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We present a new model for the rotation-vibration motion of pyramidal XY 3 molecules, based
on the Hougen—Bunker—Johns approach. Inversion is treated as a large-amplitude motion,
while the small-amplitude vibrations are described by linearized stretching and bending
coordinates. The rotation—vibration Schrodinger equation is solved variationally. We report
three applications of the model to *NH; using an analytic potential function derived from
high-level ab initio calculations. These applications address the J = 0 vibrational energies up
to 6100 cm, the J < 2 energies for the vibrational ground state and the v,, v4, and 2v; excited
vibrational states, and the J < 7 energies for the 4v] vibrational state. We demonstrate that
also for four-atomic molecules, theoretical calculations of rotation—vibration energies can
be helpful in the interpretation and assignment of experimental, high-resolution rotation—
vibration spectra. Our approach incorporates an optimum inherent separation of different
types of nuclear motion and thus remains applicable for rotation—vibration states with higher
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J values where alternative variational treatments are no longer feasible.

1. Introduction

In a recent publication [1] we have reported high-level
ab initio potential energy surfaces for the NH; electronic
ground state together with variational calculations of
the associated vibrational energies. The corresponding
nuclear-motion computer program has also been
employed to compute vibrational energies of PHj; [2].
We have now made some technical improvements of the
model used in [1, 2] and extended the theoretical
treatment to include rotation. The main purpose of the
present paper is to provide a complete description of the
nuclear-motion model, which has previously been out-
lined only very briefly in [1, 2]. We also report calculated

Dedicated to Professor Nicholas C. Handy.

* Corresponding authors. Email: jensen@uni-wuppertal.de
ﬂPJ); thiel@mpi-muelheim.mpg.de (WT)

IPresent address: Max-Planck-Institut fiir Kohlenforschung,
Kaiser-Wilhelm-Platz 1, D-45470 Miilheim an der Ruhr,
Germany.

+Present address: Department of Chemistry, University of
Minnesota, 334 Smith Hall, 207 Pleasent St. SE. Minneapolis,
MN 55455, USA.

vibrational and rotational energies for NH; and
compare them to experimentally derived term values
and to other recent theoretical results [3, 4].

In constructing a quantum mechanical model for the
rotation and vibration of a molecule, we are first faced
with the problem of choosing suitable coordinates for
describing the system. The starting point is a quantum
mechanical (or classical) Hamiltonian expressed in
terms of the Cartesian coordinates of the nuclei; this
Hamiltonian has a simple form but is not very useful for
most practical purposes. Generally one has to transform
from the Cartesian coordinates to a set of coordinates
that facilitate the solution of the rotation—vibration
Schrodinger equation. In the present work, we adopt the
concept of Hougen, Bunker, and Johns (HBJ) [5] for
this coordinate transformation. In the HBJ approach,
the molecular coordinates are defined so as to provide
maximum separation of the different types of molecular
motion: rotation, large-amplitude vibration (i.e. the
inversion, ‘umbrella-flipping” motion of the NH; mole-
cule), and small-amplitude vibration. The extension of
the HBJ-formalism to tetra-atomic, ammonia-type
molecules was first made by Papousek et al. [6] and
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culminated in the nonrigid invertor model by Spirko [7],
in which the rotation—vibration Schrédinger equation is
solved by means of perturbation theory.

The basic idea of HBJ is to introduce a flexible
reference configuration replacing the rigid equilibrium
structure of customary rotation—vibration theory (see,
for example, [8]). The reference configuration follows
the large-amplitude vibration (which, for NHj, is the
inversion) and the remaining small-amplitude vibrations
are described as displacements from it. One important
aim of our work is to treat highly excited rotational
states, and to calculate the energies and wavefunctions
of these states accurately we require a model that
provides a large degree of separation between rotation
and vibration. The HBJ approach is ideally suited in this
respect. However, its implementation requires a trun-
cated power series expansion of the rotation—vibration
kinetic energy operator in the small-amplitude vibra-
tional coordinates. This approximation can be avoided
by expressing the kinetic energy operator entirely in
terms of geometrically defined, internal coordinates
(typically bond lengths, bond angles, and dihedral
angles). With these coordinates, it is possible to derive
a kinetic energy operator that is exact within the Born-
Oppenheimer approximation. In this latter approach, no
measures are taken to minimize rotation—vibration
coupling, and therefore the accurate variational calcula-
tion of highly excited rotational energies requires an
extreme computational effort.

The HBJ approach has been successfully applied
to triatomic molecules in the form of the nonrigid
bender model [9-11] (which is analogous to the
nonrigid invertor model in that the Schrédinger
equation is solved by perturbation methods) and, more
recently, in the form of the MORBID approach [12]
which is purely variational. For XH, molecules with a
relatively heavy central atom, the MORBID treatment
has proved to be an efficient tool for studying
local mode effects, in particular the formation of near-
degenerate clusters of rotation—vibration energies at
high rotational excitation [13], and we aim at investigat-
ing analogous phenomena in XHj; molecules.
The present theoretical approach for XY3; molecules
has considerable similarity with the MORBID approach
for XY, molecules, but the two methods differ in one
important aspect: Whereas MORBID describes the
small-amplitude vibrations by geometrically defined,
internal coordinates (e.g. the two bond lengths of
a triatomic molecule), the present approach employs
linearized coordinates (i.e. selected linear combinations
of Cartesian displacement coordinates) for this purpose.

During the last decade, ab initio electronic-structure
methods have come to play an increasingly important
role in the theoretical description of molecular
rovibronic spectra. Variational calculations on ab initio
potential energy surfaces now provide rovibronic
energies with accuracies comparable to, and sometimes
better than, the accuracy obtained in the traditional
spectroscopic approach of refining the parameter values
of a parameterized, analytical representation of the
potential energy surface in least-squares fittings to
experimental data. This development is exemplified by
recent work on the water molecule (see [14, 15] and the
references therein). For the electronic ground state of
NH3, several highly accurate six-dimensional potential
energy surfaces have been computed recently [1, 4,
16-18] and variational calculations have been performed
on these and other surfaces to describe the vibrational
motion in NHj [1, 3, 4, 16-27].

The recent work by Colwell ez al. [3] is similar to ours
in that it introduces a variational treatment of rotation
and vibration for NHj, considering all vibrational
modes explicitly. Their theoretical approach differs
from ours in that it employs a kinetic energy operator
expressed entirely in terms of geometrically defined,
internal coordinates; this operator is exact within the
Born-Oppenheimer approximation. We compare our
results to the reported [3] theoretical / = 0, 1,2 energies
for low-lying vibrational states. In addition, we calcu-
late the rotational structure in the 4v] vibrational state'
of NHj3 up to J=7, which allows us to make a critical
evaluation of the tentative assignments of 55 weak
transitions to the lower inversion component of the 4v,
state of NHj; these transitions were observed in a recent
experimental study of the vy, v3, and 2v4 bands [28].

The article is structured as follows. In section 2 we
discuss the symmetry properties of pyramidal XY;3
molecules. In section 3 we construct the coordinate
transformation to the non-rigid reference coordinate
system and introduce the linearized coordinates. In
section 4 we derive the kinetic energy operator and
pseudo-potential function. We introduce the MORBID-
type representation for the potential energy surfaces of
ammonia in section 5, where the numerical procedure
for calculating the expansion coefficients is also dis-
cussed. The basis set for the variational calculations
is given in section 6. In section 7 we return to the
symmetry properties of ammonia concerning the matrix
element calculations. In section 8 we discuss technical
details of the variational calculations, such as compu-
tation of the Hamiltonian matrix elements, size of the
basis set, and convergence. Finally, in section 9 we apply

'"The superscript + indicates the lower (symmetric) inversion component; the upper (antisymmetric) component is indicated by

a superscript —.
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the developed theory to NHj: We calculate vibrational
energies to high excitation as well as low-J rotational
energies in selected vibrational states, and as mentioned
above, we investigate the energies of the states involved
in experimentally observed [28] transitions to the 4v}
vibrational state.

2. Coordinates and symmetry

The potential energy surface for the electronic ground
state of NH; has two different, equivalent minima
separated by a relatively small energy barrier of
approximately 1800cm™" [1, 17, 24, 26, 29, 30]. The
tunneling through the barrier by ‘umbrella-flipping’
inversion motion takes place on the time scale of a
typical spectroscopic experiment so that the resulting
energy splittings (0.79 cm ™' for the rovibrational ground
state [7]) are easily observable. Consequently, the
appropriate molecular symmetry (MS) group [31] is
Dsn(M). The two equilibrium structures are mirror
images of each other; we can call them the ‘clockwise
structure’ and the ‘anti-clockwise structure’. The pro-
tons are labeled 1, 2, 3, and in the clockwise (anti-
clockwise) structure a rotation from proton 1 to proton
2 and on to proton 3 is a clockwise (an anti-clockwise)
rotation for an observer sitting on the nitrogen nucleus
(labeled as nucleus 4). For phosphine PHj3, the inversion
barrier is so high (about 12000cm™' [32]) that no
tunneling takes place on the time scale of a typical
spectroscopic experiment, and hence the appropriate
MS group is C3y(M) [31].

To describe the symmetries in D3;(M) of the
vibrational and rotational coordinates for NH;, we use
the same conventions for the permutation—inversion
operations as in section 15.4.1 of [31]. Our choice of
the vibrational coordinates is based on geomet-
rically defined coordinates, i.e. on the bond lengths

X y
Figure 1. Reference configuration and numbering chosen for

ammonia. The origin of the molecule fixed axis system
coincides with the centre of mass.

and interbond angles. The instantancous internuclear
distance N-H; (i =1,2,3) between the N nucleus
and proton i is denoted r;. The bond lengths r; along
with corresponding Morse-type variables are used
to characterize the stretching motion in the molecule.
The interbond angle «;; is defined as the angle between
the N-H; and N-H; bonds. We introduce symmetrized
combinations of the bond angles below (section 3).

The reference configuration is defined as having all
three N-H bond lengths equal to their equilibrium
values and all three H-N-H angles equal [6], and it
thus has C3, symmetry. A right handed molecule fixed
axis system xyz is attached to the reference config-
uration of the molecule. The origin is at the centre of
mass. The Cj axis z is directed so that on rotating from
H; to H, to H; a right handed screw is driven along
the positive z direction (see figure 1). The x axis is
chosen so that the xz plane contains the nitrogen
nucleus and the proton H; with the x coordinate of H;
being positive. Rotation is described in terms of
conventional Euler angles 6, ¢, x that define the
orientation of the xyz axis system in space; see
figure 10-1 of [31].

Following HBJ [5] and Papousek et al. [6], we
introduce an inversion coordinate p to describe the
‘umbrella-flipping’ motion. It is defined in terms of
the Eckart and Sayvetz conditions [31], see equations
(8-10) in section 3. In the mathematical treatment, the
coordinate p formally plays the role of a fourth
rotational angle; the Hamiltonian depends on it in a
manner analogous to the way that it depends on the
three conventional Euler angles 6, ¢, x [5]. The angle p
has no straightforward geometrical interpretation.
Only when the molecule is in the reference configura-
tion is p the angle between the symmetry axis C3 and
any one of the bonds (see figure 1).

Table 1 gives the irreducible representations of
D3n(M). The symmetry transformations of the vibra-
tional coordinates, the Euler angles, the components of
total angular momentum J in the molecular fixed axis
system, and the inversion conjugate momentum
Jo, = —ihd/dp are given in table 2. From the characters
in table 1 we deduce that the irreducible representations
of the stretching coordinates are 4] and E’. The two
bending coordinates transform according to the E’
irreducible representation and the inversion coordinate
o has the symmetry 4. In table 1 and 2, we show only
one symmetry operation for each group class.

3. Coordinate transformations

To derive the quantum Kkinetic energy operator we
perform a coordinate transformation in the classical
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Table 1. The character table of the Ds,(M) group [31].

r E (123) (23) E* (123)* (23)*

1
A} 1 1 1 1 1 1 —(ry+r2+r3),sinp
Al 1 1 1 -1 -1 -1 V3
A, 1 1 —1 1 1 - J.
Al 1 1 -1 -1 -1 1 cosp, J,

1
E 2 -1 0 2 -1 0 {76(20623 — o3 —ap), 7§(a13 —0512)}
E’ 2 -1 0 -2 1 0 {Jv, Jy}
Table 2. Transformation of the internal coordinates, the Euler angles and the components of the

molecule fixed angular momentum and the inversion conjugate momentum by the symmetry operations
of the permutation—inversion group Dip(M).

Variables {E} {(23)} {(123)} {E*} {(23)*} {(123)*}
r r r r3 r r r3
L) 2 3 r L) r3 r
3 r3 n 2 r3 n r
23 23 23 ap2 23 23 a2
o3 o3 o2 23 o3 an2 23
ap2 on2 o3 o3 o2 o3 o3
P P T—p P n—p P T—p
0 6 n—60 6 6 n—60 6
¢ ¢ $p+mn ¢ ¢ ¢+ ¢
X X 2n — x X —2mn/3 X+n T— X +7/3
1 V3 1 V3
Jx Jx Jx - 5 Jx - T Jy _Jx _Jx z Jx + 7 y
3 1 3 1
Jy Jy —Jy { Iy — 2 Jy —Jy Jy - g xTy Jy
J. J. —J. J. J. —J. J.
Jp Jp -J, Jy -J, Jp -J,

Hamiltonian, which is then quantized by applying
standard procedures [31, 33-35] as explained in
section 4. The Cartesian coordinates in the space fixed
axis system are transformed to the internal coordinates
in the non-rigid reference configuration system [5],
where the large-amplitude motions (rotation and inver-
sion) are treated explicitly, while other vibrational
modes are considered as small displacements from the
reference geometry.

The coordinate transformation between the space
fixed axis system XYZ and the molecule fixed axis
system xyz is given by [5]:

R; = Rem + S7'(0. ¢, 0lai(p) + di], (1)
which is subject to seven constraints (the Eckart [36]
and Sayvetz [37] conditions) given as equations (8-10)
below. Owing to the constraints, the numbers of
independent variables on both sides of the equation
become equal. In equation (1) the vector R; points
to the position of nucleus i, and Rcy points to the

position of the nuclear centre of mass in the space
fixed system. A 3 x 3 orthogonal transformation matrix
S~1(6, ¢, x), expressed in terms of the Euler angles
{6,0, x} [8], rotates XYZ to xyz; the vector d; [with
components (dj, d;, d;:)] gives the displacement,
due to small-amplitude vibration, of nucleus i from
its reference position a;(p) in the molecular fixed
system. The coordinates of the reference-configuration
vectors a;(p) are defined in [6] for NHj:

ai,x ="Te sin P (2)

ay x =4az x = —zreSinP, (3)

ag.x = aiy = asy =0, “4)

3.

az,y = —dazy = 7"0 s p, (5)
MmN COS P

al.z:a2,z:a3,2264a (6)
3my + mN

3myr,. cos p
g, =———"— (7)

S Bmpg+my
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where my and my are the nuclear masses of hydrogen
and nitrogen, respectively, and r, is the equilibrium
bond length.

In terms of the a;(p) vectors, the Eckart [36] and
Sayvetz [37] conditions are given by:

N
Z m; d,' = 0, (8)
i=1
N
Zmi (ai(p) x d;) =0, ©)
i=1
> m, djl";p)-d,» =0, (10)

i=1

where the sums run over all the nuclei of the molecule
and m; is the mass of the nucleus i. The condi-
tions (8-10) have the following physical meanings:
The first Eckart condition in equation (8) keeps the
nuclear centre of mass at the origin of the xyz fixed
system. The second Eckart condition in equation (9)
and the Sayvetz condition in equation (10) reduce the
rotation—vibration and the inversion-vibration inter-
actions, respectively [31]. For a given instantancous
nuclear geometry, the values of p and the rotational
coordinates 6, ¢, x can be determined by solving
equations (8-10).

We must define five small-amplitude vibrational
coordinates in addition to the rotation-inversion
coordinates 6, ¢, x, and p. An obvious choice
would be the geometrically defined coordinates ry,
-, r3, combined with suitable linear combinations of
the interbond angles «>, ap3, and w3, but we have
decided to use linearized internal coordinates [38]
since they provide a simpler coordinate transfor-
mation. The linearized internal coordinates S’ are
given as linear combinations of the Cartesian
displacements as

N
Si=3" Y Buulo)de n=1234a4b (1)

i=l a=x,y,z

where the subscript o is used to denote the axes
(x,9,2), Bpis(p) is an element of a p-dependent
transformation matrix [39], and N is the number of
nuclei. To obtain the matrix elements B, (0) we
first introduce a set of geometrically defined coordi-
nates (Ary, Ary, Ars, Saq, S4p), Where Ar; are bond
length displacements from the equilibrium value r,,

and the symmetrized combinations of the instantancous
interbond angles o;; are given by:

1
Ssa =—=Qax — a3 —ap), 12
4a \/_( 23 13 12) ( )
—= — o .

The geometrically defined, internal coordinates S,
(= Ary, Ary, Ars, S, o1 Syp) can be represented exactly
as infinite-order, power-series expansions in the
Cartesian displacements d;,. When we truncate these
power-series expansions after the first order terms
and define

Bualp) = (20 (14)
' adia (ref)

where the derivative is calculated in the reference
configuration, we obtain equation (11). The linearized
coordinates S¢ thus coincide with curvilinear ones S,
in the linear approximation S, ~ S‘+ O(d?). The
quantities Sj,, S5, are the first and second components,
respectively, of the E’ degenerate bending coordinates

1

St = %(2 Adsy — Adly — Adby), (15)
1
Si, = E(Aa% — Adty). (16)

The linearized bond length displacements Ar{ and the
linearized interbond-angle displacements A« are given
by [31]:

Adip — dap
Arg= Y “F—F(dip — dap). 1
Ty r (drp — dag) (17)

B=x.y.z ¢

1

AC{Z = ——a
ki 2 ol
resina, p o=

X |:[(a15 — agp) — cos a(ars — asp)|(dkp — dap)
+ [(akp — aap) — cosae(aig — asp)|(dip — d4ﬂ)], (18)

where r, and «, are the equilibrium values of the bond
length and the interbond angle, respectively. Equations
(17-18) are derived from the first-order expansion in dj,



364 S. N. Yurchenko et al.

of the following geometrical expressions:

et Are= [ 3 [(aks — asp) + (dis — dag)], - (19)

B=x,y,z

cos(at, + Aayg)

_ [k —ay) + (de —dy)] - [(a; — ag) + (d; — dy)] (20)
B (re + Ar)(re + Ary) '

The nonzero matrix elements By ;g are given by:

dip —dap 5
k,i —

= —Bra4p k=123, (21)

Bk, iB =

e

1 . _ _
By ip = 7 (2B23,ip — Bi3.ig — Bio,ip). (22)

1 - _
Bup,ig = 7 (Bi3,ig — Bia,ip).- (23)

where 8 = x, y,z and

ékl,iﬂ = ena [(alﬂ —aag) — cosot(arp — a4ﬂ)]8k,,
1
—;zﬁgfﬂwﬂ—aw)—ﬂBaAwﬂ—awHSu, (24)
Biiap=—Biikp— Buiig, k,1=1,2,3 and k#1. (25)

The coordinate transformation inverse to equation (11)
can be written as:

3IN-T7
dia = Z Aiﬂt,l’lSﬁa (26)
n=1

where the coefficients A;, , are obtained by solving
a system of 3N x (3N — 7) linear equations

N
Z m Aia,n - 0’ (27)
i=1
N
Z m; €qpy dip Aiy, n = 0, (28)
i=1 B, y=x.y,z
N
da;
> o Dy, o, (29)
i=l B=x,y,z P
N
Z Bm, iB Aiﬂ,n = 8m,m (30)
i=l B=x,y,z

where €44, is the fully antisymmetric tensor, o assumes
the wvalues x, y, or z and nm=1,23,...,
3N — 7. Equations (27-29) follow from the Eckart
(8,9) and the Sayvetz condition (10), while we
obtain equation (30) by inserting equation (26) in
equation (11).

The coordinate transformation implemented here
[equations (1,26)] is fully determined by the quantities
ajy and A;, ,. The vector components a;, are defined by
equations (2-7), while the matrix elements A, , are
derived analytically by solving equations (27-30).
The matrix elements a;, and A4,, , are simple functions
of the inversion coordinate p, the masses n;, and the
equilibrium parameter r,.

Equations (1) and (26) define the transformation
between the Cartesian coordinates (R; x,R; y,Ri z)
of each nucleus in the space-fixed system and the
generalized coordinates contained in the vector

q=(RM, RM, RS, 6,0, x, Arl, ArS, AFS, S, S5y» 0)-
(31

Weuse g; (A = 1,...,12) to denote a general element of
q. The ¢, coordinates define three types of motions: (a)
the translational motion described by (R{M, R§M, RSM)
coordinates, (b) the overall rotation described by
(0,9, x) coordinates, and (c) the relative motions of
the nuclei described by the internal coordinates
(A, AP, AFL SS,, S, p). The associated, generalized
momenta are given by:

H = (PX7 PY’ PZ; Jx; Jy’ JZa pfa pga pga pf‘.ga pﬁb; J,O)’
(32)

where Pr (F = X, Y, Z) is the momentum conjugate to
the translational coordinate REM (these translational
momenta are of no spectroscopic interest in the absence
of external fields), (Jy,J), J-) are xyz components of the
total angular momentum [8, 31], pt (n = 1,2,3,4a,4b)
is the momentum conjugate to the linearized vibrational
coordinate S, and J, is the momentum conjugate to p,

n’

i.e. quantum mechanically

~ 0
J,= —zﬁa—p. (33)

We use IT, (A=1,...,12) to denote a general
element of II.

The vector R; (i=1...N) in equation (1) has the
space fixed coordinates (R;x, R;y, Riz) and the momen-
tum conjugate to Rip, F=X,Y,Z, is denoted P.
The transformation from generalized momenta IT; to



Rotation—vibration motion of pyramidal XY; molecules 365

the Cartesian conjugate momenta Py (i=1...N,
F=X,Y,2),

3N
Pir = Z Sy, ir I, (34)
=l

is defined by a Jacobian matrix with elements

0q;.
ORir

(35)

Sn,iF =

We assume that the 3N-dimensional square matrix
with elements s, ;,r is non-singular so that it can be
inverted by means of the chain rule:

N
dq,. OR;
ooy T (36)
or
N
Z Sa,i- ti,u = SA,/L' (37)

We have introduced here the elements #; ; of the matrix
effecting the transformation between Cartesian and
generalized classical velocities:

dRyp & dg;
= tir., —— 38
dt ; T (38)

where ¢ is time and

oR;
lir =~ T, (39)
q>.
i=1...N, F=X,Y,Z and A=1,2,...,3N.

Following [33], we establish the correspondence between
the XYZ and xyz representations of the vectors t;
and s, ; as

Sy,i = E €F Sy, iF = E €o Sh, ias (40)

F=X,Y.,Z oa=X, ),z
ti) = E er tip,) = E €y lia, . (41)
F=X,Y,Z oA=X, ),z

where ey and e, are the orthogonal, normalized basis
vectors. The index « runs over x,y,z, and F runs over
X,Y,Z.

The classical rovibrational kinetic energy can be
written as [33, 34]:

L 1 RELARELY
T:EZI:F_XX;ZMF PiFPiFZEAZI:Z:HXGLHHM’
i=1 F=X.Y, =1 u=1
(42)
where

N
G = D D 43)

oa=x,y,z i=1

That is, the expression for the classical kinetic energy
in terms of the momenta conjugate to the generalized
coordinates ¢, is defined by the matrix elements s;_jq.

The coefficients ¢, ; associated with translation,
rotation, inversion and vibration have simple analytical
representations [33]:

tir.pr = 8, F+ translation

lio,p = ZéaﬂyR[y rotation
Y

tia,p = ORjo/0p 1nversion

tio.n = ORio/dS.,  vibration. (44)

It follows from the straightforward coordinate trans-
formation R;, = Ri,(q) in equation (1) that the
matrix elements t;, , are simple analytical functions
of the generalized coordinates q: tiy ;= tia, .(qQ).
Thus, the matrix elements s, ;, in equation (35) can
readily be determined by inverting the matrix with
elements ¢, , or, equivalently, by solving the system
of linear equations (37). The choice of linearized
vibrational coordinates provides a simple form for
tie,u- Had we chosen geometrically defined, internal
vibrational coordinates (i.e., bond lengths and interbond
angles) as generalized coordinates, the elements of #;, ,
would be more complicated, but the approach for
obtaining s, o, Which we describe below, would still
be applicable.

At this point we choose to introduce linearized
Morse variables y; =1 —exp(—aAry) (k=1,2,3),
where a is the range parameter of the Morse potential.
These variables simplify the computation of the
matrix elements required for the variational calcula-
tion. Morse oscillator basis functions are used in
setting up the Hamiltonian matrix; these functions
provide a rather good description of stretching motion
[13] and allow us to express the potential energy
function as a low-order power series expansion.
All analytical functions in the rotational-vibrational
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Hamiltonian are expanded as power series in the
vibrational variables

g = (11,55, 5 Saas Sn), (45)

i.e. lincarized Morse variables and linearized symme-
trized bending coordinates. These coordinates are also
employed for solving equation (37).

Generally, it is not a trivial problem to invert the
matrix with elements ¢, ,. We cannot, in practice,
determine an analytical solution of equation (37) and
so we solve it numerically. The system of equations (37)
consists of (3N)*> = 144 equations involving 144 vari-
ables t;,,, which can easily be reduced by taking into
account the properties of the coordinate transfor-
mation. The translational, vibrational and rotational
parts of equation (37) are separable, and there is no
intermode interaction in the matrix with elements #;, ,.
Consequently, equation (37) can be solved for each
mode X independently. This leaves us with 12 sets,
labeled by w=1...12, each set with 3N =12 inde-
pendent equations which define 3N =12 matrix
elements si,,, i=1,2,3,4 and o =x,y,z. However
this is still a complicated problem to solve analytically.
In order to solve it numerically, we expand the ¢, "
and s, j,, matrix elements as power series in the
coordinates defined above:

)1

L (B9 = Y Y 1 €M, (46)
L>0 L[]

snial€) =Y shit 9O, (47)
L>0 L[]

where we introduced the notation

L (L=l (L-h—b) (L=h—h—13)

D ="
] i

1=0 L=0  5=0 l44=0

f L
hhBlaalay,

hiyh I laa lap
X x| X5 X3 X400 x,7, (48)

withlyy = L — 1} — b — I3 — l4,. We end up with a system
of linear equations of the type Tx = b:

Z fG0) ooy = S (49)

Z ol Syt = b, L>0, (50)
where
L1 p
L[l = Z (L K)[l Kl g1<[/L]- (51
K=0 K[k] ip

Each set of equations given in (49) and (50) is
represented by the 12 x 12 coefficient matrix T with
elements 160[‘6{‘ , which is common for all orders of
magnitude L, and by the 12- dimensiondl ‘right-
hand-side’ vector bL[/\] with elements b/ L[[ ; this vector is
recursively determined at each order. Thus, for every
mode A at each iteration step L, there are 12 x (L +4)
(L+3)(L+2)(L+1)/24 independent sets of 12 equa-
tions for 12 independent variables xj, _s’z[j]". If we
know the solution of equation (50) up to and including
order L we can derive recursively the matrix elements
S/zf;[l] for order (L + 1). We should bear in mind that all
quantities t(L K-k and s?q,f] are functions of p.
Therefore, we construct a discrete grid of equidistantly
spaced p-values p, and solve the system of linear
equations (49-50) at each p, point. The matrix elements
S, ia are obtained as expansions in the &, ¢ coordinates
at the non-rigid reference configuration.

The expansion coefficients G, , in the kinetic energy
operator [equation (42)] are expressed as power series
in the &, coordinates:

G)L,/J.(Sﬁ’ 10) =

DY Gl EN (52)

>0 L[

and, from equation (43) and the known expansions of
the s, ;, matrix elements, the expansion coefficients are
obtained as

Glif(p) = Z ZZS(L ou-a(P) Sk o). (53)

B M k=0 KK

It should be emphasized that we do not derive any
analytical expressions for the p-dependent functions
considered here except in rather trivial cases, such as
the vector components a;,(p) and the matrix elements
Ay n(p). The two-line recursion relations (49) and (50)
replace thousands of lines with the corresponding
analytical expressions. No additional analytical deriva-
tions or tiresome expressions are required. The kinetic
energy operator is entirely defined by the recursion
procedure in equations (49, 50) so that it is a trivial
task to implement it as computer code. In our current
realization of the procedure given in equations
(49, 50), the expansions in equations (46,47) can have
a maximum order of eight.

The strategy chosen for solving the rotational-
vibrational Schrédinger equation (i.e. to obtain a matrix
representation of the rotation—vibration Hamiltonian
that we can diagonalize) is the logical consequence of
the procedure developed in the present section. All
p—dependent functions in the Hamiltonian are repre-
sented as power series expansions in the & coordinates
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around the reference configuration. The expansion
coefficients depend on p and are represented as a table
of numerical values determined at a grid of equidistantly
spaced p-values p,. All matrix element integration over
p is done numerically by means of Simpson’s rule.

4. Quantum-mechanical kinetic operator

We quantize the classical kinetic energy in equation
(42) by the methods described in [33, 34]. The momen-
tum transformation (34) in symmetrized form is
given by:

3N

1
P, = E Z(Sk’i I, + I, S)»,i) (54)
r=1

where P; has the components (Pix, Piy, Piz) and s, ;
has the components (s ;x, Si.iv, Si.iz). Equation (54) is
the quantum mechanical replacement for the classical
equation (34). By inserting equation (54) in equation (42)
and taking into account relations (40), we obtain the
quantum-mechanical kinetic energy operator [33, 34]:

13N 3N

§§:§:HMAMHM+U@im; (55)

r=1 p=1

T =

where G, , are determined by equation (43) and

3N 3N N

0=y 3 Y [y s (M)
A=1 V=1 i=1

1
+Z l’Vli_l S,it [H)\, [HA’a SA’,i]]}'

(56)

The pseudopotential term U is expressed in terms of
commutators between the conjugate momenta and
the transformation vectors. It can be included in the
potential energy function.

Employing the recursion procedure in equations (49,
50), the pseudopotential function U is expressed in terms
of the five linearized vibrational coordinates & and the
curvilinear p coordinate analogous to expansion (52),
and truncated at the same order as the G, , terms.

5. Potential energy function

We distinguish two types of potential energy
surface representations here. Type A is defined in
terms of geometrically defined, internal coordinates.
It is designed with the sole purpose of representing
the potential energy surface in the best possible way; its

form has no direct relation to the variational problem
and can, at least in principle, be chosen freely. Usually
it is taken to be isotope independent. A Type B
representation defines the potential energy surface
in terms of our non-rigid reference configuration
[see equation (1)] and is not isotope independent. It is
expanded as a power series in the linearized coordinates
g’ for a particular value of p. The expansion coefficients
are p-dependent and we express them as a table of
numerical values determined at a grid of equidistantly
spaced p-values py, exactly as done for the p-dependent
functions in the kinetic energy operator. The Type B
expansion is designed to simplify the calculation
of Hamiltonian matrix elements in the subsequent
variational calculations.

In the present work, we initially employ a Type A
expansion of the potential energy surface for the
electronic ground state of NHj3

V(&1,&2, &3, €44, E4p; Sin p)

= Vo(sinp) + Y Fi(sinp)& + ) Fy(sin p) & &
J

Jj<k

+ Z Fiy(sin p) & & & + Z Fm(sin p)

Jj<k<l Jj<k<l=m

X E & ErEy ... (57)

This analytical function [1] is expressed in terms of the
variables

& =1—exp(—a(rk —r1.), k=1,2,3, (58)

&40 = \/Lg (a3 — g3 — aq2), (59)

Eqp = % (a3 — ar2), (60)
inp= — sin(@?2) (61)
sin p = 7 sin (&/2),

where a = (a3 + a3 +«13)/3 is the average of the
interbond angles. The variable sin p is of 4; symmetry
in D3,(M), by definition, and coincides with sinp at
the reference configuration. We use sin p only for the
representation of the potential energy surface, and hence
we never require the value of p.

The pure inversion potential energy function in
equation (57) is

VoGsing) = Y £y (sinpe —sinp)’,  (62)
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and the functions Fj_(sin p) are defined as
Fi.(sinp) =Y fi) (sinpe —sinp)’,  (63)

where p, is the equilibrium value® of p, a is a molecular
parameter, and the quantities f(')(“‘) and flgj) in equations
(62) and (63) are expansion coefficients. The analytical
function in equation (57) is similar to the expansion
introduced for triatomic molecules in [12].

By expressing V" as an expansion in sin p, we ensure
that, as required by symmetry, the potential energy
function always has a maximum or a minimum at planar
configurations. Further, V' is totally symmetric under the
operations in the MS group D;,(M), and this imposes
relations between the /’/,fg) parameters in equation (63).

The kinetic energy operator described in section 4
is expressed in terms of the generalized coordinates
from equation (31) and the quantum mechanical form
of the momenta from equation (32). In order to obtain
a useful Hamiltonian with this kinetic energy operator,
we must transform the Type A representation of the
potential energy function in equation (57) to a Type B
representation that depends on the generalized coordi-
nates from equation (31). The corresponding coordinate
transformation is done in three steps:

) (b) © 4
{&s, sin p} —={r1, 12,73, 0003, 0013, a2} = { Ry g} = {&,, 0}

(64)

In transformation (a) the geometrically defined coordi-
nates from equations (58-60) are expanded in terms of
the bond lengths and interbond angles; in transforma-
tion (b) these latter coordinates are expanded in terms of
the xyz Cartesian displacement coordinates by using
equations (19, 20), and finally in transformation (c) the
linearized coordinates are introduced by means of
equations (1, 26). The resulting Type B representation
of the potential energy surface is expressed in a form
similar to equation (57), where the expansion coeffi-
cients parameters I’;}cn_(p) are given as tables of
numerical values determined at the grid of equidistantly
spaced p-values p;. Our current code allows a 6th order
expansion in the & variables for the Type B potential
function.

We generally follow a strategy of avoiding compli-
cated analytical derivations and, for the transforma-
tion V' (&,, sin p) — V(&, p), this means that we calculate

the coefficients Ffl.k'__(,o) numerically by a 4-point

finite-difference expression. This is a universal proce-
dure, independent of the form of the Type A representa-
tion for the potential energy function employed. As long
as the particular choice of the geometrically defined,
internal coordinates can be related to the Cartesian
coordinates, we can always expand V (&%, p) by means of
the finite-difference method. The disadvantage of the
numerical procedure is the error introduced by the finite
differences. Alternatively, the parameters Ff].km(p) could
be obtained in least-squares fittings, either to potential
energy values generated from a Type A representa-
tion, or directly to the ab initio data. Such fittings
would have to be carried out for each isotopomer
separately.

6. Basis set

Aiming at solving the rotational-vibrational
Schrédinger equation variationally, we construct the
rovibrational basis functions as symmetrized linear
combinations of primitive-basis-function products:

|Ja m, Nvirrvir>
= [lja K’ m, Trol)

X |1, J, K, Tiny) 1116, I, Thend) [71) |12 [13)]17, (65)

where |ny), |no), and |n3) are one-dimensional Morse-
oscillator eigenfunctions [40], |np,lp, Toend) are 2D
isotropic-harmonic-oscillator functions, |n;,J, K, Tiny)
are Numerov-Cooley eigenfunctions of the one-
dimensional inversion Schrodinger equation (see
below), and |J,K,m, t;o;) are rigid symmetric rotor
wavefunctions. The symbol I'y;, represents one of
the irreducible representations of Ds,(M) contained
in the representation spanned by the function
product in equation (65) (see [31]), and the quantum
number N,;, enumerates basis functions with the same
Jand I'y;,.

6.1. Rotational basis functions

The rotational basis set is represented by usual rigid
symmetric rotor wavefunctions |J,k,m) (see, for
example, [31]). The quantum numbers J, k= —J...J
and m = —J ...J are associated with the total angular
momentum, its projection onto the z axis and its
projection onto the Z axis, respectively. The symme-
trized linear combinations |J, K,m, 7,o;) are identical
to those used in [40]. They provide a real matrix

2 Since the equilibrium geometry is a reference configuration, sin 5 and sin p have the same equilibrium value sin p,.
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representation of the kinetic energy operator in
equation (55) and are given by

|J,0,m, Tror) = i™|J,0,m), Trox =J mod 2, (66)
i (—1)7 J+K+T,
J,K,m, tot) = —————(|J, K, m) + (—1 ot
| ot) NG { )+ (=1
|J, — K,m)), (67)

where 1., = 0, 1 indicates the rotational parity (—1)™,
0ot = Kmod 3 for 1ot = 1, and o,,; = 0 for 7,0 =0,
and K =0...J. The phases in equations (66, 67) are
chosen as in [8]. The symmetry I'.,; of the rotational
function |J, K, m, ;o) 1s given as

|J,K =3t,m, oy = 0) — A|

|J,K=3t,m 1ot = 1) > A;
(68)
|/, K # 3t,m, Tror = 0) — E(:F

\J, K % 3t,m, Ty = 1) — E|

where ¢ is a positive integer number, T =" if K is even,
and T =" when K is odd.

6.2. Inversion basis functions

The inversion wavefunctions |n;, J, K, 7;,v) are obtained
as numerical solution of the pure inversion one-
dimensional Schrédinger equation:

19 a 1
Hiy = =55, GoslP) g+ 5[ C0) + G, 0]

x [J(J+1) - K]+ % G! K

+Vo(p) + U(E, = 0, p), (69)

obtained by neglecting, in the complete rovibrational
Hamiltonian, the small-amplitude displacements from
the reference configuration (see [6]). In equation (69)
we introduced the notation GY,(p) = Gy..(&; =0, p).
The one-dimensional Schrédinger equation obtained
from equation (69) is solved by the numerical Numerov-
Cooley integration method [41, 42] as detailed in [11].
The Hamiltonian Hgnv) depends parametrically on the
rotational quantum numbers J and K, i.e. the effective
inversion potential is different for each rotational state.
The eigenfunctions of equation (69), being stationary
solutions, are labeled by the inversion quantum number
n; and by the parity parameter t;,,. The parity is (—1)™
so that for 1;,, = 0(1) the primitive inversion basis
function is unchanged (changed in sign) by the inversion
operation E* which takes p into m—p. Positive parity

G, /[hc B 2em™] y

30.07 - = =G, Jlhe h e //
............. GO JThe Bi2em™] /
25.0 o ’
’
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Figure 2. The p-dependent functions G (o), G?.(p).
GY,(p), and Vo(p).

is associated with A} symmetry in D;,(M), negative
parity with A symmetry.

It is known from MORBID studies of triatomic
molecules [12] that the J, K-parametrization of the
primitive bending wavefunctions allows one to reduce
effectively the configuration space at the diagonaliza-
tion stage of the variational problem. In case of
triatomics it is crucial to include the K-dependent
terms with the bending motion because the G. . term is
singular at linearity [11]. The importance of the K-terms
for NH;3 is also apparent from the relatively strong
p-dependence of Gg_,, even though it is not singular at
any geometry. This statement is illustrated by figure 2,
where the G ., G?_, GY . and Vy(p) functions are
plotted against p.

The numerical eigenfunctions of the Hamiltonian
in equation (69) and their first derivatives are stored
as tables of numerical values determined at the grid of
Niny equidistantly spaced p-values p,. The first deriva-
tives are needed for the computation of matrix elements
of the Hamiltonian terms J, G, 1(p), Gy, o(p)J,, and
Jo Gp, p(p)J, [equation (55)].

6.3. Bending basis functions

The bending coordinates S4, and Ss transform
according to the degenerate irreducible representa-
tion E’ of D;3,(M), and so we choose the eigenfunctions
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of a two-dimensional, isotropic harmonic oscillator as
the basis functions associated with them. Since the
Hamiltonian is Hermitian, we can obtain a real matrix
representation by using real harmonic-oscillator eigen-
functions involving cos (/, ¢) and sin (/, ¢), rather than
the usual complex form involving exp (il ) [43].
The positive-parity functions (tpeng = 0), expressed in
terms of polar coordinates {r4, ¢}, are given by:

|15, Iy, 0) = Ny, 4, exp (=r3/2)ry L, (13) cos(hy ¢)

(70)
and the negative-parity functions (tpeng = 1) are:

|nb’ lba 1> = (_1)0-b N”bulb
x exp (=13 /2)ry Lg, 2 () sin(ly @),
(71)

where Liﬁ’ is a generalized Laguerre polynomial [44],
ny is the principal vibrational quantum number, /, is
the vibrational angular momentum quantum number,
and o, = /, mod 3 . The normalization constant is

[(np — Ip)/2]!
w[(ny + 1y)/2]!

Nnb,lb =V 2— 511,,0

(72)

and the dimensionless normal coordinates are given by:

5p0 1/4
Q4a=r4cos(<o):< iaia ) X Sw  (T3)

Gga, 4a(p5’)

"0
2/ 4ada

1/4
Q4b =T4 sin (gﬁ) = X S4b, (74)
Gga,4a(pe)

where @b = [2f 204(1G2a,4([(p€)]1/ ® is the vibrational fre-
quency of the two-dimensional isotropic harmonic
oscillator and G, 4,(pe) = Gag4a(&, =0, p = p.). The
vibrational angular momentum /, can only take posi-
tive values ny,np —2,...,1 or 0. The eigenvalues are
independent of /, so that an energy level with a given
value of ny, is (np + 1)-fold degenerate. The constructed

bending basis functions have the following symmetry
properties:

|1y, Iy =0, Tpeng = 0) — A/l
Inb, by = 31, Toend = 0) — A
|1y, Iy = 31, Toena = 1) — A/z (75)
|1, Iy 7 3L, Toend = 0) — E[;
)

b, Iy # 31, Toena = 1) = EJ,.

where the two components of E’ (see table 1) are labeled
E), and E}, respectively.

6.4. Stretching basis set

The Morse potential
VMorse(r) = Dy* = D[1 —exp(—aAr)*  (76)

models the potential energy curves of many diatomic
molecules very well [45], and therefore it is also used
to describe stretching motion in polyatomic systems
(see, for example, [13]). In equation (76), r is the
internuclear distance describing the stretching motion
and Ar = r —r, is the displacement from the equilibrium
value r,, D is the dissociation energy, a is a parameter
determining the curvature of the potential at r = r,,
and y = 1 —exp(—aAr). A stretching potential energy
surface represented in terms of Morse variables y
has obvious mathematical advantages, such as good
convergence properties and simple analytical expres-
sions for matrix elements between Morse oscillator
eigenfunctions.

The Morse oscillator eigenfunctions |n) are solutions
of the one-dimensional Schrédinger equation with the
Morse potential:

I s

[—2“ oDy ]|n> = Eyln). (77)
where u is the reduced mass of the system and |n)
is expressed in terms of generalized Laguerre poly-
nomials (see [44]). The stretching basis functions are
constructed as the products |n;)|ny)|n3). It should be
noted that the Morse oscillator eigenfunctions used as
basis functions here depend on the linearized stretching
coordinates Arf, Ary, Arf, rather than on the usual,
geometrically defined bond length displacements.

7. Symmetry factorization of the Hamiltonian matrix

The variational solution of the fully-dimensional
rotation-vibration Schroédinger equation for a four-
atomic molecule is a formidable numerical problem,
involving the diagonalization of huge matrices.
Therefore it is essential to take advantage of the high
intrinsic symmetry of pyramidal XY; molecules. The
Hamiltonian matrix is diagonal in the total angular
momentum quantum number J, and when we employ
basis functions symmetrized in D;,(M), each J-block
becomes block diagonal with a sub-block for each
irreducible representation of D;,(M) [31]. The sub-
blocks can be diagonalized separately and so we can
effectively reduce the sizes of the matrices that need
to be diagonalized. In addition, each of the degenerate
irreducible representations £’ and E” gives rise to two
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sub-blocks with identical ecigenvalues so that it is
sufficient to diagonalize only one of these.

The eigenvalue problem is solved as follows. The
matrix elements Hj,; of the total rotation-vibration
Hamiltonian are first calculated in terms of primitive
basis functions

oV =T, K, m, Tror) 15, T, K, Tiny) |1, s Toena) |1 |12) |13)

rotation inversion bending stretching

(78)

that transform according to reducible representations of
Dsn(M). Then the matrix with elements H,, is trans-
formed to the block-diagonal form associated with the
symmetrized basis functions yli™! (where ‘irr’ stands
for ‘irreducible representation, I' is the MS group
symmetry of the basis function, and « labels functions
with the same I'). Towards this end, we perform an
orthogonal transformation to the symmetrized basis
functions by means of projection operators P’ [31]:

w [irr], I PF [1 (79)

It is not necessary to calculate and transform the
whole primitive matrix of elements H,, in one fell
swoop. The primitive basis functions can be sorted
into relatively small sets, each of which spans a reducible
representation of D3 (M). For example, the primitive
stretching basis functions |7)|0)|0), |0)|x)|0) and |0)]|0)|n)
span the three-dimensional reducible representation
A\ @®E of D3;(M) [31]. From these three primitive
basis functions, we obtain the symmetrized functions

Y = (10)10)|m) + 7)]0)]0) +10)|m)]0))/+/3,  (80)
1)10)10) — [0)[m)]0))/~/6,  (81)
10)[1)]0))/+/2. (82)

yhe = (2]0)]0)|n) —
¥ = (1n)]0)]0) —
In general, any combination of indexes {/K;n; >

ny > n3;nply; ni} is associated with a set of primitive
basis functions

|/, K, m,0) |ni, J, K, 0) |1y, Ly,
[u, K, m,l):| . |:|ni,J,K, 1>} ) |:|nb,lb,
[ 1) 1n2)|n3
[n2)|n3) ny
[n3) |1} na

(83)

[n2)|n1)ns

)
1)
)]
)
)
)
)
)

)

)

)
NN

)

)

[ [n3)|m2)

which span an N,-dimensional reducible representation
of D3p(M). There are at most (when nj, n,, nz are all
different) 48 basis functions in the set defined by
equation (83). However, these can be separated into
24 functions with positive parity (tyot + Tiny + Thend €VEN)
and 24 functions with negative parity (T;o1 + Tiny + Tbend
odd). Thus, in constructing symmetrized basis functions,
we must consider at most 24 primitive basis functions
simultaneously.
The elements of the representation matrices generated
by the set of functions in equation (83) are obtained as
D™ Rl g = D[R] D[R DE”[RL, (84)
where R is a group operation and D°V[R], D](-ji-,n YR,
and DZf,S[R] are elements of the representation matrices
generated by the primitive basis functions describing
rotation, inversion, and small-amplitude vibration
(bending and stretching), respectively. These matrices
are determined as described in [31]. The indices i and 7
label the primitive rotational basis functions, j and j
label the primitive inversion basis functions, and k
and k' label the primitive small-amplitude vibration
basis functions. The quantity DriV[R],-jk’ 77k 10 equation
(84) is, in this labeling, an element of a representation
matrix generated by the function products defined in
equation (83). The corresponding representation has the
characters

XVIR] = "R MR (PR](85)
and can be reduced in terms of irreducible represen-
tations by means of equation (5-45) of [31].

We obtain a symmetrized basis function w[‘” LT by
applying [equation (79)] the projection operator P to

the primitive basis function go[’ which, in an obvious
notation, can be written as

@(nv) ¢(rot) ¢(mv) ¢(v1b) (86)

We express ¢i™-I" in terms of the primitive basis
functions as
w[irr],F
o

pr (p(nv) Z Pa o7k (pff/l/‘l’c)/ (87)

i'j'k'

For the non-degenerate irreducible representations of
DynM), I’ = 47,45, A7, or Aj, it follows from
equation (6—67) of [31] that

ozl/k’ = IZZX

Drlv R]I}k ik (88)
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Projecting to the doubly degenerate representations £’
and E” is more tricky. We use equation (6-64) of [31]
to obtain

0( lj’k’ = 12 Z D(E) Driv [R]zjk, i'j'k (89)

P‘fb’ //k 12 Z DE[R 22 D“v[R]ljk 7j'k' > (90)

where DY[R],, and DE[R],, are the diagonal elements
of representation matrices associated with the FE
irreducible representation in question. If the two
symmetrized basis functions obtained in this way are
not orthogonal, they can be orthogonalized by standard
Schmidt orthogonalization [31].

The elements H, . of the block diagonal, ‘symme-
trized’ matrix are given in terms of the elements
Hjj i of the original, ‘primitive’ matrix:

*
I _ I .
HY o =30 3 (Phie) Hipweryie Pl o O1)

i/j/kr iujnku

8. Computational details

As described in sections 4 and 5, we expand the
rotation-inversion—vibration Hamiltonian ﬁ,.iv in the
variables given in equations (45) and so we can write it
symbolically as

=Y 000, 0] 92)

where the rotational operator 5? ) depends on the
Euler angles 6, ¢, x through the components of the total
angular momentum, the inversion operator O; ~ depends
on p and J »» the bending operator O, depends on
(S4,,S5,) and their conjugate momenta, and finally the
stretching operator O, depends on (Art, Ars, Ar}) and
their conjugate momenta. The summation index p labels
the different terms in the Hamiltonian.

A matrix element of one term in equation (92)
between two of the primitive basis functions given
in equation (65) is obviously a product of four
distinct integrals involving different coordinates

(K" m, 7y | 67N K m, T !, K", 1O

rot rol> mv |
J. K1 1/nv> (g, Iy rbend|0b lnb’ll/o’rl/oend>’ and  (n} (”2|
<n3|05 |”1>|”2)|”3)
The matrix elements (J, K", m, t;/ol|0 |J K',m, 1)
involving symmetrized rotational wavefunctions can

be obtained by making suitable transformations of the
matrix elements calculated in terms of unsymmetrized
rigid rotor functions |J,k,m); these latter matrix
elements are given, for example, in [8]. The rotational
matrix elements are diagonal in J and m, and they do
not depend on m.

The inversion matrix elements (n},J, K", 1}, |
J,K',t,,) are integrals over p; they are calcu—
lated numerically by means of Simpson’s rule. Because
of the symmetry, the functions integrated, F(p)
say, are always even or odd under the coordinate
change p — m — p caused by the inversion operation E*.
Consequently we have

/ﬂ F(p)dp = {2fn/2 F(p)dp, F(p) even, ©93)
0

/! |0

F(p) odd,

so that we only have to integrate the non-vanishing
integrals over the interval [n/2, 7], i.e. the upper half of
the definition interval [0, «t]. )

Matrix elements (nb,lg,rbendwb |1y, Iy Thenq) 1NVOLV-
ing (S4,. %), pi,» and p, are obtained from Nielsen
[43]. The matrix elements for their products can be
obtained numerically by the recursive procedure:

(NEFENT) = 3 (nllel 1"y I\ FEDINT),  (94)

n'y

(nl|p FENIRTY = (nllpiin" 1) (n I'[FEDIN'TY.  (95)

n'l

We have used Efremov’s approach [46] to derive
recursive numerical routines generating the one-
dimensional integrals (n—+j|y*|n), (n+jly*d/dr|n),
and (n + j|y* d>/dr?|n) involving Morse-oscillator eigen-
functions and the M&{SG variable y. The stretching
integrals (n{|(n;|(n5]O; |nl)|n2)|n3) are obtained from
the one- dlmensmnal integrals in a straightforward
manner.

In the calculations presented in the following section,
the basis set was truncated according to

2ny +ny+n3)+n,+n < 14 (96)
These limits correspond to the following matrix dimen-
sions: N4, = 1455, N4, = 1125, Ng = 2571. With this
basis set, we obtain convergence to about 0.5cm™
for energy values below 6100cm™'. The p, numerical
grid, used to represent p-dependent functions, contained
Niny = 1000 points.

In the variational calculations we employed sixth
order expansions in the £ variables both for the kinetic
energy part (G, , and U) and for the potential energy
function (Type B). Although in our current realization
of the recursive procedure in equation (50), the
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expansions in equations (46, 47) can be taken up to
eighth order, truncation after the sixth-order terms
turned out to be sufficient in the present case; it
produces convergence to about 0.02cm™' for the
vibrational energy values below 6100cm ™.

9. Calculations

We report here three sets of results obtained for '“NHj;
with the theoretical model described above: J=0
vibrational energies up to 6100cm™', J < 2 energies
for the vibrational ground state and the v,, vy, and 2v,
excited vibrational states, and J < 7 energies for the
4v¥ vibrational state. The calculated energies are labeled
by the quantum numbers of the basis state with the
largest contribution to the eigenstate.

The calculations are based on an accurate
ab initio potential energy surface, which is denoted as
CBS**—45760 [18] and may be viewed as an extension
of our published CBS* surface [1]. Briefly, a regular
grid with 45760 points was constructed that covered
geometries with 0.85A <rn<m<rc=< 1.20A and
80° < ayp, a3, a3 < 120°. Energies (ATZfc) were
computed at all grid points using the CCSD(T) method
(coupled cluster theory with all single and double
substitutions [47] and a perturbative treatment of
connected triple excitations [48, 49]) with the aug-
mented correlation-consistent triple-zeta basis aug-cc-
pVTZ [50, 51]. At 1460 selected points, more accurate
energies (CBS +) were determined by extrapolating the
CCSD(T) results to the complete basis set limit and
including corrections for relativistic effects and core-
valence correlation [1]. The differences between the
ATZfc and CBS+ energies were fitted by a quintic
polynomial in geometrically defined, internal coordi-
nates, and the corrections were added to the ATZfc
energies at all 45760 grid points to generate the CBS**-
45760 surface (which is close to CBS+ quality).
An analytical representation of this surface was
obtained by fitting a fifth-order expansion (57), through
all CBS**-45760 data points. The resulting 130 potential
parameters will be given elsewhere [18] and are also
available from the authors on request.

In table 3, we compare calculated vibrational (J=0)
term values with available, experimentally derived
values and with theoretical results [3] for the 33
lowest vibrational levels (up to 6100cm™"). The root-
mean-square (rms) deviation between the theoretical
and experimental values is 4.7cm™' in our case and
7.6cm~! in the case of Colwell et al. [3].

Table 4 presents a comparison of our theoretical
values of the J =1 and 2 energies in the vibrational
ground state and the v,, v4, and 2v, excited vibrational

states with experimentally derived values [52, 53] and
the theoretical results of Colwell et al. [3]. Here the rms
deviations between theory and experiment, calculated
for the 44 states listed in table 4, are 1.2cm™! for our
calculated energies and 6.0cm™' for those of Colwell
et al. [3]. For the vibrational ground state our theoretical
term values are consistently slightly above the experi-
mentally derived values, whereas those from [3] are
significantly above the experimental values for high
K and below them for low K, and thus show a less
uniform behaviour. The largest contribution to the
errors in the computed rovibrational term values comes
from the vibrational term values. Adjusting the values
of the v,, vy, and 2v, band centres to coincide with
experiment, our rms deviation for the rovibrational
levels drops to 0.07cm ™', compared with 1.47cm™" in
the case of Colwell et al. [3].

In a recent experimental study of the 2v4/vi/v;
vibrational band system of '*NHj, Kleiner et al. [28]
observed weak absorption transitions to 23
rotational levels of a vibrational state which they
assigned as the (v,1}, vl;,vff):(o,4+,0°,00) state. A
complete analysis of these transitions was not possible
because of strong resonances not included in the model
used for analysis [28]. We can now check the proposed
assignment [28] by calculating theoretically the rota-
tional structure in the v; = 4" state up to J=7 (i.e. the
highest rotational levels involved in the 4v] transitions
assigned). Such variational calculations for high J values
are taxing: for example, in the case of /=7, we have to
handle matrices of dimension 38610 for E symmetry.
This was not feasible with the available computational
resources, and so we reduced the basis set to

n <8, 2(m +n+n3)+n, <8,

which leads to matrices of dimension 6516 (A4},45), 6714
(A7, 4%), and 13230 (£’, E”). The term values obtained
for the v = 47 state are listed in table 5, relative to the
calculated zero point energy of 7446.279 cm™". To better
appreciate the consistence, within the vibrational state,
of the calculated rotational structure, the calculated
energies for J > 0 are shifted by the deviation found
for the v = 4%, J = 1, K = 0 term value (5.825cm ™).
Table 5 also contains the experimentally derived term
values taken from table 10 of [28].

The calculated energies are mostly in good agree-
ment with the experimentally derived values, with
one striking exception: The experimental term value
of 3730.442cm™', assigned to (J,K,I)=(5,1,E"),
differs by 7.538cm™! from the theoretical value. It
has been obtained [28] as the upper level of two
observed transitions, starting in levels with (v, v5, v133,
Vi J K, T) = (0,07,0°,0°,6,1,E") [3317.204cm™"] and
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Table 3. Vibrational term values® for ¥NH; (in cm™).

r vV v Obs.” Calc. Obs.-Calc. Ref. [3]°
A’ 01+0°0° 932.43 933.75 -1.32 942.88
A 02+000° 1597.47 1598.67 —1.20 1613.10
A 03+000° 2384.15 2387.66 —-3.51 2382.66
A’ 0010020 3216.02 3213.77 2.25 3215.08
A 10+0°0° 3336.02 3341.58 —5.56 3321.26
A 04+000° 3462.00 3468.35 —6.35 3456.59
A’ 010020 4115.62 4099.92 15.70 4124.44
A’ 11+0°0° 4294.51 4301.40 —6.89 4289.83
E 0070°1! 1626.28 1626.00 0.28 1626.79
E 0170°1! 2540.53 2537.13 3.40 2549.78
E 00+0022 3240.18 3238.62 1.56 3240.97
E 00+1'0° 3443.68 3446.23 —-2.55 3440.79
E 0171100 4416.91 4420.95 —4.04 4426.04
E 10+0°1! 4955.85 4960.23 —4.38 4941.33
E 00+1!1! 5052.60 5054.77 -2.17 5054.32
E 01t1'1! 6012.90 6012.59 0.31 6023.87
A" 00-0°0° 0.79 0.80 —0.01 0.60
A" 01-0°0° 968.12 969.80 —1.68 973.30
A" 0270000 1882.18 1885.04 —2.86 1883.57
A" 03-0°0° 2895.51 2900.27 —4.76 2889.79
A" 00—0020 3217.59 3215.61 1.98 3216.69
A" 100000 3337.08 3342.62 —5.54 3322.76
A" 04-0°0° 4055.00¢ 4068.65 —13.65¢ 4054.53
A" 01-0020 4173.25 4164.34 8.91 4175.72
A" 1170000 4320.06 4327.16 -7.10 4313.71
E' 00-0°1! 1627.37 1627.16 0.21 1627.64
E 01-0°1! 2586.13 2584.75 1.38 2589.20°
E' 00~0022 3241.61 3240.17 1.44 3242.03
E' 00-110° 3443.99 3446.60 —-2.61 3441.07
E' 01-110° 4435.4 4439.69 —4.29 4441.49
E’ 10-0°1! 4956.79 4961.51 —4.72 494276
E' 00— 111! 5052.97 5055.41 —2.44 5054.77
E' 01-1'1! 6037.12 6037.40 —0.28 6043.99
rms 4.7

“Labeled by (v1, 5, v?, vff), where the v, and /. are usual harmonic oscillator quantum numbers and p = + (—) indicates the lower,

symmetric (upper, antisymmetric) inversion component.

"Experimentally derived values taken from [1], which also contains the references to the experimental work.

“Theoretical values from Colwell er al. [3], Table 7.

9The original experimental value [55] for the 4v§ band centre is 4055+ 5 em™!. A misprinted value of 4045cm™" appeared later [56]
and was used in many compilations. We use the original value [55] but do not include it when calculating rms deviations because

of its high uncertainty.

°Originally [3] given as 1589.20cm™"'. We have corrected this obvious misprint and use 2589.20 cm™

the quoted inversion splitting [3].

(0,07,0°,0°,4, 1, E')[3534.830 cm '], respectively, where
the respective observed wavenumbers are given in
square brackets. However, Appendix 1 of [28] also
lists two transitions with wavenumbers at 3317.20623
and 3534.83109cm™', that are assigned to the v,
and v3 bands, respectively. The wavenumbers of these
transitions are very close (within 0.002cm™") to those
of the two transitions assigned to end in the level at
3730.442cm™". Apparently, the proposed assignment
[28] assumes that two weak transitions to the

! which is also consistent with

4v§(J,K,I)=(51,E") level are hidden under the
relatively strong lines at 3317.20623cm™'(v;) and
3534.83109 cm ™ '(v3), respectively, whereas our calcula-
tions predict these 4v, transitions to be shifted about
7.5cm ™! away from the positions of these lines.

Closer inspection of table 5 shows that there are
two further rovibrational levels with smaller, but rather
unsystematic deviations from the experimentally
derived term values [28]: (J,K,I") = (5,2, E”) predicted
at 3715.255cm™' (obs—calc is —0.987cm™'), and
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Table 4. Rotation—vibration term values® of “NH; for J = 1 and 2 (in cm™).

Vi v vy Vi r J K Obs.” Calc. Obs.-Calc Ref. [3]°
0 0+ 0° 0° E" 1 1 16.13 16.22 —0.09 16.27
A 1 0 19.89 19.91 —0.02 19.71

E 2 2 44.84 44.85 —0.01 45.37

E’ 2 1 55.91 56.00 —0.09 55.69

A 2 0 59.60 59.73 —0.13 59.10

0 0~ 0° 0° E 1 1 16.93 16.99 —0.06 16.87
A 1 0 20.67 20.70 —0.03 20.31

E" 2 2 45.51 45.64 —0.13 45.97

E 2 1 56.67 56.78 —0.11 56.27

Al 2 0 60.39 60.49 —-0.10 59.68

0 1+ 0° 0° E" 1 1 948.57 949.93 —1.36 959.10
A, 1 0 952.56 953.92 -1.36 962.85

E 2 2 976.78 978.29 —-1.51 987.84

E" 2 1 988.81 990.24 —1.43 990.04

A 2 0 992.82 994.24 —1.42 1002.78

0 1- 0° 0° E 1 1 984.13 985.86 -1.73 989.44
Ay 1 0 987.86 989.60 ~1.74 993.05

E’ 2 2 1012.43 1014.25 -1.82 1018.30

E 2 1 1023.67 1025.45 ~1.78 1028.85

Ay 2 0 1027.42 1029.18 ~1.76 1032.53

0 0+ 0° 1! E’ 1 1 1639.47 1639.34 0.13 1640.14
AY 1 1 1645.39 1645.11 0.28 1646.11

E' 1 0 1646.59 1646.40 0.19 1647.01

A, 2 2 1664.97 1665.00 —0.03 1666.23

E 2 2 1677.27 1677.10 0.17 1678.49

E" 2 1 1680.17 1680.09 0.08 1680.61

AY 2 1 1687.24 1687.08 0.16 1687.39

E 2 0 1687.33 1687.20 0.13 1687.46

0 0~ 0° 1! E 1 1 1640.45 1640.47 —0.02 1640.97
A, 1 1 1647.30 1647.11 0.19 1647.89

E’ 1 0 1647.79 1647.63 0.16 1648.04

Ay 2 2 1665.98 1666.12 —0.14 1667.03

E’ 2 2 1678.61 1678.43 0.18 1679.79

E' 2 1 1681.36 1681.36 0.00 1681.66

A, 2 1 1686.54 1686.40 0.14 1686.89

E’ 2 0 1688.71 1688.65 0.06 1688.96

0 2+ 0° 0° E’ 1 1 1613.57 1614.82 —1.25 1629.20
A, 1 0 1617.84 1619.06 —1.22 1633.18

E 2 2 1641.52 1642.88 -1.36 1657.54

E" 2 1 1654.29 1655.56 -1.27 1669.33

0 2" 0° 0° E 1 1 1898.02 1900.90 —2.88 1899.55
E 2 2 1926.12 1929.13 —-3.01 1928.36

E 2 1 1936.87 1939.69 —2.82 1938.44

Ay 2 0 1940.29 1943.22 -2.93 1942.22

#Labeled by (v, vg, véﬂ vff), where the v, and /. are usual harmonic oscillator quantum numbers and p = + (—) indicates the lower,

symmetric (upper, antisymmetric) inversion component.
bExperimentally derived values from [52] and [53].
“Theoretical values from Colwell er al. [3].

(J,K,.I')=(5,5,E") predicted at 3665.142cm™"
(obs—calc is —2.206cm™1).

For the remaining 20 rotational term values in
table 5, our calculations confirm the suggested

assignments [28] because the deviations between experi-

mentally derived and computed values are small
(0.35cm™" or less) and systematic. In the other three
cases (see above) the original assignment should
be reconsidered, especially for 4vi (5,1, E”), where
the deviation of 7.5cm ™" is exceedingly large. It should



376 S. N. Yurchenko et al.

Table 5. Rotational term values for the 41 vibrational state of “NHj (in cm™ .

J K r Obs.? Calc.-5.825 Obs.-Calc.
1 0 A4, 3479.614 3479.614 0.000
1 1 E" 3477.113 3477.460 —0.347
2 2 E 3505.184 3505.237 —0.053
2 1 E" 3511.913 3511.865 0.048
3 0 A, 3566.580 3566.508 0.072
3 2 E 3557.040 3556.978 0.062
3 3 Al 3545.710 3545.795 —0.085
3 3 A 3545.710 3545.795 —0.085
3 1 E" 3564.175 3564.100 0.075
4 4 E 3598.973 3599.106 —0.133
4 2 E 3627.017 3626.970 0.047
4 3 Al 3614.926 3614.861 0.065
4 3 A 3614.927 3614.860 0.067
4 1 E" 3634.403 3634.402 0.001
5 4 E 3685.472 3685.398 0.074
5 2 E 3714.268 3715.255 —0.987
5 3 Al 3702.653 3702.650 0.003
5 3 A} 3702.653 3702.652 0.001
5 5 E" 3662.936 3665.142 —2.206
5 1 E" 3730.442 3722.904 7.538
6 6 A} 3743.604 3743.879 —-0.275
6 6 Ay 3743.604 3743.879 -0.275
6 4 E' 3790.983 3791.033 —0.050
6 3 Al 3808.781 3808.931 —0.150
6 3 A5 3808.781 3808.927 —0.146
6 5 E" 3768.609 3768.508 0.101
6 1 E" 3829.337 3829.565 —0.228
7 6 A, 3864.252 3864.080 0.169

4Experimentally derived values from [28].

be noted that a later experimental investigation of
the 4v,—v, hot band [54] confirmed most of the
original assignments [28] but did not address the three
critical cases discussed above.

10. Summary and conclusion

In the preceding sections we have presented, in
considerable detail, a new variational model for
describing the rotation—vibration motion of pyramidal
XY; molecules, which is based on the Hougen-
Bunker-Johns approach [5]. We introduce a flexible
reference configuration that follows the large-
amplitude vibration (i.e. the inversion motion in NHj)
and the remaining small-amplitude vibrations are
described as displacements from this configuration.
In this way, we obtain a model with maximum

separation between the different types of molecular
motion. The price paid for this advantage is that
we need to approximate the kinetic energy operator by
a finite power-series expansion in the small-amplitude
vibrational parameters.

We report three applications, all for '*NHs, of the
model developed addressing the J=0 vibrational
energies to high excitation, the J < 2 energies for the
vibrational ground state and the v,, v4, and 2v; excited
vibrational states, and the J < 7 energies for the
4v] vibrational state. The calculations are based on
the CBS**-45760 potential energy surface described
elsewhere [1, 18].

We have compared our calculated energies to experi-
mental data and to recent theoretical results by Colwell
et al. [3]. We achieve very satisfactory agreement
with experiment for both the purely vibrational term
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values and the rotational spacings. This demonstrates
the high accuracy of the CBS**-45760 potential energy
surface and the soundness of our approach to the
solution of the rotation—vibration problem.

Our theoretical calculation largely verifies the
tentative assignments made by Kleiner et al. [28] of
transitions in the 4v] band of 1¥NH;. The proposed
quantum number labels for 23 experimentally derived,
rotational term values in the 1, =4% vibrational
state are confirmed in 20 cases, and theoretical
predictions are made for the remaining three cases,
particularly for 4v, (5,1, E”) where a misassignment is
most likely.

This last example shows that theoretical
calculations of rotation—vibration energies can now
be carried out also for four-atomic molecules
with sufficient accuracy to be helpful in the interpreta-
tion and assignment of experimental, high-resolution
rotation—vibration spectra. It also demonstrates that
our approach can be applied to rotation—vibration
states with higher J values (here up to J=7) where
exact variational treatments of nuclear motion are no
longer feasible. This advantage arises from the max-
imum separation of different types of motion that is
inherently built into our approach.
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