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Abstract

The analysis of topology in biological networks has been shown to reveal important biological
information. Here, a novel tool for the analysis of network topology is proposed. We define the
walk matriz as the matrix whose elements contain the number of closed walks which can be taken
from different nodes in the network.

This matrix is shown to carry important topological information, above and beyond the
information carried by the degree sequence.

We find that, for a general node, it is difficult to obtain information from the walk matrix
which improves our ability to predict gene expression correlation, beyond simple predictions
based on the existence or absence of a connection. However, in the case of network hubs, we
show that the walk matrix can be used to predict correlation between the expression of a hub

and its neighbours in the PPI network.
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1 Introduction

Over the past decade, network biology has become an invaluable avenue of biological investigation
[1]. The previous century was dominated by reductionist approaches, where individual biomolecules
were investigated in minute detail, in isolation or as components of small systems [2]. It has become
clear, however, that few biological processes can be entirely explained from a reductionist viewpoint
due to the sheer complexity of biological organisms [3]. Network approaches address this problem
by taking a systems level perspective.

A typical biological network represents biomolecules as nodes which may be connected to other
nodes by edges, representing some form of pair-wise interaction or other relationship. Much bio-
logical detail is therefore removed, creating a simplified representation which allows for study on a
broader scale. Crucially, biological networks are data driven models. They have been made possible
by the emergence of high-throughput experimental techniques which obtain the data required to
draw networks containing tens of thousands of nodes and edges. This use of data makes network
approaches compare favourably with previous attempts to address complexity, such as chaos theory,
whose models built from differential equations incorporated little data.

Here, a novel tool for the analysis of biological networks is introduced and explored. For any
node in a network, a closed walk of length x is a sequence of x steps between connected nodes which
starts and ends on the same node. Let w,(i) be the total number of possible closed walks of length
x from node i. Now form the matrix W with elements W;; = w;1(j). The matrix W is called the
walk matriz of the network and it is this matrix which is explored here.

The study of this matrix falls into two categories. The first is the mathematical characterisation
of the matrix. An important question is precisely what information is contained in the walk matrix.
Section 2 addresses this class of question. Firstly, relevant results from graph theory, the field of
mathematics which underpins network theory, are reviewed. Then, in Section 2.2, results found here
which fall into this category are summarised. This includes an informative decomposition of the
walk matrix rows and an exploration of some networks which are uniquely defined by the matrix.

The second category is concerned with how the walk matrix can be used in biological networks.
Section 3 addresses this topic. Firstly, a selection of results from network biology are reviewed. This
review focusses specifically on what has be learnt from the topology of biological networks, since the
walk matrix depends only on network topology. We then use data from a gene expression experiment
along with a protein-protein interaction network and explore how the matrix can be applied usefully
to this data. We find evidence that a closed walk based method can categorise network hubs into

party and date hubs more effectively than previous topology based methods.

2 Mathematical Analysis

In mathematical parlance, the set of nodes, V', and edges, F, as described in the introduction, form
a graph, G(V, E). The edge connecting nodes i and j is denoted ij and nodes ¢ and j are said to
be adjacent if ij € E. Graphs have been the subject of mathematical investigation since Leonhard
Euler’s 1736 paper on the seven bridges of Konigsberg (see Figure 1) [4].

A representation of graphs which is frequently utilised in graph theory is the adjacency matriz,



Figure 1: The seven bridges of Konigsberg problem is the problem of finding a path which crosses
each bridge in Konigsberg (pictured here) once and once only. It can be framed as a graph theory
problem where each separate land mass is represented by a node and each bridge is represented by
an edge. Leonhard Euler proved in 1735 that it was not possible.

A. This is the matrix such that A;; = 1 if nodes i and j are connected and A;; = 0 otherwise. The
adjacency matrix is of particular importance here since the walk matrix is simple to calculate via
the relation [5]

A basic property of any node is its degree, which is the number of other nodes which the node
connects to. The ordered list of the degrees of every node in a graph is called the degree sequence.
It should be clear that the degree of a node is precisely the quantity ws(i) defined above and the
degree sequence is then the first row of the walk matrix. The walk matrix, therefore, can be viewed
as a generalisation of degree sequences. This makes the study of degree sequences highly relevant to

this project and so the next section reviews some key results in this area.

2.1 Graphicality and unigraphs

An early study of degree sequences was from A. Cayley in 1874 [6]. Cayley was attempting to enu-
merate the distinct isomers of formula Cy, Hoy, 12 and therefore wanted to enumerate the graphs with
degree sequence (4%,1%2*%2) (where the index indicates the number of repetitions of that number).
Although he did not quite succeed, this was the first serious application of graph theory to the
sciences. The problem was not solved until 1927 when J. H. Redfield published the first version of
the Polya enumeration theorem [7] which was later popularised by Polya [8].

Graphicality is a key topic of research in degree sequences. An ordered multiset of integers

wa = (wa(1),w2(2),...,wa(n)) is called graphic if a graph can be found with degree sequence wa.



An important question, therefore, is as follows. Given a list wa, how can one test whether or not it

is graphic? In 1960, Erdds and Gallai [9] proved a useful theorem addressing this question.

Theorem 2.1 A given degree sequence wo is graphic if and only if the sum of all degrees is even

and the sequence obeys the property

D we(i) <r(r—1)+ Y min (r,wy(i)) (2.2)
i=1 i=r+1

for each integer r < mn — 1.

Further, it was shown in 2003 that this sequence need only be checked for as many r as there are
distinct values of wo (i) [10].

Another useful characterisation of graphicality was found independently by both Havel in 1955
[11] and Hakimi in 1963 [12]. For any degree sequence wg, define the reduced degree sequence, Wa,
formed by deleting the node with largest degree and assuming it had been connected to the node

set with the highest possible combined degree. The sequence Wo then is

Wa 1 W(2) < T(3) < ... < Da(n), (2.3)

which is the non-increasing rearrangement of the sequence

(w2(2) = Lwa(3) = 1,... wa(wa(1) + 1) — 1, wa(wa(1) + 2), wa(wz(1) +3),...,wa(n)).  (2.4)
Havel and Hakimi then both proved the following theorem.
Theorem 2.2 The degree sequence wa is graphic if and only if W is.

This characterisation is convenient for use in recognition algorithms which iteratively reduce the
sequence to simpler sequences.

A final important result on graphicality, by Behzad [13], is that no sequence where each value of
degree occurs with multiplicity 1 can be graphical.

Another key problem regarding degree sequences is finding which graphs are defined exactly by
their degree sequences. To formulate this question properly, first define an isomorphism between

two graphs G and H as a bijection between the vertex sets of G and H

f:V(G)— V(H) (2.5)

such that any vertices i and j are adjacent in G if and only if f(i) and f(j) are adjacent in H.
Additionally, an automorphism is an isomorphism of GG onto itself. Clearly, if an isomorphism exists
between two graphs, they are topologically identical and cannot be distinguished by their degree
sequences. Returning to the question above, a graph is called a unigraph if and only if it is the only
realisation of its degree sequence, up to isomorphism. The task then is to characterise exactly which

degree sequences are unigraphic.



A complete description of the structure of unigraphs is given in the series of papers [14, 15, 16,
17, 18]. Among other things, the authors describe canonical decompositions of unigraphs, give a
characterisation of the automorphism group of unigraphs and find algorithms for the generation and

decomposition of the unigraphs. They also prove the inequality

(2.3)"2 < u, < (2.6)7, (2.6)

where u,, is the number of unigraphs with n vertices.
These papers, however, did not lead directly to an efficient unigraphic degree sequence recognition

algorithm. This was first achieved by Li, who proved the following theorem [19].

Theorem 2.3 The unigraphicality of a sequence of length n can be tested or reduced to the uni-
graphicality of a shorter sequence (or two sequences whose composite length is less than n). This

can be done in O(n) steps of additions and comparisons.

The reductions mentioned are all simple transformations of the sequence which lead to a recognition
algorithm which tests the unigraphicality of a sequence in O(n?) steps.

The earliest linear time unigraph recognition algorithm was by Kleitman [20] and made use
of Ferrer diagrams. A characterisation of unigraphs, which led to another linear time recognition
algorithm, was given by Borri et al. [21]. Their work is a continuation of, among others, the work
of Johnson [22], who was the first to begin research into the structure of unigraphs. Their theorem
completely characterises unigraphs in a straightforward manner, so is reproduced here. All required

definitions can be found in Appendix A.

Theorem 2.4 A graph G is a unigraph if and only if its vertex set can be partitioned into three

disjoint sets Vi, Vg and Vo such that:
1. Vg U Vg induces a split unigraph F in which K is the clique and S is the stable set;
2. Vo induces a crown H and either H or H is one of the following graphs:

Cs, mKa(m > 2),Uz(m, s),Us(m); (2.7)

3. the edges of G can be colored red and black so that:

a. the red partial graph is the union of H and of vertex-disjoint pieces P;,i = 1,...,z. Fach
piece P; (or P;, or PiI or Pf) is one of the following graphs:

Kla SQ(pla q1;5.. .5 Dty qt)7 S3(p7 q1; QQ)7 S4(p7 q)? (28)

considered without the edges in the clique;

b. The linear ordering Py,..., P, is such that each vertex in Vi belonging to P; is not linked
to any vertex in Vs belonging to Pj,j = 1,...,1 — 1, but is linked by a black edge to every
vertex in Vs belonging to Pj,j =1+ 1,...,z. Furthermore, any edge connecting either two

vertices in Vi or a vertex in Vi and a vertex in Vi is black.

For completely different characterisations of unigraphs, as well as extensions to digraphs, see [23]
and [24].



2.2 Mathematical analysis of the walk matrix

The definition of the term graphic could be applied to a walk matrix, just as it was applied to degree
sequences. We could then ask if there is any definitive test for the graphicality of a walk matrix
and if any algorithm can implement the test efficiently. The concept of a unigraph could also be
generalised. Starting from the first row of the walk matrix each additional row of the walk matrix has
the potential to contain extra discriminatory information. A graph could be defined to be nth row
unigraphic if n is the smallest integer such that the walk matrix up to row n is sufficient to uniquely
define the graph, up to isomorphism. We could then ask if there is any complete characterisation of
nth row unigraphs, analogous to Theorem 2.4.

These are all clearly important but difficult questions to answer. The work summarised here
attempts to address these questions by beginning to explore what information is contained within

the walk matrix.

2.2.1 Walk matrix decomposition

Let a cycle be a closed walk on a graph which does not visit any node more than once. A node is
said to be on an n-cycle if it forms part of a cycle of lengh n. Any element in row n of the walk
matrix then can be written as a function of the number of n-cycles which node is on, along with
walk matrix elements with row numbers r < n.

To complete a closed walk of odd length, a cycle of odd length must be traversed at some point.
There is therefore only one way to make closed walks of length 3 and that is by traversing 3-cycles,
which are also referred to as triangles. If the number of n-cycles on node i is denoted ¢y, (i), then the

ith element of the 3rd row of the walk matrix can be written as

w3 (i) = 2¢3(3). (2.9)

This means that the clustering coefficient, which will be defined in Section 3.1, can easily be calcu-
lated from the walk matrix.

Closed walks of length 4 must be divided into 3 classes. Class a walks traverse a 4-cycle which
the node is on. There are 2¢4(i) such walks from node i. Class b walks step to a neighbour of 4, step
back, step to a neighbour again and finally step back again. There are wo(i)? such walks. Finally,
class ¢ walks take 2 non-repeated steps from i, then return by exactly the same path. There are
> W2 (j) such walks, where the sum is over all nodes adjacent to node i. This covers every possible

type of closed walk of length 4, so wy(i) can always be written

wa(i) = 2c4 (i) + wa(i)* + Y _(wa(j) — 1). (2.10)
J

This decomposition shows the first limit to the information contained in the walk matrix. Since
ws(i) is known, the combination 2¢4(é) + 3 (w2(j) — 1) can be found. Both c4(i) and > (w2(j) —1)
constitute important topological information (the number of 4-cycles on node i and the total degree
of its neighbours) but the two can not, in general, be separated.

The total decomposition of closed walks of length 5 from node 7 is



ws (1) = 2¢5(7) + 4es (i) —1—22 (wa(j) — Des(i, j) — es(i —1—2203 — 4es (), (2.11)

where each sum is over nodes adjacent to node i. For the derivation of this decomposition and the
definition of c3(i,j) see Appendix B. Again, a limitation to the information carried in this row of
the walk matrix is clear. Important topological information regarding the 5-cycles on node ¢ and
the triangles on its neighbours is contained in the row elements but it is not in general possible to
disentangle this information.

As a final remark on this subject, a different approach to the decompositions described here
would be to obtain the generating functions of the walk matrix columns. For more information on

generating functions, see [25].

2.2.2 Row n unigraphs

I now present an example of a class of graphs which are not uniquely characterised by their degree
sequence, but are indeed uniquely characterised when further rows of the walk matrix are included.

Let a path graph be a graph with no branches and no cycles (i.e. simply a line of connected
nodes). Let a balloon graph be a graph made from any path graph plus one edge which connects
one of the external nodes (i.e. a node from one of the ends of the path) to one of the internal nodes.
Clearly, for a balloon graph of cardinality n, there are n — 3 graphs you can make which are not
isomorphic to each other. It should also be clear that all such graphs can not be distinguished by
their degree sequence, since the degree sequence for them all is (3,2,2,...2,1). It can be shown,

however, that the walk matrix will quickly distinguish them.

Proposition 2.1 Any of the n—3 different balloon graphs of cardinality n can be distinguished from
one another by the first (n — 1)/2 rows of the walk matriz (round (n — 1)/2 down for even n).

For a proof of this proposition see Appendix C. For analysis on tree graphs which are characterised
by the walk matrix, see Appendix D. For an analysis of the combinatorics of closed walks on paths

see Appendix E.

2.2.3 The walk matrix as a surface

Degree distributions of real-world networks follow strict rules which will be discussed in Section 3.
In the context of the walk matrix, the concept of a network’s degree distribution is generalised to
a walk distribution surface. Such a surface is pictured in Figure 2, for a random scale-free network
created using the Barabasi-Albert model [41]. An interesting question is whether or not this surface
abides by any particular rules. If the surface can be approximated by a function, the varying form
of this function could be used to classify different types of network. This is an important area for

further research.



Walk Length

Frequency

Number of walks from node

Figure 2: This surface is a visualisation of the walk matrix of a random scale-free network created
using the Barabasi-Albert model [41]. It is essentially a 3D histogram with walk length on one axis

and the number of walks of that length which can be taken from a node on the other.

3 Biological networks

Up to now, the treatment of graphs and the walk matrix has been entirely mathematical. The hope
is, however, that since the walk matrix of a network encodes important topological information, that
it may be useful in a biological context. Section 3.1 briefly reviews network biology with a focus on
how topological analysis has been utilised. Section 3.2 then describes an attempt to use the walk

matrix to make some predictions in a biological network.

3.1 Topology of biological networks

Networks arise in biology in a variety of scenarios. One of the most prominent is the protein-
protein interaction (PPI) network [26] for which each node is a protein and each edge signifies an
interaction. The PPI network is fundamental to biology since PPIs underpin all biological processes.
Other biological networks include metabolic networks [27], transcription-regulatory networks [28],
phosphorylation networks [29] and disease networks [30].

One of the most important discoveries in network science was that a huge range of real-world
networks have scale-free degree distributions [3]. A distribution is called scale-free when it is char-
acterised by a power law relationship and indeed, a large proportion of real-world networks have a
degree distribution which is well approximated by P(k) ~ k7, with 2 < v < 3 and where P(k) is the
probability that a node has degree k.

Scale-free networks are in stark contrast to random graphs (such as the Erdés-Rényi random
model [31]), which have Poissonian degree distributions where most degree values are close to the
mean, (k). A scale-free network has, instead, divergent (k) and is characterised by a large number
of nodes with small degree and a few with very large degree, called hubs.

Metabolic [32], PPI [33] and gene expression networks [34] have all been shown to be scale-
free, with important biological consequence. It was shown that the hubs, characteristic of scale-free

networks, are more likely to be lethal if removed from the network [33]. In all, however, a scale-free



topology makes a network more robust to random deletions, such as those which occur in nature
[33]. It was also found that hubs in PPI are more frequently altered in cancer [35, 36].

In 1999, Barabasi et al. [37] proposed an evolutionary model explaining the prevalence of scale-
free networks. The model consists of two components, growth and preferential attachment. Networks
grow over evolutionary time scales as new nodes are added to the network. Preferential attachment
is the assertion that new nodes are more likely to connect to nodes which have a large degree.
Barabasi et al. showed this lead to a scale free network (with exponent v = 2.9 +0.1) by simulating
a growing network where newly introduced nodes connect to any node ¢ with a probability m; given
by

Zj kj.

The best explanation for preferential attachment lies in gene duplication. When a gene is du-

(3.1)

T

plicated the network gains an extra node with exactly the same connections. A node with a high
degree is more likely to be connected to a node which duplicates and so it is more likely that its
degree will grow.

Another important topological measure is the clustering coefficient, C(i), of a node 7 in a network
[38]. It is defined as

. 263 (Z)
C(i) = - - .
O = @) = 1)
It is argued that the clustering coefficient can be used as a measure of modularity, i.e. the degree to

(3.2)

which a network is segmented into separate modules with separate functions. The average clustering
coefficient of biological networks has been found to be significantly higher than random in many
cases, from the metabolic network of Escherichia coli [32] to the nervous system of Caenorhabditis
elegans [39].

The average clustering coefficient of biological networks appears to be independent of the number
of nodes in the network [40]. This is significant because for a random scale-free network, the average
clustering coefficient scales as N =975 [41]. Another property concerns the relationship between the
clustering coefficient and the degree of a node. In a random graph, one would expect degree and
clustering coefficient to be independent. In a large number of biological networks, however, it has
been discovered that the relationship between the two is well approximated by C(k) ~ k=1 [40].
This relationship was first noticed by Dorogovtsev et al. [42] in a class of scale-free graphs which
were defined using a deterministic growing rule.

The combined properties of a power law degree distribution (described above) and a seemingly
modular topology seem at first to be in contradiction. A power law degree distribution implies the
presence of hubs which, since they connect many nodes, prohibit a truly modular topology. These
conflicting ideas were reconciled by Ravasz et al. [40, 43] who introduced the idea of a hierarchical
network. The model hierarchical network which they posit is built by a simple algorithm, described in
Figure 3. The hierarchical network is easily shown to be scale free, with a high clustering coefficient
which obeys C(k) ~ k1.

Han et al. [44] discovered that biological hubs could be divided into two categories, party hubs and

date hubs. Party hubs are defined as the proteins in PPI networks for which gene expression levels
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Figure 3: The model hierarchical network of Ravasz et al. [40, 43] is created by a simple algorithm.
Start with a complete graph of, say, 3 nodes. Define one node to be central and the rest peripheral.
Make 3 more exact copies of this graph and connect the peripheral nodes of each to the central node
of the original. The resulting graph can then again be copied 3 times and similarly peripheral nodes

are connected to the central node. This can be repeated indefinitely.

correlate strongly with neighbours. These proteins were found to interact mainly with proteins with
similar functional roles, i.e. they interacted only within functional modules. Date hubs, on the other
hand, were defined as having lower gene coexpression between their neighbours and themselves.
It was found that date hubs act on a more global scale, organising the modules without playing
important roles within them.

Taylor et al. [45] found that party hubs are more highly conserved between yeast and human
PPI networks than date hubs. Previously this had been argued to be due to evolutionary restric-
tions caused by the macromolecular complexes that date hubs tend to form part of [46]. From a
biochemical perspective, Taylor et al. also found that date hubs had, on average, significantly more
numerous (but smaller is size) domains than party hubs.

Betweenness is a toplogical measure of centrality in networks which originated in communication
theory [47] and was first quantified by Freeman [48]. For every pair of nodes, there is one or more
shortest paths between the nodes. A node is said to have high betweenness if many such shortest
paths pass through the node.

Betweenness can be calculated for any node as follows. If nodes ¢ and j have g;; paths between
them, which are all shortest paths, and if node k lies on exactly g;;(k) of these, then the partial
betweenness of node k is

9ij (F)

bij(k) = o (3.3)
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The overall betweenness of node k is then given by

B(j) = > bi(k). (3.4)
i<j Jj

Yu et al. [49] studied the role of betweenness in yeast PPI and expression networks. They found
that betweenness is a much better predictor of essentiality than degree in regulatory networks,
whereas degree is better in interaction networks. This they put down to a difference in the nature of
the two networks. Regulatory networks, they argued, have a more well defined notion of information
flow, since they have directed edges. They argued that betweenness is expected to be more important
when information flows through a network because it is then that information will ‘bottle-neck’ at
nodes with high betweenness.

Yu et al. [49] also used betweenness in a useful extension of the work of Han et al. [44], described
above. They found that in hubs, betweenness correlates negatively with the average coexpression
between a hub and its neighbours. This means that the party and date hubs described by Yu et al.
can be identified on purely topological measures.

Taylor et al. [45] found that date hubs were altered significantly more frequently in cancer genes
as defined by Online Mendelian Inheritance in Man [50]. They found 256 hubs which for which the
average correlations between neighbours varied as a function of outcome and found this to be an
effective prognostic tool, above and beyond other clinical data.

Yet another important tool applied to the analysis of network topology is the measurement of
entropy. There are a large number of possible definitions of entropy which depend on topology only
and are used for a variety of purposes. For a review see [51] and for a definition used by Demetrius
et al. [52], along with their definition of network robustness, see appendix F.

In [51], Demetrius et al. show that the entropy they define correlates positively with robustness,
where robustness is the ability of a network to be unaffected by random fluctuations. In a continu-
ation of this work, published in [53], the authors show that there is strong correlation between the
entropy of a node and the likelihood that deleting that node from the network will be lethal. Using
a different definition of entropy, Teschendorff et al. [54] show that a metastatic cancer phenotype is

characterised by an increase of this entropy.

3.2 Using the walk matrix

The fact that the walk matrix of a network contains important topological information was demon-
strated in Section 2.2. It is therefore suggested that the walk matrix could be a useful tool for the
analysis of biological networks. Here, the walk matrix is applied to a version of the human PPI
network [55] with 10720 nodes and 120454 edges. A large database of human gene expression data,
obtained in [56], is also used. This data was obtained using extensive mRNA microarrays which
measured gene expression in 79 different human tissues and was used to analyse global trends in
gene expression.

Since it is known that we(7) follows a scale-free distribution, an interesting preliminary question
is what distributions do w, (for > 2) follow. The first few decompositions in section 2.2.1 show that

this question is complicated by the fact that w, (i) depends on wy (i), for y < z, in a complicated way.
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For instance, the decompositions show that for even z, one component of w, (i) is always ws(7)%/2.

Despite this complexity it is interesting to gain a qualitative view of the distribution and this is
displayed in the surface in Figure 4 a) - d).

In 2001, Ge et al. [57] made an important observation, fundamental to the integration of gene
expression and PPI networks. They showed that proteins in clusters in the Saccharomyces cerevisiae
PPI network had, on average, significantly more highly correlated gene expression than proteins from
different clusters. This important discovery demonstrates that gene expression information can be
predicted solely from topology of the PPI network, which demonstrates that the two are intimately
linked.

An interesting question then, is whether or not the walk matrix can be used to increase the power
of the PPI network in predicting gene expression. To address this question, we first demonstrated
a simple relationship between the two data sets. Firstly, the correlation between the expression of
different genes was measured for each pair of genes in the gene expression data. This was done
using the Pearson’s correlation coefficient, p. We then compared p for genes whose proteins were
connected or unconnected in the PPI network.

The distribution of p’s for connected and unconnected genes are shown in Figure 5 a) and b),
respectively. The two distributions are significantly different, with connected genes having a broader
distribution of p’s (standard deviations of 0.23 and 0.19, respectively) and a slightly higher average
(means of 0.19 and 0.15, respectively). To demonstrate the significance of this result, we created
a random scale-free network with the same number of nodes using the Barabasi-Albert model [41].
The nodes are randomly assigned a gene and Figure 5 c¢) shows the distribution of p for genes which
are connected in this network. This distribution has a mean of 0.15 and and standard deviation
0.19. The higher mean in the distribution of connected nodes shows the relationship between the
two networks, as expected.

We then attempted to use the walk matrix to obtain further information regarding the relation-
ship between the two networks. An initial problem was that the number of closed walks from nodes
with high degree was found to increase rapidly in the PPI network. In many cases there were ~ 10'°
closed walks of length 6 from a node. This limited the calculation of the walk matrix up to the 5th
row, meaning that each node was characterised by 5 numbers and that these numbers were to be
used to predict gene expression.

It turned out that, for general pairs of nodes, it was difficult to use the walk matrix to predict
gene expression. No significant correlations could be found between correlation in gene expression
and walk matrix elements.

An interesting result was discovered, however, regarding network hubs. As described in Section
3.1, Han et al. [44] showed it was useful to divide network hubs into party hubs and date hubs,
based on the coexpression between the hub and its neighbours. Further, Yu et al. [49] showed that
party hubs are characterised by significantly lower betweenness than date hubs.

We defined hubs as nodes with > 150 connections, of which there were 245 in our network. For
each of these hubs, we then calculated the average p value for the gene expression correlation between
the hub and its neighbours. This we will denote p. As expected from the results of Yu et al. [49],
there was significant negative correlation between p and the betweenness of the hubs. The Pearson

correlation coefficient between these two variables was p = —0.22. We also found a correlation of
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Figure 4: Figures a) - d) show histograms of the number of walks which can be made from a node,
for different walk lengths, for the PPI network described in the text.
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Figure 5: The p value histograms for a) the connected nodes in the PPI network, b) unconnected

nodes in the PPI network and c) connected nodes in a random scale-free network.

p = 0.22 between p and the clustering coefficient of the node.

We hypothesised that the walk matrix could provided a measure which distinguishes between
party and date hubs more strongly than betweenness. The reason for this is that party hubs are
know to be more prominent in densely connected regions, which represent functional modules in
the network. Date hubs, on the hand, connect to many nodes but are less likely to be in densely
connected regions since they are known to regulate numerous separate functional modules. This
is the reason that the clustering coeflicient correlates with p for hubs. The clustering coeflicient,
however, measures the density of connections in too small a region around the hub, as it only
considers neighbours of the hub.

We argued that considering the number of closed walks of length 6 from the node is more general.
A high number of walks of length 6 shows that the node is in a highly connected region, taking into
account nodes that are a distance of 2 and 3 from the hub. We proposed a new measure of clustering,

K (i), inspired by the walk matrix, given by

K (i) = el (3.5)

WQ(i)O‘ ’

The degree of the hub, ws(7), appears in this definition as a crude normalisation, for the same rea-

sons that ws(7) appears in the definition of the clustering coefficient of Equation 3.2. Our hypothesis
was immediately supported by a correlation of p = 0.33 between K (i) and p, when an optimum
value of o = 1.5 was found. This significantly stronger correlation suggests that this new measure of
clustering may distinguish between party and date hubs significantly more effectively than between-
ness. Since there are only 245 hubs in the network used here, it will be necessary to gather further

evidence from other networks in order to confirm this finding.

4 Conclusion

The walk matrix may turn out to be an important tool for the analysis of topology in biological
networks. Section 2.2 showed that the walk matrix contains important topological information but

also that there is a limit to the information that it carries. Evidence has been found that, in
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the specific case of network hubs, the walk matrix can be used as an effective predictor of gene
coexpression between a hub and its neighbours.

There is much room for further work using the walk matrix. A full characterisation of the graphs
which are row n unigraphic would be of great value, however, this is a highly nontrivial problem.
The surfaces produced by plotting the distributions of walks of different lengths are another feature
which should be explored. There are also many potentially useful ways in which the matrix could
be used to define a measure of complexity for its associated network.

The evidence provided here, which suggests that the walk matrix can be used to predict the
coexpression of genes adjacent to hubs, must be verified using separate data. It will be interesting to
see whether the effect is specific to PPI networks or whether it can be found in other networks. Since
certain classes of hubs are known to be highly essential, it would also be interesting to investigate
what the walk matrix can be used to predict regarding essentiality.

Finally, the form of the clustering measure we propose in Equation 3.5 was chosen heuristically.
Using the decompositions of Section 2.2.1, it will be possible to make a different but similar definition

which is rooted more firmly in the theory.
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A Definitions required for theorem 2.4

If [A]* denotes the set of all k-element subsets of A, then the complement of G is the graph G on V
with edges [V]?\ E. A graph whose every node is connected to every other node is called complete.
A complete graph with n nodes is denoted K,,. A subset of vertices U within G for which every
vertex in U is connected with every other vertex, is called a cligue. A graph which consists of n
vertices of degree 2, which form a closed chain is called a cycle graph and is denoted C,.

A graph G(U,V, F) is called bipartite if and only if every edge in ' makes a connection between,
but not within, the disjoint vertex sets U and V. A complete bipartite graph is a bipartite graph
where every vertex in U is connected to every vertex in V' and is denoted K, ,,, where n and m are
the cardinalities of U and V. A star graph, S, is the complete bipartite graph K .

A set of edges is called a perfect matching of dimension h of vertex set X onto vertex set Y if
and only if X and Y have equal cardinality and each edge in F is connected to exactly one member
of X and one of Y. A perfect matching of dimension m is denoted mKs.

A vertex is isolated, stable or independent with respect to a set of other vertices if it makes no
connections with any of those vertices. G is said to be split if there is a partition V' = Vg U Vg of
its vertices such that the induced subgraphs K and S are complete and stable, respectively. If the
vertex set of G can be partitioned into three sets, Vi, Vg and V¢ such that every vertex in V¢ is
adjacent to every vertex in Vi but is adjacent to no vertex in Vg, then the subgraph induced by V¢
is called a crown.

Uz(m, s) will denote the disjoint union of the perfect matching mKs and the star K g, for
m > 1,8 > 2. Define Us(m), for m > 1, as the graph made by the cycle Cy and m copies of K3,
all sharing one of their vertices. Sa(p1,q1;...;pt, q) is made by adding all the edges connecting the
centers of | nonisomorphic arbitrary stars K p,, ¢ = 1,...,¢, each one occurring ¢; times, where
Piyqist > 1, qu+...+q =1>2. S3(p,q1;¢2) is made by taking a graph Sa(p, q1;p + 1,¢2) where
p>1,q1 > 2and g2 > 1. Add a new vertex v to the stable part of the graph and add the set of
q1 edges ((v,w) : w € VK, degy,(w) = p). Make Si(p, q) by taking the graph S3(p,2;¢),q > 1 and
adding a new vertex u to the clique part. Connect u to each vertex in the stable part except for v.

Finally, for a split graph G(Vx U Vs, E), the authors define its inverse G! as the graph obtained
from G by deleting the set of edges ((a1,a2) : a1,a2 € Vi) and adding the set of edges ((b1,b2) :
b1,be € Vg). i.e. the inverse of a split graph swaps the roles of the clique and the stable set.

B Decomposition of w;(i) derivation

Closed walks of length 5 are divided into 4 classes. Class a are the walks which traverse 5-cycles.
There are 2c¢5(i) such walks from node i. The remaining 3 classes must at some point traverse a
triangle and use up 2 steps somewhere else. Class b walks traverse a triangle on node i but either
start or end by stepping to and from a node adjacent to i. There are 4wq(i)c3(i) such walks. Class
¢ walks also traverse a triangle on node i but take the extra 2 steps from either of the other 2 nodes
of any triangle. To enumerate this class introduce the notation ¢,(i,7) for the number of n-cycles
shared by nodes i and j. There are then 23 (w2(j) — 1)c3(i, j) — c3(i) class ¢ walks, where again

the sum is over nodes adjacent to node 1.
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The final type of closed 5-walks, type d, traverses triangles which are attached to neighbours of
node i, but not attached to node i itself. There are 2}, c3(j) — 4es(é) such walks.

C Balloon graph proof

Take a to be the path graph which starts at node « and extends indefinitely from that point. Graph
a therefore is a semi-infinite path. Take graph b to be the node y with 3 semi-infinte paths extending
from it. Calculate the walk matrix columns for nodes a and b up to (n — 1)/2. Now calculate the
walk matrix for the balloon graph up to row (n — 1)/2. Compare the columns of this matrix which
have ws = 1 and wy = 3 with the calculated columns of nodes x and y respectively. In graphs where
the connection is made close to the node with degree 1, walks from this node will reach the node
with degree 3 within (n — 1)/4 steps. The node of degree 3 presents more options to a walk which
reaches it so vector a and vector x will differ. If the connection is made on the half of the graph
which is far from the node with degree 1 then the loop created will in general be small. This means
that walks of length (n—1)/2 can always transverse the cycle, which in turn causes vector b to differ
from vector x. Therefore, any balloon graph can be identified by comparing vector a with = or b

with y.

D Tree graphs

Tree graphs are defined as graphs which contain no cycles. This makes them interesting here as
the above decompositions of the walk matrix are greatly simplified by the absence of cycles. The

decompositions are now given by

(D.1)

we (1) = wa (i) + 2wa(i) 35 wa(f) + Yo wa(i)? + 3o wa(k),

where sums over j are over all nodes adjacent to node 7 and the sum over k is over all nodes which
can be reached from ¢ in 2 steps.

Only a small subset of trees are unigraphs. The above set of decompositions show that a larger
subset of trees are row n unigraphs fro n > 1, since the walk matrix clearly contains additional
discriminatory information, as compared to the degree sequence. The simplest example is that from
wy(i), the total degree of and node’s neighbours can easily be found. This information alone allows
the walk matrix to discriminate between a large class of tree graphs which have identical degree
sequences. A full characterisation of which tree graphs are row n unigraphs is an important goal for

future work.

E Path graphs

Start from a node a distance n from the one of the ends of the path (assume the other end is further

away). Consider closed walks from this node. If the maximum closed walk length you consider is 2n
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then the path will ”appear infinite”. i.e. the number of closed paths does not distinguish this path
from an infinite path since the furthest you can reach (before having to come back) is n steps. So
here we obtain a rule for the number of closed walks of length x from a node on an infinite path.

The sequence for walks of length n = (1,2, 3,4,5,6,7,8,...) isw = (2,6, 20, 70, 252,924, 3432, 12870, ...).
From https://oeis.org/ it was found that this is the sequence of ‘Central binomial coefficients’ and
is given by: C(2n,n) = (2n)!/(n!)? where C stands for the binomial coefficient. i.e. these are the
numbers down the centre of pascals triangle.

Now start at a node at one of the ends of a path. Again we consider closed walks for which the
path ”appears infinite”, but now it only appears infinite in one direction (since we start at one of
the ends). Again we obtain how many closed walks there are for a given walk length.

The sequence, as given by the left most column above, for n = (1,2,3,4,5,6,7,8,...), is w =
(1,2,5,14,42,132,429,1430, ...). From https://oeis.org/ it was found that this is the sequence of
‘Catalan numbers’ and is given by C'(2n,n)/(n + 1) = (2n)!/(n!(n + 1)!). These are also called the
Segner numbers. It is interesting that the number of walks on the infinite path is given by (n +
1) times the number of walks on the half-infinite path. Its not immediately obvious why this is.
It would also be interesting to see whether or not this manner of generating the Catalan numbers
features in Richard Staney’s ‘Catalan addendum’ of 198 combinatorial interpretations of the Catalan
numbers.

It may be useful to continue this work in order to produce a general function F(w,z,y) for the
number of walks of length w on a path from a node which starts x nodes away from one end and y

nodes away from the other.

F Demetrius entropy

Demetrius et al. [52] define the entropy as follows. Let A be the adjacency matrix of the network and
let A and {v;} be the leading eigenvalue and eigenvector respectively. Now define a set of matrices
My = {P} with P = {p;;} such that p;; > 0 and > ;p;; = 1. Assert that P must satisfy the
condition a;; = 0 <= p;; = 0. Let the stationary vectors of P be 7 so that 7 = 7P. It can be

shown via a variational principle that

logA = sup [— Z mipij log pij + Z mipij log a;jl. (F.1)
PeMy ij ij
The matrix which satisfies this supremum has the unique form p;; = a;;v;/Av;. Choosing this as the

matrix to be used, entropy is defined as

N

H(P) = Zﬂ'lHZ where Hz = — Zpij logpij (FQ)
=1 7

which simplifies to H = log A\. Note that although P has the form of a dynamic matrix representing
a Markov process, since it must satisfy equation F.1, it becomes defined entirely through A and is
therefore a solely topological property of the network.

The authors of [52] then define a measure of robustness and show prove a relation between

robustness and the entropy defined above. Let P.(t) be the probability that some measure of a given
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network observable deviates by more than € at a time ¢ after some perturbation. The robustness,
R, is then defined as

R = Jim [ log(P.(1))]. (F.3)

Via a fluctuation theorem, they prove that robustness must be positively correlated to network
entropy by their definitions, i.e. that AHAR > 0.
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