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Abstract

The present study attempts to model the separation of blood flows occurring in mammalian blood ves-
sels of diameters between 50-300um. Two mathematical models are proposed to explain this two-phase
flow, which consists of a red blood cell rich core layer surrounded by a cell depleted plasma layer. The
first attempts to predict the radius at which the phase separation boundary occurs through the minimi-
sation of shear energy dissipation, in the case of various fluid models. It is found that there does exist
a boundary position for which shear energy is minimised, but that the values are not in good agree-
ment with experimental data. The second investigates migration of cells due to both lift effects, caused
by velocity gradient induced shear forces, and a diffusive force acting in conjunction. This lift-diffusion
model is shown to reproduce complex particle distributions observed experimentally, but does not predict

accurately the position of the phase boundary.

1 Introduction

The efficient circulation of blood is crucial to maintaining the healthy functioning of the body. Nutrients are
efficiently delivered and waste products removed from every cell, demanding a complex transportation
system. This system can be functionally represented by a pump, the heart, generating a pressure that
drives flow into a network of blood vessels, on a micro and macroscopic scale. Blood leaves the heart
through the aorta, approximately three centimeters in diameter, and undergoes successive diminishing
bifurcations ending in the micrometer scale capillaries. These exist in close proximity to the cells, where
nutrients essential to important metabolic processes are delivered, and harmful waste products removed
by diffusion and bulk transfer through cellular pores. Capillaries are ideally adapted to facilitating this
nutrient exchange, consisting of a single cell thick endothelial layer which minimises the diffusion dis-
tance whilst maximising the available surface area. Each vessel in the vascular tree is similarly suited
to performing its specific function, which varies greatly according to the scale of transport. Connecting
the primary arteries to the capillaries are the arterioles, regarded as the resistance vessels of the vas-
cular system. Consisting mainly of smooth muscle, arterioles constrict or dilate according to neural and

hormonal signals, causing a change in hydrostatic pressure in the capillaries and controlling the rate of



exchange, enabling the cardiovascular system to respond effectively to metabolic demand.

The field of haemodynamics studies the mechanics of blood transport, and is essential to the advance-
ment of clinical devices and treatment. The importance of haemodynamic research is evident in the ever
increasing number of those affected by cardiovascular diseases today, due in part to an aging popula-
tion fed on increasingly calorific diets. Flow in the larger vessels has been studied in great detail and
is considered to be well understood, with its behaviour being easily observable. Macroscopic models of
blood characterised by high Reynolds numbers are not however applicable within the microvasculature,
normally taken to refer to to vessels of less than 300um in diameter, where viscous forces dominate
inertial effects. These low Reynolds numbers in combination with the multi-constituent nature of blood
produce complex behaviour, research into which has been historically limited by the difficulty of examining

behaviour on such small length scales.

It is important to note that the large scale characteristics of haemodynamic systems are ultimately gov-
erned by their behaviour at microscopic scales. Furthermore, modern advances in surgical techniques
and stenting technology mean that intervention in cases of blood clots and other adverse conditions oc-
cur on an increasingly small scale, and so it is imperative that the blood flows in these instances be fully

understood.

There are three principal effects, observed exclusively in the microvasculature, that are of particular
interest to this investigation. In reference to the first, the ‘Fahraeus—Lindqvist Effect’ [1], Pries et al. [2]
state that “it has been known for a long time that blood viscosity depends not only on haematocrit, plasma
protein concentration, and temperature but also on the shear forces applied”. This effect describes the
significant decrease in apparent viscosity observed both in vivo and in vitro, in vessels of 50-300um [1]
in diameter, generally attributed to the high shear rates present when erythrocyte diameters become
comparable to those of the conduit. Secondly, this has been linked to the occurence of two-phase flows
in microvessels, where both a red blood cell rich core and cell-free peripheral plasma layer are observed.
Thirdly, the Segré-Silberberg effect [3] describes the formation of an annulus of red blood cells around
the centre of the vessel, with cell-free plasma in the periphery of the vessel and a core of reduced cell
density.

Whilst some research has been done into these effects, they are not currently well understood, due
largely to the complexity of dealing with multiple fluid phases and discreet suspended particulates. These
systems are often not amenable to analytical approaches, and instead require numerical approaches

that may not have been available at the time of their discovery. This investigation will thus examine
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the behaviour of blood in these vessels, with particular attention to the effects of two-phase flow. Two
mathematical models are proposed to predict the position of the two-phase boundary based on different
physical considerations, as discussed in the following chapters. Furthermore, the effects of this boundary

layer on the characteristics of the flow will be analyzed, and their physiological basis examined.

2 Literature Review

2.1 Background Physiology

Blood is a complex fluid, consisting of two major components. The first is the plasma, typically occupying
52-62% [4] by volume; this in turn consists of approximately 91.5% water, 7% proteins and the remainder
of white blood cells (leucocytes), platelets (thrombocytes) and dissolved nutrients. The leucocytes act
as an immune barrier, attacking foreign materials, whereas the thrombocytes act to coagulate blood,
preventing losses in open wounds. The proteins provide numerous functions, balancing the osmotic
blood pressure and helping to bind thrombocytes during coagulation.

The second component is that of the red blood cells, known as erythrocytes, comprising the remaining
fraction of the volume, known as the haematocrit. The erythrocyte’s main function is to bind oxygen
molecules for transport, for which purpose it has developed a specialized biconcave shape of typically
6-8um in diameter, which both maximizes its surface area for efficient exchange, and reduces the athero-
genic buildup of fatty deposits through promoting laminar flow [5]. If the erythrocytes are deformed as in
the case of sickle-cell disease, tissue damage and coagulation occurs, which emphasizes the advantage

of their adapted form.

2.2 Rheological Models of Blood

Rheology is the study of the deformation and flow of matter. Of the numerous models developed to

describe fluid flows, the ones most relevant to blood flow are discussed in the following sections.

2.2.1 Power-Law Fluids

The power-law fluids are a group of fluids whose shear stress 7 is taken to vary according to the expres-

() -3 (8- (3

where K (Pa.s™) is the flow consistency index, n the dimensionless flow behaviour index, 7.ss the ef-

sion:

fective viscosity, u the axial velocity and g—;{ the radial velocity gradient. It is clear that a Newtonian fluid
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is simply a generalised case of a power-law fluid where the flow consistency index n = 1, resulting in
neff = m. The physical representation of K can be considered as an equivalent viscosity, and n the

bluntness of the flow referring to the curvature of the velocity distribution across the vessel.

Fluids with a flow behaviour index n < 1 are classed as pseudo-plastics, or shear-thinning fluids, so
called as their effective viscosities decrease with higher shear rates. The pseudo-plastic model can be
used to describe many common fluids such as paint, glycerine and other solutions of large, polymeric
molecules. The behaviour of pseudo-plastics is attributed to these large molecules, which may initially be
disorganized but which align themselves in the direction of an applied shear force and flow more easily,

thereby reducing the effective viscosity as suggested by Reinke et al. [6].

Fluid with a flow behaviour index n > 1 are classed as dilatant fluids. Somewhat less common than
pseudo-plastics, dilatants are characterised by their shear-thickening behaviour. As the applied shear
rates increase, the effective viscosity of these fluids increases, with the mechanisms describing such

behaviour being somewhat more complex.

There is evidence [7] however to suggest that blood may be classified as either of these fluid types,

depending on the physical conditions under which it is observed.

2.2.2 Yield-Stress Fluids

Developing further on the power-law fluids, the Herschel-Bulkley [8] model describes another family of
non-Newtonian fluids, with the introduction of the concept of a yield shear stress 7, an important ad-
ditional aspect of the non-linear behaviour of blood. This shear dependent behaviour is compared with
theat of the power-law fluids in Fig. 2, and behaves according to the following expression:

T:Ty—I—K<g:f>n (2)

where K and n are again the flow consistency and

behaviour indices. As described by Merrill et al. [9],
when the applied shear stress is less than the yield
value, “only elastic strain will ensue”. However, when

the shear stress exceeds that of the yield limit, “contin-

uous viscous flow will occur”. The yield-stress can be

seen therefore to correspond to the transition between Figure 1: Three-phase flow.



elastic deformation and viscous flow. An interesting consequence of this yield-stress is that a 'plug-flow’

region is predicted at the centre of the vessel, where the shear forces are lower than that of the yield limit.

As described by Merill et al., within this region there will

be no velocity gradient and the fluid flows as a solid

% plug. This will effectively result in a three-phase flow, as
:g }EJ]SE]:} shown in Fig. 1. The physical origins of this behaviour
Z Fluids are generally attributed to attractive forces existing be-
tween the suspended particulates. These forces must

g A behave in such a way so as to permit rapid meshing of
;b): o A2 o2 |PowerLaw particles in stagnant flow, but be weak enough so as to
g > = A Fluids decompose reversibly upon the application of sufficient
E Dwﬁnt shear stress. These inter-particle forces have been at-
Shear Rate ¥ tributed at the molecular level to “hydrogen bonds, elec-

Figure 2: Shear stress vs. shear rate for the trostatic charge or in some cases simply Van der Waals

yield-stress and power-law fluids. fields” [9], although in the case of high molecular weight
erythrocytes there may be alternative sources, based on geometrical arguments.

Similarly to the general Herschel-Bulkley

a = 21.0% family of fluids, the Casson [10] model
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Figure 3: Casson model fitted against experimental data from applications in the modelling of paints,
Merrill et al. for a range of temperatures and tube haematocrits.  fats, chocolate, oil and blood disper-

sions. The success of the model lies in accurately describing the shear-dependent behaviour of such
systems. As can be seen in Fig. 2. The Casson model belongs to the pseudo-plastic yield-stress family,

but behaves slightly differently to the equivalent Herschel-Bulkley fluid, with its shear behaviour being



expressed by the equation:
ou

VT = Ty + K ar (3)
Attempts to model blood according to the Casson equation have produced promising results. When
investigating the effects of haematocrit on flow in the microvasculature, Bugliarello and Sevilla [11] com-
pared the Casson model to their experimental data and noted that, with reference to their experiments in
40um diameter glass tubes, the velocity distributions tend to “approach (those) of the two-fluid (Casson)
model”, in cases where the peripheral layer is "relatively larger”. Merrill et al. [9] also commented on their
findings. With regards to Fig. 3 they state that “it is evident that the Casson equation perfectly fits the
data on blood at haematocrit levels of 20% and 30%”. However, it should be noted that the equation is not
universally applicable to all vessel radii, and that the experiments concern blood flows in small vessels

at low flow rates, where the shear-dependent behaviour of blood is most clearly shown.

2.3 Two-Phase Model

Two-phase flow models have been observed and studied in a multitude of contexts. Their effects have
been extensively investigated in automotive and thermodynamic conditions, in the context of air-fuel injec-
tion systems and liquid-vapour film heat transfer. By definition, two-phase flow describes the interaction
of two separated phases of matter, distinguishable by individual sets of physical properties, typically stud-
ied in transport. Indeed, the hydrodynamic forces resulting from fluid flows are important in determining
their defining characteristics, and form the basis of many physical theories which attempt to describe the

often complex behaviour observed.

In addition to the more familiar instances of two-phase flows in engineering, recent research has con-
cerned their importance in biomedical applications, with the effect being readily observed in the microvas-
culature. However, it is the nature of the two phases, specifically that of a suspended core of erythrocytes
in plasma that separates this investigation from the work conducted in other engineering contexts. The
particle interactions in flows of suspensions introduce additional complexity to fluid modelling, and warrant
a distinct field of study. Consequently, much effort has been made to describe the aggregate behaviour
of blood often in terms of ‘effective’ properties, through both theoretical and empirical methods, starting

notably with Einstein’s work [12] on dilute particle suspensions more than a hundred years ago.

A multi-phase model of blood has been adopted by many to interpret the complex behaviour observed
in microvascular flows, with varying degrees of success. Recently, Sharan and Popel [13] considered

a two-phase model, assuming in their analysis the fluid in both the cell-rich core and plasma peripheral
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layer to behave as Newtonian fluids. They used experimental data to develop three principal equations,
the first relating the ratio of tube to discharge haematocrit, developing the empirical relationship obtained
by Pries et. al [2]. The tube haematocrit is a static measure of overall vessel haematocrit, considering
an instantaneous cross-section of flow, whereas the discharge haematocrit accounts for the velocity
distribution within the flow, and is a more useful physical measure with respect to the mass transport of

blood components. The two are defined as:

2 [H 2 [F
HT:R2/0 h (r)rdr and HD:W/O h(r)w(r)rdr 4)

where @ is the average velocity across the vessel. In their paper, Sharan and Popel find the ratio g—g to
be constant at larger vessel diameters, but to decrease markedly at diameters less than approximately
300um, signifying a departure from homogeneous flow to a two-phase configuration. In such a case, the
cell-rich core would move faster than the peripheral plasma layer due to the decrease in shear at the
centre of the vessel away from the wall, and so the tube haematocrit would appear to decrease whilst
maintaining a constant mass flow rate of erythrocytes. This ratio is also demonstrated to decrease with

decreasing Hr, for a constant vessel radius, according to:

ZI; — Hp + (1 - Hp) (1 +0.3871e~01779D _ (603001110 _ 0.01876—9-06*10‘1113) (5)
Along with this, they also obtained from their data an expression for the apparent blood viscosity, and in-
troduced a ratio of core-to-plasma viscosity to further develop their model. However, they found that their
model was overdetermined, with three equations and two variables in haematocrit and vessel diameter.
To overcome this, they introduced a plasma viscosity scaling factor intended to simulate the effects of
wall friction. This is investigated further in their paper, where a numerical model is introduced based on
geometric interactions between the cell and cell wall. The model shows preliminary agreement with their

previous results, but is is conceded that the analysis should not be regarded as rigorous, and a more

detailed study would be necessary to assess its validity.

With this system of equations they are then able to predict values of A, the dimensionless radial position
of the phase boundary, as functions of both discharge haematocrit and vessel diameter. The results com-
pare well with experimental data obtained by Bugliarello and Sevilla [11] and Reinke et al. [6], exhibiting

the correct behavioural trends although with slight differences in exact A values. Their model predicts



the thickness of the core layer \ to increase with increasing diameter and haematocrit, agreeing with

experimental observations.

Whilst the model developed by Sharan and Popel does provide accurate estimations of the core layer
thickness, it is important to note that their approach is not completely deterministic, and relies on an
empirical relation given by Pries et al. [2] to describe the reduction in apparent viscosity at small diam-
eters, known as the Fahraeus—-Lindqvist effect. They also do not propose a mechanism that causes the

two-phase arrangement.

Payne [14] develops further on the work done by Sharan and Popel, using a probabilistic approach based
on entropy maximization following work by Chiu [15] to predict the flow behaviour in both phases. Payne
demonstrated that by allowing the fluid in the plasma layer to behave according to a power-law of varying
exponent, it is possible to discard the effective plasma viscosity ratio introduced by Sharan and Popel,
although it is conceded that “it is possible that a combination of the two models may yield better solutions
than either on its own”. Through comparison with experimental data, Payne is able to determine the
velocity exponent and produce velocity profiles that are in better agreement with experimental data than

those predicted by the previous authors.

Bugliarello and Sevilla [11], like Sharan and Popel, consider a two-fluid model to compare with their data,
but assume the fluid in the plasma layer to behave according to the Casson model [10]. They observe
in great detail blood flow in glass tubes between diameters of 40-83um in both steady and pulsatile
conditions, recording accurate measurements of A along with the radial velocity distributions for varying
haematocrit and flow rates, making their data a valuable resource for many authors, including Sharan
and Popel.

A comparison of results predicted by Sharan and Popel with data from Bugliarello and Sevilla and Reinke
et al. is shown in Fig. 4. Like Sharan and Popel, they also find the proportional core layer thickness A to
decrease with diminishing diameter, and further note that its dimensions are not significantly altered with
pressure gradient. They also observe that the blood flow tends to adhere to the two-fluid model under
these conditions, as opposed to the Newtonian behaviour observed at large flow rates in large vessels.
Bugliarello and Sevilla were the first to collect such detailed data on pulsatile flow in the microvasculature.
Much of the existing research to date, including that of Womersley [16] had been done in larger vessels,
where the multi-phasic nature of blood can largely be neglected.

From their comparisons, Bugliarello and Sevilla draw the conclusion that the typical positions of A are “not

appreciably influenced by the pulsating frequency, indeed they state that they are “essentially” the same

9



for both steady and pulsatile flow. Additionally, they note that the pulsatile velocity profiles are in phase
with those in steady flow, and that the average pressure drops are also identical. These observations are

also in good agreement with data obtained by McComis et al. [17] and Hershey and Song [18].

For the purpose of this investigation, the pulsatile
08

aspects of blood flow are therefore not considered, -
40%
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considered. As discussed, the characteristics of Figure 4: Peripheral plasma layer thickness vs. di-

systems involving viscous fluids at low flow rates ameter, reproduced from Sharan and Popel (2001).

signify by definition low values of Reynolds numbers, and in light of their experiments, Bugliarello and

Sevilla [11] conclude that the inertial effects of pulsatile flow are therefore “bound to be negligible”.

2.4 Energy Minimisation Model

In attempting to explain the physical origins of the two-phase flow, Sharan and Popel theorize that the
peripheral plasma layer provides a “lubricating region of lower viscosity” near the wall. They propose that,
whilst the additional concentration of cells at the centre might dissipate additional energy, it is possible that
this is counteracted by the reduced dissipation in the cell-free peripheral layer, and that the flow as a whole
would dissipate less shear energy than if the erythrocytes were uniformly distributed. The observation is
echoed by Reinke et al. [6], who propose that the viscosity reduction is due to an “alignment of deformed

cells with the local flow profile”.

This hypothesis of minimal shear energy dissipation has been suggested by various authors, however
detailed quantitative studies are few, and concentrated almost exclusively on blood as a Newtonian fluid.
The fundamental hypothesis is attractive, if only for its apparent simplicity and ready application to the
problem at hand. Jeffery [19] applies the hypothesis when studying the viscosity of ellipsoid suspensions,
but assumes a Newtonian fluid and does not consider the effect of shear-dependent viscosity. Deakin [20]

considers the Casson fluid, but does not conduct a full quantitative investigation, stating inconclusively

10



that the hypothesis “may yet be involved in the pattern of particle distribution in blood flow”.

2.5 Force Balance Model

In 1961 Segré and Silberberg [3] observed that macroscopic spherical particles in laminar flow through
straight tubes “collected in a thin, annular region” around the vessel centre. This phenomenon, termed
the 'Segré-Silberberg’ or 'Tubular Pinch’ effect, has been documented as occurring predominantly at a
radius of approximately 0.6 R measured from the vessel centre. Also observed in the same publication
are two other particle distributions, the first being the familiar cell-rich core described in section 2.3, and

the second a more complex shape, as seen in Fig. 5.

Their experimental results have since been widely reproduced, first by Jeffrey et al. [21] and more recently
by Matas et al. [22]. Moreover, the effect has been recognized as occurring over a wider range of
conditions than in the original experiments, and has been associated with the aggregative behaviour
observed in microvascular blood flow. Numerous theories have been suggested to explain the effect,
including, amongst others, a mechanism of energy minimisation. However, the theory considered here is
that originally suggested by Segré and Silberberg [3], concerning radial 'lift’ forces induced by the flow on
individual particles. Shortly after the publication of Segré and Silberberg’s paper, Repetti and Leonard [23]
provided a more rigorous analysis of the phenomenon. Through applying the Kutta-Joukowski theorem
to the rotating erythrocytes in suspension, they concluded that the forces produced might be “of the
correct order of magnitude to produce such a flow”, in reference to the observed annular formations.

They propose that a particle-fluid velocity drag

ug;f; causes the velocity gradient to reverse in po- sumver oif poricien

larity at a point along the vessel radius, at which

1 o
®ae )]

point the particles aggregate. However, the de- f?b\"\,o“ ’
duction is primarily qualitative, and no quantitative - %0 \o
study has yet been undertaken. It is important to ; ° \
note that this hypothesis by itself does not provide % wbe

O ls6em Ve2lemisscl 20 wall
a mechanism to establish the cell-rich core sought ® 132 " veagt

: 020" w13 * "L o ]

by this investigation, as without a dispersive force i/ . o ""°l' 4 s

the particles will tend to a single position under the Figure 5: Local haematocrit distributions observed

action of the lift force. by Segré and Silberberg (1961).

A detailed analysis of the forces producing the observed distributions will be discussed in the following

11
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Figure 6: Velocity profiles reproduced from Bugliarello and Sevilla.

chapters. Itis also useful to note that all previous work on the problem has concerned Pouiselle-type [24]
flows of Newtonian fluids, and so the application of more complex fluids may provide an opportunity to

yield more realistic results.

2.6 Experimental Data

In order to ascertain the validity and usefulness of the model, the predicted values of A must be compared
with in vivo data, of which the best is that obtained from Bugliarello and Sevilla [11]. In their paper, the
authors published detailed results from their investigations, including velocity profiles and experimental
conditions. From this data it is possible to match those experimental conditions to mathematical models,

and therefore to directly compare the predicted against actual values of \.

The parameters that are required as inputs to the models are @, ., the dimensionless total and core
volumetric flow rates and «, the core to plasma viscosity ratio. Bugliarello and Sevilla published the nine
velocity profiles shown in Fig. 6, to which Simpson’s Rule can be applied to estimate the values of ¢ and

qc- In order to deduce the dimensionless flow rates however, values for n and 7, are required.

In the Casson model, the parameters 1 and 7, are functions of haematocrit, for which Bugliarello and
Sevilla [11] publised two plots. The parameters can be approximated by two linear interpolations, where
the agreement between the interpolated functions and original data is shown in Fig 7. The parameters

can thus be implemented in the model as functions of haematocrit i, as from the linear fits:

1 1
7y (H) = 75 (0.025 + 0.4375H)*  and  n(H) = 15012+ 0.2H)? (6)

12
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Figure 7: Interpolation of Casson parameters against original data

|H(%) | Rm) [V(mm/s) | Q | A |[Hc(%) | 1(N/m”2) [ n(Ns/m"2) | o | Qc
5 20 4.41 185.34 | 0.34 23.80 0.0017 0.0028 1.95| 38.87
5.8 20 13.11 374.16 | 0.34 27.60 0.0021 0.0031 213 99.46
10 20 3.91 168.52 | 0.52 23.22 0.0016 0.0028 1.92 72.57
10 20 14.71 681.02 | 0.54 21.73 0.0014 0.0027 1.86 | 313.41
20 20 4.03 130.33 | 0.69 30.50 0.0025 0.0033 2.28 | 85.42
40 20 15.38 313.71 | 0.81 49.60 0.0059 0.0048 3.34 | 253.00
10 35 16.35 578.85 | 0.65 16.50 | 0.00094 0.0023 1.63 | 35143
10 35 5.04 231.89 | 0.70 12.74 | 0.00065 0.0021 1.47 | 1821.99
40 35 4.25 52.56 | 0.90 46.10 | 0.0051 0.0045 3.13 | 45.64

(a) Experimental data from Bugliarello and Sevilla.

(b) Data deduced from experimental data.

Table 1: Table showing data obtained from Bugliarello and Sevilla.

where H is the local haematocrit. The haematocrit values quoted in Fig. 6 are the tube haematocrit
values, which represent the time independent averages taken over the vessel. In order to obtain the core

haematocrit H., a mass balance is imposed on the flow:

H. = HTQ

Q. ")

Since the total and core volumetric flow rates can be extracted as described earlier, the core haematocrit
can therefore be deduced allowing the Casson parameters to be calculated. Table 1 shows the data
calculated from Bugliarello and Sevilla [11]. Note that the typical Reynolds numbers Re = 222 are on

the order of =~ 1 x 102, confirming that the flows are comfortably within the laminar region as assumed.
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2.7 Overview

Sections 2.4 and 2.5 introduced two mechanisms whereby a phase-separation may be be achieved, and
Section 2.2 described the fluid models most relevant to the modelling of blood. Section 2.6 provides a

detailed source of experimental data by which to compare the predictions of the models.

Chapter 3 will therefore proceed to apply firstly a minimisation of shear energy to the fluid models dis-
cussed, beginning with the elementary case of a Newtonian fluid. This analysis will consider the fluid
to exist in two phases as previously discussed, with a cell-rich core layer separated from a peripheral
cell-free layer at a radial position .

Chapter 4 will consider the forces affecting individual particles, and their effects on the same models
of fluid analyzed. In this case, the fluid will be considered as a uniform model with the distribution of
local haematocrit H as continuous. The two-phase behaviour will then be deduced from the resulting
distributions.

Before developing any mathematical model, it is important to establish explicitly the physical assump-
tions on which it will be based. The following investigation makes the following three for the purpose of

simplicity:

1. Rigid, neutrally buoyant particles - Gravity, and therefore the orientation of the vessel has no effect

on the distribution of erythrocytes. Shear dissipation related to cell deformation is not considered.

2. Fully developed, steady state flow - Inertial and pulsatile effects will be ignored, and it will be as-

sumed that the vessel is sufficiently long to allow the particles to achieve an equilibrium migration.

3. Small diameter vessels of 50-300um - Any expressions adapted from literature will be used only

within their established limits of operation.

The ultimate purpose of this investigation is to better understand the mechanisms governing the two-
phase separation in the microvasculature. Predictions made by the models are compared with existing

in vitro data, and their validity assessed.

3 Energy Minimisation Model

The first part of this investigation is an attempt to develop a model that will predict the radial position of

the phase boundary, based on the principle of minimal shear energy dissipation. In any fluid there is an

14



associated fluid viscosity, which in a moving fluid induces shear forces proportional to:

=g ®)

where 7 is the dynamic viscosity, u the axial fluid velocity and r the radial co-ordinate. These shear forces
dissipate energy at a rate per unit axial length, given by the following expression taken from Lubansky

[25]:

R
E, = /2777r"y2rdr 9)
0

in a cylindrical vessel where 4 = % is the radial velocity gradient. A two-phase model of flow will be
considered, separated at a phase boundary at { = A, where £ = & denotes the dimensionless radial
co-ordinate. These two phases will have differing physical properties, and it is possible that there exists
a radial distance A for which the rate of energy dissipation is minimised. This chapter will investigate
the validity of this hypothesis through the application of the above expression to both the power-law fluid

family and the Casson fluid.

3.1 Newtonian Fluid

In a Newtonian fluid, the viscosity n in Eq. 8 is taken as a constant, and the dimensionless flow behaviour
index n = 1. Beginning with the Navier-Stokes equations, the velocity profiles describing the flow can be
derived, ignoring inertial forces due to the fully developed and steady state nature of the flow. Applying

the no-slip condition to the wall of the vessel u,|,_, = 0, yields:

P

=1 (R* =17 (10)

Up

Where P = —% is a positive quantity representing the pressure gradient driving the flow and w, is the
velocity in the plasma layer. Secondly, the velocity profile must be continuous over the boundary, and so

“6|r=rp = up|r:Tp, where wu. is the core velocity, yields:
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Substituting in the non-dimensional radial co-ordinate { = ; and \ = %’, the complete velocity profile is:

3 o (126, reest (12)
u =
Zf(@-ﬁ) (A= g2), 0<E<A

These expressions can be substituted into Eq. 9. Introducing the core to plasma viscosity ratio o = Z—;

and the constant C' = = glves
X 2
ES:27T(PR )Y, (A —1) 4+ 1] =27C%;, |\ o) (13)
477p 77(: o

Finally, differentiating with respect to A yields:

OF

o 87702np)\3(— ~1)=0 (14)

This gives the trivial result that A = 0 for a minimum, or that oo = 1, suggesting therefore that for a New-
tonian fluid the rate of shear energy dissipation will be minimised when the fluid is of a uniform viscosity.
In physical terms, this signifies that the erythrocytes should adopt a uniform distribution throughout the
vessel, which contrasts with observations. Before however abandoning the Newtonian model, the more
fundamental circumstance of the physiology should be considered. The analysis attempted to optimize
the shear energy for a constant pressure gradient, and whilst this condition might be important, it is

perhaps not the most valuable attribute physiologically.

From the perspective of nutrient supply and waste removal, it might be that the circulatory system would
seek to maximise the blood flow rate. The next section therefore attempts to minimize the shear energy

of the flow when subject to a constant total flow rate q.

3.1.1 Constant Total Volumetric Flow Rate

In order to optimize the flow for a constant volume flow rate, an expression for ¢ is needed in terms of P.

Integrating across the cross section of the vessel gives:

A 1 2
0= 2R [ u)ede + 2 [ u(@)eds = TLEOC —1) 1) (15)
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Substituting Eq. 15 into Eq. 13 to obtain the expression for energy in terms of a constant flow rate, and

again differentiating with respect to A and equating to zero gives:

: 8q277p 1

Es = 16
TR AL —-1)+1 (16)

dE, _ —8¢*n, 4)\3(§ -1

dx  wRY (ML -1 412

(17)

As before, \3(% — 1) = 0, which is a trivial result. However, considering that the erythrocytes are only

1
carried in the core of the flow, it may be more relevant to optimize the flow with regards to the constant

core flow rate ¢..

3.1.2 Constant Core Volumetric Flow Rate

Similar to the previous analysis, the core volumetric flow rate ¢. can be expressed in terms of the pressure

gradient, by integrating the velocity profile over the core region:
A 1
ge = 27rR2/ u(€)éde = TR*C <)\4(2a —1)+ )\2> (18)
0

Again, substituting into the shear energy dissipation equation:

P ampqz (A2 —1)+1)
TRY (ML — 1) +2)°

(19)

And differentiating with respect to A gives:

B (1) 2 ) (N (1)

20
B e (- ) O (s 1)° “

Substituting a = é —landb = i — 1 and re-arranging, this can be expressed as a depressed cubic,
where t = \%:

t3+3t+i:o (21)
a ab

This form can be solved analytically using Cardano’s method [26], producing two non-trivial positive real

results, as shown in Fig. 8.

As can be seen, the first root is positive and real, but is outside the vessel radius and so can be discarded

as being physically invalid. The second however shows that there does indeed exist a value of \ for which
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1st real solution 2nd real solution
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Figure 8: o vs. X for a Newtonian fluid, shear energy minimisation at constant g..

the shear energy dissipation is either maximized or minimised for any given value of core flow rate ¢.. By
observing the plot of energy distribution across the vessel, it is confirmed that this point corresponds to

a minimum, affirming the validity of the solution.

The results suggest that for an increasing core viscosity (increasing «), the thickness of this layer will
decrease in order to provide the most energy efficient erythrocyte supply. Having now established that
the minimum energy hypothesis does indeed provide physically realistic results, the next step in the

analysis is to consider more realistic fluid models, and to compare the results with in vivo data.

3.2 General Power-Law Fluids

To investigate the applicability of this model, the analysis will proceed in a similar manner to the previous.
Firstly, the velocity profiles describing the generalized fluid must be derived. The driving pressure acting
on a circular element of fluid can be equated to the shear stress acting at its perimeter, and so substituting

the power law expression for 7 from Eq. 1 and rearranging gives:

1
ou 1/ P\n»
o= <2K> (22)

The boundary conditions imposed upon the flow will be identical to the Newtonian case. The no-slip and

continuity conditions, once again expressed as uy|,_p, = 0 and uc|,_, = wl,_, yield:

o) ) (%), .
(f}g)nl (Rn?frl) ()\nfzjl _g%) + (;i)nlp (RJL) (1%,1:1 - AW) L 0<E<A
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where the subscripts ¢ and n refer to the core and plasma layers respectively. Substituting into the shear

energy equation:

np+1

N PR\ % 1 X PR
. ) ne ne ) — np np
Ne Tip

Note that at this point, the pressure terms have different exponents and so cannot be factored out. How-

ever, differentiating with respect to A and equating to zero results in:

1
2 (K7 "rre
+= ap (i) o

It is not clear however whether this result represents a maximum or minimum rate of energy dissipation,
and this must be determined to ascertain the validity of the solution. Eq. 25 can be differentiated twice

with respect to A to obtain:

PEy ooy (et 1) (PRAY? ( L\50 (ny 41N (PRAYS (1) (26)
A2 T Ne 2 K, , 5 K,

The second differential must equal a positive value to produce a minimum energy rate of energy dissipa-

tion. Substituting Eq. 25 into the above expression, it is possible to obtain:

2n. + B
2n.+1

2;

where 5 = Z—p is the ratio of the core to plasma dimensionless flow behaviour indices. It is assumed
as previously that the core viscosity is greater than the plasma, and so the ratio % > 1. Clearly, it is

possible that when 5 > 1, the solution is capable of producing a physically valid solution.

3.2.1 Constant Total Volumetric Flow Rate

Next, the optimisation is investigated for a constant volumetric flow rate. Making the substitutions A =

(%)% and B = (t1), the flow rate ¢ is obtained as:

B A2 [ B2X\Be B, (1=MB)\ B, (B, (A2 —1) —2x2 (AP — 1))
‘1_2““23{2(AC(2+BC)Jr ) A, )‘ — 24, (2+ B,) (28)

It is clear from this expression that it is not possible to isolate the pressure gradient P in terms of a flow
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rate whilst the two phases are allowed different values for their flow behaviour indices n. In order to
proceed with the investigation, the simplifying assumption that n,, = n. is made, noting that the case

where n. # n, warrants further investigation that was not possible due to time constraints.

Eq. 29 is therefore obtained for ¢. Note that in the case where n = 1, Eq. 15 is recovered as derived

1

in the previous Newtonian case. The ratio of the flow consistency indices ¢ = (Ilgp); is introduced to
obtain:

=7R’ | — ) AM{———=+B(1-2A 29

1= (g ) iy B0 29)

Setting n,, = n. in Eq. 24 yields:

. [ s
Es = (2nR?) (3?1) (;ﬁi) [ — (1 —)\3+n>] (30)

Finally, substituting in Eq. 29 and eliminating %f gives:

E 1
s _ _ 31
Ty2ys (ABt2(e —1)+1) (31)

1 n+1
Where the constants v, = 27 <R3+" > Yo = K, (#’BH)”Jrl and y3 = <(BBEQ)) . This again reduces

3+1
to the equivalent Newtonian expression when n = 1. Finally, this expression can be differentiated with
respect to A and equated to zero to obtain the shear energy minimisation:

1 dE;
Y172Y3 dA

1 1 “1(14m)
:—<3+n>n(e—1))\2+n (1+(5—1))\3+%) =0 (32)

And therefore A\2*= = 0. This is consistent with the result for the Newtonian case, and it is clear therefore
that for any member of the power-law fluid family, there exists no value of A for which shear energy
dissipation is minimised for a constant volume flow rate. The minimisation will thus next be analyzed for

a constant core flow rate, as a similar approach yielded promising results in the case where n = 1.

3.2.2 Constant Core Volumetric Flow Rate

Similarly to the previous Newtonian analysis, an expression is required to eliminate the pressure gradient

P in favour of the constant core flow rate ¢.. Integrating the velocity profile over the core region yields:

PR A2
ge = TR3 (21(,,) \’B {5(3+2) +(1- AB)} (33)
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Figure 9: « vs. A for a power law fluids of varying flow consistency index n, shear energy minimisation
at constant q..

Substituting into Eq. 30 and again eliminating %:

R Pt 51 1 "
E, = +(1- 230 34
7273 £ ( ) AP L X (B+2)(1 - AB) (34)

€

Finally, differentiating and equating to zero gives:

B+HA(L-1) (A2 (2 - (B+2)+A(B+2)
~ (M B+2)(E-(B+2)+2(B+2) (A2 (L-1)+1)=0

€

(35)

This expression is now solved numerically using MatLab, over a range of n = 1,2,3,4and o« = 1 : 4,

noting that ¢ = a. The results are shown in Fig. 9.

Again, there are two real solutions for A, although the first solution can be discarded as being unphysical.
The second real solution however suggests that the thickness of the core layer decreases with increasing
flow consistency index. This agrees with the velocity profiles of the flows, which show that as n decreases,
the core velocity increases, shown in Fig. 10, serving to preserve a constant mass flow rate. Note that

the Newtonian case observed previously is recovered when n = 1.

3.2.3 Results and Discussion

The analysis so far has established that the hypothesis of minimum shear energy dissipation shows
promise as a possibly valid approach to determining the location of the phase boundary layer. The
method predicts values for \ that are physically realistic, and thus the behaviour of A with varying «

predicted by the power-law fluid model can now be compared with that of existing data.
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Figure 10: Velocity profiles for power law fluids of varying flow consistency index n.

When comparing their data with that of Bugliarello and Sevilla and Reinke et al., Sharan and Popel state
that “as expected, (the) thickness of the cell-free layer decreases as haematocrit increases”, shown ealier
in Fig. 4. This is an interesting result, as a superficial comparison of the model with the experimental data
shown would suggest that an increase in tube haematocrit leads to a decrease in core viscosity, whilst
intuitively it might be expected that the viscosity would increase with haematocrit, as a higher haematocrit
would signify a higher erythrocyte density. This reduction in viscosity at small vessel diameters shown

by the model is consistent with the Fahreaus-Lindqvist Effect.

However, the results of the analysis show that the power-law fluid model developed does not have the
capacity to model the Fahreaus-Lindqvist effect comprehensively, as the values of A predicted by the
model have no dependence on vessel radius R. The results obtained cannot therefore be directly com-
pared to that presented by Sharan and Popel. This can be attributed to a limitation of the fluid model, as
the Newtonian model has no inherent shear dependent behaviour. Any dependence on the vessel radius
in the general power-law model, whilst originally present, is factored out when equating n. = n,. The
next chapter will therefore proceed with the application of the energy minimisation to a more complex

fluid model.

3.3 Casson Fluid

The yield-stress introduced by the Casson equation creates a problem when attempting to derive the
relevant velocity profiles, and so a linear piece-wise approximation is made for the discontinuous shear
profile 7, comprised of two sections as shown in Fig. 11. Firstly, a steep linear region is introduced to
replace the step in the original shear stress function. The gradient of the line is taken to be % where
e is small. As ¢ — 0, the approximation approaches the axis and therefore the original function. The

second region behaves like the original Casson equation where K = /7, an effective viscosity term is
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susbtituted. Eq. 3 is modified to account for the fact that in this case both the radial velocity gradient %
and shear stress 7 are negative with respect to positive axial flow «. The intersection between the two

segments therefore occurs at = = 7., which is determined as:

N =T = vy 36
V= (36)

The shear stress profiles can therefore be ex-

pressed as:

Original Casson Equation

o VT VY 00 < < —Tee o 8| N

\/% —Tee <y <0

Balancing forces on the fluid, 7 = =2 is obtained

Shear Stress T

Piecewise Approximation

—
o

Ty ;
yielding an expression for the plug flow boundary: ildr 1
Ay T e
S (38) il
€ 2 ;'
OJus Oug 1
s = = — 39 -
B or 06 R (39) Shear Rate ¥
2 . i . .
v = _eP4R €4 A, (40) Figure 11: 7 vs. 4 for a Casson fluid.

where the subscript s to denotes plug flow properties. Continuing for the Casson flow region and substi-

tuting into Eq. 3:

2
%:861?;:_(« Tcn V) :717<_§Rg+2 f)f\/?y\/é—fy> (41)

~PR*¢® 4 |PR37, .3 T7,R
Ue = 2 5—’—5 22 §2—T§+Ac (42)

Finally, in the peripheral plasma region, where Newtonian flow is assumed:

PR?
477p

Up =

e+ A, (43)
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Applying the no-slip condition to the peripheral region yields:

PR?

Applying continuity of velocity at the core-plasma phase boundary yields:

PR? 4 |PR37, /s
“c:Tn(/\Q(l—a)—(fz—a))—g 2,,72@ (/\2 3

Where the ratio a = % is introduced to denote the effective core-plasma viscosity ratio. Finally, continuity

=y

[N

Ty

)+ (-9 (45)

can be applied at the plug-core boundary, which is denoted \,:

ePR? , , 5 PR* 9 4 |PR31, (s 2 R
. — _ I 1— _ _ _ = Yy )2 Yy _ 4

Before proceeding with the analysis, it is useful to non-dimensionalize these quantities. The dimension-

less pressure gradient § = /57 is introduced, and the profiles can therefore be expressed:
2 (1-¢% 1<E< A
UE=11(20-a)—(€-a) -0 (M —¢)+22(0—) A<g<) (47)
S(AZ—=8) +Uc(Np) Ap < E<0

where the dimensionless velocity is denoted by U = u (PLRQ). The viscosity of the plug layer has been
taken as equivalent to that of the core layer, when in reality, it's viscosity will be infinite as it flows as a

solid. This behaviour is incorporated into the small value assigned to e.
The plug flow boundary occurs at the point where the applied shear stress equals the yield limit. In this
approximation however, the boundary will occur where 7 = 7., the intersection of the two segments.

Using the expression in Eq. 36 derived previously, the value of ¢ this point is found to be:

TETe=— Ap = (1_\/?%)2 (48)
_2ny 1 S Vs
=5 (1_\/%) =0 ee (49)

In order to substitute into the shear energy equation, the effective viscosity of the Casson region must be
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defined. Comparing it to the Newtonian form:

Ty + 2/Ty/ =1V — M7
o emRem) (50
Ve e e e

or, in non-dimensional form where the non-dimensional velocity gradient I' = 4 (%) and non-dimensional

viscosity IT. = % are introduced:

The shear energy equation can be similarly non-dimensionalized to give:

5, = E, (ﬁ) - /0 1 TIT2¢d¢ (52)

The velocity profiles can be substituted into Eq. 52 to give:

: 1 1 20 (7 1\ 62 a
= 15t 1 (A* = X)) — = <)\2 — )\5> +3 (A =A3) + 6 (1-=x% (53)
Lastly, differentiating and equating to zero yields:

ds _1 3 s 242 _

dA_Z(l a) X — 02 + 07X =0 (54)
20 2 2
A= (1+Va) (55)
1 -«

So the minimisation in the case of a Casson fluid does produce a non-trivial solution for A\. Again, in
order to be a physically valid solution, it must be both within the vessel boundary and a local minimum of
shear dissipation, rather than a maximum. For the solution to be a minimum, the second differential of
the shear energy equation must be greater than zero:

a2y,
d)\2

_ 2(1 )N - geA% + 2020 > 0 (56)

Figure 12a shows a plot of both solutions obtained from Eq. 55 fo a value of § = 0.1. It can be seen that

the (1 — \/5)2 solution produces values of A\ exclusively within the plug-flow region, so this solution can
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Figure 12

therefore be discarded. The only physically possible solution is therefore:

20 \° 2

A=—) (1+Ve) (57)
1-a

Figure 12b shows the effect of varying 6. The largest theoretical value of # = 0.5, as this would cause

the ), to lie at the vessel wall. The solution for A tends to zero as the non-dimensional pressure gradient

0 decreases, which makes intuitive sense in the absence of flow induced shear stress.

The investigation only considers values of « > 1 as the erythrocyte core is assumed to be more viscous
than the peripheral layer. It can be seen that all three values of  produce A values that lie within the

vessel boundary.

Substituting Eq. 57 into Eq. 56 however reveals that for o > 1, the solutions are maxima and are therefore
not valid. This signifies that for a Casson fluid flowing under a constant pressure gradient, neither of the
solutions above produce solutions for A that satisfy both conditions and are therefore not physically valid,
agreeing with previous analysis of this form. The next section will thus proceed to investigate the case

of a constant volumetric flow rate.

3.3.1 Constant Total Volumetric Flow Rate

Since the velocity profiles have been expressed in non-dimensional form, it is useful to do the same for

1 Ap A 1
Q—GQ{ | et [Cviaer | Upfdf} (58)

'y

the flow rate, so that:
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Where the dimensionless flow rate () is introduced. As the purpose of the analysis is to eliminate the

pressure gradient, 7, is used to non-dimensionalize Q:

n
= 59

@=q <27TTyR3> (59)
It is clear by observation that the approximate ¢ term in the velocity profiles of Eq. 47 can now be set
to zero as before, thereby precisely modelling the original shear distribution. Substituting in the velocity

profiles from Eq.47 with ¢ = 0 gives:

1 (6%, 5 47 20[.z I 1ty 4, @ 4
However, the plug-flow boundary is also a function of ¢, and can therefore be substituted into the above

expression, again with e = 0:

62 20 4 1 1552
§(3Q—)\3)—7<—)\2>+1—6(—/\4)+%(1—)\4)+68 (21>_0 (61)

Now, for any constant value of @, 6 can be solved. Since the expression is an 8th order polynomial, it is
not possible to solve analytically. The solution for 6 can be substituted into the shear energy equation to

give:
20

~ a0t 7

. 1 62 7 z 1 o
S5 {3[A3—A§;}— [Az—Ap]+16[A4—A;§}+16[1—A4}} (62)

Combining Egs. 60 and 62 gives a simple relationship:

Y 1
Q "W (53)
Using Matlab, Equations 61 and 63 are solved for A\ numerically over a range of o and ). The algo-

rithm used deduces A based on selecting local minima in the shear energy profiles, so the validity of the

solutions is certain.

Figure 13a shows the effect of varying the viscosity ratio o for Q = 1. As previously, the model predicts the
thickness of the core layer to decrease with increasing viscosity. However, the influence on the viscosity
ratio is stronger than in previous analyses, with the solution for A lying at the vessel wall for o < 3.5.

Figure 13b shows the effect of varying flow rate for . = 4. It can be seen that A\ tends towards the centre
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(b) Relationship between @ and A for Q@ = 0 — 1000, o = 4.

of the vessel as the flow rate increases, and so the % term present in Eq. 59 suggests that small R

values would cause the core layer thickness to decrease.

It is clear that under specific conditions, the model is able to predict physically realistic predictions for .

However, the value of ) = 1 proves not to be a typical magnitude in the context of physiological flows. It

is is possible to deduce from in vivo data provided by Bugliarello and Sevilla in Table 1 that typical total

flow rates vary in the range @ ~ 10 — 1000. Figure 14a shows that at Q = 500, the flow has tended to a

uniform composition, and that the two-phase separation is no longer prominent. Figure 14b confirms this

observation, showing that ) tends to the vessel centre for > 50. The model thus has limited further

applicability for blood flow, as was found with previous analysis for constant total flow rates.
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3.3.2 Constant Core Flow Rate

The core flow rate is given by integrating the velocity distribution over the core layer as:

where Q. = ¢, (ﬁ) Substituting in the expression derived earlier for )\, gives:

0% - 5
Ge-sa)- ¥

- =0 (65)

[Aﬂ + % A =20 (X =A%) —¢® [12?2}

The expression for the shear energy dissipation is identical to that in the case for constant total flow rate.
Substituting for the pressure gradient in Eq. 62 gives:
1 «
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Solving Eq. 65 numerically and substituting into Eq. 66, for a range of o = 1 : 6 with a physically realistic
value of Q). = 100 taken from Table 1 gives the results shown in Fig. 15a after minimisation with respect
to A. In comparison to the analysis for a constant volume flow rate, the values of \ are less dependent
on « and appear to tend to a constant value at approximately £ = 0.82 as Q). increases. This result is

promising, as the solution remains physically valid over a larger range of core flow rates than for the case

of a constant total flow rate.

Keeping a constant and varying Q. gives the results shown in Fig. 15b. Again, the variation in A with Q).
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Figure 16: Comparison of model predictions to experimental data from Bugliarello and Sevilla.

is far less significant than the equivalent case with a constant total flow rate, emphasizing the behaviour

shown at varying «.

Figure 16 shows a comparison between the values of A predicted by the model to the experimental values
obtained, with matched conditions. It can be seen that whilst the predicted values are all physically valid,
they do not show a strong correlation to the experimental data. The variation in \ is found to be small as

a consequence of the relatively large (. values.

3.4 Summary

A novel model has been proposed, capable of predicting the location of the separation boundary in a
two-phase flow of blood, based on the minimisation of shear energy dissipation in a given fluid model.
Three types of fluid have been considered, and in each case it was found that no solution exists for the
case of a given pressure gradient, suggesting that this condition is not relevant in the context of the flows

under study.

Consequently, it was considered that for physiological reasons, the flow might adopt a formation that
would minimise the shear dissipation whilst providing a constant total flow rate. However, only in the

case of a Casson fluid was a non-trivial solution found.

Lastly, it was proposed that if the main function of the blood supply were to provide a constant mass flow
rate of erythrocytes, it could be the core flow rate that would be optimized. It was found that in all three
fluid models a physically valid minimum of shear dissipation was found. The results show initial promise,

confirming the trend of decreased core thickness with increased core viscosity observed experimentally.
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However, neither the Newtonian nor general power-law fluid models demonstrated dependence on the
vessel radius R and so could neither be matched with experimental conditions, nor provide a method of

explaining the Fahraeus—Lindqyvist effect.

The Casson model was further developed with an intrinsic shear dependence making it amenable to
comparison with available data. However, the results did not show good correlation with the data, varying

only incrementally over the range of conditions under study.

4 Force Balance Model

4.1 Lift Forces Affecting the Particles

For a suspended particle in a non uniform velocity distribution, it can be shown that an angular velocity will
be induced due to the differential velocity acting over the diameter of the particle. This angular velocity is
given simply by the local velocity gradient, and the Kutta-Joukowski theorem states that the lift exerted
on a body by an ideal fluid is equal to the product of the fluid density, the velocity of the body relative to
the fluid flow and the fluid circulation about the body. By itself, this force will either cause a centripetal or
centrifugal force due to the constant polarity of the velocity gradient over the vessel, and can therefore not
explain the annulus effect. However, the observation that the suspended particles experience a velocity
lag relative to the plasma adds additional complexity to the fluid behaviour, as will be discussed in the
following analysis. Rubinow and Keller [27] showed that for a spinning sphere moving in a viscous fluid,

the lift force imparted by the fluid can be given by:

fL = 7ra3pfw X udiff (67)

where a is the sphere radius, p the fluid density, w the angular velocity of the particle and ug; ;¢ its velocity

relative to the fluid.

4.2 Diffusive Forces

Under the action of this lift force, each particle will tend to an equilibrium position. However, since there is
currently no interaction between the particles, itis clear that all the erythrocytes would tend to aggregate at
the same radial location, being driven either centripetally or centrifugally depending on the local differential
velocity gradient. In reality, it is clear that this cannot occur, as the particles are of finite size. Therefore, in

addition to the lift forces, there is likely to be a diffusive force that also acts dispersively upon the particles
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proportional to their haematocrit gradient.

It is reasonable to assume that due to the scale of the particles in consideration, forces might exist akin
to those known to act on dissolved chemical species. Considering such micro-particles, it is clear that in
absence of any external forces the particles would tend to an equilibrium uniform distribution due to to
Brownian motion, observed originally in pollen particles of a greater mass than that of an erythrocyte. It

has also been suggested by Soo [28] that repulsive forces might arise from inter-particle collisions.

Before investigating further the detailed calculation of such a coefficient, it is useful to ascertain whether
such a balance of forces could in theory lead to the particle distributions in question. The following section

will begin by considering the application of these forces to the Newtonian fluid model.

4.3 Force Equilibrium in a Newtonian Fluid
The lift force per particle is given by Eq. 67. Therefore, for an
elemental volume containing a volumetric fraction of particles

H, the force acting on such an element would be:

H 3
Fr = It :H<7mpf

= W X Ug; 68
VRBC VerBC ) ati (68)

& - - —uaig(t)
where Vi e denotes the volume of one erythrocyte. The an-

gular velocity w can be obtained as the derivative of the ve-

locity profile, which in a Newtonian fluid is given as: Us
L L L L L e L L L »
B g - ﬁ - (69) Figure 17: The disturbance factor ¢.
o\l T R)T R

where u,, is the centreline velocity. Next, an expression is needed for the differential velocity uq;f;. One

such expression is given by Goldsmith and Mason [29], obtained empirically as:
2 ra\? r\4 7\2 Um (a+6)>
uiigy =5 () o {A<R> +5(3) +C} ‘2< R > (70)

where the constants A = 3.04, B = 1.58 and C' = 1.00 were defined empirically by Mason [30] according

to experimental data. Goldsmith and Mason [29] note that the moving spheres will cause a local flow

disturbance in the surrounding fluid, so that its velocity will not be uniform. In order therefore to compute
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ugif s, it is necessary to define an average local velocity. For this purpose, they include the term:
Um (a+ 0 2
—— 71
(48 1)

where ¢ represents the flow disturbance factor, a distance past the radius of the erythrocyte to which the

velocity of the surrounding flow is influenced, as illustrated in Fig. 17. Mason [30] found that the value of §
to which the experimental data best correlated was § = 5, but also noted that the value of § may affect the
location of annulus formation, and may even be a function of ¢ = . However, at a first approximation, ¢
will be assumed here to be a constant value of § = 3, as suggested by Mason [30]. The lift force per unit
volume can then be expressed in full as:

7ra3pfu$n

Fr =H
L ( VrBcR

) <-g§z§ [A¢* + B+ 0] - D) (72)

Where Z, = % the radial particle-vessel ratio and D = (%1(;)2 = gzg the flow disturbance factor. The
particles are assumed to rotate about an axis perpendicular to the direction of the flow, so the cross-
product becomes a simple multiplication. As noted, according to Mason [30] D may affect the location
of annulus formation, but here it can be seen that Z, (R) term is common to all contributing terms, and
so here D is not independently a function of radius. Finally, the lift force must be in equilibrium with the

diffusive force, which is assumed here to be proportional to the local haematocrit gradient, yielding:

0H
Fp=-K— 73
=K (73)
where K denotes the unknown mass diffusion coefficient. Summing the two forces in Eqgs. 72 and 73
gives:

O _ p <m5pf“’2”> <—§§Z§ [A¢* + BE +C] - D> —UH <—§§Z§ [A¢* + BE +C] - D>

oc VrpcRK
3 2 . . . . .
where ¥ = 3;3@;;;, a dimensionless constant. Integrating the above expression gives:

H = exp (—ixng <?£6 - %4 + g@)) exp <D2\D£2> exp (6)

Where 3 is a constant of integration. The average value of the local haematocrit H (£) across the vessel
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must be equal to the tube haematocrit Hr. This can be expressed as the integral constraint:
1
/ Hd¢ = Hy (74)
0

It is not possible however to integrate analytically a function of the form f (z) = ¢*", so the above con-
straint must be applied numerically. Solving H (£) across the vessel for varying values of ¥ gives the

results shown in Fig. 18.

Promisingly, the model can be seen to predict both the annular and cell-rich core types of behaviour
observed by Segré and Silberberg [3], with the behaviour being strongly dependent on the constant
¥. Comparing Fig. 18 to the observed effects in Fig. 5, the formation of the annulus at £ ~ 0.53 is
evident. However, it is the second plot corresponding to ¥ = 1000 that is of predominant interest to this
investigation, as it appears to show clearly a large concentration of particles at the centre of the vessel,
mimicking a two-phase separation. Although the diminishing local haematocrit towards the vessel wall is
perhaps not steep enough to be identified as a definite phase boundary, it is reasonable to suppose that

an approximate value of A\ could be obtained from such a distribution.

Whilst the results of this initial analysis are encouraging, it is important to note that assuming the diffusive
force to be proportional to the local haematocrit gradient is only applicable in the case of one dimensional

diffusion.
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4.3.1 Force Equilibrium in Cylindrical Sections

The local haematocrit gradient in a curved vessel differs to that in a one-dimensional cross-section, which
is illustrated by balancing forces on the cylindrical element in Fig. 19. Assuming that a pressure acts on
the element proportional to the local haematocrit, the net force can be calculated as:

iy = L ) (09 (50 - (160 3)) -

which, ignoring higher order terms yields:

_ Ko(Hr) K 9(HE)
o =""5, T (RO (76)

which contrasts with the assumption for the case of a one-dimensional section. The lift force remains
the same in the case of a cylinder, as it is not a function of the vessel geometry. Proceeding therefore in

the same manner, equating the lift and diffusive forces gives:

(r+br).50
Hr+r r+or OH _ &1 77
S | 77)
By inspection, itis evident that analytically the integration of this function
Hr | . r over the entire vessel presents a problem at the centre, where the func-
“-‘ ,-" tion tends to infinity as the denominator tends to zero. Physically this

U, is an impossibility, as the local haematocrit cannot exceed H (£) = 1.
The integration is therefore carried out between an, as yet unknown

Figure 19: An element of cylin-
drical area. boundary &, at which the concentration is assumed to have a value Hy:

H 2 A B C
poee{ g s@- @ f - Se-9|lee{ T -}t 0

As a boundary condition must be specified, the boundary concentration is set arbitrarily to H, = 0.4 here
as a first approximation. The value H, is taken to be the point at which the gradient of the velocity profile

a? = 0, and can be obtained from the numerical solution of:

3D 3 1
A& + BE® + <0—>§+=o (79)
272 2072
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The initial value of this boundary concentration has an effect on the magnitude of the distribution pro-
duced, but not the shape as can be seen in Fig. 20b. Therefore, the value of H, does not affect the

position of the annulus, and so the arbitrary setting of H; does not affect the analysis.

4.3.2 Effectof R

Fig. 21a shows the effect of varying the vessel radius R on the plots. As was discovered in the previous
chapter in the study of the energy minimisation, the value of R has no significant effect on the position of
the annulus formation, but a similar effect to the constant ¥ on its shape and magnitude. This behaviour
can be confirmed by examination of Eq. 78, all the terms are equal functions of Z; (R), and therefore R
does not affect the proportional contributions of the individual terms, only the overall magnitude of the

distribution.

4.3.3 Effectof d

Mason [30] proposed that it is possible that the value of g may have an effect on the position of the
annulus formation, but no quantitive investigation was undertaken. Referring again to Fig. 17, an average
fluid velocity u,; can be computed, leading to the differential velocity Uy;rr = u, — uqy that is crucial in

producing the differential velocity gradient responsible for the observed effects.

It can be clearly seen in Fig. 21b that the position of the annulus formation is significantly affected by

the choice of g and it can be shown that varying the magnitudes of the constants A, B and C has a
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similar effect’, however these constants are not considered variable by Goldsmith and Mason [29], and
are not further considered. From Eq. 70, it can be seen that the value of g will affect the magnitude and,
more importantly, position of contraflexure of u4; s, as is seen in Fig. 22. Setting ug4;;y = 0and £ = 0in
Eq. 70, it can be calculated that for g = 0.1547, the differential velocity is positive over the range of the
vessel, imparting positive angular velocity and therefore an inwardly directed force towards the centre
of the vessel. Increasing ¢ shifts the profile so that the velocity distribution crosses the uq;r; = 0 axis
as can be seen in Fig. 22, creating a point of contraflexure at a position along the vessel radius. This
distribution will impart a positive force on cells in the centre, causing outward migration, and a negative
force on cells near the wall, causing inward migration. Consequently, the cells will tend to aggregate at
the point of contraflexure causing the annulus effect observed, as argued by Repetti and Leonard [23].
The point of annulus formation pushes further towards the wall until g = 1.737, this being calculated in a
similar fashion, at which point the velocity gradient is negative across the vessel radius and all cells are

propelled towards the outer wall.

4.3.4 Effect of Psi

The range of concentration distributions illustrated in Fig. 24 can be explained through consideration
of Eq. 78. While it is known that the equation comprises both lift and diffusive force components, it is
observable by inspection that whilst ¥ is present as an exponent throughout the equation, the polarity

of the exponent varies, and so varying the value of ¥ therefore varies the relative magnitudes of these

"Results not shown here.
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contributing elements. It is useful to consider the behaviour of the two forces independently to assess

the oberved behaviour further.

In absence of a diffusive force, the lift force would

. Effectof don U
act so as to concentrate the erythrocytes at an in- diff

4
. . . —9d%a=0
finitely sharp peak at the point where the velocity S/ 04547
. . 3 §/a=
gradient equals zero, as proposed by Repetti and Za = 8-2
——oa=0.
Leonard [23]. Conversely, the diffusive force will ol —da=1
da=2

adopt an equilibrium distribution in absence of the

lift force, which can be obtained by the solution of

%H) _ (. The resulting equilibrium distribution is > ==

of the form H = £ where as a result, the erythro- » T ’M - |
cytes will tend to an infinite concentration at the _o %7/ i
centre of the vessel, which is not physically realis-

tic. al |
It is thus possible to interpret the distributions —40 012 014 016 018 1

&

clearly. For small values of ¥, the solution exhibits
the central peak characteristic of what might be ex-  Figure 22: Plot showing the effect of £ on wg;;.

pected from pure diffusion, with a negligible contribution by the lift force. As ¥ increases, the relative
magnitude of the lift component increases until at approximately ¥ =~ 10000 the two forces are effectively
balanced, exhibiting a cell-rich core. Increasing ¥ further increases the effect of lift, until the diffusive
contribution becomes negligible so that the solution exhibits a singular peak of diminishing width, char-

acteristic of what might be expected in the absence of diffusion.

Solving the concentration distribution to the centre of the vessel, it is interesting to observe that the
solution does not tend to infinity for all values of . As can be seen in Fig. 20a, for values of ¥ > 20000
the concentration drops to zero towards the centre. Fig. 24 shows the solution at a wider range of
¥, showing that both the characteristic annular and cell-rich core formations are produced in different

parameter ranges.

4.3.5 Results and Discussion

The shape of the concentration distribution has been demonstrated to be strongly dependent on . Whilst

OH

the annulus shape observed exhibits two points of contraflexure where o€

= 0, at larger values of ¥ the
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local haematocrit tends monotonically to infinity at the vessel centre, with no points of contraflexure within

the vessel boundary. Therefore, it can be assumed that at some limiting value of ¥ there will be a single

point of contraflexure between these two states where the concentration will plateau, resembling the

cell-rich core sought by this investigation. This can be observed in Fig. 23a, where the limiting value of ¥
OH

is calculated as ¥ ~ 2616.85, where there exists only one solution for o = V- It is interesting to observe

that even in this case, the concentration still tends to infinity at the centre, as shown in Fig. 23b.

The infinite spike is a consequence of the singularity existing at the centre of the cylinder, where the
elemental volume tends to zero and the concentration is then by definition % = o0. In theory, it
might be possible to overcome this problem by implementing the diffusion coefficient as a function of
K (H), so that for values of H > 1 the repulsive force would be infinite, as would be physically realistic if
considering a particle of finite volume. It is apparent after investigation however that this approach is not

valid due to equilibrium diffusive distribution being independent of the diffusion coefficient K.

In order to compare meaningfully the validity of this model, it is necessary to compare the results with the
experimental data in Table 1, and to do so a consistent method of determining A from the concentration

distributions is required, and proposed as follows.

Firstly, the value of I must be adjusted so that the characteristic cell-rich core distribution is exhibited,
and only one point of contraflexure %—f = 0 exists at £ = . The infinite spike can be ignored, as it is
physically unrealistic. As ¥ is a function of the physical parameters of the flow, it would then be possible
to determine the value of the diffusion coefficient K after matching all other conditions with experimental
data. If the model is realistic and there does indeed exist a diffusive force behaving as proposed, the

value of K should remain constant for the range of flows.

Secondly, the boundary position X is determined, and can by being assumed to occur approximately at
the drop off of the annulus formation. However, this definition introduces a problem in that that apart from
small variations resulting from the gradient of the annulus drop-off, the position of A will clearly not vary
considerably with ¥, and will not therefore compare meaningfully with the experimental data.

The position of this annulus has however been demonstrated to vary considerably with the flow distur-
bance factor g which has been considered as constant according to Goldsmith and Mason [29]. If correct,
this model suggests that, whilst the combination of forces is important in producing the characteristic dis-
tribution, it is in fact g that is the important parameter in determining the position of \. However, there
currently exists no method of relating this parameter to the flow conditions, as it has so far only been

measured experimentally under particular conditions.
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Figure 23

A method of determining the particle lag was attempted by equating the Stokes’ Drag [31] F'p = 67 uaug; s
to a momentum deficit D = fo‘f ur (use — uy). Ultimately however, this approach was not pursued further
as it would have necessitated a sweeping assumption of the form of the fluid velocity distribution v ; within

the flow volume, leading to further complications.

The disturbance factor is a complex one, as the extent of this disturbance will likely be highly dependent on
flow conditions and physical parameters. In addition, the task of computing simultaneously the interaction
of multiple flow fields means that its effective determination is unfortunately beyond the scope of analytical
techniques. However, its importance as a factor affecting the boundary layer position would certainly
make it worthy of detailed further analysis, through the use of computational fluid dynamics techniques,

which were not feasible here given the timescale of the investigation.

In summary, the current model has been found to exhibit an infinite centre concentration, but not to
produce a realistic variation in A given the physical variables being considered. There is however merit in
its ability to exhibit the desired cell-rich core flow phenomenon, and it is clear that the lift-diffusion model
proposed has shown promise in this regard. It is possible however that these imperfections are due to

the assumption of a Newtonian fluid.

The Casson fluid model has already been demonstrated to exhibit shear-dependent behaviour, and may
produce a model to predict A with more dependence on the physical parameters in question. Secondly, it
is easy to perceive how a Casson fluid might eliminate the difficulty of an infinite core concentration, as in
this case it would be possible to implement the plug-flow region more realistically. As noted previously, the

plug-flow boundary occurs at the point where the velocity gradient equals zero, and within this region the
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Figure 24: The effect of v on H.

velocity is constant. This zero velocity gradient would not impart any angular velocity on the erythrocytes,
therefore no lift force would be acting upon them. In absence of this force, the cells should adopt a uniform
equilibrium distribution, and the concentration within the plug-flow region a constant value, equal to that at
the plug-flow boundary \,. The next section will therefore apply the force equilibrium model to a Casson

fluid.

4.4 Force Equilibrium in a Casson Fluid

Firstly, the angular velocity imparted by the fluid flow on the cells must be calculated. The velocity gradient

is obtained by rearranging the expression for the shear force and substituting in 7 = *57", yielding in
non-dimensional form:
2
wn 1
Q=—=— (V20 +—
Bp {f 0+ ﬂ\/é] (80)
Substituting in Eq. 80 into Eq. 77 from the previous analysis gives:
HidH— ‘ w[\/ie+1\/,§r[2z2 (A¢* + BE* +0) D] 1 d¢ (81)
m H g, V2 370 3

However, the boundary )\, is known from previous analysis as )\, = 46%. The integration is therefore
carried out over this range, and the concentration within the core region set to the value at the boundary,

H (&,). The results of the analysis are shown for a range of values of ¥ in Fig. 25.

However, there are now two dimensionless variables that can affect the concentration, having reintro-
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Figure 25: The effect of varying ¥ on H.

duced the dimensionless pressure gradient 6. Fig. 26 shows the effect of varying 6.

It can be seen from Fig. 25 that similar distributions are produced to those observed previously. Again,
it can be concluded that those distributions of the annular form where the peak concentration surpasses
unity are not physically valid representations. As stated, the solutions that are of most interest are those
for which the concentration remains within the unity boundary. Fig. 26 demonstrates that the value of 6
defines the plug flow boundary, as predicted by Eq. 49, however in the distributions sought it is not this
boundary that defines A, although the existence of this boundary does remove the infinite concentration

at the vessel centre.

It is important to note that as a Casson fluid is now being considered, the parameters 7, and » are both
functions of haematocrit. Previously, these were assumed to adhere to the tube average haematocrit
value, Hy, however it is more realistic to assume that their values vary with local haematocrit H. This
indicates a second limitation of the previous model, in that it is assumed that the velocity distribution is
independent of the haematocrit distribution. The velocity distribution is in fact a function of the parameters
7, and 7, and therefore of the concentration distribution. In order to maximise the accuracy of the model,

it is necessary to solve for both the velocity and concentration distributions concurrently.

4.41 Casson Fluid With Integrated Parameters

For the purposes of comparison with experimental data, it is possible to substitute the unknown pressure

gradient P for an expression in terms of the central velocity w,,,, obtained by equating the velocity at the
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Figure 26: The effect of varying 6 on H.

plug-flow boundary from Eq. 47 to u,,. The profile is in similar form to that in Section 3, only without the

peripheral plasma layer. Integrating the Casson shear function and imposing the non-slip condition at

o-¢)

0

the wall gives:

m  (1-¢) 4
u () R 462 +§

+(1-9) (82)

which at the location of the plug flow boundary ), = 46% becomes:

2n\ _ (1—160%) 4 (1—86°) )
um<TyR>— wz t3—g — + (1467 (83)

The concentration gradient can be rearranged from the previous section as:

H ¢ 2 7, (H) VE TPl 1
dH:/ —@[ZZA4+B2+C —D] v {1—# ] —Z]d 84
w 71T 3% A8+ BE+C) =PI M ) (&) ©4)
where ¥ = %7;‘;}1%, and 6 can be solved numerically when defining w,,,. Clearly, to account for the vari-

ation in the Casson parameters 7, and n is problematic, as the plug flow boundary is no longer constant,
but is a function of H. Similarly to the previous analysis, it is not possible to integrate over the vessel
space without specifying a Dirichlet boundary condition, and so a point along the vessel denoted £, must
be assumed to take a specific value H,. However, where before it would have been reasonable to take

this point as the plug flow boundary for consistency, it is not now possible to determine the point at which
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this occurs without first solving for the concentration profile. In addition, it is clear that the boundary value

concentration H, will affect the position of the plug flow boundary.

It was therefore necessary to adopt an iterative approach in determining the position of annulus formation
&., repeatedly solving for the concentration profile from an assumed midpoint until that point aligned
with &,, confirmed by observing the radial shear variation. After solving for the correct concentration
distribution, it was then possible to determine the position of the plug flow boundary by considering the

shear variation.

4.5 Results and Discussion

Solving for the concentration distribution across the vessel, it is apparent that the value of ¥ plays a
similar role to that seen previously, in that an increase in ¥ tends to force the erythrocytes away from the
centre into a concentrated peak at A = 0.53. This value of )\ is found to be constant with variations in ¥,

following the behaviour observed earlier.
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(a) Plot showing the effect of the shear distribution on H. (b) Plot showing the effect of the shear distribution on H.
Figure 27

It therefore seems highly likely that the variation of ¥ by itself does not provide a mechanism by which
to predict the location of the phase boundary. However, by integration of the Casson parameters 7, (H)
and n (H), a link has been introduced between the value of ¥ and the plug flow boundary, governed
by the dimensionless pressure gradient ¢, which is now a function of the centreline velocity w,,. This
constant velocity term also affects ¥, as does the vessel radius R, both appearing in the numerator of
g = m@osumR

Vinc K Conversely, they exist as a ratio “z- in the expression for ¢, and so the two parameters

can be varied independently by altering the magnitudes of the two parameters proportionally.
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In varying both u,,, and R, it is found that the magnitude uvs.§

of the plug flow boundary is only of comparable order to AR —a

that of the annulus position over a small range of condi- 0.8

tions, and exists negligibly as A\, = 0 when comparing 0.6

with the data from Table 1, eliminating any possibility Mo4—

that the position of the plug flow boundary might denote | \

the phase-boundary. Fig. 27b shows the model predic- .l

tion corresponding to the data from row nine of Table 1, % ] 5 3 7 5
u (m/s) <10

chosen so as to maximise the thickness of the plug flow

Figure 28: Velocity profiles a & b corresponding

region for demonstration. As can be observed, even in . >
g to Figs.27a & 27b respectively.

the most extreme of the experimental instances the plug

flow region is negligible, with the net shear being positive over almost the entire vessel. However Fig.
27a demonstrates that in the case of slower velocities this effect does become prominent, illustrated as
the point at which the net shear becomes negative. Fig. 28 shows the velocity profiles of the two solutions

with the plug flow region coinciding with the shear variation.

4.6 Summary

A model describing the distribution of erythrocytes in suspension has been proposed by analyzing the
forces acting on individual particles. Both a lift force, resulting from particle rotation, and a diffusive force

are proposed to act in conjunction.

The model shows good qualitative promise in reproducing observed concentration distributions, but does
not provide a method for producing reliable quantitative estimates for the position of the phase boundary

A through the manipulation of the parameters under consideration.

Itis found that the boundary position is invariant over a range of conditions, showing a consistent location
of approximately A = 0.53, shown to coincide with the point of contraflexure of the velocity distribution.
Notably, it is demonstrated that whilst the particles may tend to aggregate about a point in the presence
of the lift force, it is only with the novel addition of a diffusive force that the cell-rich core distributions can
be achieved. The diffusive force coefficient K has not been determined as constant in achieving similar
distributions under different conditions, but it remains plausible that such a parameter might be a function

of these conditions, and so remains a promising hypothesis.

A semi-empirical model for the particle velocity lag has been implemented from the literature, assuming
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the flow disturbance factor g to be constant, but it is shown however that g strongly influences the position
of the phase boundary. Further attempts to deduce theoretically an expression for g were not pursued
due to the complex nature of the task, which would consider the complex interaction of numerous particle

flow fields and likely require a numerical approach.

5 Conclusion

Before considering the mechanisms whereby a two-phase separation might be established, it is impor-
tant to consider the physiological implications of such an arrangement. The 50-300um diameter range
encompasses the arterioles and venules, excluding the capillary domain and therefore no exchange of
nutrients occurs, with the vessels functioning purely for transport. Considering this, it can in fact be
demonstrated? that for a constant mass flow rate of erythrocytes, the diffusion from the vessel is in fact
minimised at a radius of approximately A = 0.61, corresponding to typical values observed experimentally
by Segré and Silberberg [3], and the value A\ = 0.53 predicted by the force model. It can therefore be
reasoned that the phase separation occurs to conserve oxygen within the erythrocytes before reaching

the capillaries, where it can be exchanged more efficiently.

It was shown in Section 3 that when considering a two-phase flow of blood subject to a constant core
flow rate, with a Casson fluid core and Newtonian peripheral layer, there does exist a boundary location
A for which the rate of shear energy dissipation is minimised. However, whilst the model predictions are
physically valid, they do not show strong agreement to experimental data, being only weakly dependent
on the flow conditions. The model developed is extensive in its consideration of experimental conditions
and fluid models. The inaccuracies in its predictions must therefore stem from a flaw in the underlying
hypothesis, and itis consequently unlikely that microvascular flows are arranged to minimise shear energy

dissipation.

Section 4 considered the particle distribution to be achieved by both a lift force due to particle rotation, and
a diffusive force acting in conjunction. This novel model succeeds in reproducing complex particle distri-
butions observed experimentally, that cannot be achieved by either of these forces acting independently.
However, it is found that the separation boundary is strongly dependent on the flow disturbance factor
0, which is considered to be constant, and determined empirically. The force model shows promise as a
potential mechanism for causing the two-phase flow, and should be investigated further to fully assess

its merit.

2See Appendix
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5.1 Future Work

It was not possible to fully explore every aspect of this investigation, and so the following avenues are

left for future analysis:

* The shear energy minimisation should be applied fully to the two-phase flow of a power-law fluid,

with different core and plasma dimensionless behaviour indices n.

» A mechanism for diffusion in the force model should be investigated more rigourously, and a quan-

titative expression for the diffusion coefficient K deduced.

A theoretical expression for ¢ should be developed, and its dependence on the flow conditions

investigated.

* This investigation approximated the erythrocytes as spheres, when they are in fact shaped as bi-

concave disks. It is possible that their geometry affects the flow, and so warrants exploration.

6 Appendix

In considering the primary role of the microvasculature, it would be reasonable to propose that the two-
phase configuration might offer some benefit to the diffusion of nutrients and waste products between

the surrounding cells. Considering a steady state haematocrit gradient, the following equation describing

10 ( oC
ror (a) =0 (89)

diffusion in a cylinder is obtained:

Integrating this expression, an equation for each of the two layers is obtained, denoting the local haema-

tocrits at the boundary and the cell wall as H; and H,, respectively:

Hy=AIn(Ar)+B, and Hy,=In(R)+ B, (86)

Solving these equation, the constants of integration A and B can be found as:

_ H,— H, _ Hy,In(AR) — HyIn(R)
ENTYPY! and B = In (R)

47



Substituting into the integrated form of Eq. 85 yields:

HyIn (€) — Hy In (%)
In(\)

H= (88)
Next, the mass flux at the vessel wall is equated to that across the wall. Denoting the haematocrit in
the cells outside the vessel H. and introducing the membrane mass transfer coefficient 1 and diffusion

coefficient D yields:

% orn)| = h(2rR) (Hy — H) (89)
or r=R
Substituting 22 = 4 = %Iif;l‘(g“ from Eq. 85 and rearranging gives:

. 2rD(Hy,—H.) 2xD(H,— H,)
M. = L—in() & -In() (90)

where J\'/[C denotes the mass transfer to the cells, and the Sherwood number, Sh = % represents the
ratio of convective and diffusive mass transfer coefficients. The mass transfer to the cells will ultimately
be limited by the mass supply provided by the blood flow, denoted M,. Assuming therefore that this

nutrient supply is carried exclusively by the cell-rich core layer with uniform haematocrit H = Hj:
M, = (AR)* Hy (91)

So that Eq. 90 can be expressed finally as:

. 2D M, 1
M, = ul 92
R (d—in() (92)

Here, itis assumed that the local haematocrit H, > H,., as would certainly be true in the case of anaerobic
respiration, where the oxygen demand by the cells exceeds the supply, and is compensated for using
alternative oxidising-substances found within the cells. It is interesting to observe that the mass transfer
then becomes independent of the cell and boundary haematocrits. This expression can be differentiated

with respect to A to obtain:

A =exp (1 — ) (93)

Differentiating again with respect to A shows that this expression represents a local minima in mass

transfer, and so seems to suggest that the phase separation does not lead to an optimal mass transfer
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rate for any value of \. Interestingly however, in the case where the diffusion across the vessel membrane
were much greater than the intrinsic convection, resulting in Sh — oo, a minimum in mass transfer would
occur at a position of A = 0.61, suggesting that this arrangement would in fact be a notable hindrance to
diffusion. Similarly, minimising the mass supply needed for a constant cell mass transfer produces the

same result.
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