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Dynamical Theory: 

For two-beam diffraction conditions, we get:  

𝐄𝐄(𝐫𝐫) = 𝐸𝐸0(𝐫𝐫)𝑒𝑒𝑖𝑖𝐤𝐤0⋅𝐫𝐫 + 𝐸𝐸ℎ(𝐫𝐫)𝑒𝑒𝑖𝑖𝐤𝐤ℎ⋅𝐫𝐫,                                                  (S1) 

where 𝐤𝐤0 and 𝐤𝐤h represent the wavevectors of the transmitted and diffracted waves, respectively. 

The complex wavefronts for the transmitted 𝐸𝐸0(𝐫𝐫) and diffracted 𝐸𝐸ℎ(𝐫𝐫) waves are the solutions of 

the well-known Takagi-Taupin Equations (TTEs)1-3. For Bragg coherent X-ray diffraction imaging, 

they can be obtained by solving the symmetric version of two beam TTEs, given as 

2𝑖𝑖(𝐤𝐤0 ⋅ ∇)𝐸𝐸0(𝐫𝐫) = 𝑘𝑘2�𝜒𝜒0𝐸𝐸0(𝐫𝐫) + 𝐶𝐶𝜒𝜒ℎ‾ 𝐸𝐸ℎ(𝐫𝐫)e−𝑖𝑖Δ𝐪𝐪∙𝐫𝐫+𝑖𝑖𝐡𝐡⋅𝐮𝐮(𝐫𝐫)�, 

2𝑖𝑖(𝐤𝐤ℎ ⋅ ∇)𝐸𝐸h(𝐫𝐫) = 𝑘𝑘2�𝜒𝜒0𝐸𝐸ℎ(𝐫𝐫) + 𝐶𝐶𝜒𝜒ℎ𝐸𝐸0(𝐫𝐫)e𝑖𝑖Δ𝐪𝐪∙𝐫𝐫−𝑖𝑖𝐡𝐡⋅𝐮𝐮(𝐫𝐫)�.                            (S2) 

Here,𝜒𝜒0, 𝜒𝜒ℎ and 𝜒𝜒ℎ‾   are Fourier coefficients of the susceptibility function of the crystal for the 

transmitted beam and diffracted beam, respectively. Here, 𝐐𝐐 = 𝐤𝐤f − 𝐤𝐤0 , 𝐪𝐪 = 𝐐𝐐 − 𝐡𝐡  and Δ𝐪𝐪 =

𝐡𝐡′ − 𝐡𝐡.  By defining an orthogonal grid with the three orthonormal unit vectors 𝐱𝐱�, 𝐲𝐲� and 𝐳𝐳�,  in a 

Bragg coherent X-ray diffraction imaging experiment, it can be generally assumed that 𝐤𝐤0 ∙ 𝐳𝐳� >0 

and 𝐤𝐤ℎ ∙ 𝐳𝐳� >0. Thus, the two equations above can be reduced to:  

2𝑘𝑘0,𝑧𝑧
∂

∂𝑧𝑧
𝐸𝐸0(𝐫𝐫) = −2�𝐤𝐤0,⊥ ⋅ ∇⊥�𝐸𝐸0(𝐫𝐫) − 𝑖𝑖𝑘𝑘2𝜒𝜒0𝐸𝐸0(𝐫𝐫) − 𝑖𝑖𝑘𝑘2𝐶𝐶𝐶𝐶ℎ‾ 𝐸𝐸ℎ(𝐫𝐫)e−𝑖𝑖Δ𝐪𝐪∙𝐫𝐫+𝑖𝑖𝐡𝐡⋅𝐮𝐮(𝐫𝐫),  

2𝑘𝑘ℎ,𝑧𝑧
∂

∂𝑧𝑧
𝐸𝐸ℎ(𝐫𝐫) = −2�𝐤𝐤ℎ,⊥ ⋅ ∇⊥�𝐸𝐸ℎ(𝐫𝐫) − 𝑖𝑖𝑘𝑘2𝜒𝜒0𝐸𝐸ℎ(𝐫𝐫) − 𝑖𝑖𝑘𝑘2𝐶𝐶𝐶𝐶ℎ𝐸𝐸0(𝐫𝐫)e𝑖𝑖Δ𝐪𝐪∙𝐫𝐫−𝑖𝑖𝐡𝐡⋅𝐮𝐮(𝐫𝐫).      (S3) 

Here, 𝐤𝐤0 = 𝐤𝐤0,𝑧𝑧 + 𝐤𝐤0,⊥ , 𝐤𝐤ℎ = 𝐤𝐤ℎ,𝑧𝑧 + 𝐤𝐤ℎ,⊥ , and ∇⊥= [ ∂
∂x

, ∂
∂y

] . Therefore, they can be further 

simpli�ied as 

∂
∂𝑧𝑧

𝐸𝐸0(𝐫𝐫) = − 𝑖𝑖𝑘𝑘2

2𝑘𝑘0,𝑧𝑧
𝜒𝜒0𝐸𝐸0(𝐫𝐫) − 1

𝑘𝑘0,𝑧𝑧
�𝐤𝐤0,⊥ ⋅ ∇⊥�𝐸𝐸0(𝐫𝐫) − 𝑖𝑖𝑘𝑘2

2𝑘𝑘0,𝑧𝑧
𝐶𝐶𝐶𝐶ℎ‾ 𝐸𝐸ℎ(𝐫𝐫)e−𝑖𝑖Δ𝐪𝐪∙𝐫𝐫+𝑖𝑖𝐡𝐡⋅𝐮𝐮(𝐫𝐫), 

  ∂
∂𝑧𝑧

𝐸𝐸h(𝐫𝐫) = − 𝑖𝑖𝑘𝑘2

2𝑘𝑘ℎ,𝑧𝑧
𝜒𝜒0𝐸𝐸ℎ(𝐫𝐫) − 1

𝑘𝑘ℎ,𝑧𝑧
�𝐤𝐤h,⊥ ⋅ ∇⊥�𝐸𝐸ℎ(𝐫𝐫) − 𝑖𝑖𝑘𝑘2

2𝑘𝑘ℎ,𝑧𝑧
𝐶𝐶𝐶𝐶ℎ𝐸𝐸0(𝐫𝐫)e+𝑖𝑖Δ𝐪𝐪∙𝐫𝐫−𝑖𝑖𝐡𝐡⋅𝐮𝐮(𝐫𝐫).      (S4) 



3 
 

Further, based on the differential property of Fourier transform, i.e., ℱ � 𝑑𝑑
𝑑𝑑𝑑𝑑

𝑓𝑓(𝑥𝑥)� = 𝑖𝑖2𝜋𝜋𝜋𝜋𝑓𝑓(𝜉𝜉), 

by applying the transverse Fourier transform into the two equations above, they can be 

rewritten as: 

    𝜕𝜕
𝜕𝜕𝜕𝜕

𝐸̃𝐸0(𝒒𝒒⊥, 𝑧𝑧) = − 𝑖𝑖2𝜋𝜋
𝑘𝑘0,𝑧𝑧

𝐪𝐪⊥ ⋅ 𝐤𝐤0,⊥ × 𝐸̃𝐸0(𝒒𝒒⊥, 𝑧𝑧) − 𝑖𝑖𝑘𝑘2

2𝑘𝑘0,𝑧𝑧
ℱ⊥�𝜒𝜒ℎ‾ 𝐸𝐸ℎ(𝐫𝐫)e−𝑖𝑖Δ𝐪𝐪∙𝐫𝐫+𝑖𝑖𝐡𝐡⋅𝐮𝐮(𝐫𝐫) + 𝜒𝜒0𝐸𝐸0(𝒓𝒓)�,   

𝜕𝜕
𝜕𝜕𝜕𝜕

𝐸̃𝐸ℎ(𝒒𝒒⊥, 𝑧𝑧) = − 𝑖𝑖2𝜋𝜋
𝑘𝑘ℎ,𝑧𝑧

𝐪𝐪⊥ ⋅ 𝐤𝐤h,⊥ × 𝐸̃𝐸ℎ(𝒒𝒒⊥, 𝑧𝑧) − 𝑖𝑖𝑘𝑘2

2𝑘𝑘ℎ,𝑧𝑧
ℱ⊥�𝜒𝜒ℎ𝐸𝐸0(𝐫𝐫)e𝑖𝑖Δ𝐪𝐪∙𝐫𝐫−𝑖𝑖𝐡𝐡⋅𝐮𝐮(𝐫𝐫) + 𝜒𝜒0𝐸𝐸ℎ(𝒓𝒓)�.   (S5) 

Here, ℱ⊥{𝐸𝐸(𝐫𝐫⊥, 𝑧𝑧)} = ∫ 𝐸𝐸(𝐫𝐫⊥, 𝑧𝑧)e𝑖𝑖𝐪𝐪⊥⋅𝐫𝐫⊥𝑑𝑑𝐫𝐫  and ℱ⊥
−1�𝐸̃𝐸(𝐪𝐪⊥, 𝑧𝑧)� = ∫ 𝐸̃𝐸(𝐪𝐪⊥, 𝑧𝑧)e−𝑖𝑖𝐪𝐪⊥⋅𝐫𝐫⊥𝑑𝑑𝐪𝐪⊥ . 𝐪𝐪⊥ =

[𝑞𝑞𝑥𝑥, 𝑞𝑞𝑦𝑦] and 𝐪𝐪 = 𝐪𝐪⊥+𝐪𝐪z. Then, the equations (S5) can be rewritten to the form used by exponential 

Runge-Kutta methods:  

∂
∂𝑧𝑧

𝐄𝐄(𝑧𝑧) = 𝐴𝐴𝐄𝐄(𝑧𝑧) + 𝐁𝐁[𝑧𝑧, 𝐄𝐄(𝑧𝑧)],                                                (S6) 

where A is a diagonal matrix with A = �𝐴𝐴0
𝐴𝐴ℎ

� = �
− 𝑖𝑖2𝜋𝜋

𝑘𝑘0,𝑧𝑧
𝐪𝐪⊥ ⋅ 𝐤𝐤0,⊥

− 𝑖𝑖2𝜋𝜋
𝑘𝑘ℎ,𝑧𝑧

𝐪𝐪⊥ ⋅ 𝐤𝐤0,⊥
� . 𝐄𝐄(𝒛𝒛) = �𝐸̃𝐸0(𝒒𝒒⊥, 𝑧𝑧)

𝐸̃𝐸ℎ(𝒒𝒒⊥, 𝑧𝑧)
�  and 

𝐁𝐁(𝑧𝑧, 𝐄𝐄) = �
− 𝑖𝑖𝑘𝑘2

2𝑘𝑘0,𝑧𝑧
ℱ⊥�ℱ⊥

−1�𝐸𝐸�ℎ�𝜒𝜒ℎ‾ e−𝑖𝑖Δ𝐪𝐪∙𝐫𝐫+𝑖𝑖𝐡𝐡⋅𝐮𝐮(𝐫𝐫) + 𝜒𝜒0𝐸𝐸0(𝐫𝐫)�

− 𝑖𝑖𝑘𝑘2

2𝑘𝑘ℎ,𝑧𝑧
ℱ⊥�ℱ⊥

−1�𝐸𝐸�0�𝜒𝜒ℎe𝑖𝑖Δ𝐪𝐪∙𝐫𝐫−𝑖𝑖𝐡𝐡⋅𝐮𝐮(𝐫𝐫) + 𝜒𝜒0𝐸𝐸ℎ(𝐫𝐫)�
� . Eq. (S6) can be solved by 

exponential Runge-Kutta methods of type given by Hochbruck and Ostermann4. Using the second 

exponential integrator, which is an explicit second-order method based on Heun’s method, the 

solution for Eq. (S6) is given by the steps: 

                                                  𝐸𝐸1
∗ = 𝐄𝐄(𝑧𝑧), 

                                                   𝑏𝑏1 = 𝐁𝐁(𝑧𝑧𝑛𝑛, 𝐸𝐸1
∗) 

                                                   𝐸𝐸2
∗ = 𝜙𝜙0𝐸𝐸1

∗ + ℎ𝜙𝜙1𝑏𝑏1, 

                                                   𝑏𝑏2 = 𝐁𝐁(𝑧𝑧𝑛𝑛 + ℎ, 𝐸𝐸2
∗), 
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𝐄𝐄(𝑧𝑧 + ℎ) = 𝜙𝜙0𝐸𝐸1
∗ + ℎ

2
[(2𝜙𝜙1 − 𝜙𝜙2)𝑏𝑏1 + 𝜙𝜙2𝑏𝑏2],                                 (S7) 

where, 𝜙𝜙0 = eℎ𝐴𝐴 and 𝜙𝜙𝑛𝑛 = 𝑛𝑛(ℎ𝐴𝐴)−1(𝜙𝜙n−1 − 1).  

With the abovementioned finite difference scheme, the TTEs can be solved on an arbitrary 

orthogonal grid and there are many different choices for the selection of the orthogonal grid. Since 

the main goal for BCDI here is to calculate the diffracted wavefront and demonstrate the dynamical 

effect, the origin of the coordinate system is chosen based on the scattering plane, aligned within 

the XOZ-plane, where 𝐤𝐤ℎ is along the z-axis. Thus, using this coordinate system, we get 𝐤𝐤0 =

[−𝑘𝑘sin (2𝜃𝜃𝐵𝐵), 0, 𝑘𝑘cos (2𝜃𝜃𝐵𝐵)] and 𝐤𝐤ℎ = [0, 0, 𝑘𝑘]. The relation between the laboratory coordinate 

X′Y′Z′  and this coordinate XYZ is a rotation transformation, i.e., R(𝛿𝛿, 𝛾𝛾) �
𝑥𝑥′

 𝑦𝑦′

𝑧𝑧′
� = �

𝑥𝑥
𝑦𝑦
𝑧𝑧

�.  

Kinematical approximation: 

Here, we derive an analytical solution of the diffraction wavefront based on the kinematical 

approximation. In the kinematical approximation, the 3D diffraction signal is given as5: 

𝐴𝐴(𝐪𝐪) = ∫ 𝑠𝑠ℎ(𝐫𝐫)𝑒𝑒𝑖𝑖𝜑𝜑ℎ(𝐫𝐫)𝑒𝑒𝑖𝑖𝐪𝐪⋅𝐫𝐫 𝑑𝑑𝐫𝐫,                                            (S8) 

For Eq. S8, we assume the origin of the coordinate system is set based on the scattering plane, 
aligned within the XOZ-plane, where 𝐤𝐤ℎ  is along the z-axis. In this coordinate system, the 
diffracted exit wavefront is perpendicular to the 𝐤𝐤ℎ. To get the 2D diffraction wavefront at Δqz, 
based on the Eq. S8, we get  

                                                   𝐴𝐴(Δqz) = ∫ 𝑠𝑠ℎ(𝐫𝐫)𝑒𝑒𝑖𝑖𝜑𝜑ℎ(𝒓𝒓)𝑒𝑒𝑖𝑖𝐪𝐪⊥⋅𝐫𝐫⊥+𝒊𝒊Δq𝑧𝑧⋅𝑧𝑧 𝑑𝑑𝐫𝐫  

= ∫ ∫ 𝑠𝑠ℎ(𝐫𝐫)𝑒𝑒𝑖𝑖𝜑𝜑ℎ(𝐫𝐫) 𝑒𝑒𝑖𝑖Δq𝑧𝑧⋅𝑧𝑧 𝑑𝑑𝑧𝑧𝑒𝑒𝑖𝑖𝐪𝐪⊥⋅𝐫𝐫⊥𝑑𝑑𝐫𝐫⊥,                          (S9) 

By further considering the shift of the exit wavefront by Δ𝐪𝐪⊥, Eq. S9 can be rewritten as  

𝐴𝐴(Δqz, Δ𝐪𝐪⊥ ) = � � 𝑠𝑠ℎ(𝐫𝐫)𝑒𝑒𝑖𝑖𝜑𝜑ℎ(𝐫𝐫)+𝑖𝑖Δq𝑧𝑧⋅𝑧𝑧 𝑑𝑑𝑧𝑧𝑒𝑒𝑖𝑖𝐪𝐪⊥⋅𝐫𝐫⊥+𝑖𝑖Δ𝐪𝐪⊥⋅𝐫𝐫⊥𝑑𝑑𝐫𝐫⊥ 

                                                          = � � 𝑠𝑠ℎ(𝐫𝐫)𝑒𝑒𝑖𝑖Δ𝐪𝐪⋅𝐫𝐫+𝑖𝑖𝜑𝜑ℎ(𝐫𝐫) 𝑑𝑑𝑧𝑧𝑒𝑒𝑖𝑖𝐪𝐪⊥⋅𝐫𝐫⊥𝑑𝑑𝐫𝐫⊥ 

                                                          = ∫ 𝐸𝐸(Δ𝐪𝐪) 𝑒𝑒𝑖𝑖𝐪𝐪⊥⋅𝐫𝐫⊥𝑑𝑑𝐫𝐫⊥,                                                           (S10) 
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Thus, the exit diffraction wavefront under kinematical case is given as 𝐸𝐸(Δ𝐪𝐪) =
∫ 𝑠𝑠ℎ(𝐫𝐫)𝑒𝑒𝑖𝑖Δ𝐪𝐪⋅𝐫𝐫+𝑖𝑖𝜑𝜑(𝐫𝐫) 𝑑𝑑𝑧𝑧. 

 

Supplemental Figure 

 
Figure S1. Distortions appearing in the amplitude reconstruction of the simulated dynamical diffraction pattern of a 
strained gold cube using the traditional (kinematical) approach and the result of correcting them for absorption. The 
first column shows the central slices of the amplitude used for simulation. The middle column shows the corresponding 
reconstructed results from the traditional iterative method. The last column shows the central slices of the corrected 
amplitude. 

 

 
Figure S2. Distortions appearing in the phase reconstruction of the simulated dynamical diffraction pattern of a 
strained gold cube using the traditional (kinematical) approach and the result of correcting them for refraction. The 
first column shows the central slices of the phase used for simulation, showing the small strain introduced. The middle 
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column shows the corresponding reconstructed phase from the traditional iterative method. The last column shows the 
central slices of the corrected phase. 
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