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5 Phonons I1. Thermal Properties

6
o ..o..\....,%.lb.l..
5 =5 ———
ol e ol
o \\.
m W\ﬁ
= 3 -
& of
k= 4
Cm.w w~n\
Ly
Oy
/
Or.ll]||.._\\ 5
0 0. 02 03 04 05 06 07 08 09 10
T/0r

Figure 11 Comparison of experimental values of the heat capacity of diamond with values calcu-
lated on the earliest quantum (Einstein) model, using the characteristic temperature
0r = fiw/ky = 1320 K. To convert to [/mol-deg, multiply by 4.186.
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the megabar diamond cell (Fig. 1). Isotopically
enriched “"Fe samples were loaded in a Be
gasket (/9). No pressure medium was used.
NRIXS was performed at the undulator beam-
line (3ID) of the Advanced Photon Source
(APS) with a high-resolution (2 meV) mono-
chromator scanning the range of +100 meV in
steps of 0.4 meV (20). Pressures were calibrat-
ed by the ruby scale (2/) and confirmed by the

|

Phonon Density of States

Energy (meV)

Fig. 2. Phonon DOS of Fe. Thin dotted curves,
ab initio theory; circles with error bars, NRIXS
data.

WWY

ity of states as a function of frequency for (a) the Debye solid and (b) an actual

Figure 14 Dens

ties develop

inui

t

1SCon

2

crystal structure. The spectrum for the crystal starts as @” for small w, but d

at singular points.
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5 Phonons II. Thermal Properties 113

25
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adl il
L 20 7
N
T /
H15
=
B
910 /
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L]
"é 5 / Figure 7 Heat capacity Cy of a solid, according to
= the Debye approximation. The vertical scale is in |
mol ™! K™, The horizontal scale is the temperature
0 normalized to the Debye temperature 6. The re-

0 02 04 06 08 10 12 14 16 gion of the T° law is below 0.16. The asymptotic

Cp, in cal/mol-K
I

T/ — value at high values of T/6 is 24.943 ] mol ™ deg™".
6 Germanium
5

/ Silicon
4 / =
/ / //
2 / # i
1 ¥
Figure 8 Heat capacity of silicon and germa-

0 nium. Note the decrease at low temperatures.
g 100 %0 Lo To convert a value in cal/mol-K to J/mal-K,
Temperature, K multiply by 4.186.

,_.
w
o3
%]
L,

8.89 g{rﬁ

4.44

Heat capacity, in m] mol ™! K™

0 1.33 2.66 3.99 5.32 6.65 7.98
T3,in K3
Figure 9 Low temperature heat capacity of solid argon, plotted against T°. In this temperature

region the experimental results are in excellent agreement with the Debye T law with 6 = 92.0 K.
(Courtesy of L. Finegold and N. E. Phillips.)
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l)‘ﬁmz 70, NUMBER 24 PHYSICAL REVIEW LETTERS 14 JUNE 1993

Thermal Conductivity of Isotopically Modified Single Crystal Diamond

Lanhua Wei, P. K. Kuo, and R. L. Thomas
Physics Department and Institute Jor Manufacturing Research, Wayne State University, Detroit, Michigan 48201

T. R. Anthony and W. F. Banholzer

General Electric Corporate Research and Development Center, Schenectady, New York [230]
(Received 16 February 1993)

We present new experimental results on the thermal conductivity of isotopically enriched '*C diamond
crystals at low temperatures. To our knowledge, the measured value for a 99.9% '2C crystal at 104 K,
410 W/em K, is the highest measured thermal conductivity for a solid above liquid nitrogen temperature.
Our measured temperature dependent conductivities for the isotopically enriched diamond and natural
abundance diamond specimens are well described by Callaway's theoretical model. We predict that the
thermal conductivity of a 99.999% '2C diamond crystal should exceed 2000 W/cmK at ~80 K.

1000
X
E
o
=
>
= 100
=
2
[=]
=
[e]
O
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=3
E
w 10
I
| ool
1 T —r T —

10 100 1000

Temperature (K)

FIG. 2. Thermal conductivity of natural abundance (1.1%
3C) diamond (lower squares), isotopically enriched (0.1% '*C)
diamond (upper squares), together with the low temperature
data of Slack [17] (circles) and the high temperature data of
Vandersande er al. [18] (plusses). The solid curves are the re-
sults of fitting the Callaway theory to the data, using a single
set of fitting parameters. The dashed curves are the results of
fitting with the assumption that N processes dominate, as in
Ref. [4). The inset shows the calculated thermal conductivity
corresponding to 1%, 0.1%, and 0.001% '3C concentrations cor-
responding to the Callaway theory with the same set of parame-
ters used to generate the solid curves.

3765



(M) 1

00l 05 02 O G 2 |
_ I — 100
WW|6-QXEZ-| v 4
, Y 510
Wwol-Z X212 v /4
WW/) §X b2 b e \.»[N.o
®
WW /6-9 X GG-L o \.\
-
w_
| P UM_.
s
ol
—oz
—0g
—ool
002

"‘SULId)IBIS ATepunoq Jo 399)J9 uimoys “danjerad
-Ud) MO[ J& IZIS WIS Jo uorduny se Jr Jo AJIARINPUOd [BWLIIY I,

3 wr



10. The energy of a collection of oscillators of frequencies wy in thermal equilibrium is

1
= h
; exp(fwg /ksgT) — 1 \?’

I

where K is the wavenumber. For convenience, we have omitted the polarisation here.

(a) Describe the physical meaning of the terms I and II.

(b) Assume periodic boundary conditions and derive an integral expression for the en-
ergy U of a one-dimensional crystal of length L, consisting of N equidistant identical

atoms. Show that this involves a density of states given by

(¢) Which two main assumptions are made in the Debye theory about the distribution of

frequency modes as a function of wavenumber K?

(d) Show that these assumptions lead to the following expression for U:

LEiT? [P g
U= sth‘/[; ex—ldx'

The calculation of zp is not requested here.

(e) Some materials consist of weakly coupled, nearly one-dimensional structures, lead-
ing to material properties that strongly deviate from three-dimensional materials. Based
on the result in (d) and on the low-temperature limit of the standard (three-dimensional)
Debye model, suggest an experiment to determine whether a material is one- or three-

dimensional.

PHYS3225/2009 END OF PAPER
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8. The internal energy of a harmonic crystal can be written as

;

L

20 1
U= Uyt |7 T Do) B, o
1 e oy 3 N——

9 4

Explain the meanings of the numbered terms in this expression.

Consider a single two-dimensional sheet of graphite (usually called graphene). In its
unit cell there are two carbon atoms. How many branches in the phonon spectrum are
there? What kind of phonons do they correspond to?

Part of the phonon spectrum of graphene can be described by the Debye model, and part
by the Einstein model. The total spectrum can then be described by the sum of the two
parts. What type of phonons does the the Debye model describe? What type of phonons
does the Einstein model describe?

For the Debye model, the relation between the phonon frequency w and wavevector k is
w = ck. What is ¢?

For one branch, the k-space density of states is

~ Na
Dy(k) dk = E;k dk

where a is the area of the graphene unit cell. Determine the corresponding D), (w) for
the Debye model.

For the Einstein model the phonon frequency w is independent of £ and D,(w) =
No(w — Wpinstein) for N unit cells. Using this result, and the results obtained earlier

for the Debye model, construct D(w) = 3, D, (w) for graphene.
Show that

_y ¥ 2
U= Ty +3N{ M Binstein T + kgT (z) /0 g dx}

eMEinssein/kBT - 6 e“ - ].

where kgl = ficy/2n/a and zp = hwp/ksT. What is wp?

At low temperature U =~ Uy + 6(NkpT(T/0)? where ¢ = [3° z?/(e® — 1) dz. Which
phonons are contributing to the thermal energy at low temperature?

Determine the heat capacity at low temperature, and explain how the dimensionality of
the system reveals itself in your expression.
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