind, with
constant wind and with variable wind, respectively (showing very close comparison
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Fig. 10 Uncertainty analysis, using Germany’s electricity price data (2015-2021) with variable wind (61)
with parameters a 7 = 0.049,a = 2.656, tyg = 0.5, b T = 0.118,a = 2.029, ryg = 1.0 and ¢
T = 0.181,a = 1.704, tyyg = 1.5. For each case, a range of price/wind profiles is given in the range
Cp =0.26 =50% and Vy = 0.5 £ 50%

with numerically optimised solutions that switch at C. =~ [0.661, 0.572, 0.611]). We
also note that these predicted values of C, can be inserted into the formula for mean
torque 74 = 1 — 2a(C,), giving T4 = [0.0636, —0.4244, —0.2148], which are very
close to the values quoted in the paragraph above. This indicates that our a priori
prediction of the switching cost (based purely on the price data) is a robust method for
predicting the optimal control behaviour—that is, without performing any numerical
optimisation at all.

4.1 Uncertainty analysis

The dimensionless period 7', which is defined in (13), plays a key role on the optimal
control behaviour, and yet it depends on a number of parameters which are uncertain.
In particular, the parameters 7, Ip and tmax may vary significantly depending on the
design of the flywheel system. In the following section, we explore how uncertainty
in parameter values affects the optimal control behaviour (Fig. 10).

For the parameter 7,5, we estimate that engineering constraints may allow for
+50% deviations from the maximum sail-driven torque Ty, i.e. Tmax = 1 £ 0.5. To
explore the uncertainty of the parameters I, Ip, we consider the range of parameter
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values listed in Table 1 (see Appendix A for more details). This results in a range of
values

I ~[2.16 — 12.82] x 10'6 kg m?, (66)
Ip ~ [1.06 — 5.01] x 10" kg m>. (67)

Hence, the dimensionless period is estimated in the range 7 = 0.049 —0.181, with the
shortest period T = 0.049 corresponding to Tmax = 0.5 and an associated value of the
dimensionless wind parameter a = 2.656. Meanwhile the longest period 7 = 0.181
corresponds with T, = 1.5 and a = 1.704.

Meanwhile, the cost and wind profiles C(¢) and V (¢) may be subject to uncertainty.
A simple way to explore this is by varying the minimum dimensionless values, Cy and
Vo. To do so, we explore a =50% variation of each of these parameters, i.e. we assume
Co =0.26£0.13 and Vy = 0.5 F0.25. We have assumed that these uncertainties are
inversely correlated for simplicity, i.e. a higher Cy is paired with a lower Vj to reflect
the possible influence of an excess wind energy supply on the electricity market.

To demonstrate the results of our uncertainty analysis, we revisit Fig. 9c (i.e. German
electricity data with variable windspeed) using the above ranges of possible parameter
values. For all cases the period is relatively short, such that the optimal control is
bang-bang around a critical price (as seen before), resulting in near-constant angular
velocity throughout the week. Hence, despite the uncertainty in parameter values, the
optimal methodology remains the same, i.e. switching about a critical price threshold
is optimal.

In the case of lower, middle and upper range values of the period 7T =
[0.049, 0.118, 0.181], the near-constant optimal angular velocities are wg =~ [0.406,
0.522, 0.621]. Uncertainty due to wind and price conditions results in a range of
velocities, as shown by the shaded regions in the figure (corresponding to +20-30%
compared with original cost and wind conditions Cy = 0.26, Vy = 0.5). Correspond-
ing values of the critical price are C. ~ [0.588, 0.553, 0.518] (for lower, middle and
upper range values of the period), with 10-40% uncertainty due to the range of cost
and wind conditions.

Our results demonstrate possible flywheel behaviours for a realistic range of values
for each of the design parameters, as well as for a range of cost and wind profiles. For
all realistic cases, bang-bang switching about a critical price is optimal, reflecting that
our proposed control policy is highly robust in addition to being easy to implement.

5 Discussion

This study has explored how large floating flywheels could be operated as grid-scale
energy storage devices in fluctuating electricity markets. By formulating and analysing
an optimal control problem, we have identified both the range of possible control
behaviours and the practical regimes that emerge under realistic parameter values.

A key result is that in realistic scenarios, the device operates in a simple regime
where its angular velocity remains nearly constant, and the control policy reduces to
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switching between charging and discharging when the market price crosses a critical
threshold. This is a strikingly practical outcome: it implies that complex forecasting
and numerical optimisation are unnecessary. Instead, operation can be guided by a
robust and easily implemented rule based solely on electricity price data.

The analysis also highlights the influence of hydrodynamic drag and the potential
benefits of wind-driven sails. While drag losses are unavoidable, the addition of sails
can offset these losses and even generate revenue when electricity prices are constant,
effectively combining the functionality of a flywheel with aspects of a wind turbine.
This suggests a pathway to improving the economic viability of floating flywheels,
particularly in offshore environments where wind is available.

In terms of system-level implications, floating flywheels may offer several advan-
tages relative to other storage technologies. Their large physical scale allows for GWh
storage capacities, comparable to pumped hydropower but without the need for large
mountains. Their offshore position also facilitates co-location with wind farms, reduc-
ing transmission constraints and enabling local balancing of supply and demand.

There are several limitations of our model and avenues for future work. Our model
used simplified representations of hydrodynamic drag and wind torque; more detailed
hydrodynamic and structural models will be required to predict precise performance.
In a future study, it would be interesting to model the possible formation of a gyre
at the centre of the flywheel, since this would reduce the drag at the inner walls and
offer significant gains to the system (particularly since operation at constant angular
velocity is typically optimal). Further, while this study assumed perfect knowledge of
electricity prices, future work should incorporate uncertainty and stochastic control
methods to account for the inherent unpredictability of markets [22, 23]. Coupling
windspeed data with price forecasts may be particularly valuable in economies with
high renewable dependance.

Overall, this work demonstrates that floating flywheels have the potential to con-
tribute to future green energy systems by providing large-scale storage with simple
and implementable control policies. The framework developed here provides both
a theoretical foundation and a practical operational strategy, supporting the further
development and potential deployment of this emerging technology.

Appendix A Approximate parameter scalings
Using the scaling for a cylindrical annulus, the moment of inertia is taken as
I~ MR?, (A1)
where M is the total mass of the system, which is approximated as
M ~ mp.HR?, (A2)
in terms of p., the density of the concrete that makes up the structure, Ry, the mean

radius, and H, the total height. Inputting parameter values from Table 1 for a 900 m
radius flywheel, we find
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[ ~59x10'% kg m’. (A3)

The parameter Ip requires a model for drag from the water. For the drag force
between the wetted surface and the water, we use a quadratic inertial scaling (which
is suitable for high Reynolds number flows)

Fp ~ pucaAuv?, (A4)
where p,, is the density of water, A,, ~ 2w Ry H is the wetted surface area, ¢y is an
empirical drag coefficient, and v ~ @R is the relative velocity between the fluid and
the solid surface. As such, the drag-induced torque scales like

2 p3
D ~ PwCdTw R H. (AS)
Hence, the drag moment of inertia coefficient Ip = tp/ ? scales like

Ip ~ pucam RIH, (A6)

where p,, is the density of water, and the drag coefficient ¢, is approximated by the
turbulent scaling [31]

0.075 (A7)
Cg=—".
a log;gRe —2
The Reynolds number Re is estimated as
R2
Re = s (A8)
%

where v = 107® m?/s is the kinematic viscosity of water and w, is a representative
value of the dimensional angular velocity, which we take as w, = 0.012 rad/s (i.e. 1
rotation every 8.5min). Hence, this gives us a Reynolds number of Re = 10'? and a
corresponding drag coefficient of c; = 0.009375. Hence, inputting parameter values
from Table 1, we find

Ip ~ 2.6 x 10" kg m?. (A9)

We can also estimate the stored kinetic energy of the flywheel as
1.5
E ~ EI wr, (A10)

resulting in an approximate stored energy of
E ~ 1.05GWh. (A11)

Finally, we need to approximate the torque due to the wind. The dimensional torque
due to the wind (at zero angular velocity) scales like

W ~ pacwNARV2, (A12)
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Table 1 Dimensional parameter

values, motivated by discussions Parameter (units) Value Uncertainty
with VerdErg Renewable Energy Ry (m) 900 4100
(see [15]) )

H (m) 12 +5

pa (kgm™3) 1.293

pe (kgm™3) 2400

ow (kg m_3) 1000

A (m?) 1000 +500

Vi (m s~ h 10 +10

v (mz/s) 10-°

where p, is the density of air, N is the number of sails, ¢,, is an empirical dimensionless
coefficient, A is the cross-sectional area of the sails, and V,, is the windspeed. The
study of [28] suggests that c¢,, & 3/8 is a good approximations when N is large. For
the purpose of this analysis, we shall take N = 12. In the same study [28], the critical
angular velocity is calculated as

(A13)

Werit ~

Ry
Hence, the corresponding dimensionless wind parameters Ty and a are given by

o = -, (A14)

Tmax
Tw Ry

a= ———"—=—F~+-.
2V ("r'maxID)l/2

(A15)

As such, by inserting into (A12), the dimensional torque from the wind scales like
w ~ 5.24 x 108kgm?s 72, (A16)
while the dimensional critical angular velocity scales like
Werit ~ 0.022rad/s. (A17)

For the sake of simplicity, we choose our torque constraint as Tmax = Tw, such that
two = 1. The dimensionless parameter a (A15) is estimated from the above values as
a=2.0.
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