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A B S T R A C T 

New hot line lists for five isotopologues of N 2 O called TYM are presented, for the parent 14 N 2 
16 O and 4 singly substituted 

species 14 N 2 
17 O, 14 N 2 

18 O, 14 N 

15 N 

16 O and 

15 N 

14 N 

16 O. The line lists have been computed with the variational program TROVE 

(Theoretical ROVibrational Energies) using a new empirical potential energy surface (PES) and an accurate ab initio dipole 
moment surface of N 2 O Ames-1. The PES was obtained by fitting to experimentally derived energies of N 2 O compiled using the 
well established measured active rotation vibration energy levels (MARVEL) procedure. Here we also introduce an ‘artificial 
symmetry group’ C n s ( AEM ) for an efficient construction of rotation-vibrational basis set of a linear non-symmetric triatomic 
molecule of the XYZ type. The line lists co v er the rotational excitations up to J = 160 and the wavenumber range up to 

20000 cm 

−1 . MARVEL energies are also used to impro v e predicted line positions resulting in excellent agreement with the 
available experimental spectra, as demonstrated. An extensive comparison with existing line lists for N 2 O HITRAN, HITEMP, 
NOSL-296, NOSD-1000, and Ames-296K is provided. The TYM line lists are freely accessible from www.exomol.com . 

Key words: molecular data – opacity – exoplanets – planets and satellites: atmospheres – stars: atmospheres – ISM: molecules. 
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 I N T RO D U C T I O N  

 2 O (nitrous oxide) is a trace atmospheric species on Earth with
otable spectral features (Sagan et al. 1993 ) and a dominantly
iological origin. The emission of the 4.5 μm band of N 2 O in
he Earth atmosphere is known to be non-local thermodynamic
quilibrium (non-LTE; L ́opez-Puertas et al. 2007 ). N 2 O is therefore
ne of the molecules suggested as an observable bio-signature in
arth-like exoplanets (Grenfell 2017 ; Schwieterman et al. 2018 ,
022 ). Its possible detection in exoplanets features strongly in
elescope proposals (Tinetti et al. 2012 ; Angerhausen et al. 2024 ) and
tmospheric models (Vasquez et al. 2013 ). Due to its atmospheric
mportance, there have been a wealth of experimental and theoretical
tudies on N 2 O, see Tennyson et al. ( 2024 ) for a detailed re vie w of
he spectroscopic literature. N 2 O has been detected in the interstellar

edium (Ziurys et al. 1994 ), but as yet not in exoplanets. 
Owing to the importance of N 2 O for atmospheric studies, a

umber of nitrous oxide line lists for exist in the spectroscopic data
ases. HITRAN 2020 (Gordon et al. 2022 ) provides an accurate
pectroscopic data sets for multiple isotopologues of N 2 O for (am-
ient temperature) terrestrial and planetary atmospheric applications
ased on the wealth of experimental data and targeting experimental
ccuracy. Its hih-temperature partner HITEMP (Rothman et al. 2010 )
rovides hot line lists for N 2 O isotopologues (Hargreaves et al. 2019 )
ntended for high-temperature applications. HITEMP line lists aim
o retain the accuracy of the lines in HITRAN by providing the
ompleteness required at high temperatures. Another well-known
 2 O line list family is produced and maintained by the laboratories

n Tomsk, a high-accuracy, low-temperature line list NOSL-296
 E-mail: j.tennyson@ucl.ac.uk 
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Tashkun & Campargue 2023 ) and its high-temperature partner
OSD-1000 (Tashkun, Pere v alov & Lavrentie v a 2016 ). All four line

ists are empirical in nature produced using ef fecti ve Hamiltonian
nd dipole moment models. They typically provide line positions,
ine intensities ( T = 296 K or 1000 K), Einstein coef ficients, lo wer
tate energies, line broadening parameters (except NOSL-296) and
ine shifts (except NOSD-1000 and NOSL-296) parameters and are
quipped with associated quantum numbers. 

Recently, Huang, Schwenke & Lee ( 2023 ) produced room temper-
ture line lists for N 2 O isotopologues Ames-296K using an accurate
mpirical potential energy surface (PES) Ames-1 and a high level
b initio dipole moment surface (DMS) Ames-1. This line list is
ifferent from the effective models as it is based on the so-called ‘Best
heory + Reliable High-Resolution e xperiment’ strate gy (Huang,
chwenke & Lee 2021 ), where the variational methods are used to
olve the nuclear motion Schr ̈odinger equation. The empirical PESs
re obtained by fitting to experimental energies/line positions and
igh level ab initio DMS are used in intensity calculations. 
In this work, we follow a similar variational methodology and

eport empirical line lists for five isotopologues of N 2 O, including
he parent 14 N 2 

16 O and four singly substituted species 14 N 2 
17 O,

4 N 2 
18 O, 14 N 

15 N 

16 O, and 15 N 

14 N 

16 O, valid up to 2000 K. The line
ists co v er the wav enumber range up to 20000 cm 

−1 and rotational
xcitations up to J = 160. The variational program TROVE (The-
retical ROVibrational Energies, Yurchenko, Thiel & Jensen 2007 )
s used to solve the Schr ̈odinger equation for the nuclear motion of
 2 O and to compute the ro-vibrational energies and wavefunctions.
or the intensities a high level ab initio DMS reported by Huang
t al. ( 2023 ) is used. The production of the line lists is heavily
ased on the recently reported experimentally energies of 14 N 2 

16 O
Tennyson et al. 2024 ) derived using the MARVEL (measured active
otation vibration energy levels) procedure of Furtenbacher, Cs ́asz ́ar
© 2024 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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Table 1. Character table for the C 4 s ( AEM ) group. The operations of the group that are 0-superscripted correspond to the C s group. Note that the characters of 
the 0-superscripted irreps for these operations are the same as those of the corresponding irreps for the C s group. 

C 4 s ( AEM ) C s E 

0 σ 0 E 

1 σ 1 E 

2 σ 2 E 

3 σ 3 

A 

′ 
0 A 

′ 1 1 1 1 1 1 1 1 
A 

′′ 
0 A 

′′ 1 −1 1 −1 1 −1 1 −1 
A 

′ 
1 – 1 1 −1 −1 1 1 −1 −1 

A 

′′ 
1 – 1 −1 −1 1 1 −1 −1 1 

A 

′ 
2 – 1 1 1 1 −1 −1 −1 −1 

A 

′′ 
2 – 1 −1 1 −1 −1 1 −1 1 

A 

′ 
3 – 1 1 −1 −1 −1 −1 1 1 

A 

′′ 
3 – 1 −1 −1 1 −1 1 1 −1 
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 Tennyson ( 2007 ); these empirical energy levels are used to refine
n ab initio PES of Schr ̈oder et al. ( 2015 ). The line list for the
arent isotopologue is impro v ed by substituting the calculated ro-
ibrational energies with experimentally derived values by Tennyson 
t al. ( 2024 ) where available. 

 VA R I AT I O NA L  N U C L E A R  MOTION  

A L C U L AT I O N S  

or the variational calculations, we used an exact kinetic energy 
perator (KEO) with a bisector frame as implemented in TROVE in 
ombination with the associated Laguerre polynomials as reported 
y Yurchenko & Mellor ( 2020 ). The TROVE computational protocol 
onsists of four steps, described in detail below. Nuclear masses were 
sed: m N = 13.999233945 Da ( 14 N) and 14.99626884 Da ( 15 N);
 O = 15.990525980 ( 16 O), 16.99474312 Da ( 17 O), and 17.99477097 
a ( 18 O). 
Step 1. The primitive vibrational basis set is comprised of three 

ypes of one-dimensional basis functions. For the stretching modes 
–O and N–N, two 1D vibrational Schr ̈odinger equations were 

olved using the Numerov–Cooley method (Noumerov 1924 ; Cooley 
961 ) for 1D Hamiltonians constructed by freezing two other 
ibrational modes except the one in question. For the N–N and N–O
tretching basis functions φv 1 ( r 1 ) and φv 2 ( r 2 ), respectively, grids of
000 and 3000 points were used, ranging between [ −0 . 3 , 0 . 90] Å
nd [ −0 . 4 , 0 . 75] Å around the corresponding equilibrium values
.1282021 and 1.1845554 Å, respectiv ely. F or the bending mode 
–N–O basis set φ( L ) 

v 3 
( ρ), a similar 1D Hamiltonian was constructed 

nd variationally solved using the associated Laguerre polynomials 
n a grid of 12000 points of ρ = [0 , ρmax ], where L is the vibrational
ngular momentum index defined as 0 ≤ L ≤ v 3 and ρmax was set to
20 ◦. 
The (exact) KEO is constructed numerically as a formal expansion 

n terms of the inverse powers of the stretching coordinates r i 
 i = 1 , 2): 1 /r i and 1 /r 2 i around a non-rigid configuration (Hougen,
unker & Johns 1970 ) defined by the ρi points on the grid. The

ingularities of the KEO at ρ = 0 ◦ ( ∼1 /ρ and 1 /ρ2 ) are resolved
nalytically with the help of the factors ρL + 1 / 2 in the definition of the
ssociated Laguerre basis set. The details of the KEO and the matrix
lements involved are given by Yurchenko & Mellor ( 2020 ). 

Step 2. The individual 1D vibrational basis functions are then 
ssigned to an irreducible representation (irrep) for the symmetry 
roup chosen. Here we implemented and used the so-called artificial 
ymmetry group C n s ( AEM ) with a procedure analogous to the one
escribed by Mellor, Yurchenko & Jensen ( 2021 ) but for the case of
 non-symmetric molecule. 

The artificial symmetry group C n s ( AEM ) consists of one- 
imensional, real irreps, each of which is correlated with the 
ibrational index L . From C n s ( AEM ) we select two elements and
atch each with a C s element. The irreps of C n s ( AEM ) are labelled

s � = A 

′ and A 

′′ irreps with an extra subscript (see Table 1 ), e.g.
 

′ 
4 . F or e xample, a vibrational function with l = 4 and transforming

s A 

′ in C s would be assigned the symmetry A 

′ 
4 in the C n s ( AEM ).

he 0-superscripted irreps are the only physical irreps, matched to 
 

′ and A 

′′ of C s together with the corresponding characters of each
lement, while all irreps of l > 0 are non-physical, i.e. ‘artificial’.
he full description of this case is given below, for the first time. 
A 3D vibrational ( L -dependent) basis set for the J = 0 Hamil-

onian is formed for each L ≤ L max as symmetry adapted products
iven by: 

 

� vib 
v 1 ,v 2 ,v 3 , L = { � v 1 ( r 1 ) × � v 2 ( r 2 ) × � v 3 , L ( ρ) } � vib , (1) 

here � vib is the vibrational symmetry in C n s ( AEM ) and will be
hat of the � v 3 , L ( ρ). This is because the function as the irreps of
i 1 and φi 2 are A 

′ 
0 , so have no impact of the irrep of the combined

ibrational function. Thus, the symmetry of the vibrational basis 
unction � 

� vib 
v 1 ,v 2 ,v 3 , L is wholly classified by the corresponding value 

f L . The total vibrational basis set is the subject to the cutoff based
n the following truncation scheme, 

 v 1 + 

3 

2 
v 2 + v 3 ≤ 48 . (2) 

The vibrational J = 0 eigen-solutions � 

( J= 0 ,� vib ) 
λ, L are found for 

 range of values of L = 0 . . . L max by solving for the J = 0
amiltonian ˆ H 

( J= 0) , for all corresponding irreps A 

′ 
L or A 

′′ 
L co v ering

vailable for L max , where we used L max = 18. 
Step 3. The final ro-vibrational basis set for J > 0 calculations

s then formed as a contracted, symmetrized product of the J = 0
ibrational functions: 

 

( J ,�) 
λ,K 

= { � 

( J= 0 ,� vib ) 
λ,K 

| J , K, � rot 〉} � , (3) 

here the rotational part | J , K, � rot 〉 is a symmetrized combination
f the rigid rotor functions (Yurchenko, Yachmenev & Ovsyannikov 
017 ) and the rotational quantum number K ( K ≥ 0) is constrained
o the vibrational parameter L ( K = L ) with the the rotational irrep
 rot defined as 

 rot = A 

′ 
2 K+ 1 , τrot = 0 (4) 

 rot = A 

′′ 
2 K+ 2 , τrot = 1 , (5) 

here τrot is the parity of the Wang-type rotational basis function 
 J , K, τrot 〉 (Yurchenko et al. 2017 ). Here �, � vib , and � rot are the
otal, vibrational and rotational symmetries in C n s ( AEM ), K = | k| =
 , k and m is the projection of the angular momentum on the
olecular z and laboratory Z ax es, respectiv ely, and i vib is a TROVE

ibrational index to count the � 

J= 0 ,K,� vib 
i vib 

functions regardless of their 
ymmetry, see Yurchenko et al. ( 2017 ). 
MNRAS 534, 1364–1375 (2024) 
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Table 2. Line lists of N 2 O isotopologues: number of entries and statistical 
weights used; also given in the shorthand name for each isotopologue used 
by HITRAN which based on the last digit of the atomic number of each atom. 
The corresponding nuclear statistical weights g ns for each isotopologues are 
also listed. 

Molecule Shorthand g ns N states N trans 

14 N 2 
16 O 446 9 2078676 1532806222 

14 N 2 
17 O 447 54 2150170 1620106701 

14 N 2 
18 O 448 9 2216809 1705390240 

14 N 

15 N 

16 O 456 6 2183803 1856305463 
15 N 

14 N 

16 O 546 6 2171200 1667908595 
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When these are combined, the symmetry of the resultant function
s 0-subscripted only if the subscripts of the bending and rotational
unctions are the same. If not, then the subscript is not 0. Moreo v er,
he symmetry of the combined function corresponds to the C s 

ymmetry – in the sense established abo v e – and thus, ignoring
he subscript, is the same symmetry had we w ork ed solely in the C s 

roup. For example, A 

′ 
3 ⊗ A 

′′ 
3 is A 

′′ 
0 while A 

′′ 
3 ⊗ A 

′′ 
1 is A 

′ 
2 . 

Step 4: Intensity calculations. The variational wavefunctions
omputed at Step 3 are then used to compute ro-vibrational line
trengths of N 2 O for transitions up to J max between all states
atisfying the electric dipole selections rules 

�J = 0 , ±1 (6) 

J ′ + J ′′ 	= 0 , (7) 

A 

′ ↔ A 

′′ . (8) 

ere A 

′ and A 

′′ have the standard correlation rules with the spectro-
copic parities e and f as follows: the parity of � = A 

′ and A 

′′ , 1
nd −1, respectively, correspond to ( −1) J for e and ( −1) J+ 1 for f .
he lower and upper states were limited by the energy thresholds of
0000 cm 

−1 and 24000 cm 

−1 , respectively. The range of transition
avenumbers is 0 to 20000 cm 

−1 . The artificial symmetry states A 

′ 
k 

nd A 

′′ 
k ( k > 0) must be excluded from the intensity calculations.

n TROVE , this can be done by setting the corresponding statistical
eight factors g ns to zero, similar to how the non-physical states were

xcluded in the HOOH calculations using the extended symmetry
roup D 2h (EM) by Al-Refaie et al. ( 2016 ) or by simply not computing
hese states on the first place. The nuclear statistical weights g ns of the
hysical states of the isotopologues considered are listed in Table 2 .
 detailed description of the procedure to construct the C n s ( AEM )

rreps is given in Appendix A . 
The main advantage of C n s ( AEM ) is that it permits us to use

he efficient machinery of irreducible representations implemented
n TROVE (Yurchenko et al. 2017 ) to construct the L -dependent
ibrational basis and also to combine it with the rotational K-
ependent basis functions. In this way, the non-standard basis
et (for TROVE ) is exploited by the same generalized TROVE
mplementation (with only some minimal changes) used for any
ther, more standard basis sets. This is in contrast to an o v erhaul of
he program which may otherwise have been required. 

.1 Quantum numbers 

he computed TROVE ro-vibrational energies are assigned by
he two rigorous quantum ‘numbers’, J , the rotational angular

omentum quantum number, and the total symmetry � in C n s ( AEM )
nd also identified by the eigen-state counting number λ (in the order
f increasing energies). In order to help in spectroscopic applications,
NRAS 534, 1364–1375 (2024) 
e also use approximate quantum numbers (QN) associated with the
orresponding largest basis set contributions (Yurchenko et al. 2007 ).
his provides a measure for how close the variationally computed
avefunctions are to the rotational and vibrational basis set used.
he vibrational TROVE QNs are associated with the primitive basis
et excitation numbers v 1 , v 2 , v 3 , and L (see the description of the
ibrational basis set abo v e). Remember that the rotational quantum
umber K is constrained to the value of L . These ‘local’ mode
uantum numbers are approximately correlated to the spectroscopic,
ormal mode quantum numbers n 1 , n lin 2 , n 3 of N 2 O as follows: 

 1 = v 1 ( NO ) (9) 

 3 = v 3 ( NN ) (10) 

 

lin 
2 = 2 v 3 + L, ( NNO ) (11) 

ith L defined the same way in both conventions. According to the
ormal mode convention, also used by HITRAN, n 1 and n 3 are two
tretching quantum numbers associated with the NO and NN modes,
espectively; n lin 2 is the linear molecule bending quantum number;
 

lin 
2 and L are two bending quantum numbers satisfying the standard
ondition on the vibrational angular momentum of an isotropic 2D
armonic oscillator (Bunker & Jensen 1998 ) 

L = n lin 2 , n 
lin 
2 − 2 , . . . 1(0) . 

ollowing recent spectroscopic recommendations for the quantum
umbers of nitrous oxide (Tef fo, Pere v alov & Lyulin 1994 ; Waalkens,
ung & Taylor 2002 ; Tennyson et al. 2024 ), we also add the polyad
uantum number scheme, ( P , N ), with the polyad number P given
y 

 = 2 n 1 + n lin 2 + 4 n 3 (12) 

nd N is the polyad counting number within the same P , J , and �.
his scheme has been shown to be more practical for description of
itrous oxide spectra characterized with many resonances among the
xcited vibrational states. 

.2 Potential energy surface and empirical refinement 

he PES of N 2 O was originally taken from the ab initio study of
chr ̈oder et al. ( 2015 ), which we then converted to the Morse type
xpansion as the form more comfortable for TROVE . We also made
ure the expansion point w as tak en exactly at the minimum. The PES
as expressed analytically by an expansion 

 = 

∑ 

ijklmn 

f ijk ξ
i 
1 ξ

j 

2 ξ
k 
3 + V N 1 O , (13) 

n terms of 

1 = 1 − exp [ −b 1 ( r NN − r e NN )] , (14) 

2 = 1 − exp [ −b 2 ( r NO − r e NO )] , (15) 

3 = sin ρ = sin ( α) . (16) 

ere, r NN and r NO are the bond lengths and α is the bond angle. In
quation ( 13 ), f ijklmn are the expansion parameters with maximum
xpansion order i + j + k = 8 with the linear expansion parameters
xed to zero and 

V N 1 O = b 1 exp ( −g 1 r N 1 O ) + b 2 exp ( −g 2 r 
2 
N O ) 
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Figure 1. Fitting residual errors (obs.-calc.), i.e. the energy difference (in 
cm 

−1 ) of N 2 O between the empirically-derived MARVEL energies and 
computed TROVE values, as a function of the total angular momentum 

quantum number J . Different colours indicate corresponding energy ranges 
(cm 

−1 ). The number in parentheses indicate the corresponding values of 
root-means-square error cm 

−1 e v aluated for the given energy range. 
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Table 3. Extract from the transitions file for the TYM line list for 14 N 2 
16 O. 

f i A f i 

1231756 1225215 1.4846e-02 
793179 769026 2.0204e-04 
163131 190123 2.3858e-07 
1104614 1123948 3.5531e-03 
398656 406929 5.4400e-14 
958126 936653 1.9693e-06 
564414 538184 4.7135e-04 
309652 335938 2.3277e-15 
1084933 1077737 3.1981e-06 
744643 721037 5.4061e-05 

Notes. f : upper state counting number. 
i: lower state counting number. 
A f i : Einstein-A coefficient in s −1 . 
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s to ensure that the PES behaves correctly when the distance between
he outer N and O atoms, 

 N 1 O = 

√ 

r 2 NN + r 2 NO − 2 r NN r NO cos α, (17) 

ecomes small. The parameters b 1 , b 2 , g 1 , and g 2 were set to
umerical values taken from T yuterev, T ashkun & Schwenke ( 2001 ;
ee the expansion parameter list of the PES in the supplementary 
aterial). 
The ‘ ab initio ’ expansion parameters f ijklmn are then refined by

tting to the N 2 O MARVEL energies for J = 0, 1, 2, 3, 4, 5, 8, 10,
able 4. Extract from the .states file of the 14 N 2 
16 O TYM line list. 

 

˜ E /cm 

−1 g J unc./cm 

−1 τ / s −1 � tot n 1 n

0879 1330.799312 189 10 0.082640 8.2640E-02 A’ 1 0
0880 1795.216842 189 10 0.917890 9.1789E-01 A’ 0 3
0881 1813.184239 189 10 2.082000 2.0820E + 00 A’ 0 3
0882 1926.184734 189 10 0.080722 8.0722E-02 A’ 1 1
0883 2269.466170 189 10 0.004612 4.6116E-03 A’ 0 0
0884 2368.836444 189 10 0.558110 5.5811E-01 A’ 0 4
0885 2377.406604 189 10 0.728660 7.2866E-01 A’ 0 4
0886 2402.591231 189 10 1.577900 1.5779E + 00 A’ 0 4
0887 2507.989605 189 10 0.068005 6.8005E-02 A’ 1 2
0888 2520.835439 189 10 0.078324 7.8324E-02 A’ 1 2
0889 2609.053987 189 10 0.033480 3.3480E-02 A’ 2 0

: state counting number. 
˜ 
 : state energy in cm 

−1 . 
 tot : total state de generac y. 
 : total angular momentum. 
nc.: Uncertainty cm 

−1 . 
: life time in s. 
: total symmetry index in C s (M) 
 1 : normal mode stretching N-N quantum number. 
 

lin 
2 : normal mode bending quantum number. 
 : normal mode vibrational angular momentum quantum number. 
 3 : normal mode stretching N-O quantum number. 
 : polyad number P = 2 n 1 + n lin 2 + 4 n 3 . 
: polyad counting number. 
 

T 
1 : TROVE stretching vibrational quantum number. 
 

T 
2 : TROVE stretching vibrational quantum number. v T 3 : TROVE bending vibrational quan
abel: ‘Ma’ for MARVEL, ‘Ca’ for calculated. 
alc: original TROVE calculated state energy (in cm 

−1 ). 
5, 18, 20, 23, 25, 28, 30, 33, 35, 38, 40, 43, 45, 50, 55, 60, 65, 70, 75,
0 (6563 in total). The PES was constrained to the ab initio PES of
chr ̈oder et al. ( 2015 ) in the fitting – in order ensure the refined PES
aintained a realistic shape. The quality of the fit is demonstrated

n Fig. 1 , where the fitting residuals are plotted as the obs.-calc.
ifferences (in cm 

−1 ) between the MARVEL and computed TROVE 

 2 O term values. The total root-mean-square error for all 17532
ARVEL energies ranging from J = 0 to J = 88 is 0.02 cm 

−1 

hich can be broken down to 0.003, 0.007, 0.01, 0.01, 0.025, 0.06,
nd 0.04 cm 

−1 for 7 consecutive 2000 cm 

−1 energy windows, 0–
000, 2000–4000 ,..., 12000–14000 cm 

−1 , respectively, as shown 
n detail in Fig. 1 . A full list of the observ ed (MARVEL) v ersus
alculated ( TROVE ) energies is given as supplementary material 
 Fortran 95 subroutine of the PES with the associated potential
arameters is also provided as part of in the supporting information.
MNRAS 534, 1364–1375 (2024) 

 

lin 
2 L n 3 P N v T 1 v T 2 v T 3 Ca/Ma ˜ E T /cm 

−1 

 0 0 2 2 0 1 0 Ma 1330.796620 
 1 0 3 1 0 0 1 Ma 1795.212483 
 3 0 3 1 0 0 0 Ma 1813.184066 
 1 0 3 2 0 1 0 Ma 1926.189641 
 0 1 4 1 1 0 0 Ma 2269.470737 
 0 0 4 2 0 0 2 Ma 2368.841085 
 2 0 4 1 0 0 1 Ma 2377.406507 
 4 0 4 4 0 0 0 Ca 2402.591231 
 0 0 4 3 0 1 1 Ma 2507.992379 
 2 0 4 2 0 1 0 Ma 2520.842253 
 0 0 4 4 0 2 0 Ma 2609.054662 

tum number. 

4/2/1364/7769670 by guest on 08 O
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Table 5. Extract from the .states file of the 15 N 

14 N 

16 O TYM line list. 

i ˜ E /cm 

−1 g J unc./cm 

−1 τ / s −1 � tot P L N v T 1 v T 2 v T 3 

1 0.000000 6 0 0.000000 Inf A’ 0 0 1 0 0 0 
2 1159.969926 6 0 0.004000 1.2952E + 00 A’ 2 0 1 0 0 1 
3 1269.827291 6 0 0.002000 9.2669E-02 A’ 2 0 2 0 1 0 
4 2201.624173 6 0 0.002000 4.6657E-03 A’ 4 0 1 1 0 0 
5 2305.159703 6 0 0.008000 5.2771E-01 A’ 4 0 2 0 0 2 
6 2439.580951 6 0 0.006000 7.3000E-02 A’ 4 0 3 0 1 1 
7 2534.448361 6 0 0.004000 3.7802E-02 A’ 6 0 1 0 2 0 
8 3333.728378 6 0 0.006000 4.9171E-03 A’ 6 0 2 1 0 1 
9 3439.341846 6 0 0.012000 2.7835E-01 A’ 6 0 3 0 0 3 

Figure 2. Temperature-dependence of the partition function Q ( T ) of 
14 N 2 

16 O computed using the TYM line list and compared to the TIPS values 
(Gamache et al. 2021 ). 
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.3 Dipole moment surfaces and uncertainties of intensities 

n the line list production, the intensity were computed using the most
ecent, high-level of theory [CCSD(T)/aug-cc-pV(T,Q,5)Z extrapo-
ated to one electron basis set limit] ab initio DMS of Huang et al.
 2023 ). It has been demonstrated to provide high-quality intensities
f N 2 O isotopologues. This DMS is analytically represented using
he pseudo-charge form (Huang et al. 2014 ) via its projections to
he molecular bonds and therefore needs to be rotated to the bisector
rame used in TROVE ro-vibrational calculations. This is done on
he fly at each bending grid point ρk by re-expanding it in terms of
he stretching displacement �r NN and �r NO around the equilibrium
eometry (see abo v e) in the polynomials of the 12th order using
he finite differences and employing the quadrupole-precision (see
urchenko et al. 2007 ). 

 T H E  N  2 O  T Y M  LINE  LIST  

.1 Line list structure 

sing the methodology described, line lists, called TYM, for five iso-
opologues of N 2 O were computed. They cover the 0 to 20000 cm 

−1 

ange for ro-vibrational states with rotational excitation up to
 = 160. The lower and upper state energy thresholds were chosen
o be 10000 and 24000 cm 

−1 , respectively. The parent istopologue
s represented by 1532 806 222 transitions between 2078 676 states.
he transitions are divided into 1000 cm 

−1 wavenumber ranges to
ake them more manageable. Table 2 lists numbers of states and
NRAS 534, 1364–1375 (2024) 
ransitions in line lists of five N 2 O isotopologues as well as the
uclear-spin de generac y g ns ; note our partition functions include the
ull nuclear spin de generac y. 

The line lists is provided in the ExoMol data format (Tennyson,
ill & Yurchenko 2013 ). An extract from one of the .trans

ransition files of 14 N 2 
16 O is shown in Table 3 . They contain upper and

ower state ID numbers along with the Einstein A coefficient (in s −1 )
f the transition between the states. An extract from the .states
tates file of 14 N 2 

16 O is given in Table 4 , respectively; it contains a
ist of the ro-vibrational states with state ID numbers, energies (in
m 

−1 ), uncertainties (in cm 

−1 ), state lifetimes and quantum numbers.
e use the standard spectroscopic normal mode quantum numbers

n the .states file but also keep the TROVE quantum numbers
or traceability. The mapping between the two sets is discussed in
ection 2.1 . In contrast to the rigorous quantum numbers J and
 (irrep), the non-rigorous quantum numbers n 1 , n lin 2 , n 3 and even
 = K are approximate and are defined using the largest eigen-
ontribution approach. As a note of warning, this procedure cannot
uarantee comprehensive quantum number descriptions with unique
nd unambiguous labels thus serving more as a measure of the main
haracter of the state in question. 

The .states file for 14 N 2 
16 O is also ‘ MARVEL ized’, i.e. the

ROVE energies are replaced with the empirical (MARVEL) ener-
ies from Tennyson et al. ( 2024 ) where available. The uncertainties
re defined either as the MARVEL uncertainty if available, or for
alculated levels estimated as (in cm 

−1 ): 

nc = 0 . 002( n 1 + n 2 + n 3 ) + 0 . 00002 J ( J + 1) , (18) 
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Figure 4. Comparison of 14 N 2 
16 O T = 296 K spectra computed using four line lists, TYM (ExoMol), HITRAN 2020 (Gordon et al. 2022 ), NOSL-296 (Tashkun 

& Campargue 2023 ), and Ames-296K (Huang et al. 2023 ). Left display: a log-scale illustration of the co v erage of TYM (ExoMol), Ames-296K, and NOSL-296 
using a Gaussian line profile with HWHM of 1 cm 

−1 . Right display: absorption coefficients (also in log-scale) of 14 N 2 
16 O in the 2400–2650 cm 

−1 wavenumber 
window of HITRAN ( empty circles), NOSL-296 (circles), Ames-296K (sticks), and TYM (sticks). An extended comparison is provided in the Appendix B . 

Figure 5. Comparison of hot ( T = 1000 K) spectra of 14 N 2 
16 O computed using three line lists, TYM (ExoMol), N 2 O HITEMP (Hargreaves et al. 2019 ) and 

NOSD-1000 (Tashkun et al. 2016 ), for the full range of 0–20000 cm 

−1 (left display) and for a smaller window of 500–5200 cm 

−1 . 
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here n 1 –n 3 are the TROVE normal mode quantum numbers. These 
ncertainties are only approximate and designed to grow steadily 
ith increasing rotational and vibrational excitation, where we tend 

o be conserv ati ve in estimating values for highly excited states. 
In the case of the minor isotopologues, we could not establish

 solid correlation between the spectroscopic normal mode and 
ROVE ’s local mode quantum numbers. We therefore retain only 
 few quantum numbers in their .states files as illustrated in
able 5 : the polyad number P , vibrational angular momentum
 , a polyad counting number N as well as v T 1 , v T 2 , and v T 3 .
he polyad number is estimated using the following simplified 

elation 

P i ≈
˜ E i 

−1 
− L i 
MNRAS 534, 1364–1375 (2024) 



1370 S. N. Yurchenko, T. M. Mellor and J. Tennyson 

M

Figure 6. Illustration of the co v erage of the MARVELized transitions in the 
room temperature ( T = 296 K) TYM spectrum of 14 N 2 

16 O compared to the 
co v erage in HITRAN (circles) and Ames-296K (sticks) (Huang et al. 2023 ). 
Where Ames-296K sticks are hidden by HITRAN points, their intensities 
closely follow HITRAN values as can be seen, e.g. in Fig. 4 . 
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Figure 7. Absorption of isotopologues of N 2 O at T = 296 K scaled with 
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label, see Table 2 . 

a  

s  

1
 

o  

r  

e  

N  

(  

a  

t  

g  

w  

a  

T  

e  

T  

w  

w  

 

b  

o  

i  

s
d

 

N  

e  

a  

a  

i  

m  

N
 

d  

i  

T  

p  

a  

1

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/534/2/1364/7769670 by guest on 08 O
ctober 2024
here ˜ E i is the energy term value of state i, 560 cm 

−1 is a rough
stimate of the polyad quanta and L i is the corresponding vibrational
ngular momentum. 

Partition functions Q ( T ) for all five isotopologues of N 2 O were
omputed on a grid of 1 K from 0 to 2000 K and are available as
pf files from the ExoMol website. For 14 N 2 

16 O, Q ( T ) is illustrated
n Fig. 2 , where we also show the TIPS partition function from
ITRAN 2020 (Gamache et al. 2021 ), which is essentially identical

o that reported in Gamache et al. ( 2017 ). Our partition function is
arger indicating better completeness at higher temperatures. 

Temperature- and pressure-dependent molecular opacities of
4 N 2 

16 O based on the TYM line list have been generated using
he ExoMolOP procedure (Chubb et al. 2021 ) for four exoplanet
tmospheric retrie v al codes: ARCiS (Min, Michiel et al. 2020 ),
auREx (Al-Refaie et al. 2021 ), NEMESIS (Irwin et al. 2008 ),
nd petitRADTRANS (Molli ́ere et al. 2019 ) and available on the
espective line list page of the species in question. 

The TROVE input files are provided, with spectroscopic model
sed in TROVE calculations in the form of a TROVE input file, con-
aining the potential energy and DMS parameters as well as the basis
et specifications. This input file can be used with the FORTRAN code
ROVE freely available from GitHub via www.github.org/exomol . 1 

Zero-pressure cross-sections of 14 N 2 
16 O are provided via the

xoMol cross-sections app. It can generate absorption cross-
ections with the Doppler broadening line profile for temperatures
rom 100 to 2000 K co v ering the wav enumber range from 0 to
0000 cm 

−1 on a grid with a resolution of up to 0.01 cm 

−1 (Hill,
urchenko & Tennyson 2013 ). 

 SPECTRA  SIM ULATIONS  

ig. 3 provides an o v erview of the spectrum of 14 N 2 
16 O at three

emperatures, T = 300 K, T = 1000 K, and T = 2000 K from 0 to
0000 cm 

−1 , computed using the TYM line list. It is worth noting
he profound temperature dependence of the band shapes in IR. In
articular, the visual centres of the vibrational bands at T = 2000 K
NRAS 534, 1364–1375 (2024) 

 See also the TROVE manual at https://docs.spectro v e.org 

 

i  

w  
ppear significantly red shifted comparing to the room temperature
pectrum, which is highlighted in the inset of this figure showing the
800–5000 cm 

−1 window. 
In Figs 4 and 5 , we present comparisons of TYM with the nitrous

xide line lists from other spectroscopic data bases. Fig. 4 compares
oom temperature ( T = 296 K) absorption spectra of 14 N 2 

16 O gen-
rated using the N 2 O line lists from Ames-296K (Huang et al. 2023 ),
OSL-296 (Tashkun & Campargue 2023 ), and N 2 O HITRAN 2020

Gordon et al. 2022 ) at low and high resolutions. A more e xtensiv e
nd detailed comparison of high-resolution spectra generated using
hese four line lists is given in Appendix B . There is a generally
ood agreement of ExoMol TYM with all three data bases, all the
ay up to the near infrared (NIR) region, where HITRAN’ N 2 O is

bsent, although there are also some differences in the weaker bands.
he intensities of TYM are more similar to Ames-296K, which is
xpected due to the same dipole moment Ames-1 used in our work.
he deviation from the NOSL-296 line list grows towards the NIR,
here it is increasingly incomplete, especially abo v e 10000 cm 

−1 ,
hile Ames-296K only co v ers up to 15000 cm 

−1 (see Appendix B ).
It should be noted, that the TYM line positions are shown

efore applying the MARVELization procedure, i.e. they are based
n the original quality of the TYM spectroscopic model. This is
mportant as it lends some trust to the quality of the predicted TYM
pectra, which will need to be tested with the future experimental 
ata. 
Fig. 5 offers a similar comparison of TYM with hot line lists for
 2 O, HITEMP (Hargreaves et al. 2019 ) and NOSD-1000 (Tashkun

t al. 2016 ), where their absorption spectra of 14 N 2 
16 O at T = 1000 K

re shown. Again, there is a generally good agreement between
ll three line lists, except for some cases of weak intensities as
llustrated in the right display of this figure around 4800 cm 

−1 . The
ain disagreement is attributed to incompleteness of HITEMP and
OSD-1000 starting from NIR. 
Fig. 6 illustrates the spectroscopic co v erage of the MARVELized

ata in a TYM spectrum of 14 N 2 
12 O at T = 296 K and compares

t to that of HITRAN and Ames-296K (Huang et al. 2023 ). HI-
RAN 2020 contains 33265 lines below 7800 cm 

−1 , our line list
roduces ∼365 041 MARVELized lines, i.e. with experimentally
ccurate line positions, for T = 296 K and with intensities below
0 −30 cm/molecule. 
Fig. 7 illustrates the relative importance of the spectra of the

sotopologues of N 2 O at room temperature in an IR spectroscopic
indow, where the individual spectra are scaled by their natural

https://docs.spectrove.org
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Figure 8. Absorption spectrum of N 2 O at T = 1000 K o v erlaid with spectra 
of SO 2 , CO 2 , HDO, and H 2 O using the ExoMol line lists due to Underwood 
et al. ( 2016 ), Yurchenko et al. ( 2020 ), Voronin et al. ( 2010 ), and Polyansky 
et al. ( 2018 ), respectively, and generated with a Gaussian line profile of 
HWHM = 2 cm 

−1 . 
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bundances taken from HITRAN. The minor isotopologues provide 
ubstantial contribution the o v erall spectrum of N 2 O with intensities
ignificantly larger than the HITRAN cutoff of 10 −30 cm/molecule. 
nother illustration of the possible detectability of N 2 O is presented 

n Fig. 8 , where we o v erlay the absorption spectrum of 14 N 2 
12 O at

 = 1000 K with absorption spectra of other atmospheric triatomic 
olecules, SO 2 , CO 2 , HDO, and H 2 O. The strongest and most

rominent absorption feature of N 2 O, which is also in a water
indow, is at 4.5 μm, which is in a close vicinity from the 4.3 μm
and of CO 2 . 

.1 On the uncertainty of the calculated intensities 

t is now a well-recognized problem that numerical noise associated 
ith variational calculations can cause an o v erestimation of inten- 

ities of high-o v ertone transitions which has been discussed in a
eries of publications on diatomic molecules by Medvedev et al., 
ee, e.g. Medvedev et al. ( 2015 ) and Medvedev & Ushakov ( 2022 ).
lthough there is no obvious indication of such plateaus forming at 
igher frequencies in our N 2 O spectra in Figs 3 –5 – they seem to
igure 9. Intensities of 14 N 2 
16 O computed using two different ab initio DMSs, 

 = 1000 K cross-sections on a grid of 1 cm 

−1 using the Gaussian line profile w
ntensities at T = 296 K of the ν2 band of 14 N 2 

16 O. 
how a nice exponential decrease of the intensities of the overtone
ands, except perhaps the region of around 18000–20000 cm 

−1 –
e decided to perform a more quantitative test of our intensities

dapting the approach of suggested by Lodi & Tennyson ( 2012 ).
o this end, we have computed a line list for N 2 O using a different
b initio DMS by Schr ̈oder et al. ( 2015 ). The result of this test is
llustrated in Fig. 9 (left display), where we show T = 1000 K cross-
ections of 14 N 2 

16 O computed using two ab initio DMSs, ‘Ames-1’
nd ‘Schr ̈oder et al. ( 2015 )’ in conjunctions with our refined PES. The
ntensities generally agree up to about 13000 cm 

−1 , but less so abo v e
3000 cm 

−1 . In fact, the ‘DMS Schr ̈oder et al. ( 2015 )’ intensities
ppear to have a more natural exponential decline above 16000 cm 

−1 ,
here the ‘DMS Ames-1’ intensities have a slight increase of the

Ames-1 intensities o v er ‘DMS Schr ̈oder et al. ( 2015 )’ indicating a
ossible formation of a high-o v ertone plateau and could be a result of
he deviation from the so-called Normal Intensity Distribution Law 

Medvedev 2012 ). The analytical DMS representation of Schr ̈oder 
t al. ( 2015 ) has fewer parameters than that of Huang et al. ( 2023 )
39 versus 572) and is presumably more stable for numerical errors
t high o v ertones. 

As a high resolution illustration, in the right display of Fig. 9 ,
he corresponding T = 296 K line intensities of the ν2 bands are
hown, which we also compare to the HITRAN 2020 (Gordon et al.
022 ) values. The ‘DMS Schr ̈oder et al. ( 2015 )’ intensities (i.e.
omputed using our model and DMS by Schr ̈oder et al. 2015 ) appear
o deviate from the HITRAN values by up to about 34 per cent.
nalogous deviations were also found for the excited bending bands. 
ur choice to use the more recent DMS Ames-1 for the ExoMol

ine lists productions was influenced by this higher quality at lower
avenumbers. 

 C O N C L U S I O N  

n this work, ro-vibrational line lists for five main isotopologues of
 2 O are presented. The line lists were computed using the variational

pproach TROVE employing a new empirical PES and an ab initio
MS from Schr ̈oder et al. ( 2015 ). The PES was generated via a
t to the experimentally derived energy term values of 14 N 2 

16 O
rom the MARVEL set by Tennyson et al. ( 2024 ) covering the
otational excitations up to J = 80. These energies were then used to
mpro v e the calculated values of 14 N 2 

16 O in the TYM line list. The
MNRAS 534, 1364–1375 (2024) 

Huang et al. ( 2023 ) and Schr ̈oder et al. ( 2015 ) and our refined PES. Left: 
ith HWHM of 1 cm 

−1 . Right: ExoMol (sticks) and HITRAN (circles) line 

t on 08 O
ctober 2024
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ine lists co v er an e xtended wav enumber range up to 20000 cm 

−1 

 > 0 . 5 μm) and the rotational excitations up to J = 160 with the
stimated temperature co v erage up to T = 2000 K. Owing to the
ARVELization procedure used, we were able to predict o v er

00 000 new transitions of 14 N 2 
16 O with e xperimental accurac y. The

ine lists contain o v er a billion transitions each, ranging from 1.3 to
.7 billion, depending on the isotopologue. At present only the parent
4 N 2 

16 O line list has been MARVELized; ho we ver, there are also
 xtensiv e spectroscopic data available for the other isotopologues
hich are currently subject to a MARVEL analysis. Updated line

ists using these results will be made available in due course. 
In calculations, an artificial symmetry group C n s ( AEM ) ( n = 18;
ellor et al. 2021 ) was derived and used in TROVE calculations to

acilitate the basis set construction. 
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PPEN D IX  A :  ARTIFICIAL  SYMMETRY  

he internal vibrational modes r 1 , r 2 , and ρ used in our model
re ef fecti vely coordinates of a bent molecule. These span two
rreducible representations, � 

+ and � 

− (or A 

′ and A 

′′ ) of C ∞ v (M)
isomorphic to C s ) and do not reflect the symmetry properties of a
inear molecule. An alternative symmetry description of vibrational 
nd rotational functions of a linear molecule is offered by the 
ymmetry group C ∞ v (EM) (Bunker & Papou ̌sek 1969 ) spanning 
uch more versatile irreducible representations with �, � , � , 
 ,... for L = 0, 1, 2, 3,... and K= 0, 1, 2, 3, for the vibrations

nd rotations respectively. Their advantage of this description is 
his direct and unique association of the indices L and K with
rreducible representations of C ∞ v (EM), with all the efficient and 
seful properties. Here we introduce the artificial symmetry group 
 n s ( AEM ) associated with the basis set of a bent molecule but
ossessing this property of the linear molecule group C ∞ v (EM) 
here the corresponding irreps are uniquely classified by indices 
 or K . 
In order construct the irreducible representations of the finite 

rtificial extended molecular symmetry group C n s ( AEM ), we follow 

he D n h (AEM) methodology by Mellor et al. ( 2021 ) developed for
ymmetric linear molecules. The group in question is thus defined 
y 

 n s ( AEM ) = C s ⊗ Z 2 ⊗ . . . ⊗︸ ︷︷ ︸ 
n −3 

Z 2 , 

here Z 2 is the cyclic group of order 2 and, therefore, it consists of
he set { 0 , 1 } with addition modulo 2. The integer n depends on the
alue of L max and is given by 

 = 
 log 2 2( L max + 1) � , (A1) 

here 
� rounds up and L max is the maximum value of L (or k).
 or e xample, the character table of C 4 s ( AEM ) is giv en in Table 1 .
his corresponds to L max = 3 and the number of irreps in the group
quals the number necessary for the reassignment of the bending and
otational functions, though this is not true in general because of the
ounding applied in equation ( A1 ). In either case, the extra irreps are
eeded as seen below. 

When combining bending function that transform as � 

L 
bend of 

 n s ( AEM ) with rotational functions which transform as � 

K 

rot , their
roduct should transform as � 

L 
bend × � 

K 

rot = ( � bend × � rot ) m for some
 	= 0 if l 	= k. If L = K , then they should transform as � 

L 
bend ×

 

K 

rot = ( � bend × � rot ) 0 . For example, A 

′ 4 × A 

′′ 4 should be A 

′′ 0 . 
The symmetry group C n s ( AEM ) for a general n is implemented

nto TROVE where the effects of the group operations on the coor-
inates is as follows: all operations leave the vibrational coordinates 
nvariant; the E 

a operations (in the notation of Table 1 ) leave the
otational functions invariant while the σa operation has the same 
ffect as the σ 0 operation. 

PPENDI X  B:  RO O M  TEMPERATURE  

PECTRUM  O F  

14 N  2 
16 O  

igs. B1 and B2 provide a detailed comparison of T = 296 K
bsorption spectra of 14 N 2 

16 O in 9 spectroscopic windows computed 
sing four line lists, TYM, HITRAN2020’ N 2 O (Gordon et al. 2022 ),
OSL-296 (Tashkun & Campargue 2023 ), and Ames-296K (Huang 

t al. 2023 ). Left display: a log-scale illustration of the co v erage
f TYM, Ames-296K and NOSL-296 using a Gaussian line profile 
ith HWHM of 1 cm 

−1 was used. HITRAN line intensity values are
ndicated by red empty circles (in the upper and lower displays),
OSL-296 values are with dark blue circles (bottom displays), 
mes-296K lines are given by green sticks (bottom display), and 
YM lines are shown by blue sticks in the upper displays. The
YM line positions are given by the TROVE values before the
ARVELization procedure in order to illustrate the quality of the 

efined spectroscopic model used in the line list calculations. 
MNRAS 534, 1364–1375 (2024) 
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Figure B1. Comparison of 14 N 2 
16 O T = 296 K absorption intensities (cm/molecule) computed using four line lists, TYM (ExoMol), HITRAN 2020 (Gordon 

et al. 2022 ), NOSL-296 (Tashkun & Campargue 2023 ), and Ames-296K co v ering the range 0–5200 cm 

−1 : HITRAN (empty circles), NOSL-296 (circles), 
Ames-296K (sticks), and TYM (sticks). 
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Figure B2. Comparison of 14 N 2 
16 O T = 296 K absorption intensities (cm/molecule) computed using four line lists, TYM (ExoMol), HITRAN 2020 (Gordon 

et al. 2022 ), NOSL-296 (Tashkun & Campargue 2023 ), and Ames-296K co v ering the range 5200–12000 cm 

−1 : HITRAN (empty circles), NOSL-296 (circles), 
Ames-296K (sticks), and TYM (sticks). 
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