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First Bril_louin Zone

What range of K is physically significant for elastic waves? Only those in
the first Brillouin zone. From (4) the ratio of the displacements of two succes-
sive planes is given by

g, _ uexpli(s + 1)Ka]

us u exp(isKa) = erpika) - (10)

The range —m to +r for the phase Ka covers all independent values of the
exponential.
The range of independent values of K is specified by

-m<Kasw, o —-7<K=7.

This range is the first Brillouin zone of the linear lattice, as defined in
Chapter 2. The extreme values are K,,, = *£m/a. Values of K outside of the
first Brillouin zone (Fig. 5) merely reproduce lattice motions described by
values within the limits *+/a.

We may treat a value of K outside these limits by subtracting the integral
multiple of 277/a that will give a wavevector inside these limits. Suppose K lies out-
side the first zone, but a related wavevector K' defined K’ = K — 27rn/a lies within
the first zone, where n is an integer. Then the displacement ratio (10) becomes

g /u, = exp(iKa) = exp(i2mm) expli(Ka — 27n)] = exp(iK'a) , (11)

because exp(i27n) = 1. Thus the displacement can always be described by a
wavevector within the first zone. We note that 27n/a is a reciprocal lattice vec-
tor because 27/a is a reciprocal lattice vector. Thus by subtraction of an appro-
priate reciprocal lattice vector from K, we always obtain an equivalent
wavevector in the first zone.

At the boundaries K, = *7/a of the Brillouin zone the solution u, =
u exp(isKa) does not represent a traveling wave, but a standing wave. At the
zone boundaries sK , a = *sm, whence

u, =u exp(ism) =u (—1)° . (12)

Figure 5 The wave represented by the solid curve conveys no information not given by the
dashed curve. Only wavelengths longer than 2a are needed to represent the motion.
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Answer EVERY question from section A and TWO questions from section B.

The numbers in square brackets in the right-hand margin indicate the provisional allocation of
maximum marks per sub-section of a question.

Mass of the electron m, = 9.11 x 1073 kg
Charge on the electron ¢ = —1.602x 107 C
Boltzmann’s constant kp = 1.38 x 1072 JK™!
Planck’s constant2r i = 1.05x 1073 Js
SECTION A [Part marks]

1. Explain how a real metal can be deformed by stresses that are considerably smaller than
its theoretical elastic limit. 2]

Stating your assumptions, estimate the room-temperature concentration of vacancies in
a sample of copper, which melts at 1358 K, if the energy difference between a copper
atom deep inside the bulk and one attached to the surface is 1.21eV. [5]

]

Sketch the dispersion relation for longitudinal phonons on a linear monatomic chain.
In a separate diagram, sketch the dispersion relation for a diatomic chain made up of
alternating atoms with two different masses. Be careful to label your axes so that the
two relations can be compared. [3]

EXplain carefully how the diatomic dispersion relation converts into the monatomic
result as the masses of its two atoms are made to be the same? [4]

3. According to the tight-binding method, the energy of an electron in a crystal is usually
given by a form,
U=—a—1yEnmexp(—ik-: pm).
What is the meaning of the symbols « and - in this expression? [3]

Give an expression for the energy of an electron in a simple cubic lattice with lattice
parameter a as a general function of the k-vector according to this model. 4]

4. Explain with the aid of a diagram how the k-states of a free electron metal should change
under the application of an electric field and show how this explains why the electrical
conductivity is proportional to the relaxation time, 7. [3]

If the effects of impurity scattering and phonon scattering on the electrical conductivity

.00 b N A s
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