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INTRODUCTION

The choice of a coordinate system plays an impor�
tant role in calculations of the rovibration energy levels
of molecules by solving the Schrödinger equation in
the Born–Oppenheimer approximation [1, 2]. The
necessity of using a moving coordinate system associ�
ated with the molecule gives rise to a significantly
complicated form of the Schrödinger equation [1].
There are different methods of transforming the
Hamiltonian operator from one coordinate system to
another (see, e.g., [3] and the references therein). The
theoretical rovibrational energies (TROVE) method
[4] is fairly universal. In this method, the Hamiltonian
is numerically transformed to a molecular coordinate
system in that the kinetic energy operator and the
potential function are represented as a Taylor series in
internal coordinates. The TROVE method allows one
to use arbitrary coordinates in such expansion. Expan�
sion coefficients are calculated with the help of a dif�
ference scheme based on determining the derivatives
of the function using the finite difference method (see,
e.g., [5, 6]).

In this paper, a modification of the difference
method used to determine the partial derivatives is
proposed. The modification of the method takes into
account the mutual influence of expansion coeffi�
cients by successively eliminating the higher�order
terms. It is demonstrated that the proposed modifica�
tion of the computational scheme decreases inaccu�
racy of the method and makes the calculated deriva�
tives less sensitive to the finite difference step. The

accuracy of the calculations can be increased by sev�
eral orders of magnitude.

CONVENTIONAL SCHEME
OF TRANSFORMATION OF A POTENTIAL 

ENERGY SURFACE

The TROVE method whose modification is pre�
sented in this paper is based on using linearized coor�
dinates [1]. In many cases, the coordinates describing
internal degrees of freedom (denoted here as x = {xi})
differ from the geometrically defined coordinates r =
{ri} in which the potential function V(r) is usually rep�
resented. Therefore, it is necessary to transform the
latter coordinates into the internal coordinates and,
consequently, to represent the potential energy V(r) as
a function of x. In the TROVE method, this transfor�
mation of the potential energy from the initial coordi�
nates ri to the internal coordinates xi is performed
numerically and implemented in the form of a com�
pact recursive algorithm. In the initial method, which
will be referred to as the nonmodified method or
method A, the potential energy is described by a Taylor
series expansion in the internal coordinates:

(1)

where m is the order of potential energy expansion and
xi are the coordinates describing the internal vibrations
of a molecule. The expansion coefficients  in
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(1) can be expressed in terms of derivatives with
respect to the corresponding variables xi (i = 1, 2, …,
n) at a point xi = 0:

(2)

assuming that the transformation r(x) is known. As
already noted, in the TROVE method derivatives (2)
are calculated by a recursive procedure using the finite
difference method in the form of the central scheme

(3)

where h is the difference step.1 The higher order
derivatives are calculated by recursively applying for�
mula (3) whose iterative application allows one to dis�
pense with analytic expressions. This is especially
important with the use of special transformations of
coordinates that cannot be expressed analytically.

THE PROBLEM OF CHOOSING 
AN OPTIMUM STEP

Let the initial (potential) function V(x) be repre�
sented as the series

(4)

It can be shown that, upon numerical differentiation
of V(x) by the finite difference method (3), the math�
ematical error of determination of a coefficient ak

(i.e., the error δ of the method) is on the order of

(5)

i.e., it decreases indefinitely for h  0. In real calcu�
lations, a numerical error also exists in the calculation
of the function ε = δV(x), which we will call the round�
off error. This error can be estimated as [5]

(6)

(where λ is the number of an expansion coefficient);
i.e., δround  ∞ for h  0. It is customary to assume
that the step size is optimum (hopt) if the sum of errors
(5) and (6) is minimum [6], which gives the estimate

(7)

where ε is the machine precision (ε = 10–p, where p is
the number of significant digits in decimal number
representation). In calculations, the value of h is
selected such that the energy values with maximum
accuracy are obtained. Consequently, the choice of an
optimum value of h is a complicated problem. The

1 It should be noted that in the TROVE method and in this paper
only uniform grids are used; i.e., the difference step along each
coordinate is constant.
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method proposed in this paper provides an easy solu�
tion of this problem.

A MODIFIED SCHEME OF TAYLOR SERIES 
EXPANSION OF A POTENTIAL ENERGY 

FUNCTION

The main disadvantage of the conventional differ�
ence scheme for calculating the higher�order deriva�
tives is a decrease in the accuracy with increasing
expansion order m (see, for example, [5]). One of the
reasons for this is the finite accuracy of representation
of real numbers in computers. As an example, let us
consider a model (potential) function V(x) = ax4.
whose expansion into a Taylor series using the conven�
tional recursive scheme (3) yields the following
expression:

Subscripts r and 4 are introduced to denote the recon�
structed function and the fourth�degree polynomial,
respectively. Consequently, the simplest model poten�
tial is reconstructed with the method error

Clearly, this error tends to zero for h  0; however, in
practice, this passage to the limit is impossible due to
round�off errors [6]. The appearance of the term
(4ah2)x2 can be interpreted as an attempt to describe a
model function of any even power (in our example,
V(x) = ax4) in a certain region of the order h by a qua�
dratic function V2x

2. Thus, in expanding an arbitrary
polynomial into a Taylor series, the higher�order terms
of the polynomial introduce an error into calculated
values of lower�order expansion coefficients because
of the inaccuracy of the finite difference method. It
will be shown below that this influence can be
decreased significantly by successively eliminating the
higher�order expansion terms in calculating the
lower�order terms.

Let us consider a modification of the method of
expansion of an arbitrary one�dimensional function
V(x) into a Taylor series of an mth order using the finite
differences. We begin the calculation of derivatives
with the highest power m, and introduce the notation

(x) ≡ V(x). Let the expansion coefficient Vi be cal�
culated at a certain iteration step i (i = m, …, 0). We
introduce the reduced function

(8)

which will be expanded at the following iteration step
i – 1. Then, in a similar manner, we will eliminate the
term obtained from this function using (8) to evaluate
the (i – 2)th derivative, and so forth down to i = 0. It
can be shown that, with the use of this scheme to
expand an nth degree polynomial into a Taylor series,
the expansion coefficients are reconstructed correctly
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(to within the round�off error) if the calculation is per�
formed starting with the power m ≥ n. For any initial
function V(x) close to the expansion of the type (4),
the considered computational procedure (described
by Eq. (8)) allows one to efficiently exclude the influ�
ence of the term aix

i on the calculation of lower�order
terms. This is the main result of the study.

It can also be shown that with the use of scheme (8),
which we will call the modified difference scheme or
method B, the mathematical error (i.e., the error of
the method) is estimated as

, (9)

where m is the maximum degree of the reconstructed
potential. The value of m used in the calculations is
maximum possible or sufficiently large in order for its
further increase not to affect the final energy values.
The round�off error will be determined by the same
expression (6) as in the case of method A. The opti�
mum step is again estimated from the condition for the
minimum of a sum of the error of the method and the
round�off error:

(10)

Thus, in method B, the optimum step value does not
depend on k and is only governed by the value of a
maximum power m. Therefore, estimate (10) allows us
to select a single value of h optimum for the calcula�
tion of any expansion coefficients ak. In addition, it
will be shown below that method B is more stable, i.e.,
it imposes less rigid limitations on h, which can be
used to reduce the round�off errors.

As is known [6], the procedure for calculating the
derivatives by the finite difference method (by method
A) is equivalent to solution of a system of linear equa�
tions, and each derivative corresponds to its own sys�
tem of equations. The modified scheme (method B)
represented by Eq. (8) is equivalent to solution of a
single system of linear equations for all expansion
coefficients of the same parity. The reconstructed
function Vr, m(x) coincides with the initial function to
a maximum possible extent in the following sense. The
even part of the reconstructed potential function coin�
cides with the even part of the initial one at points
⎯mh, –(m – 2)h, …, mh, while the odd part of the
reconstructed potential function coincides with the
odd part of the initial one at points –(m – 1)h, –(m –
3)h, …, (m – 1)h. Therefore, obtaining the expansion
coefficients of a potential function by method B is
equivalent to solving independent systems of linear
equations for even and odd parts. The equivalence of
method B to the solution of a system of linear equa�
tions means that this method is equivalent to fitting the
polynomial to the set of points in the region –mh, …,
mh. Then, we can argue that, in the general case, the
calculated coefficients Vi can differ from the coeffi�
cients ai for m < n; however, the values of the initial

δmethod ak( ) am 1+ h
m k– 1+≈
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function are to a maximum extent close to those of the
reconstructed function within the interval –mh, …,
mh. According to its meaning, the reconstructed func�
tion gives an extrapolation of the initial one beyond
the region –mh, …, mh. In view of the above and tak�
ing into account the conclusions on the stability of
method B against variation of the step h (9), we intro�
duce an alternative estimate of the optimum step for
calculating the finite differences by method B as fol�
lows:

(11)

where 2∆x is the region important in view of the spe�
cific features of the problem. The advantage of condi�
tion (11) over condition (10) is that Eq. (11) gives the
condition for the best reconstruction of the potential
within the entire region, while Eq. (10) gives the con�
dition for only the most accurate reconstruction of
m + 1 expansion coefficients by this scheme. The
advantage of using estimate (11) instead of (10) will be
demonstrated below.

The method can be generalized to a multidimen�
sional problem by combining calculations of coefficients

 with equal values of sums L = l1 + l2 + … + ln.

The general calculations are performed according to
the sequence L = Lmax, Lmax – 1, Lmax – 2, …,1, 0.

EXPANSION OF A ONE�DIMENSIONAL 
POTENTIAL FUNCTION 
OF THE CO MOLECULE

Let us consider an expansion of the one�dimen�
sional potential function of the 12C16O molecule [7]

where ξ = (r – re)/r (re is the equilibrium value of the
CO bond length), into a Taylor series of the mth order

(12)

where x = (r – re)/re. Note that this function with the
values of constant coefficients ai determined in [7]
reproduces the experimental energy values to an accu�
racy of 0.001 cm–1. Let us consider the closeness of
potential (12) to the initial one in the range x =
⎯∆x…∆x (∆x = 0.25) for different values of step h and
expansion orders m. The derivatives will be calculated
by methods A and B with the double precision repre�
sentation of numbers and operations. The reconstruc�
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tion quality will be estimated by the root�mean�square
deviation

(13)

of the reconstructed function from the initial one in
the specified range of x. The three curves in Fig. 1
describe the deviation δ(V) calculated by method A
and correspond to m = 6, 8, and 10; similar results
obtained by method B are shown in Fig. 2. On the
whole, the accuracy of expansion of the initial poten�
tial becomes better by approximately an order of mag�
nitude on passage from method A to method B. In
addition, for method B (Fig. 2), an increase in the
order of expansion (12) improves Vr for almost all h,
unlike the case of method A (Fig. 1), for which the
passage from m = 8 to m = 10 does not provide this
effect. It is interesting to compare the predicted opti�
mum step sizes of differentiation obtained from condi�
tions (7), (10), and (11) with the real optimum values
corresponding to minima of curves in Figs. 1 and 2.
Assuming that the round�off error ε for double�preci�
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sion calculations is about ≈10–12, we obtain from con�
dition (7) the optimum step values for method A
within the range of 0.0001–0.1 and, from condition
(10), similar values for method B in the range 0.03–
0.1. It can be seen in Fig. 1 that the optimum step val�
ues (0.011, 0.002, and 0.0023) lie in the predicted
range and are close in order of magnitude to the esti�
mates

which correspond to the most important expansion
coefficients a2 and a3. For method B, the estimates of
an optimum step are also in qualitative agreement with
the positions of minima (0.047, 0.032, and 0.026) in
Fig. 2. However, estimate (10) predicts an increase in
the optimum step with increasing m, which qualita�
tively differs from the real positions of minima. The
discrepancy between the predictions (10) and the real
positions of minima confirms the fact that the recon�
struction of first several expansion coefficients of the
function with the maximum accuracy does not corre�
spond to the best reconstruction of the function itself
in the considered interval 2∆x. However, condition
(11) allows the optimum step value for a particular
interval 2∆x to be predicted with much higher accu�
racy. This is shown in Table 1 where the corresponding
calculated optimal values are compared with the posi�
tions of minima of the curves in Fig. 2. This shows not
only the advantage of estimate (11), which is only
meaningful for method B, over estimates (7) and (10),
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Fig. 1. Root�mean�square deviation δ(V) (13) for expan�
sion of the potential function of the 12C16O molecule using
the non�modified method. Squares correspond to the
sixth�order polynomial, circles, to the eighth�degree poly�
nomial, and crosses, to the tenth�degree polynomial.
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0.060.040.020
h

δ(V), cm−1

Fig. 2. Root�mean�square deviation δ(V) (13) for expan�
sion of the potential function of the 12C16O molecule using
the modified method. Squares correspond to the sixth�
order polynomial, circles, to the eighth�degree polyno�
mial, and crosses, to the tenth�degree polynomial.

Table 1.  Optimum values of the step obtained from condition
(11) and the numerical experiment

m h from (11) h from Fig. 2

6 0.042 0.047

8 0.031 0.032

10 0.025 0.026
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but also the advantage of method B over method A.
Indeed, the minima in Fig. 2 (method B) lie lower
than analogous minima in Fig. 1 (method A), which
reflects the better reconstruction of the initial function
with the use of method B.

CALCULATION OF VIBRATIONAL ENERGY 
LEVELS OF THE H2S MOLECULE

To show the difference between the methods in
expanding a multidimensional function, we carried
out calculations of vibrational energy values of the H2S
molecule in the ground electronic state. The potential
energy surface V(r1, r2, α) from [8] was used in the cal�
culations. This surface allows the energy levels to be
reproduced within 0.28 cm–1. The calculations were
performed by the TROVE method with expansion of
the kinetic energy operator up to the eighth order and
the potential function up to the 12th order. In the vari�
ational solution of the total Schrödinger equation the
basis set consisted of the functions obtained from
numerical solutions of one�dimensional Schrödinger
equations for each degree of freedom and was limited
by the polyad number

where n1 and n3 are the quantum numbers for the
stretching vibrational modes and n2 corresponds to
excitation of the bending vibration. The rigid refer�
ence configuration was used in the calculations when
the potential function was expanded in the internal
coordinates in the vicinity of the minimum of the

Pmax 2n1 n2 2n3 22,≤+ +=

molecular potential energy surface. See [4] for the
details of the method and the TROVE program.

Let us consider the influence of variation of the dif�
ferentiation step h on the calculation of purely vibra�
tional energy levels  (where ni is the quantum

number corresponding to the ith vibrational degree of
freedom) of the H2S molecule. The step size was cho�
sen to be the same for all three degrees of freedom. As
in the above examples, the vibrational energy

(h) as a function of the differentiation step size

exhibits a kink at a certain critical value hcr = hopt cor�
responding to condition (7) or (10). The rounding
error is dominant to the left of hcr and the error of the
method is dominant to the right of hcr. The energies
calculated by method B are more stable against varia�
tions in h. Changes in the energies with variation of h
from 0.0005 to 0.08 are shown in Fig. 3 where the val�

ues of  =  –  are presented for

three vibrational states with (n1, n2, n3) = (0,2,0),
(1,0,0), and (0,0,1). Solid curves correspond to the
energies calculated by method B and dashed curves
correspond to the energies calculated by method A.

For , we took energies that correspond to opti�

mum h values, i.e., to the minima of (h), cal�

culated by method B.

The dependence of energies calculated by method
B on the step size is negligible in the region h > hcr

which corresponds to a larger region of allowable val�
ues of h. Figure 4 shows the dependence of energy of
the (0,0,1) vibrational state on the step h for method A
(curve with squares) and method B (curve with cir�

En1 n2 n3, ,

En1 n2 n3, ,

∆En1 n2 n3, , En1 n2 n3, , En1 n2 n3, ,

opt

En1 n2 n3, ,

opt

En1 n2 n3, ,

100

10−2

10−4

, cm−1

0.10.010.001
h

∆En1 n2 n3, ,

Fig. 3. Energy shifts  =  –  for

the (0,2,0) (squares), (1,0,0) (circles), and (0,0,1) (trian�
gles) vibrational states of the H2S molecule in the ground
electronic state as functions of the difference step h
involved in expansion of the molecular potential function
(see the text). The energy values are calculated by method
A (dashed lines) and method B (solid lines).

∆En1 n2 n3, , En1 n2 n3, , En1 n2 n3, ,

opt

2629.6

2629.2

2628.8

E001, cm−1

0.080.040
h

Fig. 4. Energy of the (0,0,1) vibrational state of the H2S
molecule in the ground electronic state as a function of the
step h. The line with squares (method A) and the line with
circles (method B) converge to E0, 0, 1 = 2628.768 cm–1.
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cles). It is clear that both energies monotonically tend
to the same limit when h  hopt. The energy calcu�
lated by method B weakly depends on the differentia�
tion step and is very close to this limit even for large
values of h. For example, for h = 0.06 this difference
amounts to 0.8 cm–1 in the case of method A, but is as
small as 10–5 cm–1 for method B. This effect is clearly
demonstrated by analysis of the calculated derivatives

/dh presented in Table 2 for a set of energy

states of H2S obtained by both methods. The values of
derivatives were estimated by the finite difference
method. One can see that the derivatives /dh

obtained by method B are several orders of magnitude
smaller than the corresponding values obtained by the

dEn1 n2 n3, ,

dEn1 n2 n3, ,

conventional finite difference method. The energies
calculated by method B that are also listed in Table 2
are in good agreement with the calculated results of
[8]. It was discussed above that, for hopt ~ hcr, i.e., when
condition (7) or (10) are satisfied, the expansion coef�
ficients should be calculated with the maximum accu�
racy and the expanded potential function should be
closest to the initial function in a certain vicinity of the
equilibrium position. In this case, the lower�lying
energy levels are calculated most accurately. In the
other case, when condition (11) is satisfied, hopt ~ hmax

and the reconstructed function is close to the initial
one over the entire interval considered, which is espe�
cially important in calculating the higher lying energy
levels of molecules. We emphasize that, due to the sta�
bility of the method proposed, we can use expansions

Table 2.  Energy values of vibrational states of the H2S molecule calculated in this work by method B with the optimum step size
and the potential function from [8], the experimental values from [9–15], and the energy values calculated in [8], as well as the
derivatives of vibrational state energies with respect to the difference step h for the H2S molecule obtained with the use of non�
modified (A) and modified (B) methods

Vibrational state
Energy, cm–1 dE/dh, cm–1

Еcalc method B Eobs [9–15] Ecalc [8] Method A Method B

010 1182.9 1182.57 1182.90 7 × 10–1 3 × 10–3

020 2354.1 2353.96 2354.15 1 2 × 10–2

100 2614.4 2614.41 2614.39 9 × 10–2 6 × 10–4

001 2628.8 2628.45 2628.79 2 × 10–1 3 × 10–4

030 3513.8 3513.79 3513.84 1 5 × 10–2

110 3779.0 3779.17 3779.04 4 × 10–1 9 × 10–3

011 3789.1 3789.26 3789.18 1 × 10–1 4 × 10–3

040 4661.6 4661.68 4661.57 2 9 × 10–2

120 4932.4 4932.70 4932.45 7 × 10–1 6 × 10–2

021 4938.6 4939.10 4938.66 3 × 10–1 3 × 10–2

200 5145.3 5144.99 5145.30 4 × 10–1 4 × 10–4

101 5147.3 5147.22 5147.27 4 × 10–1 4 × 10–4

002 5243.5 5243.10 5243.53 4 × 10–1 3 × 10–4

050 5796.8 5797.24 5796.63 2 7 × 10–3

130 6074.6 6074.58 6074.69 1 3 × 10–1

031 6077.2 6077.60 6077.26 5 × 10–1 1 × 10–3

210 6287.9 6288.15 6287.90 9 × 10–2 8 × 10–3

111 6288.7 6289.17 6288.70 1 × 10–1 8 × 10–3

121 7419.6 7420.09 7419.64 6 × 10–2 6 × 10–2

102 7576.5 7576.38 7576.42 7 × 10–1 7 × 10–5

201 7576.6 7576.54 7576.48 7 × 10–1 4 × 10–5

300 7752.6 7752.26 7752.65 6 × 10–1 1 × 10–3

003 7779.8 7779.32 7779.80 8 × 10–1 4 × 10–4

112 8696.9 8697.14 8696.75 6 × 10–1 5 × 10–3

211 8696.9 8697.15 8696.71 6 × 10–1 5 × 10–3

202 9911.1 9911.02 9910.70 1 8 × 10–4

301 9911.1 9911.02 9910.69 1 8 × 10–4
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of the potential energy up to 20–30 orders in the vari�
ational calculation of vibrational energies of the H2S
molecule, which allows potentials of a complicated
form to be well described and is rather inefficient with
the use of the conventional method. Even for Lmax ≈
28, the value of hcr (determined in a manner similar to
that used in the calculation of CO) is estimated to be
0.008 which is fairly small compared to the estimate
hmax = 0.03 from (11). Thus, calculations by method B
are possible with a step size varying in a wide range,
while method A allows one to perform a calculation
only in a small vicinity of hcr and its error becomes
appreciably greater than that of method B for higher
expansion orders.

RESULTS AND CONCLUSIONS

In this paper, we propose a modification of the
method of expansion of molecular potential functions
into a Taylor series using the finite differences. The
modification allows one to increase the accuracy of
calculations with the use of higher expansion orders.
The method is tested in the problems of expansion of
potential functions in calculations of the vibration–
rotation energies of molecules and can be used in
other areas of mathematical physics involving a series
expansion of functions.

The modification proposed requires an insignifi�
cant change in the calculation algorithm and has
hardly any effect on the computation time. The mod�
ified method allows one to perform expansions with
considerably lower errors as compared to the conven�
tional method. The proposed method is more stable
against variations in the step size and, consequently,
provides a larger region of variation of coordinates
where the reconstructed potential is well determined.
Thus, good accuracy is achieved even far from the
equilibrium position, which is especially important in
calculations of higher lying energy levels. Stability of
the method makes it possible to achieve an acceptable
accuracy using potentials with complicated forms that
are characteristic of molecules with nonrigid internal
vibrations.
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