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SECTION B

7. State the assumptions that lie behind Bragg’s law, 2d sin # = )\ that relates the angle of
incidence, ¢, of an X-ray beam of wavelength A onto planes of a crystal spaced distance
« apart which gives rise to a strong diffraction peak. We will now consider the reciprocal
space view of Bragg’s law. [2]

Draw a detailed diagram showing the positions of the atoms in a crystal of Nickel which
is known to have the face-centred cubic (fcc) structure with lattice parameter, a,. Label
the axes along the edges of the conventional cubic unit cell and list the coordinates of all
the atoms within the cell. Explain the how the structure is decomposed into a lattice and
a basis, following the cubic convention. [5]

What is the reciprocal lattice of this cubic lattice? Draw a sketch of the reciprocal lattice
and label the points according to their Miller indices. Which lattice points correspond to
allowed reflections and which are disallowed by the fcc structure? What is the length of
the general (hkl) reciprocal lattice vector. Show, with the aid of a sketch, which lattice
planes in the crystal correspond to the (111) reciprocal lattice point. [9]

Draw a vector diagram showing how to construct the directions of the incident and exit
X-ray beams that correspond to diffraction from the (hkl) reciprocal lattice point. Hence
derive an expression for the length of the reciprocal lattice vector and the angle between
these two beams, which we will call . In an experiment using X-rays of wavevector
k= 40.8 nm ™", a powdered Nickel sample is found to produce it’s first three diffraction
peaks at angles, v = 45.4° 52.8° and 78.0°. What are the corresponding lengths of the
reciprocal lattice vectors? Demonstrate that these are consistent with an fce structure
and deduce the lattice constant, a;. [8]

8. Justify the use of the Lennard-Jones (LJ) potential function to model the interaction
potential between two atoms of inert gas separated by a distance, R,

o= (53]

What is the meaning assigned to the parameters o and €? [6]

All the inert gases (except Helium) crystallise in the face-centred cubic (fec) struc-
ture. Write down an expression for the cohesive energy of an inert gas solid using
the LJ potential. At low temperatures, you can consider this to be purely potential en-
ergy. You may use the numerical evaluations of the lattice sums, Py = 14.45392 and
Py = 12.13188, which are defined as P, = ¥;p;™, where p; is the distance of the j’th
site from the origin of the fcc lattice in units of the nearest-neighbour distance. summed
over the entire lattice. [10]

Yool encamn .
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Figure 19.5 ’

Electronic charge density in a [100] plane of NaCl containing the ions, as inferred from X-ray
diffraction data. The numbers give the values of the density along lines of constant density, in
units of electrons per cubic angstrom. The lines perpendicular to the constant density curves are
error bars. (After G. Schoknecht, Z.-Naturforschung 12, 983 (1957).)
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(c) Show that the density of states per unit length is given by
1
maV4/1— (-é%)z

You may find the following facts useful: the number of states per unit length with
values of k in the range k — k + dK is given by g(k)dk = dk/2m; electrons have two
spin states; (k) = e(—k). (8]

9(E) =

(d) Since e(k) = e(—k) we can define the Fermi wave vector kr by Er = e(kr), with
kp > 0. The number of electrons per atom is given by N = af_iz g(E)dE. Rewrite

this equation in terms of g(k) and kr, and find N as a function of kp. [3]
For hydrogen Er = 0. Find the corresponding value of kp, and hence the number of
electrons per atom. [3]

8. This question is about bonding in silicon.

(a) Draw a plot of the variation of the interaction energy (¢) of a pair of neutral atoms
as a function of their separation r. On this graph indicate the distance ro and energy

—e at which the system is in equilibrium. [4]
(b) What is the main physical mechanism leading to the form of the interaction energy

at short distances? [2]

Silicon likes to form bonds with exactly four neighbouring atoms. What kind of

bonding holds the atoms together? Give reasons. [2]

(c) Silicon exists in the diamond structure in which each atom has four neighbours. For
silicon we can write the interaction energy between neighbours as

¢(r) = ¢o {exp (—2a(r — d)) — 2exp (—o(r — d))}

Write the energy per atom (U) when the bond length is 7 in terms of ¢(r)? [1]
Now find the equilibrium bond length r, and energy Uy. [4]
(d) The volume per atom (V) in the diamond structure is (8/v/27)r%. The bulk modulus
is given by ,
o°U
B= V__#E)‘Vz
Show that the bulk modulus of silicon is B = a®¢o/(2V/3r0). [4]

(e) The model for the energy that we have been using assumes that the energy depends
only on the length of the bonds between atoms. Suggest another quantity on which
the energy depends strongly, and give an example of a distortion of the lattice for
which it is important. ' [3]

9. This question is about a free electron model of the thermal properties of aluminium.

(a) A free electron metal is characterised by two energies: the Fermi energy and the work
function. The state the connection between the two. ) [2]

PHYS3C25/2005 3 PLEASE TURN OVER
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