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3. Consider a divalent metal with a two-dimensional square lattice, of lattice parameter a.

(a) For the free electron case, make sketches showing the electron energy as a function of wavevector for
wavevectors along the lines from k = (0,0) to (7/a,0), from k = (0,0) to (7/a, 7/a), and from
k::(?rfa,O) to (ﬂ'/a,‘n’/a.}. 4]

(b) If the crystal potential is

U(z,y) = —Upcos (2—?2(-:-?5—@),

write down an estimate of the energy gaps at k = (7/a,0) and k = (7/a, 7/a). (4]

(c) Taking the estimate of the gap to be exact, derive a condition for the material to be metallic. [6]
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Figure 5 Plot of the function (P/Ka) sin Ka + cos Ka, for P = 3/2. The allowed values of the
energy ¢ are given by those ranges of Ka = (2me/A2)a for which the function lies between 1.
For other values of the energy there are no traveling wavé or Bloch-like solutions to the wave
equation, so that forbidden gaps in the energy spectrum are formed.
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Figure 6 Plot of energy vs. wavenumber for the | —
Kronig-Penney potential, with P = 37/2. Notice L 2m S 4
the energy gaps atka = m, 27, 3m.... ka

values of k. Let U(x) denote the potential energy of an electron in a linear lattice
of lattice constant a. We know that the potential energy is invariant under a crys-
tal lattice translation: U(x) = U(x + ). A function invariant under a crystal lattice
translation may be expanded as a Fourier series in the reciprocal lattice vectors
G. We write the Fourier series for the potential energy as

Ulx) = % U . (22)

The values of the coefficients U for actual crystal potentials tend to decrease
rapidly with increasing magnitude of G. For a bare coulomb potential Ug
decreases as 1/G”.
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Free
/ atom
Figure 17 The 1s band of a ring of 20
hydrogen atoms; the one-electron energies
ot S N N N - — are calculated in the tight-binding approxi-
1 2 3 4 5 mation with the nearest-neighbor overlap
Nearest-neighbor distance, in Bohr radii integral of Eq. (9).
) ' R, 7, in units of Bohr radii —
0 1 | 2 3 4
0.6 T | T T
Pseudopotential !_] ? '
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Figure 22a Pseudopotential for metallic sodium, based on the empty core model and screened
by the Thomas-Fermi dielectric function. The calculations were made for an empty core radius
R, = 1.66ay, where a, is the Bohr radius, and for a screening parameter k,a, = 0.79. The dashed
curve shows the assumed unscreened potential, as from (21). The dotted curve is the actual
potential of the ion core; other values of U(r) are —50.4, —11.6, and —4.6, for r = 0.15, 0.4, and
0.7, respectively. Thus the actual potential of the ion (chosen to fit the energy levels of the free
atom) is very much larger than the pseudopotential, over 200 times larger at r = 0.15.
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Fig. 31-9. Wave functions for conduction electrons, for sodium, as function of
distance along a line in 111 direction, for a number of values of the wave vector
k, starting with (a), representing the case £ = 0. The dashed lines indicate the
corresponding single plane wave which approximately represents the wave
function in the region between atoms.
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Figure 4 Three energy bands of a linear lattice plotted in (a) the extended (Brillouin),
(b) reduced, and (c) periodic zone schemes.
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9 Fermi Surfaces and Metals

Figure 13 (a) Vacant states at the corners of
an almost-filled band, drawn in the reduced
zone scheme. (b) In the periodic zone scheme
the various parts of the Fermi surface are con-
nected. Each circle forms a holelike orbit. The
different circles are entirely equivalent to
each other, and the density of states is that of a
single circle. (The orbits need not be true cir-

cles: for the lattice shown it is only required
(a) (b) that the orbits have fourfold symmetry.)

Figure 14 Vacant states near the top of an almost filled band in a two-
dimensional crystal. This figure is equivalent to Fig. 12a.

(a) ‘ (b)
Figure 15 Constant energy surface in the Brillouin zone of a simple cubic lattice, for the assumed
energy band € = —a — 2y(cosk.a + cos k,a + cos k.a). (a) Constant energy surface € = —a.

The filled volume contains one electron per primitive cell. (b) The same surface exhibited in the
periodic zone scheme. The connectivity of the orbits is clearly shown. Can you find electron, hole,
and open orbits for motion in 2 magnetic field B2? (A. Sommerfeld and H. A. Bethe.)

they are connected by a reciprocal lattice vector. Such an orbit is called an
open orbit. Open orbits have an important effect on the magnetoresistance.

Vacant orbitals near the top of an otherwise filled band give rise to hole-
like orbits, as in Figs. 13 and 14. A view of a possible energy surface in three
dimensions is given in Fig, 15.




