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ITERATIVE PROCEDURE FOR DETERMINING HIGH-ORDER
CORRECTIONS TO THE VIBRATION-ROTATION SPECTRA
OF DIATOMIC MOLECULES

L. R. Sorokin and S. N. Yurchenko UDC 539.19

The one-dimensional Schrédinger equation is reduced to a system of algebraic equations on the basis of the
complex WKB method. As a result, recursion relations are obtained for the numerical calculation of high-order
corrections to the vibration—rotation Spectra of diatomic molecules. Various nonpolynomial representations
of the potential are investigated.

INTRODUCTION

Diatomic molecules continue to draw the unabated interest of spectroscopists. First of all, a wealth of experimental
and theoretical material makes diatomic molecules a kind of proving ground for new computational methods in molecular
spectroscopy. Second, on their own merits these molecules still offer an abundant field of research.

Perturbation theory applied to the vibration—rotation (VR) Hamiltonian of a diatomic molecule, whose zeroth
approximation is an exactly solvable model, has acquired a special reputation for the solution of many spectroscopic problems.
There are many alternative modifications of perturbation theory, which differ in the technique used to break down the
Hamiltonian in orders of smallness, in the choice of zeroth approximation, etc., but the most general approach is the method
of contact transformations [1-3]. Several difficulties are encountered in the application of perturbation theory; for example,
it is often necessary to include a large number of perturbation orders, particularly for nonrigid molecules, or to choose the
zeroth approximation and the decomposition of the Hamiltonian in such a way that the VR spectrum is described by a small
number of molecular parameters. Since the computational complexity increases with the order, computer engineering techniques
are an essential tool for analytical calculations [4, 5]. Considerable progress has been made in this direction, both in the
construction of perturbation series out to high-order energy corrections and in the solution of inverse problems, through
reconstruction of the potential function of the molecule.

Even this situation, however, has its attendant difficulties: The amount of machine time required for each new
correction has been found to exceed the entire preceding computational time. And, although studies have demonstrated the
unsuitability of using high perturbation orders to solve inverse problems (the accuracy of the reconstructed spectrum decreases
as each new order is included [6]). it would still be in our best interest to find a procedure that could be used with minimal
effort to include very high perturbation orders. Such an achievement could be important, once it has passed the test for diatomic
molecules, for further extension to the case of polyatomic molecules, where the inclusion of each new order exacts an enormous
toll. Developments of this kind have been reported by Bender and Wu [7, 8], who have obtained 75 energy corrections for a
special kind of anharmonic oscillator on the basis of an iterative procedure.

In the present article, on the basis of Rayleigh —Schrédinger perturbation theory and the complex Wentzel —Kramers —
Brillouin (WKB) [9] method, we attempt to obviate the need for analytical calculations to obtain a perturbation series, using
various nonpolynomial expansions (see, e.g., [6]) of the potential function. The energy is computed by an iterative procedure,
which makes it possible to obtain very high perturbation orders at minimal time cost in order to solve the direct spectroscopic
problem. The decomposition of the Hamiltonian is greatly facilitated by the simple form of the iteration series.
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The procedure used in this article is actually a special case of perturbation theory for the Riccati equation, to which
the Schrodinger equation is reduced by the substitution of the wave function in the form ¥ = &- exp [6(x)]. This approach has
been implemented previously [10] for an exponent § of general form. The present study differs from [10] in several ways:
First, we use a different terminology; second, the form of 6 is fixed at the outset and is not refined as new orders are added;
third, the damping properties of the exponential function exp [6(x)] are taken into account; finally, as mentioned, the
construction of the perturbation series does not required formidable analytical calculations.

1. Change of Variables

We consider the vibration—rotation Schrédinger equation for a diatomic molecule [6]:
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h is a formal small parameter, and B is a constant (e.g.:h = /2B, , B = \/Be/2 ); V(r) is the potential of the molecule. We
represent V(r) by a certain nonpolynomial expansion
V(r)= X VX ()%,
K>2
for example (see [6]):
the Dunham (D) potential

XD r—r,
r,
the Simons —Parr — Finlan (SPF) potential
xspp =7 .
r
the Ogilvie—Tipping (OT) potential
yor "7
etc. T
For simplicity we assume that X(r,) = 0.
Transforming to the variable x in Eq. (1), we obtain
H\Pv'f:Evij.Uj, (2)
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where o(x), 8(x), V(x), and HR(x) are expanded in Taylor series in x in the neighborhood of zero [we assume that the change
of variable x = x(r) permits this to be done]:

a(x) = X oxx®; B(x) = 2 Pxx”,

K20 =]
o @)
v =22 4 S Vexs HR = 3 (1) B,
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We have therefore made the transition from Eq. (1) to Eq. (2), which is now the object of our investigation.

h? a2 w? x?
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2. Inclusion of a Damping Exponent in the
Estimation of the Orders of Smallness

We consider Eq. (2) from the viewpoint of Rayleigh—Schrodinger perturbation theory. We write the Hamiltonian (3)
in the form H = H, + H’, where

is the zeroth approximation, and H' is an added perturbation.
We note that the perturbation solution of Eq. (2) has the form

3

¥ = P(x} exp(—- C—;«-) ®)

where P(x) is a certain polynomial in x, and c is a constant, which is determined by the zeroth approximation. An explanation
of this important fact is given in [10]. Such a representation of the solution enables us to reduce the differential equation (2)
to an arithmetic equation in the coefficients of the polynomial in (5). This approach was first used by Bender and Wu [7, 8].

Since the indicated form of the solution is the one used in the compiex WKB method, the results of [9], in which this
method is fully elaborated, are applicable to Eq. (2).

Following [9], we write the solution of Eq. (2) in the form

W=0(x)eiS* (©)

The complex WKB method differs from the WKB method in that it generalizes the Hamiltonian formalism to complex-

vaiued S:
S=8;+iS;, S:=0.

Equation (5) can be used to refine ¥(x): We seek the coefficient ® of the exponential as a polynomial in x and let S =
8y = icx?, where ¢ is a certain positive constant,

We note that the substitution of Eq. (6) into (2) yields another expression in the form of a product of a polynomial and
an exponential:

P(x)eis/i=0, M
Let us investigate the asymptotic properties of this construction. It is evident from the relation
max (x<e=Sa/h) ~ (hxi2) ®
that terms of the type x" exp (—cx?/h) have the order of smallness O(h"/ 3,
As in [9], we introduce the class of asymptotic equivalence of functions. We denote by G¢(h®) a function ®(x, h) €
C®®R x (0, 1]) such that

P (5% D (x, /z)> eIt = O (7). ®

The class G¢(h*) has the obvious properties 9]

Gt (h*) 20 (he),
Gy (B) G, (h=) = G (hr+=),
0

Yh — G, (h*) - G, (h).
5% 7 ( )_ i (4°)

We can now formulate the problem in specific terms. Let it be required to solve Eq. (2) to within OMM2). In the
notation (9) this is equivalent to solving the equation

P(x)=0. (10)
2

Here P(x) is the coefficient of the exponential function in (7) to within GSZ(hM/ 2), where S; = cx”“.
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It is important to note that Eq. (10) has two smallness parameters in the sense of (9), h and x, which are related by
the equation

XK = 052 (hK/Z) .

2. Hamilton ~Jacobi and Transport Equations

We now investigate Eq. (10). Substituting Eq. (6) in (2), we obtain
A? 20D, S, @S DS? {DS
— = la(x) { D, il LLAE .
|00 (@t TR 08 PR ICICa )]
+ (B(x) (I +1)h+V (x)—E) 0=Gs, (h7),
where S ; = dS(x)/ 0x, and GS (hM/ 2) on the right-hand side of Eq. (11) signifies that the solution &, when substituted into (11},

must yleld an identity to within terms GS (hM/ 2) We drop GS (hM’ 2) from now on with the tacit understanding that our
operations will not alter the order of smallness of Eq. (11).

Using Eq. (4), we represent Eq. (11} by the expression

(1D

(H(S.x, x)—ikll+D+B (x)7 (I + 1) h—E) =0, (12)

in which H, II, D, and B are expanded in orders of GS2(h"/7'):
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k>0
E= Eth('c+2)/2- {an
k>0
(It is evident from the definition of the class Gsz(hM/ 2) (9) that
Hy=Gs, (hxT272),
Bex*J (J+1) h=Gs, (h=t2/2),
A
M Gs, (AM2)—~Gs, (RH72),
[A)KGS2 (R¥12) G, (hls+stm 2y,
It is now required to expand @ in the orders of smaliness. According to [9], we write ¢ in the form
b= q)x) (DKZG 2 hrizy.
% s, {(A"7) (18)
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Substituting Egs. (13)-(18) into (12) and changing to summation over identical orders of smallness, we have

M-1 A
X [Ho—ih (Ho+iBoJ (J +1) —iEo) | Om
m=0

M-1m A A (19)
+ X2 [He—ihMi+ BexsJ (J + 1) + Dy —E A2 Opy o =0,
m=1 k=1
We then set terms of different orders G;(h®) equal to zero.
1) Form =0
Hy®o=Gs, (h¥?) or  Ho=Gs, (h%7) (20)
[the Hamilton—Jacobi equation on the function S(x)],
A
(Mg—iEo+iBoJ (I +1)) Do=Gs, (h1/2) (2D
{the so-called transport equation, which is a Riccati-type equation, on $y(x)].
Before proceeding to the case m > 0, we examine the solutions (20) and (21):
a) The Hamilton—Jacobi equation
%Sy | wi? -0
2 2
has the solution [9])
S = fwx?
e @2
b) The solution of the transport equation (21) can be written in the form [11]
Eoy=wYan(v+ 2{— )+ Bol (J+1),
- (23)
q)OV = XVAV 1 ’
— ~ 0 2wx
A={VHi—-———=],
(V Ox V’lao)

where y, is an arbitrary complex constant.

Clearly, ®,, is proportional to an Hermite polynomial, and ¥ = $;,exp (iS/h) is the solution of the Schrédinger
equation in the harmonic approximation for E, = hE,.

The ensuing discussion applies only to the vibrational quantum number », so that the subscript » can be dropped.

2) For m > 0, regrouping terms in Eq. (19) and dividing by —ih, we obtain

(ﬁo+ iBoJ (J +1)—iEg) @ =Fm +iE nhmi2Qy, (24)

where

m . '-A m—1
Fmo— 2(_5% —I"\I,‘—_l_%l".:l-iB,‘x"J(J—}- 1)_) Cpo 4103 Enhi 0y,

K=1 k=1

Equation (24) is a transport equation with a right—hand side. We write @, in the form
(I)m — hmlze(m)’ (25)
where 6™ = Gsz(ho), and for 6™ we write the transport equation

/\ —~
(Lo-+iBoJ (J + 1) —iEq) 8™ = FOm 4 iE im0, (26)
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where

E(”I) _ Fm)

pmiz "

By the definition of the class G;(h%) we can write 6™ in the form

N

G(m) = K gUm) yn p—ni2,
e 1
n=0 :

It is readily perceived from Egs. (25) and (27) that N = 3m + », i. e.,

3+
Q; = 2 80 xx pii=-n)i2

k=0
To solve Eq. (26), we use the coefficients FPG) in the expansion

34y

- »
U — oy 2
Fh = 3 F R

p=0

@7

(28)

29

(30

The coefficients Hrg) are defined only on the set {j € [0, =); m &€ [0, 3j + »]}. To evaluate Fp(j), we extend the

domain of definition of e,g> to all integers m subject to the condition

9 =0 for mE[0, 3j+v].

@h

Substituting Egs. (13)-(16), 29 into (26), changing the order of summation as needed, and invoking Eq. (31), we find

For N [ (2@ GU—) 1/2 C B J(J4 1)) 80
FPJ =2[< _'V’H'?) p—k—2 (. (p—x+ /)+px—l)2—17;‘;— o (+ )/| p—

o’ 2oty

J—1
HEC—e+ -t 0+ o)) £ T By

k=1

If a(x) = 1 and B(x) = 0 (corresponding to the Dunham potential), we obtain the result in [11].

We return to Eq. (26) with the value obtained for Fpﬂ). Substituting Egs. (28) and (30) into (26} and regrouping, we

obtain a system of algebraic equations in Gn(lj) and Ej:

W Vg (5 — ) 89 = ag (1 -+ 2) (1 + 1) 80), /2 + FY - E;80

for « € [0, 3j + »]. It has the following solution (extending from x = 3j + v to x = 0):

)fork #v
60 == £ +a, (8 +2) (i'{‘ 1)60,/2+ E; 89
* @V ay(k —)
(recalling that 6@ = 0 for k > »);
2)forx =v»
1 .=, . o
By == o lFP +a 0 +2) 0 +1)60),)2], 80 =r,

where 1, is an arbitrary compiex constant.

(32)

(33)
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The elimination of 69}, from (32) and (33) gives the final result obtained in [11].
It should be noted that the same solution of the transport equation (26) is obtained by the direct application of general
equations in [9] (see p. 258).

CONCLUSIONS

We have thus reduced Eq. (1) to Eq. (2) and represented the solution of the latter by a product of a damping
exponential and a power series ¥®h™2 (p € N, m € Z). This substitution leads to the formulation of an iterative procedure
for evaluating the coefficients 6,9) in Eq. (29). Since Eq. (2) has been solved using exactly the same expansions of the
Hamiltonian in orders of smallness, the same estimates of the latter, and the same zeroth approximation as in Rayleigh—
Schridinger perturbation theory, the results should coincide. This conjecture has been confirmed by a comparative calculation
for the Dunham potential representation. The advantage of the given method is that the energies can be plotted without
laborious analytical calculations. Here the cost in machine time is not very great for the direct problem of calculating the energy
from the molecular parameters. For example, computations up to the 30th correction require only a few seconds on a PC AT
286 personal computer.

The simplicity with which different types of expansions are interchanged in Eq. (2) means that the procedure is very
flexible in application to the solution of inverse problems, where the potential curve is determined from the diatomic molecular
spectrum.

In closing, the authors are grateful to Yu. S. Makushkin for devoting attention to the study.
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