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A new method of direct inversion of crystal truncation rod (CTR) data is

demonstrated for the analysis of layered semiconductor heterostructure

materials. This method is based on approximations that are valid when the

electron density deviations and lattice strain are small in the regions of the

sample close to a well defined surface. The CTR diffraction pattern can then be

regarded as a perturbation with respect to that of an ideal surface. The direct

inversion method is shown to work for the analysis of a series of InP/GaInAs/

InP heterostructures. The ability to recover strain information is demonstrated

with a model calculation. The beginning of breakdown of the perturbation

approximation is seen and explained in both cases.

1. Introduction

An important application of the surface X-ray diffraction

method is to understand composition profiles in semi-

conductors, sometimes relevant to doping. Important tech-

nologies, such as ultra-high-speed electronics, can be

constructed around two-dimensional quantum-well structures

where mobility is enhanced by the quantum confinement of

electrons or holes at an abrupt chemical interface such as a

‘delta-doped’ monolayer or a ‘double-hetero’ quantum-well

structure buried inside a bulk semiconductor. Advanced

growth techniques, such as organometallic vapor phase

epitaxy (OMVPE), can achieve abrupt interfaces under

favorable circumstances. Compound semiconductor systems

are most favorable because the concentration profiles of two

(or more) species can be adjusted, for example to cancel out

strain effects in a structure while still achieving substantial

modulation of the electronic band gap.

Characterization of the resulting concentration profiles can

be challenging. Sectional transmission electron microscopy

(TEM) is limited by the sample preparation, which can easily

disturb the chemical modulation at the level of single mono-

layers. Secondary ion mass spectrometry (SIMS) is sensitive to

submonolayer concentrations but does not have sufficient

spatial resolution and is not sensitive to strain. X-ray diffrac-

tion is non-invasive and can be sensitive to both the strain and

the concentration (electron density) components of such a

heterostructure. In recent years, X-ray diffraction has been

used extensively to characterize concentration profiles

(Tabuchi et al., 2003, 2000; Takeda & Tabuchi, 2002).

The formalism that encompasses X-ray diffraction from the

layering of the material into well defined interfaces is called

the crystal truncation rod (CTR) (Robinson, 1986). The

simplest case of a CTR is for an ideal surface, or abrupt

termination of a bulk crystal at a single atomic plane. For the

purposes of this paper, a one-dimensional representation is

sufficient, but this can be readily generalized to three

dimensions. The sum of phased contributions from the layers

of the crystal is dominated by the first layer, which fixes the

phase of the sum.

A0ðQÞ ¼
P1
j¼0

�0 expðiQajÞ

¼ �0= 1 ÿ expðiQaÞ½ �: ð1Þ

This is the classic equation (Robinson, 1986) for the complex

amplitude, AðQÞ, for a CTR as a function of the total

momentum transfer, Q ¼ 2k sin �, derived from the Bragg

angle, �, where k ¼ 2�=� is the wavevector and � is the

wavelength of the X-rays. The ideal crystal is modeled as a

stack of equally spaced layers of density �0 starting at j ¼ 0

with lattice spacing a. The intensity of the scattered X-rays is

proportional to jA0ðQÞj2, where form factors, geometry factors

and fundamental constants have been ignored for simplicity.

The phase of the complex amplitude is always lost because the

detectors are insensitive to it. Variations of the CTR have

been described to account for the effects of variable layer

spacing and surface roughness, and a widely used data analysis

program, ROD, has been developed (Vlieg, 2000). The

application of CTRs to study surface structure has been

reviewed (Robinson & Tweet, 1992; Feidenhans’l, 1989;

Shimura & Harada, 1993; Robinson, 1990).

In this paper, we demonstrate that simple expansions of

equation (1) can be used to reveal electron density and strain
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profiles inside crystals so long as those perturbations remain

small. For studying double heterostructures of composition

In1ÿxGaxP1ÿyAsy, the strain and electron density couple in an

almost perfect bilinear manner with the composition variables

x and y, which allows them to be extracted directly from the

CTR data. This will be demonstrated with measurements of an

actual sample heterostructure.

2. Perturbation of density by a step

The simplest heterostructure showing a change of electron

density in its layering is the ‘double step’ structure, where

there is a single step (increase or decrease) in the crystal

density profile at a certain depth below the surface of the

sample. The topmost n layers have a density �1, while the

remainder of the sample has density �1 þ �2. The interface at a

depth na inside the structure is assumed to be perfectly abrupt.

The CTR from the double step can be constructed as a

superposition of two CTRs with weights �1 and �2, starting at

layers j ¼ 0 and j ¼ n:

A1ðQÞ ¼
P1
j¼0

�1 expðiQajÞ þ
P1
j¼n

�2 expðiQajÞ

¼ �1 þ �2 expðiQanÞ
� �

= 1 ÿ expðiQaÞ½ �
¼ M1ðQÞ=½1 ÿ expðiQaÞ�: ð2Þ

It can be seen from the factorization of the result that the

original CTR amplitude becomes multiplied by a modulation

function M1ðQÞ ¼ �1 þ �2 expðiQanÞ. Even though both of

these factors are complex, the magnitude of their product is

the product of the magnitudes. Therefore, jM1ðQÞj is experi-

mentally observable because the measured intensity function

can be divided by the ideal CTR intensity, jA0ðQÞj2, to give a

quantity proportional to jM1ðQÞj2.

In general, jM1ðQÞj2 would be no more easy to analyze than

(2), but in the perturbation limit �2 � �1 the situation is

considerably simplified because the imaginary part of M1ðQÞ
can be neglected:

jM1ðQÞj ¼ �1 þ �2 expðiQanÞ
�� ��

’ �1 þ �2 cosðQanÞ: ð3Þ

An arbitrary, density modulated, heterostructure can be

considered as a superposition of a number of such steps at

various layer positions n, in which the perturbation, �2ðnÞ, can

be positive or negative, so long as it remains small. From the

perspective of data analysis, this is a great simplification

because jM1ðQÞj can be measured and Fourier transformed to

determine the weight (�2) and position (na) of each step in the

structure. In this way an arbitrary density profile can be

recovered, so long as the lattice parameters of all layers of the

structure are identical. The only approximation is the simplest

perturbation limit, �2 � �1: all the internal steps must be

small compared with the density step of the surface itself.

3. CTR data analysis protocol

This suggests the following data analysis procedure. The

measured I(Q) is divided by the theoretical intensity distri-

bution for an ideally terminated surface, jA0ðQÞj2, defined by

equation (1), to give the experimental modulation function,

MðQÞ ¼ ½IðQÞ�1=2=jA0ðQÞj
¼ ½IðQÞ�1=2 sinðQa=2Þ: ð4Þ

The experimental MðQÞ is then Fourier transformed. The

transform will consist of a symmetric set of �-functions,

broadened by the cut-off resolution of the data. The largest

peak in the transform will be the origin peak with an ampli-

tude of �1, while all other density steps will produce small

peaks of amplitude �2, which can be positive or negative.

Given that a �-function is the spatial derivative of a step, we

can then synthesize the density profile of the sample by inte-

gration:

�ðzÞ ¼
Rz
0

Ff½IðQÞ�1=2 sinðQa=2Þg dz0: ð5Þ

If the momentum transfer Q were retained directly from the

data, the resulting image of the crystal from (5) would show

the changes of density modulating the crystal lattice, which is a

rapidly oscillating function. It is more informative to view just

the density profile as the envelope of the lattice function. This

is obtained in a straightforward way by expressing the data as

a function of the reduced momentum transfer, q ¼ QÿQ0,

where Q0 is the position of the Bragg peak. The data will then

be distributed around the origin of q and contain only low-

frequency components, whose transform is the slow-varying

density envelope function.

This method is a close analog of the ‘master equation’ of

Als-Nielsen (Als-Nielsen, 1985; Als-Nielsen & McMorrow,

2000), widely used to analyze X-ray reflectivity. The measured

reflectivity is first divided by the Fresnel reflectivity, then

Fourier transformed and integrated to obtain the profile. The

formal derivation involves integration-by-parts of the equa-

tion relating the reflectivity to the density profile (Als-Nielsen

& McMorrow, 2000). In practice, the integration step, equation

(5), can often be omitted because the sharpness of each

interface can be more readily determined by direct inspection

of FfjMðQÞjg.

4. Perturbation by strain

The case of a strained crystal can be handled in an analogous

way. Here the elementary case to be considered is to introduce

a local perpendicular displacement, u, into the sequence of

layers in the nth layer, with all layers having the same density,

�0. All subsequent layers are then shifted by the distance u, so

the CTR amplitude has to be written as the sum of two

sequences with an offset
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A2ðQÞ ¼
Pnÿ1

j¼0

�0 expðiQajÞ þ expðiQuÞ
P1
j¼n

�0 expðiQajÞ

¼ �0

1 ÿ expðiQanÞ
1 ÿ expðiQaÞ þ expðiQuÞ expðiQanÞ

1 ÿ expðiQaÞ

� �

¼ �0= 1 ÿ expðiQaÞ½ �
� 	

1 þ expðiQanÞ expðiQuÞ ÿ 1½ �
� 	

: ð6Þ

The perturbation approximation is that the displacement is

small, Qu� 1, so that expðiQuÞ ÿ 1 ’ iQ0u. An additional

approximation of assuming a small range of momentum

transfer around a Bragg peak Q ’ Q0 has been made. Once

again the result factorizes into an ideal CTR and a modulation

function,

A2ðQÞ ’ �0 þ iQ0u�0 expðiQanÞ
� �

= 1 ÿ expðiQaÞ½ �
¼ M2ðQÞ=½1 ÿ expðiQaÞ�: ð7Þ

In the same small displacement limit, the magnitude of the

modulation function can be approximated as its real part,

jM2ðQÞj ¼ �0 þ iQ0u�0 expðiQanÞ
�� ��

’ �0 ÿQ0u�0 sinðQanÞ: ð8Þ

As is customary, there is no effect of strain for Q0 ¼ 0 and the

coupling becomes stronger at larger Q0. This time, the

Q-dependent part of the modulation is an antisymmetric

function around the Q0 6¼ 0 Bragg peaks. The Fourier

components will be imaginary �-functions located at positions

�na. The general case of a strain distribution, so long as the

strain is not too large, will be reproduced in the imaginary part

of the Fourier transform of the measured MðQÞ. (See x7.)

Combining the two parts, we have a general method for

extracting density and strain profiles from the data in the

perturbation limit.

(i) Divide ½IðQÞ�1=2 by an ideal CTR amplitude.

(ii) Fourier transform the resulting MðQÞ.
(iii) <fFT g is the density derivative profile.

(iv) =fFT g is the strain profile.

5. Sample preparation and measurements

The samples were grown by OMVPE using triethylgallium,

trimethylindium, tertiarybutylarsine and tertiarybutylphos-

phine precursors in a hydrogen carrier gas at 76 Torr. The

compositions were determined to lattice match the two

materials as closely as possible. A pure InP buffer layer of

100 nm was grown at 293 K on an InP substrate, followed by a

variable number of layers with composition Ga0:47In0:53As,

optimized to have the same lattice parameter as InP. Finally, a

capping layer of 45 monolayers (ML) of InP was grown on top.

The objective was to create interfaces that are as abrupt as

possible (Tabuchi et al., 2004).

The CTR intensity measurements were made at BL18B of

the Photon Factory, Tsukuba, Japan (Tabuchi et al., 2000). A

wavelength of 1.6 Å was selected using a Si(111) double-

crystal monochromator. The Weissenberg geometry was used

to record the CTR on each side of the Bragg peak on a charge-

couple device (CCD) detector. Integration of the CTR

intensity was achieved by rocking the sample during the

measurement, taking care not to pass through the InP Bragg

peak (Robinson, 1990). The integrated intensity was extracted

from the CCD by using numerical integration along perpen-

dicular lines to estimate the background.

Data were only measured around the (002) reflection. This

was chosen because the contrast between InP and GaInAs is

very strong; InP has a fairly large structure factor, while

GaInAs is about five times weaker. The validity of the

perturbation approximation is questionable in this case.

Nevertheless, these were better samples to consider than those

based on GaAs substrates for which the (002) structure factor

is rather small. The absence of strain allows us to test the

direct inversion method in its simplest form. This point is

discussed further below.

6. Results for density profiles

The measured CTR intensity profiles were analyzed directly

using equation (5). Since the samples were designed to be free

of strain, the amplitude-only version of the analysis could be

implemented, as described in xx2 and 3. A computer program

was written to evaluate the expression in equation (5). The

program employed a fast Fourier transform (FFT) to trans-

form data arrays of size N = 2048 (Press et al., 1992). This

procedure allows sufficient zero-padding of the �800 data

points to avoid aliasing. The measured data were equally

spaced with an increment of momentum transfer of

�L ¼ 0:00088 (typical) reciprocal lattice units (RLU), so that

these could be packed into adjacent elements of the FFT input

array, with the origin shifted to the Bragg peak position. Each

data set had a different value of �L. The spacing of array

points in the output array, �n, measured in atomic layers can

then be obtained by equating the momentum transfer,

Q ¼ ð2�=a0ÞL, the layer spacing (which is half the lattice

parameter), a ¼ a0=2, and the physical position in the layered

structure, z ¼ na, by the definition of the phase factor in the

FFT,

expðiQzÞ ¼ exp½iðj�QÞðk�zÞ� ¼ exp i jð2�=a0Þ�L
� �

ðka�nÞ
� 	

¼ expð2�ijk=NÞ
) �n ¼ 2=N�L ¼ 1:11 layers: ð9Þ

In equation (9), the symbols j and k are just the index variables

that span the arrays that are connected by the FFT. If finer-

spaced points are required in the real-space profile, a larger

FFT dimension, N, can be employed. Once this program was

implemented, several problems were immediately detected

that led to revisions of the analysis method to take account of

the limitations of the real data.

Firstly, the center of the CTR was not measured because of

the presence of the Bragg peak that would saturate the

detector. It has previously been shown (Robinson & Tweet,

1992; Feidenhans’l, 1989; Shimura & Harada, 1993; Robinson,

1990; Als-Nielsen, 1985; Als-Nielsen & McMorrow, 2000;

Tabuchi et al., 2004; Press et al., 1992; Afanasev et al., 1989) that

the measurements are asymptotic to the ideal form of the

CTR. Real measurements close to the peak can be very hard
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to make because of detector imperfections, mosaicity, finite

resolution etc, and ultimately are limited by dynamical

diffraction at the Bragg point itself (Afanasev et al., 1989).

Thus it will always be the case that there is a gap in the center

of the data. Once the data have been divided by the CTR as in

equation (4), the amplitude should be just constant very close

to the center. For this reason the data used for our calculations

were ‘bridged’ by a constant value equal to the average of the

last data point on the two sides.

Secondly, the data end abruptly at a cutoff value where the

intensity of the measurement is considered to have reached

the noise level. After application of equation (5), this leads to

a non-physical step at the beginning and end of the scan. The

statistics become amplified by equation (5) near the ends of

the range where the data also become noise. It is therefore

desirable to filter the data at this point by multiplication by a

pair of Fermi functions, fFILTER ¼ 1=f1 þ exp½ðQÿQFÞ=W�g,
where the constants for the cut point, QF, and spread, W, are

adjusted by visual inspection. Since the abrupt cutoff leads to

ripples in the derived density function, the values of QF and W

could be adjusted post facto by tuning the suppression of the

ripples. The effect of the filter on the appearance of the

modulus of the measured transform, jMðQÞj, are illustrated in

Fig. 1.

The last revision to the method was the most sensitive. The

position of the Bragg peak was estimated carefully on the

CCD used for recording the CTR, but the procedure is prone

to small errors. As can be seen in the experimental curves in

Fig. 2, the shapes of the intensity minima are very sharp so the

momentum transfer scale must be centered exactly to measure

their positions correctly. Any small error will lead to asym-

metric data and will appear as strain in the analysis. Initially, it

was found that peaks were appearing in the imaginary part of

the derived density, =fFfjMðQÞjgg, at the locations of the

density steps, as if the transform were ‘rotated’ in the complex

plane. The solution was to adjust the center position of the

data manually to minimize these imaginary peaks. For the two-

step structure, both peaks were found to disappear with the

same shift, suggesting this revision to the procedure was

appropriate. All five data sets needed shifting in the same

direction, suggesting a systematic origin. The biggest shift

needed was 0.007 RLU, which is a reasonable error for the

measurement.

Once these precautions were taken, the resulting density

profiles could be obtained in a semi-automatic way. The results

are plotted for the five samples investigated in Fig. 3. It is

pleasing to see the box-like dip in the density at the expected

location inside the samples. The position of the step down is

about 45 layers in all cases, as designed. The step up is deeper,

as expected, and is symmetric with the step down. The

sharpness of the step edges is mainly due to resolution of the

data cutoff; sharper edges could be produced when the filter,

multiplication by fFILTER, was turned off, but at a cost of

introducing ripples in the profile. The magnitude of the dip is

not quite as big as would be expected from the known sample

composition, but it agrees fairly well among the samples. The

size of the large density step corresponding to the sample
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Figure 2
Raw CTR data for the five samples evaluated in this paper, measured for
the (00L) CTR around the (002) reflection. The CTR intensity extracted
from the CCD has been integrated and background subtracted. The
curves have been scaled to match at their centers and then offset by two
decades for clarity. The labels indicate the nominal composition as the
number of GaInAs layers, followed by 45 monolayers (ML) of InP.

Figure 1
Illustration of the packing of the data points into an array for application
of the FFT. (a) Raw amplitude data for the 10 ML sample after dividing
by the ideal CTR amplitude, according to (4). (b) The same after the
following treatments: (i) shifting of the center by six points to minimize
the imaginary part of the FFT, (ii) filling the center of the array, (iii)
filtering the ends by multiplication by Fermi functions of width W =
30 FFT grid points.
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surface is sensitive to the lower bound of the integral in

equation (5). The zeroth element of the FFT is given by the

sum of all the data magnitudes in the input array and so is

sensitive to the scaling of the data. For this reason, the integral

plotted in Fig. 3 is the sum of the real part of the derivative

density array, corresponding to <fFfjMðQÞjgg, starting at

array element number one and ending at the depth indicated.

There is a smooth curved variation of density underlying the

sharp features that are the desired image of the hetero-

structure density; these can be attributed to the imperfect

filling of the center of the diffraction pattern under the Bragg

peak, mentioned above. More troubling is the extra step that

occurs in all the density profiles, lying between the surface and

the box-shaped dip of the GaInAs heterostructure, which is

unexpected. Closer inspection reveals that the position of the

spurious step is equal to the thickness of the GaInAs

heterolayers, which strongly suggests it is an artefact. Simu-

lations of calculated CTR profiles showed the same thing, but

only for a double-step structure and with a non-linear

dependence on the size of the perturbation density step, �2 in

equation (2); when �2 � �1 the artefact did not appear, but it

grew rapidly in size until it was almost equal to the object step

itself when �2 ’ �1.

The fact that the spurious step occurs at a difference

frequency in the Fourier transform and the nonlinear depen-

dence on the magnitude of �2 suggest that it is due to a

breakdown of the perturbation approximation. The expansion

of the modulation function in equation (3) can be re-evaluated

for the case of equal down and up density steps of ��2, at

positions z ¼ n1a and n2a, respectively, retaining the higher-

order terms, which arise from the imaginary parts of the

complex exponentials combining together in the magnitude of

the modulation function,

jM3ðQÞj ¼ �0 þ �2 expðiQan2Þ ÿ expðiQan1Þ
� ��� ��

’ �0 þ �2 cosðQan2Þ ÿ cosðQan1Þ
� �

ÿ ð�2
2=2�1Þ cos½Qaðn1 ÿ n2Þ�: ð10Þ

There are also some extra terms at sum [some?] frequencies,

which have been omitted. It is seen from the �2 dependence

that this last term is second order in the density perturbation

and that it becomes important only when �2 ’ �1. Unfortu-

nately, that is the case for our heterostructures of GaInAs

inside InP measured at the (002) reflection. Considering just

the Q ¼ 0 form factors, the (002) structure factor for InP is

�1 ¼ 34e, while that of GaInAs is only 7e, so �2 ¼ 27e.

According to equation (10), the real steps should be �27e in

size, while spurious step should be 10:7e. This statement agrees

roughly with the observation in Fig. 3. The sign of the second-

order term is always negative, whatever the sign of �2, and this

is also seen in the data.

7. Testing of the method for strain profiles

The series of samples just discussed was chosen specifically to

be strain-free. No suitable samples containing strain were

available for testing the method of extracting strain profiles as

the imaginary part of the Fourier transform of the modulation

function, as discussed in x4 above. We therefore explore this

capability with a test calculation, which simulates what could

be obtained experimentally.

The CTR intensity data were simulated with the program

ROD, which is widely assumed to be reliable for this purpose

(Vlieg, 2000). A model heterostructure was composed of

layers of Si atoms, with an increased layer spacing �d=d over

20 layers, followed by a ‘cap’ of 26 more Si layers with the bulk

spacing. The intensities of 400 equally spaced data points were

calculated over the range 1.6 < L < 2.4, around the 002

reflection, assuming a primitive structure with two layers per

unit cell.

These simulated data were treated in the same way as

described in x6, dividing by an ideal CTR profile to extract the

modulation function, filtering and finally taking the Fourier

transform. The imaginary parts were then plotted directly in

Fig. 4 as a function of the depth, given by the layer number, n,

defined in equation (9). The density profile (not shown) was

obtained by integration of the real parts, according to equation

(5), but it had no features other than a large step at the origin

and a few ripples.

Fig. 4(a) shows the effect of varying the filter-width para-

meter, W, to illustrate that the data-filtering step is important,

as was found for the real data. Undesirable ripples appear in

the profile if the data are cut off too abruptly; when too much

filtering is employed, the profile becomes too rounded and

softened in amplitude. A good compromise appears to be
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Figure 3
Derived density profiles for the five samples investigated. The nominal
composition was the number of GaInAs layers indicated by the label on
each curve, followed by 45 monolayers (ML) of InP. The curves are offset
by 200 units on the vertical scale. The expected positions of the steps in
the profiles are also indicated by (red) vertical lines.
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W ¼ 30, which was then used for the subsequent tests. Note

that there is also a small ripple appearing near the origin,

n ¼ 0.

Fig. 4(b) shows the response to varying the amount of strain

in the model heterostructure. A roughly linear trend is found

for the first two tests, up to �d=d ¼ 0:5%, but the third

profile, with �d=d ¼ 0:75%, is badly distorted on its trailing

edge. Other distortions in the flat regions outside the strained

region are also seen to be emerging. This behavior appears to

define the limit where the perturbation approximation is

starting to break down. The accumulated strain over the 20-

layer slab means that the whole cap layer is displaced

outwards by u ¼ 0:15a, where a is the layer spacing. Thus

Q0u ¼ 0:15 � 2� ¼ 0:94 ’ 1 as predicted above for the

breakdown. The reason why the strain profile becomes

distorted asymmetrically on its lower edge is not understood at

this time.

8. Conclusions and outlook

The basic result that density profiles can be extracted from

CTR data by direct inversion is highly encouraging. Mean-

ingful profiles were obtained for all five samples investigated.

No iteration is involved, but some adjustment of filters and

centering is found to be important to obtain the right result.

The method can, in principle, be extended to strained samples,

where the strain profile appears in the imaginary part of the

transform, but this process will need more care because the

appearance of an imaginary part is also caused by small

miscenterings of the data. One artefact, a spurious extra step,

was found in all cases and explained as a breakdown of the

perturbation approximation. The size and sign of the artefact

agrees with estimates of the second-order term in the expan-

sion.

One discrepancy that has become apparent is the

disagreement in Fig. 3 between the derived and expected

positions of the density steps in the profile. All five samples

have the step down in the same place, but it is nearer to 51 ML

deep than the 45 ML designed. The up steps appear lower in

the sample by 5, 13,18, 24 and 37 ML rather than the 3, 10, 15,

20 and 30 ML planned. This result might be explained by

miscalibration of the growth rates by about 14% for InP and

23% for GaInAs. The positions in Fig. 3 agree very well with

those obtained by fitting the CTR profiles (Tabuchi et al.,

2004), particularly for the As composition profile, consistent

with the idea of growth rate miscalibration. The calibration of

the horizontal axis of Fig. 3 comes directly from equation (9)

and is different for each set of measurements because of their

different values of �L. Other conceivable sources of error lie

with the measurements in the calibration of wavelength, CCD

readout and detector distance.

The sharpness of steps is a relevant technological problem,

and the desired quantum confinement effects are strongest at

an abrupt chemical interface; any smearing implies disorder,

which causes scattering of the electrons and hence lower

mobilities. Single-sided exponential functions were used in the

fitting of the profiles because that is an appropriate model for

diffusion of a single species (Tabuchi et al., 2004). In our

model-independent profiles, the profiles are seen to be more

symmetric. However, the steepness of the steps was found to

change with the degree of filtering of the data, so this is

apparently a resolution effect. In principle, the resolution

(measured range) of the data determines how sharp a feature

can be detected, but features can be identified by fitting

beyond the nominal resolution. However, ambiguities may

result.

For the samples used in these studies, the artefact step was

well separated from the features of interest in the hetero-

structure. The observed breakdown of the perturbation

approximation was not a problem, except that the sizes of the

real steps in the density profile were underestimated because

of the inherent nonlinearities of the higher-order terms. New

samples could be designed closer to the perturbation limit to

verify the applicability of the formalism. It would also be good

too test the ability to detect strain by this method. Other

directions to be explored in the future include the use of the

(004) (or other) reflection, which is strong for GaAs-based

samples. The combination of (002) and (004) data might allow

more reliable estimates of the amplitude and strain compo-

nents with a certain degree of redundancy.
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Figure 4
Strain profiles derived from test calculations for a buried slab of 20 layers
of strained material with constant density buried under a cap of 26 layers.
Plotted on the vertical axis is the imaginary part of the Fourier transform
of the modulation function for a variety of test conditions. (a) variation of
the filter parameter used to smooth the cutoff at the end of the data
range, W, measured in grid points of the N = 2048 FFT employed. (b)
Variation of the response to different amounts of strain,�d=d, within the
20-layer slab, showing the onset of distortions.
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