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We investigate theoretically the rotational dynamics of pyramidal XY3 molecules in highly excited rotational
states. Towards this end we compute, by a variational method, the rotational energy levels in the vibrational
ground state of PH3 for J r 80. At J Z 50 the calculated energy levels show a distinct cluster pattern. By
monitoring the cluster formation we follow the various stages of the rotational dynamics. We analyze the
wavefunctions for the cluster states and compute expectation values which show that the C3v geometrical
symmetry of PH3 is broken at high rotational excitation. The conclusions drawn from the quantum-mechanical
calculations are confirmed by semi-classical theory, i.e., by an analysis of the stationary points on the rotational
energy surface.

I. Introduction

Advances in experimental techniques for laser alignment and
manipulation of molecules have made it possible to study
‘orientation’ effects in chemical reactions, spectroscopy, and
photodissociation (For review see ref. 1). Thus, molecules can
be prepared in given |J,k,mi rotational states (for example with
the electrostatic hexapole technique2) or they can be spun to
acquire very high angular momenta.3 Fast rotation can cause
dissociation4 or it can stabilize the molecular rotation about a
specific molecule-fixed axis.5,6 Furthermore, rotational energy
can modify the molecular potential energy surface,3 and bring
about qualitative changes of the spectral pattern, such as
energy cluster formation5–7 or monodromy effects.8–10 The
development of methods for aligning molecules generally
requires detailed knowledge of the rotational dynamics, in-
cluding rovibrational wavefunctions at high rotational excita-
tion.1 Such knowledge must also be available for field-free
molecules since in many aligning applications, it is necessary
that the molecules eventually be free of the field that induces
their spatial orientation.

Many symmetrical hydrides XHN (N ¼ 2, 3, 4) with heavy
central nuclei X exhibit so-called local mode effects.11–13 One
property of these molecules, of direct interest here, is that their
bond angles are close to 901; see Table 1 of ref. 12. As a result,
the stretching vibrations are naturally orthogonal, and the
kinetic-energy intermode interactions are small, as are the
interactions originating in the potential energy function. This
behaviour becomes even more pronounced for highly excited
vibrational states.13,14 Furthermore, at high rotational excita-
tion the rotational motion is also, in a sense, orthogonal to the
stretching vibrational motion.13 That is, the small Coriolis
interaction does not destabilize the rotational motion. The
rotational energy levels of the corresponding molecular states
form well separated, near-degenerate energy clusters.7,15–24 In
the cluster states (or localized states), the molecule rotates
about a so-called localization axis which is approximately

parallel to one of the X–H bonds.6,25,26 The existence of the
cluster states was theoretically predicted for H2O, H2S, H2Se,
H2Te, CH4, CF4, SiH4, SbH4 and SF6 by semi-classical meth-
ods and quantum-mechanical, variational calculations of rota-
tion–vibration energy levels.5,6,13,14,25–34 Semi-classically, the
cluster states are characterized by ‘stationary points’ on rota-
tional energy surfaces.6,21,35 A bifurcation analysis of the
rotational energy surface determines the localization axes and
predicts the critical angular momentum value Jc at which the
cluster formation sets in.6,25,36 The energy clusters have been
experimentally observed for H2Se,

30,37,38 CH4, SiH4 (see ref. 33
and references therein), and SF6.

39

Formation of energy clusters at high rotational excitation is
a well-established phenomenon for XH2 and XH4 molecules.
The energy cluster formation is intimately linked to local mode
effects13 and most XH3 molecules, including PH3, satisfy the
‘structural local mode requirements’ of Halonen and Robi-
ette.12 Thus, we expect energy cluster formation to take place
also for XH3 molecules, even though this has never been
discussed extensively so far.
The present work is concerned with highly excited rotational

states of PH3 molecules in the absence of external fields. We
calculate rotational term values in the vibrational ground state
of PH3 for J r 80 with a variational quantum-mechanical
model. This model is outlined in Section II, where we also
introduce the basis set and discuss the convergence of the
calculations. The computed term values (which, as expected,
exhibit cluster formation) are described in Section III. We
compare them with the eigenvalues of a standard effective
Hamiltonian involving rotational constants and centrifugal
distortion constants. In Section IV we present wavefunction
analysis for the cluster states. We determine the localization
axes, calculate effective bond lengths and bond angles,
and present probability density functions in terms of the
Euler angles. With this information, we visualize the dynamics
in highly excited rotational states of PH3. Highly excited
rotational states can often be adequately described by
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semi-classical models, so we report in Section V a semi-classical
analysis of the cluster formation; this analysis is based on the
theory of rotational energy surfaces (see, for example, ref. 6).
We show that the semi-classical description yields results
similar to those obtained by quantum mechanical methods,
and this allows us to extend our study to states with J 4 80.
Finally in Section VI we offer conclusions and discuss the
prospects of applying the results of this work to laser mani-
pulation of molecular rotation.

II. Computational details

The rotation–vibrational Schrödinger equation is solved var-
iationally, i.e., by diagonalizing a matrix representation of the
rovibrational Hamiltonian. The theoretical approach for cal-
culating the rotation–vibration energies of an XY3 molecule
from the potential energy function has been described in refs.
40 and 41 and we refer the reader to these publications for
details. Here we give only a few essential points required for
understanding the wavefunction analysis.

The matrix representation of the rovibrational Hamiltonian
is constructed in terms of the ‘primitive’ basis:

fJ,m
v,k ¼ |J,k,mi |vinvi |vli |v2i |v3i |v4,l4i, (1)

where the |J,k,mi are standard rigid rotor rotational wavefunc-
tions (see, for example, ref. 42), |vinvi describes the inversion
motion, |vii, i ¼ 1,2,3, are 1D Morse oscillator functions, each
describing a local stretching mode, and |v4,l4i are 2D isotropic
harmonic oscillator functions describing bending motion other
than the inversion. The |vinvi functions are obtained by numer-
ical solution of 1D inversion Schrödinger equation with the
Numerov–Cooley technique.43–45 The wavefunction (fJ,m

v,k is
expressed in terms of the coordinates described in refs. 40 and
41. These coordinates are the inversion coordinate r, the
rotational Euler angles y, f, w,42,46 linearized versions of the
internuclear distances r1, r2, r3, and linearized, non-redundant
linear combinations of the bond angles a1 ¼ +(H2PH3), a2 ¼
+(H1PH3), and a3 ¼+(H1PH2) (see Fig. 1). Following ref. 41
we denote the five linearized coordinates mentioned above as
xll, l ¼ 1, . . . ,5. When the molecule is in the reference
configuration41 with C3v geometrical symmetry, r is the angle
between the C3 axis (which is the molecule-fixed z axis) and any
one of the P–H bonds. In less symmetrical configurations, r is
determined by the Eckart–Sayvetz conditions41 and has no
immediate geometrical interpretation. In eqn. (1) the index v is
a shorthand notation for the vibrational quantum numbers
(vinv, v1, v2, v3, v4 and l4), k (¼ � J, � J þ 1, . . ., J) is the
projection of the total angular momentum onto the molecule-
fixed z axis (which is the c axis42 for PH3), andm (¼� J, — Jþ
1, . . ., J) is the projection of the total angular momentum on
the space-fixed Z axis.41

In the variational calculations the expansions41 of the kinetic
energy factors Gab, the pseudo-potential U, and the potential

energy V are taken to 4th order. In the numerical integration of
the inversion Schrödinger equation a grid of 1000 points was
used. The basis set is truncated so that

P ¼ 2(v1 þ v2 þ v3) þ vinv þ v4 r 6 (2)

The limit P r 6 means that the J ¼ 80 matrix blocks
corresponding to A1, A2, and E symmetry in the molecular
symmetry group C3v(M) [see eqn. (4) below] have the dimen-
sions N(A1) ¼ 6966, N(A2) ¼ 6931 and N(E) ¼ 13901,
respectively. We use a rather small vibrational basis set here
because at present, we are only concerned with the rotational
term values in the vibrational ground state. Besides, we are not
aiming at an extreme accuracy for the numerical results but
rather at extracting qualitative information about the cluster
phenomenon. The PH3 potential energy surface is taken from
ref. 47 where the ab initio potential energy surface from ref. 48
was refined in simultaneous fittings to ab initio data and to the
available, experimentally determined vibrational term values
of PH3.

III. Calculated rotational term values

The calculated rotational term value spacings EJk � Emax
J are

shown in Fig. 2. Here, EJk is the energy of the level character-
ized by the quantum numbers J, k (see, for example, ref. 42)
and Emax

J is the maximum energy in the J multiplet. For the
oblate symmetric top PH3 (see Section 11.2.1 of ref. 42), the
highest energy Emax

J in the J multiplet corresponds to k ¼ 0,
whereas the states with |k | ¼ J have the lowest energies.
In the crude approximation of the PH3 molecule being rigid,

the term value spacings EJk � Emax
J are independent of J and

given by the simple expression42

EJk � Emax
J ¼ (Ce � Be) k

2. (3)

Here, Be 4 Ce are the rotational constants of the rigid PH3

molecule.
As seen from Fig. 2, for low J (and, therefore, low k), the

calculated energy spacings are indeed nearly independent of J
and follow eqn. (3) closely. However, as J increases, centrifugal
distortion causes the spacings between the highest energies in
Fig. 2 to vary significantly with J in such a way that near-
degenerate energy clusters are formed. This cluster formation is
analogous to that in XH2 molecules (see, for example, refs. 25,
26, 31, 49 and 50).
We label the wavefunctions of PH3 in the molecular sym-

metry group42

C3v(M) ¼ {E, (123), (132), (12)*, (13)*, (23)*} (4)

where E is the identity operation, (123) and (132) are cyclic
permutations of the three protons (labeled 1, 2, 3) in PH3 and
each of the permutation-inversion operations (12)*, (13)* and
(23)* involves interchange of two protons and inversion of all
particles in the molecular center of mass.42 The irreducible
representations of C3v(M) are given in Table A-6 of ref. 42. For
a given value of J, the highest four energy levels, taken in
descending order, have |k | ¼ 0, 1, 2, 3 in rigid rotor notation.
The level with |k | ¼ 0 gives rise to a single rovibronic
wavefunction with A1 symmetry in C3v(M) for J even and A2

symmetry for J odd (see Section 12.4 of ref. 42). The levels with
|k | ¼ 1 and 2 each give rise to a doubly degenerate wavefunc-
tion pair of E symmetry, and the level with |k | ¼ 3 corresponds
to two rovibronic wavefunctions with symmetries A1 and A2,
respectively. These two states are degenerate for the rigid
molecule but, because of centrifugal distortion, they can split
apart in the vibrating molecule.
Inspection of Fig. 2 shows that at J 4 50 or so, an energy

cluster (called the ‘top cluster’ here) is formed by the states
with |k | ¼ 0, 1, 2 together with one of the two states with |k | ¼
3. These two |k | ¼ 3 states are near-degenerate for low J but

Fig. 1 The labeling of the nuclei chosen for PH3, the relevant
coordinates, the molecule-fixed z axis, and the localization axis A
(see text).
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split rapidly apart for J 4 25. We determine empirically that
the symmetry of the |k | ¼ 3 state in the top cluster is always
such that the six cluster states span the C3v(M) representation

Gcluster ¼ A1 þ A2 þ 2 E. (5)

That is, for even J, when the k ¼ 0 state corresponds to A1

symmetry, the top cluster contains the |k | ¼ 3 state with A2

symmetry, whereas for J odd, it contains the |k | ¼ 3 state with
A1 symmetry. There are six clusters states in total, but two
pairs of them have E symmetry in C3v(M) and are each doubly
degenerate. Consequently, the energy clusters in Fig. 2 are
formed by coalescence of four distinct energy levels. As J
increases, more clusters form below the top cluster.

It is important to ensure the adequacy of the vibrational
basis used in the present calculations. The size of the vibra-
tional basis set is controlled by the condition in eqn. (2). We
have found that at J ¼ 40, the truncation P r 6 provides
convergence to within 0.5 cm�1 for the top cluster energies, and
to within 0.001 cm�1 for the corresponding energy differences
EJk � Emax

J (Fig. 2). Similarly, at J ¼ 60 the top energy level is
converged to withinE3 cm�1. For this J value, the four energy
levels in the top cluster coincide to within 10�4 cm�1 which
indicates a comparable convergence of the energy differences.

By following the arguments given for XH2 molecules in ref.
51 we explain why the cluster states have the symmetry Gcluster

in eqn. (5). As already mentioned, we can describe the energy
clusters in terms of localized states in which the molecule
rotates about a localization axis approximately coinciding with
one of the X–H bonds. We assume that we know one such
localized state (or primitive cluster state, PCS), say |1 PCSi. In
the state |1 PCSi, the molecule rotates about the X–H1 bond in
such a way that an observer on proton 1 would see the rest of
the molecule rotate clockwise. Obviously, there exist another
five localized states equivalent to |1 PCSi; we obtain these

states by applying the symmetry operations in C3v(M) to |1
PCSi: |2 PCSi ¼ (123) |1 PCSi, |3 PCSi ¼ (132) |1 PCSi, |4
PCSi ¼ (12)* |1 PCSi, |5 PCSi ¼ (13)* |1 PCSi and |6 PCS) ¼
(23)* |1 PCSi). In each of the six primitive cluster states
| j PCSi, j ¼ 1, 2, . . ., 6, the molecule rotates about one of
the three bonds X–H1, X–H2 or X–H3 in a clockwise or anti-
clockwise manner. It is straightforward to show by standard
group theoretical methods42 that the six corresponding wave-
functions span the reducible C3v(M) representation Gcluster

given in eqn. (5).
For a rigid PH3 molecule, k is a good quantum number in

that each energy level of the rigid symmetric rotor can be
uniquely labeled by a k value. For the vibrating molecule
described by our variational calculations, k is no longer a good
quantum number since the rotation–vibration wavefunctions
cJ,G
n are linear combinations of basis functions fJ,m

v,k [eqn. (1)]
with different k values:

cJ;G
n ðr1; r2; r3; a1; a2; a3; y;f; wÞ ¼

XJ

k¼�J

X

v

Cn;J;G
v;k fJ;m

v;k ; ð6Þ

where the Cn,J,G
v,k are expansion coefficients, G is the C3v(M)

symmetry of the wavefunction cJ,G
n , n is an index distinguishing

eigenfunctions with the same value of G, and v is defined in
connection with eqn. (1). We label the energies determined in
the variational calculation by the k value klc (where the sub-
script letters ‘lc’ stand for ‘largest contribution’) of the basis
function (fJ,m

v,k with the largest contribution to the eigenfunc-
tion cJ,G

n , i.e., with the largest value of |Cn,J,G
v,k |2. For low J we

find klc ¼ k, where k is the angular momentum projection value
expected from rigid-rotor theory. As J increases, contributions
from the primitive basis functions in eqn. (1) are being redis-
tributed. For example, at J ¼ 50, the eigenfunctions of the
states in the top cluster have dominant contributions from the
basis functions with K ¼ |k | ¼ 9, 11, 12, 13, 15, 16:

cA1
1 ¼ [0.48 � |12,þi þ 0.44 � |9,þi þ 0.40 � |15,þi]

|v ¼ 0i þ . . .
cE
2;3 ¼ [0.34 � |11,�i þ 0.33 � |13,�i � 0.25 � |16,�i]

|v ¼ 0i þ . . .
cE
4;5 ¼ [0.34 � |11,�i � 0.33 � |13,�i þ 0.25 � |16,�i]

|v ¼ 0i þ . . .
cA2
6 ¼ [0.48 � |12,�i � 0.44 � |9,�i þ 0.40 � |15,�i]

|v ¼ 0i þ . . . (7)

where |K, �i is a symmetric (þ) or antisymmetric (�) combi-
nation of rigid-rotor wave-functions |J,k,mi (see ref. 41) and
|v ¼ 0i stands for the product of the primitive vibrational basis
functions correlating with the vibrational ground state wave-
function, i.e. vinv ¼ v1 ¼ v2 ¼ v3 ¼ v4 ¼ l4 ¼ 0 in eqn. (1). As in
eqn. (7), we generally denote by cG

i , i ¼ 1, 2, . . ., 6, the
wavefunctions cJ,G

n belonging to a particular top cluster (at a
given J value), where G is the C3v(M) symmetry of the
wavefunction in question. The wavefunctions with G ¼ E
and i ¼ 2, 3 belong to the one degenerate E state, those with
G ¼ E and i ¼ 4, 5 belong to the other E state. The eigenvalues
corresponding to the wavefunctions cA1

1 , cE
2;3, c

E
4;5 and cA2

6 in
eqn. (7) are 10685.960, 10685.957, 10685.950 and 10685.946
cm�1, respectively.
In Fig. 3 we compare the term values of Fig. 2 to rotational

term values calculated from an effective rotational Hamil-
tonian52 with the QWanew program.53 We use experimentally
determined spectroscopic parameters from ref. 54 that have
been obtained by fitting to experimental transition wavenum-
bers involving states with J r 23; the resulting standard
deviation was 4.39 � 10�7 cm�1.54 Our calculations are in
good agreement with these ‘experimentally derived’ term va-
lues for J r 35. At higher J values we obtain smaller separa-
tions between the clusters. In our calculations, the energy
separations between the clusters at high J vary linearly with

Fig. 2 The calculated rotational energy structure in the vibrational
ground state of PH3. Term values EJ,k are plotted relative to the highest
term Emax

J for each J multiplet. From top to bottom, successive curves
correlate with rigid-rotor states having increasing values of |k | ¼ 0, 1,
2,....
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J; this is consistent with the expectation that in these states,
the rotational energy varies essentially as Block

2
loc (Bloc is the

rotational constant value associated with rotation about the
localization axis and kloc ¼ J, J � 1, . . . is the projection of
the angular momentum on this axis in units of _). The cluster
spacings obtained from the effective Hamiltonian are not linear
in J, which is an indication that the effective-Hamiltonian
treatment is not converged for high rotational states.

An element of the semi-classical theory described in Section
V below (see also ref. 6) is the critical J value Jc: When J passes
through the Jc value, the molecular rotational motion under-
goes critical changes and energy clusters start forming. It is not
clear how to obtain Jc from our variational results in Fig. 2.
One could perhaps say that the first significant deviation from
the rigid-rotor energy pattern [eqn. (3)] occurs when the two
levels with |k | ¼ 3 split apart and the upper level starts
approaching the |k | ¼ 0, 1, 2 levels. This happens around
J ¼ 15. In the following sections we address this issue and try
to quantify, by means of wavefunction analysis, the critical
value of J.

IV. Wavefunction analysis

We now study the eigenfunctions obtained from the variational
calculations in order to explain the nature of the rotational
motion in the cluster states. In this context, we determine the
rotational localization axes for the cluster states and analyze
the changes in the molecular geometry of PH3 resulting from
centrifugal distortion.

We focus on the eigenfunctions cG
i , i ¼ 1, 2, . . ., 6, of the top

cluster, and we first aim at visualizing these wavefunctions.
They depend on nine coordinates so it is not obvious how to
plot them. We are primarily concerned with the rotational
motion in the ground vibrational state. Therefore, we reduce
the dimensionality by integrating the square of cG

i over all
vibrational coordinates, and over the Euler angle f. This is an
example of the reduction of density matrices treated, for
example, by Feynman.55 We obtain the rotational probability
distribution:

F(y,w) ¼
R
dVdf (cG

i )* cG
i sin y, (8)

where dV is the volume element associated with the vibrational
coordinates. The wavefunction square (cG

i )* cG
i is independent

of the Euler angle f because the f-dependence of each function
cG
i is expressed by the factor exp(imf)/O2p.56 Thus, the

rotational probability density function F naturally depends
only on (y,w) and the dimensionality is reduced to two.

Even though the integrand in eqn. (8) does not depend on f,
the function F(y,w) depends parametrically on the associated,
‘space-fixed’ projection quantum number m because of the
form of the rotational basis functions |J,k,mi.56 The rotation–
vibration energies are independent of m in the absence of
external fields, but the corresponding eigenfunctions depend
on this quantum number. We must therefore choose anm value
for the wavefunctions that we analyze. We have found it useful
to choose m ¼ J. In an m ¼ J state, the molecule is aligned with
the angular momentum oriented along the Z axis to the highest
extent allowed by quantum mechanics. Consequently, in clas-
sical terms, the Z axis is the axis of rotation. The Euler angles
y,w define the orientation of the molecule-fixed axis system xyz
relative to the space fixed axis system XYZ.41 When we plot the
probability distribution of these Euler angles, we determine
how the molecule prefers to align itself relative to the axis of
rotation.
In Fig. 4, we show the rotational probability distributions

obtained for the top-cluster wavefunctions cA1
1 and cA2

6 at J ¼
40. The function F(y,w) is mapped onto a (Bloch) sphere of
arbitrary radius. In the displays, we also indicate the equili-
brium structure of the molecule and the molecule-fixed axis
system xyz. On the surface of the sphere, we observe ‘islands’
with a higher probability density than the surrounding ‘ocean’,
but these islands do not define a localization axis in the sense
explained above. This is because the wavefunctions cA1

1 and
cA2
2 have defined symmetries in C3v(M); they are linear combi-

nations of the primitive cluster states |1 PCSi, |2 PCSi, |3
PCSi, |4 PCSi, |5 PCSi, and |6 PCSi (Section III). In order to
visualize the localization of the cluster states we must ‘prepare’
a primitive cluster state |j PCSi in terms of the symmetrized
functions cG

i , i ¼ 1, 2, . . ., 6. Towards this end we follow the
approach of refs. 13 and 25: We neglect the small energy
splittings between the six cluster states and consider them to
be exactly degenerate. Under these circumstances, any linear
combination of the six degenerate eigenfunctions cG

i is also an
eigenfunction of the rotation–vibration Hamiltonian. Using
the standard projection operator methods discussed in Section
6.3 of ref. 42 we derive symmetrized linear combinations of the
primitive cluster states |j PCSi, j ¼ 1, 2, . . ., 6. For example, it
is straightforward to show that the normalized linear combi-
nation

1ffiffiffi
6
p ðj1PCSi þ j2PCSi þ j3 PCSi þ j4PCSi

þ j5PCSi þ j6PCSiÞ
ð9Þ

has A1 symmetry in C3v(M) and we identify it with the function
cA1
1 . Five further symmetrized linear combinations of the | j

PCS) can be identified with cE
2 , c

E
3 , c

E
4 , c

E
5 , and cE

6 , respec-
tively. We have now expressed the cG

i as linear combinations of
the | j PCSi, and by inverting this linear transformation we

Fig. 3 Calculated rotational energy levels of PH3 in the ground
vibrational state plotted relative to the highest term for each
J multiplet. Variationally calculated term values are drawn as short
horizontal lines. Solid curves represent the eigenvalues of an effective
rotational Hamiltonian with parameters obtained by fitting to experi-
mental data.54 From top to bottom, successive curves correlate with
rigid-rotor states having increasing values of |k | ¼ 0, 1, 2, ....

Fig. 4 Probability density functions F(y,w) of the top-cluster wave-
functions cA1

1 and cA2
6 at J ¼ 40, mapped onto a sphere of arbitrary

radius. The molecule is given in its equilibrium configuration and the
molecule-fixed axis system xyz is indicated.
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express the |j PCSi in terms of the cG
i :

jj PCSi ¼
X

i;G

C
ðjÞ
i;Gc

G
i ; j ¼ 1; 2; :::; 6 ð10Þ

where the C(j)
i,G are expansion coefficients. We do not give the

details of the transformations here; the technique is discussed
in considerable detail for XH2 molecules in Section 4 of ref. 13.

A. Determination of the localization axes

The primitive cluster states |j PCSi computed for the top
clusters of XH2 molecules were interpreted in terms of locali-
zation axes (see refs. 7 and 13, and the references therein). By
rotating the | j PCSi in space, an axis was identified onto which
the projection of the angular momentum was �J_ or þJ_; this
is the localization axis (which can be thought of as the classical
axis of rotation). It was found that the localization axis
essentially coincides with one of the bonds in the XH2 mole-
cule. By necessity, this axis lies in the molecular plane and it
can be located by rotating the |j PCSi functions about an axis
perpendicular to this plane. That is, for the XH2 molecule only
one rotation angle must be determined in order that the
localization axis can be identified.

For the XH3 molecules considered here, it is more compli-
cated to determine the localization axes. The orientation of the
localization axis A relative to the molecule-fixed axis system
(see ref. 41) is given by two standard spherical coordinates yA,
fA (the polar and azimuthal angles). For each primitive cluster
state | j PCSi we must generate the value of the projection of
the angular momentum onto direction A, and vary yA, fA until
this projection attains the value �J_ or þJ_.

When we denote the unit vectors along the molecule-fixed
xyz axes as ex, ey, and ez, respectively, a unit vector eA along A
is given by

eA ¼
X

a¼x;y;z
Raea; ð11Þ

where

(Rx,Ry,Rz) ¼ (sin yA cos fA, sin yA sin fA, cos yA). (12)

The projection of the angular momentum on axis A is
represented by the operator

eA � J ¼ RxJx þ RyJy þ RzJz. (13)

For a primitive cluster state | j PCSi, the projection of the
angular momentum on the A axis is

JAðyA;fAÞ ¼hj PCSjeA � J jj PCSi

¼
X

i00 ;G00

X

i0;G00
ðCðjÞ

i00 ;G00 Þ
�
C
ðjÞ
i0;G0

X

a¼x;y;x
RahcG00

i00 jJajc
G0
i0 i:

ð14Þ

where we have used eqns. (10) and (13). We use the Newton–
Raphson algorithm (see, for example, ref. 57) to maximize
JA(yA, FA) numerically for the top cluster wavefunctions at
different J values. For each top cluster we obtain six equivalent
localization axes connected by the symmetry operations in
C3v(M). In terms of one polar angle value y(0)A the six solutions
are expressed as (yA,fA) ¼ (y(0)A , 0), (p � y(0)A , p), (y(0)A , 2p/3),
(p � y(0)A , 5p/3), (y(0)A , 4p/3) and (p � y(0)A , 7p/3). The values
obtained for the polar angle y(0)A for different values of J are
given as squares in Fig. 5. At J ¼ 50, the polar angle (which is
the angle between the z axis and the A axis) is about 1041. Since
the projection of J on the A axis is close to 50 _, the absolute
value of the projection on the z axis is approximately 50 _ |cos
1041 | E 12 _. This explains why the wavefunctions in eqn. (7)
have their maximum contributions from basis functions with K
around 12.

For low J values, the localization axes are perpendicular to
the z axis; they lie along the axes with the smallest moments of
inertia. For high J the localization axes tend towards the
directions of the P–H bonds. The variation of the localization
axes with J is rather smooth; there are none of the ‘bifurcation’
effects found in XH2 molecules.6 Fig. 5 shows that the cluster
formation mechanism in PH3 is different from that in XH2

molecules, where the clusters form after a sudden change in the
stability of the rotational axes. For PH3, even the excitation to
low-lying rotational states causes a change of the rotational
axis. However, at the highest rotational excitation considered
here, at J ¼ 80, the localization axes do not coincide with the
P–H bonds to the same extent as the localization axes for XH2

molecules coincide with the X–H bonds already at J o 40. We
illustrate this point by including as a dashed curve in Fig. 5 the
angle between the z axis and the P–H1 bond, obtained as a
function of J from the semi-classical analysis described in
Section V below. For the axis of rotation to coincide with
the P–H1 bond, this angle should be approximately equal to
y(0)A , but this is not the case even at very high J, where we can
compare with the semi-classical results for y, given as a solid
curve in Fig. 5. One reason that the rotation axis does not
coincide with a bond is that the P nucleus simply is not heavy
enough compared to the proton, and this moves the center of
mass of PH3 significantly away from the position of the P
nucleus. Another reason is that in a situation where the
localization axis coincides with, for example, the P–H1 bond,
the two bond angles a3 ¼+(H1PH2) and a2 ¼+(H1PH3) must
become close to 901, and a huge rotational excitation is
required to achieve this. We show in Section V that the
molecule dissociates by breaking of the P–H2 and P–H3 bonds
before this limit is reached.
In Fig. 6 we show the probability density functions F(y,w) for

the primitive cluster function |1 PCSi at J ¼ 20, 40, 60 and 80.
In these distributions, we recognize that the localization axes A
lie in the P–H1–z plane and make up a rather well-defined polar
angle y with the z axis. In contrast to the functions visualized
in Fig. 4, the primitive-cluster-state representation provides
a very clear picture of the rotational localization. At low J
a rotation axis approximately perpendicular to the z axis has
maximum probability but there is no preferred azimuthal
angle—the azimuthal distribution is broad. At J ¼ 80 there
is a distinct maximum at y E 1131. In the cluster states shown
in Fig. 6, (anti-clockwise) rotation takes place about an axis
near the P–H1 bond, corresponding to w E 0. The other five
primitive cluster states at a given J value, | j PCS), j ¼ 2, 3, . . .,
6, produce F(y,w)-displays equivalent to those in Fig. 6. In Fig.
7 we present 1D probability distributions f(y), calculated by

Fig. 5 Polar angles y(0)A obtained by maximizing the function JA(yA,
fA), eqn. (14), for different values of J (filled squares). The function
y(J) (solid curve) and the angle between the z axis and the P–H1 bond
(dashed curve) are obtained from semi-classical analysis (see text).
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further averaging F(y,w) over the angle w. Figs. 6 and 7 show
that the probability distributions for J ¼ 20, 40, 60 and 80 are
localized about axes with y ¼ 94, 98, 108 and 1131, respectively
(for w E 0). This is in very good agreement with the yA values
obtained by maximizing JA(yA, fA) (see Fig. 5).

We can now justify the choice of m ¼ J made for the
visualization of the probability density functions F(y,w). In
Fig. 8 we show F(y,w) functions obtained with m ¼ 0 and 40,
respectively, for the J ¼ 40 top-cluster function |1 PCSi. The
display for m ¼ 40 is identical to the J ¼ 40 display in Fig. 6,
but here we show it from a different perspective. When m ¼ 0
in eqn. (6), all we know is that the angular momentum is
approximately perpendicular to the Z axis, and this produces
the m ¼ 0 distribution in Fig. 8. This distribution does not give
rise to alignment that we can use to identify the classical axis of
rotation. Such alignment is obtained for the m ¼ 40 distribu-
tion in the figure.

B. Expectation value analysis

In highly excited rotational states, the molecule deforms due to
centrifugal forces. We now investigate the deformation in the

cluster states by calculating expectation values of the vibra-
tional coordinates p, �xll (see Section II):

�r ¼ h1 PCS | r |1 PCSi (15)

and

�xll ¼ h1 PCS | xll |1 PCSi. (16)

The expectation values are calculated for the primitive cluster
state |1 PCSi, which corresponds to an axis of rotation
localized near the P–H1 bond. As we mentioned above, at
low J, this state describes rotation about the axis with the
smallest moment of inertia, which is perpendicular to the z axis
(i.e., the C3 symmetry axis for the PH3 molecule at equili-
brium).
Although the six coordinate values �r, xll (l ¼ 1, 2, 3, 4, 5)

fully determine the averaged geometry in the |1 PCSi state, it is
clearly more illustrative to obtain the geometry in terms of the
usual, geometrically defined bond lengths and bond angles. For
this reason we define expectation values of bond lengths �ri and
bond angles �ai by means of the coordinate transformation
established in ref. 41:

�ri ¼ ri(�r,�x
l
l) (17)

�ai ¼ ai(�r,�x
l
l) (18)

The calculated expectation values �ri and �ai are given in Table
1 and plotted as squares in Figs. 9 and 10. For the bond lengths
we plot the deviations of �r1 and �r2 ¼ �r3 from r0 ¼ 1.424 Å, the
common expectation value of the three bond lengths in the
rotation–vibration ground state (i.e., for J ¼ 0). For the bond
angles we show the differences �a1 � �a0 and �a2 � �a0, where a0 ¼
93.31 is the common expectation value for the three bond
angles in the rotation–vibration ground state.
High rotational excitation causes dynamical symmetry

breaking:6 in the cluster states, the PH3 molecule no longer
has C3v geometrical symmetry. In the |1 PCSi state, centrifugal
forces stretch the two bonds P–H2 and P–H3 equally. The P–H1

bond is also lengthened, but only slightly. All three bond angles
�ai are reduced by the rotational excitation, but the two angles
a2 ¼ +(H1PH3) and a3 ¼ +(H1PH2), that involve the P–H1

bond, remain equal as J increases and they are smaller than the

Fig. 6 Probability density functions F(y,w) for the primitive cluster
function |1 PCSi with J ¼ m ¼ 20, 40, 60 and 80. Even though |1 PCSi
for J ¼ 20 is not a true primitive cluster function (the corresponding
energy levels are far from being degenerate), it is shown for comparison
with the higher-J PCS functions.

Fig. 7 1D probability distributions f(y) for the primitive cluster
function |1 PCSi with J ¼ m ¼ 20, 40, 60 and 80.

Fig. 8 Probability density functions F(y,w) for the |1 PCSi top-cluster
states with (J,m) ¼ (40,0) and (40,40), respectively.

Table 1 Expectation values �r1, �r2 ¼ �r3, �a1 and �a2 ¼ �a3 calculated at

various values of J for the rotation–vibration state |1 PCSi

J �r1/Å �r1 ¼ �r3/Å �a1/1 �a2 ¼ �a3/1

4 1.425 1.425 93.3 93.3

10 1.426 1.426 93.3 93.1

20 1.428 1.432 93.4 92.3

30 1.431 1.441 93.5 91.2

40 1.432 1.454 93.6 89.9

50 1.432 1.471 93.4 88.8

60 1.432 1.492 92.9 87.9

70 1.432 1.516 92.4 87.2

80 1.433 1.538 91.6 86.6
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angle a1 ¼ +(H2PH3). The average structure has Cs geome-
trical symmetry with a reflection symmetry plane containing
the H1 and P nuclei while bisecting the bond angle a1. The
higher the J value, the higher is the degree of the structural
distortion. At J ¼ 80, �r1 differs about 7% from �r2 ¼ �r3.

V. Semi-classical analysis

As already mentioned, highly excited rotational states are
accurately described by semi-classical models. Because semi-
classical representation can provide additional insight into the
nature of the rotational motion, we employ also models based
on the rotational energy surface (RES)21 here. The rotational
motion of the system can be understood from the analysis of
the stationary points on the RES. If the RES has N symme-
trically equivalent stationary points, there will be N-fold
degenerate energy clusters and, according to the analysis by
Harter and Patterson,21 the cluster states correspond to the set
of the N smallest possible, classically allowed trajectories of
J around the N stationary points.

The equations of motion for the rovibrational Hamiltonian
Hrv are given by

_qn ¼ qHrv/qpn, (19)

_pn ¼ �qHrv/qqn, (20)

_Ja ¼ {Ja,Hrv} (21)

where, for a general variable x, _x ¼ dx/dt with t as time. In
eqns. (19)–(21), the qn represent the six generalized coordinates
r1, r2, r3, a1, a2, a3, and pn ¼ qT/q _qn (where T is the classical
kinetic energy) are the generalized momenta conjugate to qn. Ja
(a ¼ x, y, z) is the a-coordinate of the angular momentum J in
the xyz axis system, and {A, B} is a Poisson bracket. In eqns.
(19)–(21), Hrv is the classical analogue of the quantum-
mechanical rovibrational Hamiltonian employed in the varia-
tional calculations, i.e., we use the same kinetic energy factor
Gab, pseudo-potential U, and potential energy V. Owing to the
large J(J þ 1) factor in the kinetic energy part ofHrv and to the
large displacements of the bond lengths (see Fig. 9) expected
for J 4 80, we expand Gab, U, and V through 6th order to
ensure convergence in the semi-classical calculations. Solutions
of eqns. (19)–(21) with the left hand sides set equal to zero gives
stationary classical trajectories (or relative equilibria58). For
XH3 molecules with a high inversion barrier, such as PH3,
there are in total 14 stationary solutions near equilibrium.58

The corresponding trajectories have the following symmetry
elements: Two threefold axes, three reflection planes, and six
twofold axes that lie in the planes containing one X–H bond
and the centre of mass. The expectation value analysis has
demonstrated that rotational excitation significantly distorts
the molecule. Consequently, in our search for the stationary
solutions of eqns. (19)–(21), we allow large displacements from
equilibrium. Employing the Newton–Raphson algorithm, we
have scanned for stable stationary solutions for J o 140. For
all values of J o 120 we find eight stable solutions:
Two of the solutions minimize the energy and correspond to
rotation about the z axis (the axis with the largest moment
of inertia). The other six solutions maximize the rotational
energy and correspond to rotations about axes that lie in the
planes containing a P–H bond and the z axis. These latter six
solutions are grouped in three pairs. For each pair, the axes of
rotation for the two pair solutions form polar angles of y(J)
and p � y(J), respectively, with the z axis, and have a common
value of the azimuthal angle. The function y(J) is common for
all three solution pairs. These solution pairs correspond to
azimuthal angles for the axes of rotation of 0, 2p/3, and 4p/3,
respectively. The six stable semi-classical solutions with max-
imum energy correspond to the six-fold energy clusters dis-
cussed above. For J 4 120 the search for stationary points
becomes unstable because the molecule is now close to
dissociation.
To visualize the semi-classical description of the rotation we

plot rotational energy surfaces obtained by standard meth-
ods.21 The xyz components of the quantum-mechanical angu-
lar momentum operator J are replaced by their classical
analogues:

Jx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ

p
sin yJ cosfJ ð22Þ

Jy ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ

p
sin yJ sinfJ ð23Þ

Jz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ

p
cos yJ ð24Þ

The rotational energy EJ(yJ, FJ) is then given by

EJ(yJ, FJ) ¼ Hrv(qn ¼ qsn, pn ¼ psn, J,yJ, fJ), (25)

where the classical Hamiltonian function Hrv is calculated at
the stationary geometries (qsn, p

s
n) at different polar and azi-

muthal angles (yJ, FJ) that define the direction of the angular
momentum in the xyz axis system. A rotational energy surface
is a radial plot of EJ(yJ, FJ) � EJ(ymin, Fmin), where EJ(ymin,
Fmin) is the minimum value of EJ(yJ, FJ), given in arbitrary
units. In Fig. 11 we present such rotational energy surfaces
obtained for PH3 at J ¼ 20, 40, 60, 80, 100 and 120. The figure
shows that as J increases from 20 to 40, the rotational energy
surface develops six equivalent maxima which become more
pronounced as J increases further. The low-J rotational

Fig. 9 The deviations of the |1 PCSi-expectation values �r1 (filled
squares) and �r2 ¼ �r3 (open squares) from the ground state value r0 (see
the text), and the deviations of the semi-classical stationary values of r1
(solid curve) and r2 (dashed curve) from the ab initio equilibrium bond
length re ¼ 1.411 Å.48

Fig. 10 The deviations of the |1 PCSi-state expectation values �a1
(filled squares) and �a2 ¼ �a3 (open squares) from the ground state value
a0 (see the text), and the deviations of the semi-classical stationary
values of a1 (solid curve) and a2 (dashed curve) from the ab initio
equilibrium bond angle ae ¼ 93.461.48
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surfaces have a doughnut-like torus structure24 similar to the
rotational energy surface for a rigid PH3 molecule:

E(rigid)
J (yJ,fJ) � E(rigid)

J (ymin,fmin) ¼ |Be � Ce | J(J þ 1)
�sin2 yJ; (26)

this expression is straightforwardly obtained from the results in
Section 11.2.1 of ref. 42. The six-fold top clusters in the
vibrational ground state of PH3 are described by the six
equivalent maxima on the high-J rotational energy surfaces.
In the Harter–Patterson theory mentioned above,21 the six
cluster states correspond to six symmetrically equivalent, clas-
sically allowed trajectories of the classical angular momentum
J on the rotational energy surface: each of these trajectories is a
precession of J around one of the maxima.

In the semi-classical treatment we obtain the stationary
values of ri and ai as functions of J. These values are included
in Figs. 9 and 10 for comparison with the corresponding
quantum-mechanical results. Also in the semi-classical picture
the rotational excitation produces dynamical breaking of the
C3v geometrical symmetry.

The semi-classical results for the bond lengths and bond
angles are in very good agreement with the quantum-mechan-
ical values. It is also illustrative to examine the difference a1 �
a2, which is a measure of the geometrical distortion. We plot
these differences in Fig. 12, where we also present (as filled
squares) the corresponding quantum-mechanical expectation
values �a1 � �a2. For J 4 70, �a1 � �a2 deviates significantly from
the semi-classical value. This is presumably because the vibra-
tional basis set used for the quantum mechanical calculation is
not adequate at these J values. We consider the semi-classical
results to be more reliable in this J range.

The semi-classical polar angle y(J) is plotted as a solid curve
in Fig. 5 where it is compared to the quantum-mechanical
values of y(0)A obtained by maximizing the function JA(yA,fA) in
eqn. (14). The agreement is very good for all J values con-
sidered here. This suggests that the semi-classical description of
the rotational motion is reliable also at very high J where
quantum mechanical calculations are currently not feasible.
We can use the semi-classical y(J)-curve in Fig. 5 to estimate
that the angle between the P–H1 bond and the axis of rotation
is reduced to 8.61 at J ¼ 120. However, to reach this point one
would need to excite the molecule by 6.5 eV of rotational

energy, which exceeds the bond dissociation energy of D0 E
3.58 eV (82.46 � 0.46 kcal mol�1 59). Thus, we cannot in
practice excite the molecule to states with J ¼ 120. The
potential energy surface used here has a dissociation energy
De of around 8.4 eV for a dissociation process where the two
bonds are stretched as shown in Fig. 9 while the bond angles
vary as shown in Fig. 10.

VI. Discussion and conclusion

We have shown that ‘deformation’ effects, in the form of
centrifugal distortion, are playing an important role in the
high-energy rotational dynamics of PH3. As pointed out pre-
viously6 for XH2 molecules: ‘‘The physical reasons for. . . [the
formation of rotation–vibration energy clusters]. . . lie in the
molecular symmetry and in the anisotropic centrifugal forces’’.
The analysis shows that centrifugal forces destroy the C3v

equilibrium structure of PH3 and cause qualitative changes in
the spectral pattern.
The energy cluster formation in PH3 is analogous to that

in XH2 molecules in the sense that the term value diagram in

Fig. 11 Rotational energy surfaces for PH3 calculated for J ¼ 20, 40, 60, 80, 100 and 120.

Fig. 12 The |1 PCSi expectation values �a1 � �a2 (filled squares),
compared to the stationary values of a1 � a2 determined from semi-
classical theory (solid curve).
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Fig. 2 is similar to the corresponding diagrams drawn for XH2

molecules (see, for example, refs. 25, 26, 31, 49 and 50).
Nevertheless, the dynamical processes causing the cluster for-
mation are qualitatively different for XH2 and XH3 molecules.
In the XH2 case, bifurcation effects are responsible for forming
the cluster pattern: As J increases, the axes with the smallest
moments of inertia lose their stability and the molecule starts
rotating about new stable axes that approach the X–H bonds
at high J values. For XH3 molecules, no such sudden ‘axis
switching’ occurs. There is no bifurcation at a critical Jc value.

6

However, by analyzing the rotational dynamics of PH3 in the
vibrational ground state, we find the following characteristic J
values: (i) Already at low J values, there is significant molecular
deformation due to centrifugal forces. (ii) At J ¼ 12–13 in the
term value diagram Fig. 2, the |k | ¼ 3 levels split apart and the
highest component [with symmetry A2 (A1) for J even (odd)]
starts approaching the other levels in the top cluster, whereas
the lowest |k | ¼ 3 component [with symmetry A1 (A2) for J
even (odd)] starts approaching the other levels in the second
cluster from the top. (iii) From J ¼ 32–34 onwards we see in
Fig. 2 a rapid decrease in the energy splitting between the
highest level in each J stack [k¼ 0; symmetry A1 (A2) for J even
(odd)] and the level below it (k ¼ 1; symmetry E), and in the
splitting between the highest |k | ¼ 3 component and the level
above it (k ¼ 2; symmetry E). (iv) At low J, the P–H1 bond
closest to the rotational axis A stretches slightly with increasing
J, but at J E 40 it stops increasing. The ‘opposite’ bond angle
ai, which involves the two other bonds, initially increases with J
but attains a maximum value and starts decreasing at J E 40.
(v) According to the semi-classical RES analysis, centrifugal
forces cause the molecule to dissociate at J 4 120.

Fig. 13 is a logarithmic-scale plot of the ‘cluster spread’ E1 �
E6, i.e., the difference between the highest and lowest energy in
the top cluster obtained from the quantum-mechanical calcu-
lation, as a function of J. For high J, the cluster spread
decreases exponentially with J and the figure obviously sug-
gests that E1 � E6 - 0 for J - N.

The cluster spread for the four-fold top clusters in the
vibrational ground state of an XH2 molecule (see ref. 7 and
the references therein) attains its maximum value at the critical
J value Jc: It increases with J for J o Jc and decreases rapidly
for J 4 Jc. This behaviour is a result of the ‘bifurcation’
process mentioned above. The formation of the six-fold top
clusters in PH3 is a more gradual process, and so the cluster
spread in Fig. 13 decreases monotonically with J. However, the
curve in Fig. 13 indicates that between J ¼ 30 and 40, a critical
change in the dynamics takes place for PH3. For J 4 40, the
rate of decrease of E1 � E6 with J is vastly accelerated relative
to the situation for J o 30. This behaviour is undoubtedly
related to the emergence of the six equivalent maxima on the

rotational energy surfaces in Fig. 11. Based on Fig. 13, we can
say that the critical J value Jc E 35 for the vibrational ground
state of PH3.
The smoothness of the curve in Fig. 13 is an indication that

our computed energies are numerically very accurate. It seems
unlikely that numerical errors, such as round-off effects, would
influence all cluster energies at a given J in the same way since
these energies are eigenvalues of different matrix blocks with
different dimensions. If numerical errors were significant, they
should cause the cluster spreads to fluctuate in a seemingly
random manner as J changes. However, as seen in Fig. 13, no
such effects are detectable.
In addition to the top cluster states, we have examined the

states of lowest energy in each J stack for PH3. In these states,
the molecule has C3v geometrical symmetry and rotates about
the C3 axis which, as the c axis, has the highest moment of
inertia, so rotation about it produces the lowest possible
rotational energy. Centrifugal forces cause the bond lengths
and bond angles to increase and one could imagine that, at
sufficiently high rotational excitation, the molecule would
acquire a planar structure with D3h geometrical symmetry.
Because of the high potential-energy barrier to planarity,
which must be overcome by the centrifugal forces, this requires
an extreme excitation. At J ¼ 60 the expectation value analysis
predicts that the bond angles have increased by 5.91 relative to
the average values for J ¼ 0, so that their common value is
99.21, still much smaller than the value of 1201 for the planar
structure with D3h geometrical symmetry. At J¼ 120, the semi-
classical value of the bond angle reaches 1081.
The fast rotation in the high-J states causes stretching of the

molecular bonds and deformation of the bond angles. Since, in
the quantum-mechanical model, centrifugal distortion is de-
scribed by an admixture of excited vibrational basis states in
the linear-combination expression [eqn. (6)] for the ground
state wavefunction, the limited basis set [eqn. (2)] becomes
critical. The contributions to the top cluster states from excited
vibrational basis states increase as J increases. For example, at
J ¼ 60 the major contribution, of about 63%, to the wavefunc-
tion cA1

1 originates in the vibrational basis state |v ¼ 0i that
correlates with the vibrational ground state. Other significant
contributions come from the primitive stretching basis func-
tions with v1 þ v2 þ v3 ¼ 1 (21%), bending functions with vb ¼
1 (8%), and inversion functions with vi ¼ 1 (0.2%). At J ¼ 80
the primitive stretching basis functions with v1 þ v2 þ v3 ¼ 1
contribute 34%, almost as much as the 35% coming from |v ¼
0i. The stretching basis states at highest energy, with v1 þ v2 þ
v3 ¼ 3, have a 2% contribution, and so the basis set is probably
not quite sufficient at J ¼ 80.
We consider our variational approach with implemented

wavefunction-analysis tools as a first step towards theoretical
studies of laser-induced molecular rotational dynamics. We are
interested in studying the laser alignment of molecules, includ-
ing 3D alignment. Our approach is suitable for elucidating the
dynamics of the XY3 molecule after the laser field has been
applied and needs only a minor extension to describe also
the situation of the molecule in the laser field (see, for example,
ref. 1).
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Fig. 13 The cluster spread (see text) for the top cluster in the
vibrational ground state of PH3 plotted as a function of J.
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