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Brain arteriovenous malformations are a relatively rare cerebrovascular defect which can lead to stroke.
In planning treatment, the threat to a patient’s health with no intervention must be weighed against
the risks involved in the treatment: in the case of surgical intervention, this risk can be high.

There have been many attempts to model the dynamics of flow in the human circulation system. Flow
characteristics such as the distribution of pressure or shear stresses can show where blood vessels are
likely to rupture or conditions which might lead to reduced perfusion.

In this essay, I review results assessing the risks involved with surgical resection as a treatment for
brain AVMs, introduce a selection of approaches to haemodynamic modelling and discuss whether
simulating blood flow would be a useful and viable tool for surgical planning.
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1 Medical background

1.1 Cerebral circulation

In order to function normally, the human brain requires a constant supply of oxygen-rich blood: roughly
20% of the body’s blood and 25% of its oxygen [10]. This must perfuse fully through the convoluted
structure of the cortex. Although neurons will still function when perfusion is as low as 33% of its op-
timal level, a drop to 20% typically results in cell death [3]: in the case of brain cells such damage is
irreversible.

The proximity of the cells of the brain to the larger blood vessels also constitutes a risk in that weak-
ening of or damage to the blood vessel walls can lead to ballooning (aneurysm) or rupture of the blood
vessels, creating a rise in pressure which also damages the cortex.

Injury to the brain in the manner described above can result in stroke. In the former case, where the
damage is caused by starvation of oxygen, it is termed ischaemic stroke. Damage by bleeding into the
brain is termed haemorrhagic stroke [24].

Blood supply to the brain is via four large arteries: the left and right internal carotid and vertebral ar-
teries. The former supply the forebrain and eyes, while the latter supply the mid- and hindbrain. Of the
total blood supply to the brain, about 80% is carried by the two carotid arteries [24]. Within the head,
these four arteries are connected by a network of blood vessels called the circle of Willis—see Figure 1,
which allows blood to be redistributed if the supply is reduced from a particular artery and balances the
pressure in the arterial system.

As the arteries are stretched over bones, nerves and membranes in the neck, extreme head movement
can cause obstruction of one or two arteries, so one part of the brain may ‘steal’ blood from another
via the circle of Willis to compensate [3]. It should, however, be noted that since the communicating
vessels are often much narrower than the main supply arteries, the system cannot compensate for the
complete blockage of these vessels [24]. Indeed, a number of people lack one of the communicating
arteries, putting them at greater risk of brain damage in the case of reduced supply.

The major arteries then branch into smaller arterioles and then into the beds of fine capillaries where var-
ious substances (oxygen, carbon dioxide, ethanol, certain hormones, glucose and certain amino acids)
may pass between the bloodstream and the neurons.

1.2 Imaging techniques

Techniques used to produce images of vasculature in the head are varied. The ‘gold standard’ for defin-
ing arterial and venous anatomy, according to [15], is using arteriography (or angiography) in which a
radiocontrast agent is administered into the area of interest, allowing the vasculature to be imaged with
X-rays. Combination of radiocontrast X-ray imaging with computed tomography (CT) technology al-
lows a three-dimensional image of the vasculature to be rendered.

Recent papers [8] advocate the use of scintigraphy in which an unstable element called a radionuclide
is administered and its course is monitored using a camera which detects gamma ray emissions. Ra-
dionuclides cited in the literature include Technetium-99m [8] and Xenon-133 [27].

Magnetic Resonance Imaging (MRI) can also be used to image blood vessels. The contrast can be in-
creased by injecting a paramagnetic agent such as gadolinium into the bloodstream. MRI also allows
the measurement of the blood’s velocity within the veins and arteries and does not expose the patient
to X-ray radiation as in an angiogram or CT scan.

Another technology which can be used to monitor blood flow velocity is transcranial Doppler ultrasonog-
raphy (TCD). This uses a small hand-held device (transducer) which emits and detects high frequency
soundwaves; different velocities in the image are displayed in real time on a computer screen. Again,
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Figure 1: The circle of Willis (from Gray’s Anatomy)

there is no radiation dose and the equipment is much less bulky than in MRI so this type of imaging is
suitable for monitoring flow dynamics during surgery.

As a final aside, corrosion casting of cadavers produces three-dimensional casts of the vasculature which
can be a valuable resource in study of vascular anatomy, although it is clearly not a useful method as
a patient-specific diagnostic aid. A resin is injected into the blood vessels of interest which slowly so-
lidifies leaving a cast of the veins and arteries in their correct positions relative to the bones. A more
detailed description of the process is found in [3], chapter 15.

1.3 Arteriovenous malformation

An arteriovenous malformation (AVM) is a defect of the circulation system [14] in which, instead of filtering
through a capillary bed, blood flows at high pressure directly from a feeding artery, through a network
of relatively wide vessels into the draining veins (a process termed shunt) [5]. This puts a higher stress
on the blood vessels and also prevents oxygen and nutrients in the bloodstream from being passed onto
the tissues.

The anatomy of the AVM comprises the feeding arteries, which may be one or many; the draining
veins; and the short-circuit in between, which is termed a fistula. In many cases there is also a complex
tangle of vessels present called a nidus.

This essay will concentrate on AVMs located in the brain (often abbreviated as BAVMs) as these oc-
cur most commonly and are most likely to be damaging to health. Although symptoms are only seen
in an estimated 12% of persons with AVMs, they can be severe and include headaches, seizures, muscle
weakness, paralysis, tingling, memory loss and hallucination among others. The specific symptom is
dependent on the position of the malformation in the brain. See Figure 2 for pictures of AVMs1.

1Picture credits: Figure 2(a) http://www.neurosurgery.ufl.edu/Patients/avm.html, (b) http://www.thecni.org/stroke/
surgery.htm, (c) http://missinglink.ucsf.edu/lm/ids 104 cerebrovasc neuropath/Case2/Case2PathologyGross.htm and
(d) http://www.ispub.com/ostia/index.php?xmlFilePath=journals/ijra/vol4n2/avm.xml
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(a) Diagram of an AVM (b) An AVM visible in an angiogram

(c) A coronal slice through a brain with a large AVM (d) Three-dimensional rendering of a mag-
netic resonance angiogram

Figure 2: Images of arteriovenous malformations

AVMs may occur deep within the brain or superficially. Fistulas may also be found within the dura
mater; the tough, outermost membrane surrounding the brain.

The greatest threat to health is the potential of haemorrhage, which is a risk in AVMs as the walls
of the arteries are often weakened. The risk of haemorrhage from an AVM is roughly 2% each year
[5][14] although haemorrhage has a relatively high chance of causing death (20%) or disability (30%)
[5]. AVMs are most frequently discovered in patients presenting with haemorrhagic stroke (around half
of all newly discovered AVMs), while a large number are detected ‘incidentally’ (ie. without directly
related symptoms) or in patients presenting with epileptic seizure [5]. Presentation with stroke is also
at an unusually young age—the average age is 40.

AVMs are believed to be congenital (present at birth) although dural fistulas may form as a result of
injury [5]. Also, the stress of the increased blood pressure can lead to further malformation and weak-
ening of the blood vessels so they become more of a risk as time goes on. There is not believed to be a
genetic cause.
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Characteristic Points
Size of AVM

Small (<3cm) 1
Medium (3–6cm) 2
Large (>6cm) 3

Adjacent brain
Non-eloquent 0
Eloquent 1

Venous drainage
Superficial 0
Deep 1

Table 1: The Spetzler-Martin grading system

2 Treatment

2.1 Treatment options

Although the majority of AVMs do not pose an immediate threat to health, treatment is necessary in
cases where there is a risk of rupture or where symptoms have already been expressed.

Three common treatments are microsurgery (resection or clipping), embolisation (injection of an embolic
agent into the affected blood vessels which occludes blood flow) or radiosurgery (obliteration of the mal-
formation using a beam of gamma or X-rays focused on the site of the AVM [26]). Papers refer frequently
to a management strategy for treating AVMs rather than a single therapy.

Surgery is the only treatment which, if successful, immediately removes the risk of haemorrhage. Em-
bolisation may provide immediate reduction in blood supply to the AVM but is rarely curative when
used as a primary treatment. Used before microsurgery it can make surgical treatment safer. Embolic
agents include ethanol, a type of glue (cyanoacrylate) or small metal coils which induce thrombosis. Ra-
diosurgery avoids open surgery but is less effective and takes two years for the malformation to be
obliterated, so this treatment is unsuitable when there is a present threat to health [13].

In [12], Nakaji et al. stress that the risks of intervention must be weighed against the risk from the
malformation itself. They also note that the diagnostic methods mentioned above carry their own risks
(exposure to radiation, injection of contrast agents), which must also be taken into account as part of a
treatment plan.

Surgical treatment, particularly, carries a high risk of neurological deficit. In a study by Hartmann et
al. [6], 41% of patients in a group of 124 showed new neurological deficits immediately after microsur-
gical resection; 15% were classified as disabling. In long-term follow up, however, these percentages
dropped to 38% and 6% respectively.

2.2 Spetzler-Martin grading system

The risks involved with surgical resection are roughly quantified by a guideline proposed in 1986 by
Spetzler and Martin in [21]. In this scheme, cases where surgical resection would be considered risky
are those where the malformation is large; positioned in an eloquent brain region (responsible for sen-
sation, motor control, language, vision among others); and with deep venous drainage. The points are
awarded according to Table 1.

Summation of the points gives a score of between I and V, where cases graded I are most likely to be
successfully treated with surgery and cases graded V are least likely. In [15], Ogilvy et al. note that there
was low morbidity after surgical resection in patients graded with I, II or III points but that treatment-
associated morbidity was as high as 31.2% in patients with grade IV lesions and 50% with grade V. They
recommended surgery for all patients with grade I and II lesions; further analysis before the decision
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on patients with grade III lesions and to seek a multidisciplinary approach on patients presenting with
Spetzler-Martin grade IV or V. The report also noted that, although the grading system was designed to
predict surgical outcome only, deterioration due to combined treatments was also strongly indicated by
a high Spetzler-Martin score.

In the Hartmann et al. study, neurological deficit was strongly linked with Spetzler-Martin grade. The
paper also mentioned that female patients were more likely to develop neurological deficits after surgi-
cal resection.

2.3 Risk with no intervention

The relative risk of haemorrhage with no intervention is less well documented. The strongest indicator
that an AVM will bleed is if it has bled in the past (annual risk of haemorrhage rises to 17.8% according to
Mast et al. [9]). A study in 2000 [22] found significant increased risk with small AVM size, deep venous
drainage and the presence of feeding-artery or intranidal aneurysms, and a reduced risk associated with
AVMs positioned in so-called arterial borderzones: AVMs fed by two or more major circle of Willis arteries.

A clinical trial (ARUBA [11]) is currently underway to assess the need for intervention in AVMs de-
tected before any haemorrhage has occurred. Based on data collected so far, they found that interven-
tion in unbled AVMs led to an increased chance of haemorrhage over a five year course (4.2% untreated
compared with 17.3% treated). They also noted that spontaneous bleeding of untreated AVMs were
associated with milder clinical syndromes than bleeding of treated AVMs.

The age of the patient must also be taken into account. Given that there is a small chance of haem-
orrhage occurring each year, the cumulative probability of haemorrhage occurring over a patient’s re-
maining natural history is higher for a younger patient than an elderly one. For this reason, intervention
(surgical or otherwise) may be more appropriate when the patient is relatively young.

3 Modelling

3.1 Elements of fluid mechanics

The physical principles governing fluid flows are similar to those governing the mechanics of solids:
namely conservation of mass, momentum and energy. Fluids are distinguished from solids by the fact
that they continuously deform under an applied shear stress. A second point is that, in fluid dynamics,
equations usually describe the rate of change of velocity, density etc. at a fixed point (the Eulerian de-
scription) rather than following a fluid particle (the Lagrangian description).

Flows can be divided generally into categories depending on whether or not they are compressible or
incompressible; viscous or inviscid; and laminar or turbulent. Liquids are normally assumed to be in-
compressible, whereas gases are compressible. In a three-dimensional flow with components of velocity
(u, v, w), mass conservation requires that an incompressible flow satisfies:

∂u
∂x

+
∂v
∂y

+
∂w
∂z

= 0 (1)

Conservation of momentum is given by a set of equations named after Claude-Louis Navier and George
Gabriel Stokes:

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

= Fx −
1
ρ

∂p
∂x

+ ν∇2u (2)

∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

= Fy −
1
ρ

∂p
∂y

+ ν∇2v (3)

∂w
∂t

+ u
∂w
∂x

+ v
∂w
∂y

+ w
∂w
∂z

= Fz −
1
ρ

∂p
∂z

+ ν∇2w (4)
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Here ρ is the density of the fluid, p is the pressure, ν is the kinematic viscosity and Fx,y,z denote compo-
nents of body forces acting on a fluid element in the respective directions.

More specific results can be obtained if we define boundary conditions for the flow: the vessel in which
it is flowing as well as what forces and pressures are acting on it. Consider an incompressible flow in
a rigid, horizontal tube of radius a, which lies along the x-axis. We shall assume that the fluid can flow
only along the direction of the tube so v and w are zero. We also require u = 0 on the boundaries of the
tube (no slip) and ignore the body forces due to gravity. Solving the Navier-Stokes equations for these
conditions, as detailed in [4], gives:

u = − 1
2µ

(a2 − y2)
dp
dx

(5)

in the case of a two-dimensional flow (flow in a channel) or:

u = − 1
4µ

(a2 − r2)
dp
dx

(6)

in three-dimensional flow through a tube, where r =
√

y2 + z2.

Integration of the above result gives the rate of flow dQ
dt as:

dQ
dt

= 2π
∫ a

0 urdr = −2π
∫ a

0

r
4µ

(a2 − r2)
dp
dx

dr (7)

= −πa4

8µ

dp
dx

(8)

The Reynolds number:

Re =
ρuL

µ
(9)

is a dimensionless measurement of local flow characteristics. L denotes the characteristic length, which is
the vessel diameter in the case of a tube of circular cross section. Depending on the vessel containing the
flow, it can be used to indicate the point at which a laminar flow becomes turbulent. In circular tubes,
the critical value for Re where turbulent flow may occur is around 2300.

3.2 Flow in blood vessels

Blood may, to some extent, be modelled as a classical fluid but it should be noted that its structure is
much more complex: a suspension of red and white blood cells and cell fragments (platelets) in a liquid
medium (plasma) which also contains various proteins and electrolytes in solution. Study of the dynam-
ics of blood in this context is called haemorheology, though I shall consider only continuum models in this
essay.

The branching and narrowing of the arterial system also means that the Reynolds number (and hence
the flow characteristics) varies widely throughout the system; from over 3000 in the aorta to around
0.002 in the capillaries.

Recall that AVMs are abnormal owing to their lack of a capillary bed: the vessels are wide along the
whole length and so the Reynolds number of the flow is atypically high. They also commonly feature a
large number of branchings from one or several mother vessels into a number of daughters.

Simulation of blood flow can be achieved by direct numerical solution of the governing equations de-
scribed above on a discrete mesh. Numerical methods used include finite element, finite difference or
finite volume schemes. Direct simulation in this manner may agree well with real measurements but is
computationally intensive and does little to help understand the characteristics of the problem.

Attempts to model the flow analytically give more information on the characteristics of the flow, though
numerical methods must be employed at some point in the process. Approaches to modelling high
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Reynolds number flows around branching vessels, as would be seen in AVMs, is seen in Smith et al. in
[18], [19] and [20] and in Bowles et al. in [1]. In [20], Smith et al. describe methods whereby wall shapes
around a branching point are specified by explicit functions. They report a close agreement between the
flow rates calculated using their models and direct numerical simulation.

Useful results may also be obtained in simplified models, considering flows in only one dimension, this
simplification allows study of more complex networks without becoming computationally intractable.
In the next three sections I introduce papers which address blood flow in arterial networks using one-
or zero-dimensional methods.

3.3 Flow on a vessel graph

In [2], the approach of Bunicheva et al. to modelling branching flows is to treat the circulatory system
as a network of nodes and one-dimensional edges instead of attempting to understand the particular
geometry of a single branching. This makes it much simpler to assess flow properties on a wider scale:
for example in a complex structure like an AVM; the whole cranial circulation system; or indeed whole-
body circulation study.

The veins and arteries of interest are used as edges of the graph and the nodes are divided into three
categories: branching points, capillary beds and boundary points (the points where flow either enters or
leaves the system).

The equations of motion are solved on the edges of the graph and there are additional constraints which
must be satisfied for each particular boundary point.

Firstly, it is assumed that flow, u(x, t), is one-dimensional through a tube of variable cross-section S(x, t),
so the mass conservation equation becomes:

∂S
∂t

+
∂

∂x
(uS) = 0 (10)

For conservation of momentum we have:

∂u
∂t

+
∂

∂x
(

u2

2
) = −1

ρ

∂p
∂x
− 8πνu

S
(11)

The authors assume that the vessels have a maximum and minimum cross-section and that it varies
linearly with pressure between these two values. ie.

S(p) = Smin + θ(p− pmin), where θ =
Smax − Smin
pmax − pmin

(12)

and pmax and pmin are the corresponding pressure at which the vessel has cross-sectional area Smax or
Smin respectively.

The constraints at the nodes of the graph are as follows:

At a branching point where an incident edge i has flow velocity ui and cross-sectional area Si at its
endpoint, assign a coefficient zi = 1 for flow into the node and zi = −1 for flow issuing from it. Then
impose the constraints:

∑
i

ziuiSi = 0 (13)

u2
i

2
+

pi
ρ

=
u2

j

2
+

pj

ρ
, i 6= j (14)

For a flow passing through a capillary bed we have the conditions:

ziuiSi + zjujSj = 0 (15)
ziuiSi = kd(pi − pj), (16)
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where kd is a constant (Darcy’s filtration coefficient) relating flow velocity to hydraulic gradient.

Finally, for the node at the beginning of the network we set a function q(t) giving the initial input
flow, for example the output of the heart if it is the beginning of our network. Bunicheva et al. give a
function for heart output flow as:

q(qmax, qmin, τS, τP) =

{
qmax − 1

τ2
S
(qmax − qmin)(t− τS)2 if 0 ≤ t ≤ τS

qmin if τS ≤ t ≤ τP
(17)

Implementation of this model showed close agreement with direct numerical simulation and analytical
solution in calculating the pressure drop on a specified elastic vessel.

3.4 One-dimensional analysis

A similar mathematical formulation is taken by Steele et al. in [23] from the Stanford University Engi-
neering department under Charles Taylor. Instead of velocity u, Steele uses volumetric flow rate Q as a
primary variable alongside the cross-sectional area S and pressure p.

This gives the equations for conservation of mass and momentum as:

∂S
∂t

+
∂Q
∂x

= 0 and (18)

∂Q
∂t

+
∂

∂x

(
(1 + δ)

Q2

S

)
+

S
ρ

∂p
∂x

= N
Q
S

+ ν
∂2Q
∂x2 (19)

where δ, a term related to the profile function of the velocity, is taken to be 1
3 and N, a viscous loss term,

is taken as −8πν.

Instead of a linear relationship, as used above, the pressure and cross-sectional area of the vessel are
related by the formula:

p(S, x, t) = p0 +
4
3

Eh
r0(x)

(
1−

√
S0(x)
S(x, t)

)
(20)

taken from [16], where E is the Young’s modulus, h is the thickness of the vessel wall, r0 is the vessel
radius at a reference pressure p0 and S0 is the cross sectional area of the vessel at time t = 0. We further
have:

Eh
r0(x)

= k1ek2r0(x) + k3 (21)

where the constants ki are determined by fitting to experimental data.

The paper also describes how energy loss coefficients are calculated to take into account flow around
stenoses and diverging or converging flow bifurcations.

The model described above was used to predict flow rate in a graft used to bypass an artificial stenosis
in the thoracic aorta of a group of pigs. The dynamic equations were solved using a one-dimensional
finite element approach and the error in the predicted flow was at most 10.6%, with an average of 4.2%
error. There was also good qualitative agreement between the predicted and measured flow patterns.

The in vivo blood flow distribution was measured using phase-contrast magnetic resonance angiog-
raphy, pressure was measured using catheters placed in the aorta and the geometry of the blood vessels
was determined using three-dimensional contrast-enhanced magnetic resonance angiography in order
to construct the case-specific models used in the simulations.
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3.5 Windkessel model

In [17], Olufsen et al. employ a three-element windkessel model—an analogue of part of the arterial system
using electrical circuit components—to model pressure regulation in pulsatile arterial flow. The model
featured in the article used two resistors and a capacitor, as shown in Figure 3, to represent flow in the
middle cerebral artery. The resistor RS represents the systemic resistance to flow in arteries leading to
the middle cerebral artery, the capacitor CS represents the systemic compliance—the resistance of a vessel
to deforming in response to pressure, and the second resistor RP represents resistance due to the cere-
brovascular bed.

flex-mediated regulatory responses to falling pressure,
before the cerebral autoregulatory response sets in to
dilate the vessels and decrease the cerebrovascular
resistance. In addition, our work indicates that the
initial increase in cerebrovascular resistance is respon-
sible for the widening of the blood flow pulse.

We have chosen to work with the simple three-
element windkessel model, because one aim of this
work is to demonstrate a new methodology for data
analysis rather than to develop a complex lumped
model that can capture all details of the individual
pulse profiles. Even with this simple model, we were
able to reproduce dynamic changes in the pulsatile
blood flow of the MCA during transient changes in
arterial pressure.

METHODS

Modeling. The model used in this work is a three-element
windkessel model often used in cardiovascular studies (27, 35,
48). The windkessel model can be represented by a circuit
consisting of two resistors RS and RP (mmHg ! s/cm3) and a
capacitor CS (cm3/mmHg) (see Fig. 2). We assume that CS and
RS represent the systemic compliance and resistance of the
arteries leading to (and including) the MCA, whereas RP rep-
resents the resistance associated with the peripheral cerebro-
vascular bed. Because it is difficult to make measurements of
pressure directly in the MCA the input to the model is pressure
in the finger (pF, mmHg; alternatively one could use pressure
measurements from the earlobe). The output from the model is
the volumetric flow rate (qMCA, cm3/s) in the MCA, which can be
validated by comparison with corresponding measured data. In
addition to the above elements, the circuit includes intermedi-
ate flow and pressures: the flow and pressure of the peripheral
cerebrovascular bed (qP, pP) the venous pressure (pV), and the
intracranial pressure (pI). However, these will not be deter-
mined explicitly. If we assume that flow and pressure are
correlated (20) we can use an electrical circuit analogy and

derive equations for pressure and flow in the MCA. Assuming
that the pressure and flow can be described as sums of har-
monic components of the form p(t) ! Pei"t and q(t) ! Qei"t

where " (s#1) is frequency, t (s) is time, and P, Q are pressure
and flow in the frequency domain. Using these definitions,
the equations for the circuit in Fig. 2 are

PF ! PP " RSQMCA

PP ! PV " RPQP

PP ! PI "
QMCA ! QP

i"CS

Assuming that PV ! PI ! 0 the above equations yield

PF

QMCA
"

RP # RS # i"CSRSRP

1 # i"CSRP
! ZW$") (1)

where, as is common for electrical circuits, the impedance is
defined as Z ! P/Q (mmHg ! s/cm3).

More generally, for time-periodic signals of period T (s)
(the length of the cardiac cycle), the theory of Fourier series
gives

p$t% " &
k " ! '

'

P$"k%ei"kt, q$t% " &
k " ! '

'

Q$"k%ei"kt

with

P$"k% "
1
T (

! T/2

T/2

p$t%e ! i"kt dt, Q$"k% "
1
T (

! T/2

T/2

q$t%e ! i"kt dt

where "k ! 2)k/T and #T/2 $ t $ T/2, with the relation in
Eq. 1 valid for each of the frequency components in the
signal.

Using the above relationship between flow and pressure in
the frequency domain, the windkessel Eq. 1 can also be
written as the following ordinary differential equation in the
time domain

Fig. 2. The circuit representing the middle cerebral artery (MCA)
and its peripheral cerebrovascular bed (subscript P). The capacitor
CS and resistor RS are lumped parameters including the MCA and
systemic arteries leading to the MCA. We assume that the pressure
of the finger pF is approximately the same as the pressure into the
MCA. Finally, pV is the pressure of the venous bed and pI is the
intracranial pressure.

Fig. 1. Measured arterial pressure p (A) and flow q (B) during
posture change. Immediately after standing (marked with vertical
lines at t ! 60 s) the pressure drops while the flow pulsatility widens
(systolic minus diastolic flow increases). After standing for 20 s (at t
* 80 s, marked with another set of vertical lines) the flow and
pressure return to new steady state values.
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Figure 3: The three-element windkessel model. Figure from Olufsen et al., 2002.

The model uses an in vivo measurement of blood pressure taken in the finger as an an input, shown as
pF in the diagram and the output is the flow rate in the middle cerebral artery qMCA. Other parameters
listed in the diagram are the flow rate and pressure in the cerebrovascular bed, qP and pP; the venous
pressure pV and the intracranial pressure pI .

Pressure and flow rates are assumed to be sums of harmonic functions of the form:

p(t) = Peiωt and q(t) = Qeiωt (22)

where P and Q are pressure and flow in the frequency domain. Over this domain, we may write equa-
tions relating the pressure and flow in the circuit as:

PF − PP = RSQMCA (23)
PP − PV = RPQP (24)

PP − PI =
QMCA −QP

iωCS
(25)

The functions over the frequency and time domains are related by the usual Fourier series representa-
tion, namely:

p(t) =
∞

∑
k=−∞

P(ωk)eiωkt (26)

q(t) =
∞

∑
k=−∞

Q(ωk)eiωkt (27)

P(ωk) =
1
T

∫ T/2

−T/2
p(t)eiωktdt (28)

Q(ωk) =
1
T

∫ T/2

−T/2
q(t)eiωktdt (29)

From this we may obtain the ordinary differential equation:

RS

[
dqMCA

dt
+

(RS + RP)qMCA
CSRSRP

]
=

dpF
dt

+
pF

CSRP
(30)
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which, given pF (the pressure in the finger), can be integrated to give qMCA as a function of time.

Olufsen et al. used the model to compute pressure and flow variation in a subject as they moved from a
seated to a standing position. The pressure and flow at first both drop and then return to normal over
a 20 second period. The computed results agreed well with measurements both over the 100 second
timecourse (see Figure 4) and on a beat-to-beat basis.

features similar to the ones seen in our data can be
captured by including more elements (e.g., inertances
or more resistors and capacitors) into the model.

DISCUSSION

Blood flow in the cerebral circulation is controlled by
a dynamic regulatory system. The regulation is active
over a range of time scales lasting from a few seconds
to several minutes. The purpose of control is to main-
tain a constant flow over a wide range of pressures.
This is done by regulating the diameters of vessels in
the peripheral cerebrovascular bed as well as by chang-
ing the heart rate and cardiac output. The control
appears to be active within upper and lower limits of
pressure (e.g., in young subjects, 50–150 mmHg) that
shift toward higher pressures in hypertensive subjects
(36). The autoregulatory control process in the cerebral
vasculature is most likely mediated by a combination
of myogenic and metabolic mechanisms, as well as
changes in the activity of the autonomic nervous sys-
tem (29), but it is not yet fully understood. This paper
focuses on modeling the dynamics and control of cere-
bral blood flow with the goal of better understanding
the regulatory mechanisms in young adults. The three-
element windkessel model used in this work included
only very basic mechanisms, but we have shown that it
is still able to reproduce the measured data. We have
kept the model simple, because as discussed previ-
ously, we were interested in tracking how the windkes-
sel parameters changed during posture change. Includ-
ing more elements, and hence more parameters, would
have made it much more difficult to develop a proce-
dure for automatically monitoring the change of the
parameters such that they could still be understood
from basic principles.

There are several published models of cerebral auto-
regulation, but to our knowledge there are currently no
other models that include both cerebral autoregulation
and pulsatility. Pulsatile models have been developed
for studying atherosclerosis in the carotid (30, 47) or

for studying the dynamics of blood flow in the circle of
Willis (15, 17, 46). The models by Viedma et al. (46) and
Kufahl and Clark (17) are distributed, i.e., they include
time and one spatial dimension, whereas the model by
Hillen (15) is based on lumped parameters. The models
were developed to study the large anatomical variation
of the communicating arteries and the effect of various
pathological situations. The latter were verified by
variation of the model parameters to represent alter-
ations in flow distribution due to occlusions. Work by
Ursino (42, 45) discusses the importance of pulsatility
in carotid baroreflex regulation. Modeling pulsatility is
important when studying perturbations such as mild
hemorrhage, carotid occlusion maneuvres, or genesis of
self-sustained arterial pressure waves.

Ursino and Lodi (39, 40, 42, 44) also made significant
contributions to modeling cerebral blood flow velocity
and its autoregulation. Their work is based on a
steady-state model that mimics the behavior of the
intracranial arterial vascular bed, intracranial venous
vascular bed, cerebrospinal fluid absorption, and pro-
duction. Model parameters were computed using phys-
iological considerations and anatomical data from nor-
mal subjects. The cerebral circulation is represented by
a steady-state lumped parameter model. Each of the
elements in the model comprises a capacitor and a
resistor, some of the capacitors being passive and some
active. The elements represent the MCA, large and
small pial arteries, the venous bed, the intracranial
pressure, and the cerebrospinal fluid circulation. A
regulation loop is applied at the large and small pial
arteries. The large pial arteries respond actively to
changes in cerebral perfusion pressure, whereas the
small pial arteries are sensitive to percent changes in
cerebral blood flow velocity. Dynamics of each mecha-
nism are simulated by means of a gain factor and a first
order low-pass filter with a time constant. Finally,

Fig. 9. Computed (top trace) and measured (bottom trace) flow q for
the entire duration of the measurements. The vertical lines at the
60-s mark indicate where the subject stands up, and the vertical
lines at the 80-s mark indicate where we estimate that the flow and
pressure have returned to the new steady state during standing.

Fig. 8. The compliance CS is based on the values obtained using
window-based Fourier analysis. Hence, each of the 3 periods is
represented by an average compliance. Linear interpolation is used
to account for variation of compliance during the transition period.
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Figure 4: Computed (top) and measured (bottom) flow over a 100 second timecourse. The patient stands
at 60s. Figure from Olufsen et al., 2002

4 Discussion

Advances in technology give surgeons access to increasingly detailed diagnostic information on a pa-
tient’s present condition. This means greater potential to make advantageous decisions on treatment.
The wide range of data can, however, be a confounding factor through sheer volume of information
or in the case that if different characteristics of the presentation contradict one another with respect to
treatment.

Current surgical planning is, in the main, based on the empirical data from previous cases and the per-
sonal experience of the surgeon. Whilst more detailed statistical analysis of factors contributing to risk
can differentiate cases into a greater and greater number of subcategories, individual variation means
this consideration cannot be truly patient specific.

Arteriovenous malformations are a clear example where there exist a multitude of factors contribut-
ing to the risks involved in treatment or nonintervention. Using modelling to obtain patient-specific
haemodynamic information could be a valuable tool for assessing the outcome of surgery (and poten-
tially other treatments) as well as the risk of haemorrhage if an AVM is left untreated.

Using computer modelling techniques as an aid to planning has long been widespread in disciplines
such as design, engineering and manufacturing, so what potential does it have in a medical context?

A first application is three-dimensional rendering of patient-specific anatomy. Kikinis et al. [7] describe
reconstructing anatomically complex structures from MRI data in a number of case studies including
a frontoparietal AVM. The authors reported that the model permitted more detailed study of the sur-
face topology and adjoining vessels, allowing the surgeons to minimise the size of the cortisectomy and
damage to the surrounding brain.

In the case of vascular surgery, a second level would be calculating patient-specific blood flow in the
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geometry reconstructed as described above. In [25], Taylor et al. describe use of a developmental
software package called ASPIRE which combines these two functions as well as featuring an interac-
tive treatment-planning ‘sketchpad’ in which angioplasty or arterial bypasses can be performed on the
model.

The paper recounted a mock clinical case in 1998 where the patient had complete occlusion of the right
iliac and left superficial femoral artery and a 50% reduction in diameter of the left iliac and right su-
perficial femoral artery. The authors described three possible treatment plans: an aorto-femoral bypass
graft with proximal end-to-side anastomosis; the same graft with proximal end-to-end anastomosis and
a balloon angioplasty in the left common iliac artery with a femoral-to-femoral bypass graft (see Figure
5).

logic model and pre-operative flow distribution was

defined based on literature data for flow distribu-

tions.20 In general, the pre-operative flow distribu-

tion will be defined based on pre-operative imaging

data, e.g., volume flow rates obtained using phase-

contrast MRI techniques.

Fig. 6. Geometric models for alternate treatment plans for the case of lower extremity occlusive disease examined: (a)

anatomic description with stenoses and occlusions shown, (b) aorto-femoral bypass graft with proximal end-to-side anasto-

mosis, (c) aorto-femoral bypass graft with proximal end to end anastomosis, (d) balloon angioplasty in left common iliac artery

with femoral-to-femoral bypass graft.

Taylor et al.: Predictive Medicine 239

Figure 5: Three-dimensional rendering of the arteries and three possible treatment plans. Grafts are
shown in white. Figure from Taylor et al., 1999

Numerical simulation of the haemodynamics using an automatically generated finite-element mesh
showed that pressure losses were lowest in the first of the three treatment plans, suggesting that this
graft would be the most appropriate treatment.

Despite the encouraging results, there are a large number of considerations which must be addressed
in using modelling in this context: Taylor et al. acknowledged that the simulations mentioned in their
paper were “crude compared to the true complexity and elegance of human function”. Assumptions
included treating the blood as a Newtonian fluid and the blood vessels as rigid tubes, which the authors
hoped could be amended in future versions.

Secondly, time is an important factor: the calculations involved in the implementation of the above
procedure took 20 hours per analysis. Improvement in computer processor design since 1998 will of
course make quicker and more complex analysis possible. The authors noted that the time period be-
tween acquisition of imaging data and the operation would usually exceed 20 hours but suggested a
maximum run time of 1–2 hours as feasible for use in clinical planning.

Financial considerations must be taken into account. In Kikinis et al. [7], the system used to render
three-dimensional images of brain anatomy had to be operated by a specially-trained technician un-

11



der the supervision of a neuroradiologist: paying these two specialists would be expensive and, in
comments on the paper, there were doubts that it would be affordable. Automation of the model con-
struction as much as possible as well as a design that is operable by those without specialist technical
training would be necessary to avoid these additional costs.

The lack of clear data on risk associated with an AVM diagnosis, particularly in unbled cases, and the ex-
tensive patient to patient variation is a barrier to giving clear advice on treatment. A detailed statistical
analysis of the ARUBA study, amongst others, should make a significant difference in tackling this prob-
lem. In addition, combining empirical data with deterministic models has the potential to add another
string to the surgeon’s bow, though treatment decisions must also take into account clinical guidelines
and the wishes of the patient and their family. As well as relatively computationally-intensive numeri-
cal simulations such as used in [25], simpler models such as those mentioned in sections 3.3, 3.4 and 3.5
have shown to give useful results, close to direct simulation or in vivo measurements. With regard to
planning AVM resection specifically, the model would be required to maximise the accuracy of critical
parameters such as pressure variation and shear stresses subject to the constraints of time, cost and ease
of use.

In conclusion, the tools for producing accurate and clinically relevant haemodynamic models are al-
ready available but must conform to the standards discussed above before they could be used in a
clinical environment. If these standards can be met then rigourous clinical testing could validate the
benefit of adopting a paradigm of predictive medicine as an additional facet of surgical planning.
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