
Russian Physics Journal, Vol. 37, No. 12, 1994 

OPTICS AND SPECTROSCOPY 

N U M E R I C A L  T E S T  F O R  C O R R E C T N E S S  IN A P P L Y I N G  AN 

I T E R A T I V E  P R O C E D U R E  T O  C A L C U L A T I O N S  IN D I R E C T  

S P E C T R O S C O P I C  P R O B L E M S  I N V O L V I N G  D I A T O M I C  

M O L E C U L E S  

S. N.  Y u r c h e n k o  UDC 539.19 

On the basis of model potentials, the correctness in perturbation theory for diatomic molecules. The accuracy 

of the calculations, and the simplicity of use, allow this procedure to be applied to the solution of various 

spectroscopic problems requiring numerical calculations. 

INTRODUCTION 

In the study of molecular vibrational-rotational spectra, one is often obliged to consider higher orders in perturbation 

theory (PT), especially with loosely bonded molecules. Since the complexity of the calculations increases with order, the natural 
tend is towards the use of numerical algebraic methods [1]. A method was presented in [2] which makes it relatively easy to 
consider very high PT orders in vibrational-rotational spectroscopic problems of diatomic molecules, and avoids cumbersome 
analytical calculations. This method is an iterative procedure for numerically calculating energy from molecular parameters. 

The present study introduces a test for the correctness of direct spectroscopic problems based on the proposed 
procedure, using Kreutzer and RKR models for the potential of CO molecules. Some questions about the application of the 
proposed method are also discussed. 

1. ITERATIVE PROCEDURE 

Let us briefly examine the results of [2]. In the vibrational-rotational Schr6dinger equation for singlet states of 

diatomic molecules 
HqSvi = EviWoi, 

h 2 0z 
H - -  + V (~) + H ~ (~.), (1) 

2 ~ 

He = B. hJ (Y + 1 ) (2) 
I ~2 

h is the formal small scale parameter, B is a constant, V(~) is assumed to be a polynomial, which, in the general case can be 
expanded into (see [3], for example); 

v (~) = ~ v~x  (~)~, 
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Transforming the variable x = X(()  in (2), we get 

H _ 
,~( 0 ~- a) 

~ ( x ) - - + ~ ( x )  + V(.r) +H~ (3) 

where e4x), t3(x), V(x) and HR(x) are expanded, if possible, into a Taylor series in x about the equilibrium potential (considered 
for simplicity to be zero): 

V ( x )  - 

7A12 X 2 
- ~ -  + ~, L ~  ,~, ~,~(~) = ~ s  ( s +  1)<~,~/~. 

K . ; 3  K> O 

Asymptotically, with a precision of O(hN/2), the solution to Eq. (1) with Ham]ltonian (3) for the given vibrational 

number v takes the form: 

~ ' = ~ ) ( x ) e  ~s/h, S = S ~ + i S 2 ,  $2~0, 
N 3i+v (.) N 

¢ =  ~ .  q).~, q&. = ~ O)J x~h(~-~ '~, E= ~. E/~u+'~,'<. . 
j : O  / ~ :0  J~o 

where j are the PT orders. 

Substituting (4) and (3) into (1), the constants 02 ) and Ej can be found. 

1. In the zero order approximation (j = 0), we have 

(4) 

/ - -  
2 / %  1, % w (~ - -  v) 

E0~. = w]/c:0 (v + 1/2) + BoJ (J + 1 ). 

2. In higher order approximation (j > 0), the following is obtained: 

a) K E [0, 3j + v], K # v: 

(5) 

b )  K = V:  

o~.~ = Ft  j~ + % (K + 2) (~- + 1 )!2. e~+~2 + Ej dO'. 

I /Z (~ - v) 

1 [F(j I , ( v + 2 ) ( v +  1)/2.0~{~2] ,qfO) z, - l -  0[0 _: , E ]  = - - - -  

0v (j) = r v, where r v is an arbitrary constant, 

= 0( ] - m ~  

Y~]l ~ L \  2% , . . . .  2 - -  
l't~ = O 

- -  ( (2:~,,, (~,- - m 4- ; 2)  + ~,,_1) 

(? + (a" - -  rn i f -  2) (to - -  m + 1) + ~m-I  (BJ m -3 U ) G( f -m)  

j - 1  

+ )_2 e,,, e f t ' ;  
tn=[  

c ) ~  ff [0, 3j + v]: 

w._ + B~ J (J  + I )') O (j-''°,,_., 4-. 
2 l / % ..... 

+ 

t3!{ ) =0 .  

(6) 

(7) 

(8) 
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TABLE 1 
I i ' 

et, f~ 1 D iOT ;SPF 
] I i 

' ao 1 1 / 4  1 
6o 0 --I/2 --2 
a, 0 --1 --4 
6 ~ 0 3/2 6 
a2 0 3/2 6 
62 O --3/2 --6 
a3 0 - - I  --4 
68 0 I/2 2 
~4 0 1/4 1 
64 0 0 0 
as 0 0 0 
~5 0 0 0 

TABLE 2 

0 0 6,0 (--14)* 6,0 (--14) 6,0 (--14) 
1 0 9,6 ( - - 1 4 )  9,6 ( - - 1 4 )  9,6 ( - - 1 4 )  

2 0 2,1 (--14) 2,1 (--14) 2,1 (--14) 
3 O 6,1 (--14) 6,1 (--14) 6,1 (--14) 
4 0 5,0 (--14) 5,0 (--14) 4,9 (--14) 
5 0 3,3 (--14) 3,3 (--14) 3,4 (--14) 
6 0 3,5 (--14) 3,4 (--14) 4,0 (--14) 
7 0 3,5 (--14) 3,5 (--14) 4,0 (--13) 
8 0 6,8 (--14) --2,9 (--13) 2,4(--11) 
9 0 9,1 (--14) 3,6 (--12) 2,7 (--9) 

10 O 1,2 (--13) --1,9 (--11.) 1,0 (--9) 
11 0 2,7 (--13) --3,1 (--9) --1,1 (--6) 
12 0 3,2 (--13) --7,8 (--8) 5,8 (--5) 
13 0 1,1 (--12) --5,4 (--7) --1,9 (--3) 
14 0 8,4 (--13) --3,3 (--7) -.-2,2 (--2) 

0 0 6,0--14)  
0 1 2,8--14) 
0 2 3,4 I14) 
0 3 - - 2 , 1 - - 1 4 )  
0 4 - - 6 , 5 - - 1 5 )  
0 5 - - 2 , 9 - - 1 5 )  
0 6 8,9,--14) 
0 7 9,5--14) 
0 8 1,4--14) 
0 9 3,8 (--14) 
0 10 3,8 (--14) 
0 11 --3,6 (--14) 
0 12 l,O (--14) 
0 13 5,2 (--14) 
0 14 4,4 (--14) 

6,0 (--14) 6,0 (--14) 
2,8 (--14) 2,8 (--14) 
3,4 (--14) 3,4 (--14), 

--2,1 (--14) --2,1 (--14) 
--6,5 (--15) --6,5 (--15) 
--2,9 (--15) --2,9 (--15). 

8,9 (--14) 8,9 (--14) 
9,5 (--14) 9,5 (--14) 
1,4 (--14) 1,4 (--14) 
3,8 (--14) 3,8 (--14), 
3,8 (--14) 3,8 (--14) 

--3,6 (--14) --3,6 (--14), 
1,0 (--14) 1,0 (--14) 
5,2 (--14) 5,2 (--14) 
4,4(--14) 4,4 (--14) 

* ( 6 , 0 ( -  14) represents 6.0.10-14).  

The formulae (4)-(8) are results from [21. 

It is not difficult to see that the formal small parameter h, through which the asymptotic expansion is generated, does 

not reflect the real geometry of  the problem. Actually, varying in the scale x can make h as large or as small as desired. 

Nevertheless, we can formally consider h to be the expansion parameter,  since the energy correction Ejh(i +2)/2 does not depend 

on the scale x, but rather the finite expansion does not depend on the absolute value of h. As a result, the solution turns out 

to be an expansion in the real small parameter  of  the problem, which can be determined using regular techniques (see, for 

example [41, p. 23). 

2. N U M E R I C A L  T E S T  

As in [7], the test for correctness is applying the given procedure to the calculation of a straight spectroscopic problem 

was carried out using the Kreutzer and RKR potential models for CO. 

1. The Kreutzer potential 

v(~) = D~,(1--~ 1~ 
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TABLE 3 

v[ D OT SPF I v  D OT SPF 

0 --1,4 (--3) --1,4 (--3) --1,4 (--3) 15 --5,2 (--1) --5,1 (--1) --5,1 (--1) 
1 --2,3 (--3) --2,3 (--3) --2~3 (--3) 16 --5,9 (--1) --5,9 (--1) --5,8 (--I) 
2 --2,0 (--3) --2,0 (--3) --2,0 (--3) 17 --8,0 (--I) --8,0 (--1) --8,0 ( - - I )  
3 --2,0 (--3) --1,9 (--3) --2,0 (--3) 18 --9,7 (--1) --9,6 (--1) --9,6 (--:1), 
4 --3,6 (--3) --3,5 (--3) --3,5 (--3) 19 --1,2 --I,1 --1,1 
5 --8,0 (--3) --7,8 (--3) --7,8 (--3) 20 --1,4 --1,3 --1,3 
6'--1,6 (--2) --1,6 (--2) --1,6 (--.2) 21 --lo6 --1,5 --1,5 
7 --3,0 (--2) --2,9 (--2) --2,9 (--2) 22 --I,7 --1,7 --1,7 
8 --5,0 (--2) --4,9 (--2) --4,9 (--2) 23 --I,9 --1,9 --1,9, 
9 --7,8 (--2) --7,7 (--2) --7,7 (--2) 24 --2,1 --2,1 --2,1. 

I0 --1,2 (--1) --1,2 (--1) --1,2 (--1) 25 --2,2 --2,2 --2,2 
11 --1,7 (--1) --1,6 (--I) --1,6 (--1) 26 --2,2 --2,2 --2,2: 
12 --2,3 (--1) --2,3 (--1) --2,3 (--1) 27 --2,1 --2,1 --2,i 
13 --3,1 (--1) --3,1 (--1) --3,1 (--1) 28 -~1,9 --1,9 --1,9 
14 --4,0 [--1) --4,0 (--1) --4,0 (--1) 

is convenient for carrying out the test when the exact spectral solution to the Schr6dinger equation (1) is known 

E_,j-- h ~ (v ~- 1/2) + J ( J + l ) ~ 4 - 0 , 2 5 + ,  --~.j -~-D e . ,  
(9) 

The parameters of  the Hamiltonian (3) are selected to be z: 

w~ 
tz=],'2B~, B=~'Bj2, P,,= 

4B e' 

which corresponds to the dimension less coordinate ( = r/r e. 

We consider three different expansions which reduce (2) to (3); 

(D) the Dunham expansion x D = ( - -  1 [5]; 

(OT) the Ogi lvy-Tipp ing  expansion x °T = (( - -  1)/(( + 1) [31; 

(SPF) the S i m o n s - P a r r - F i n l a n  expansion x sPF = (( - -  1)/( [61. 

It is easy to find the coefficients of  the series expansion VK(x) for this variable: 

V (x)  = a0 ( 1 + a l x  + a2x2 . . . ) ,  ~,2/2 = ~o, 

VK=a0 • an-2, /c>2, 

(D) a D = De, a D =  (-1)J(K + 1),K > 0; 

(OT) ao °T = 4De, a OT = (--1)K(K + 1), K > 0; 

(SPF) a0 sPF = De, a sPF = 0, K > 0; 

The coefficients 0% B~ are given in Table 1, and for B~, we have 
(D) B D = B , B  D = B(--1)~(K + 1),K > 0; 

(OT) BO °T = B, B~K y = 4-B(-1)JK, g > 0; 
(SPF) B0 SPF = B, B SPF = B, BSKPF = 0, K > 0; 

Note that % , / ~  and Bj do not depend on the form of the potential. 

By substituting the values for the coefficients shown into formulae (4)-(8), the energy (4) can be calculated for several 

N and compared against the exact values (9). The results of  this test (the difference between the calculated and exact values 

for energy in cm -1)  for B e = 0.5 cm -1,  w e = 1000 cm -1,  N = 16 and various values of  v, J are shown in Table 2. 

2. Analogous tests were carried out for the RKR-potential for the ground state of  molecular CO. The parameters of  

the potential for the same three expansions (N = 6) were taken from (8), and the energy used for comparison with the values 
calculated from formulae (4)-(8), from [91. 
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The results of the numerical test (the difference between the calculated values for energy in cm- 1 and those taken from 
[9]) are shown in Table 3. 

CONCLUSION 

Tests of the calculations using the iterative procedure show good agreement with (from the standpoint of a vibrational 
model) with the direct solutions to the problem. In short, the possibility of finding cumbersome analytical solutions in order 
to construct PT series, as well as its great calculational speed makes this method useful for solving various spectroscopic 

problems (the construction of potential curves, intensity calculations, etc.) involving singlet states of diatomic molecules. 
In conclusion, the author thanks Yu. S. Makushkin for helpful discussions. 
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