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Dose-efficient Automatic Differentiation for 
Ptychographic Reconstruction: Supplemental
Document

APPENDIX A: METHODS
1. Simulation of Photon Statistics

The simulation of photon statistics is performed based on the assumption that the ratio between 
the incoming amount of photons 𝑁𝑖𝑛 and the scattered one 𝑁𝑠𝑐 equals the ratio between the 
incoming power 𝑊𝑖𝑛 and the scattered power 𝑊𝑠𝑐, given as:

𝑁𝑠𝑐
𝑁𝑖𝑛

=
𝑊𝑠𝑐
𝑊𝑖𝑛

,                                                                  (S1)

The incoming power of an X-ray probe can be calculated as the integral on the incoming plane 
(i.e., the XOY plane) of its intensity, given as:

𝑊𝑖𝑛 = |𝑃(𝐫)|2𝑑𝑥𝑑𝑦 ,                                                        (S2)

The scattered power at the scanning position 𝐫𝑖 can be obtained through the integral over the 
scattered intensities 𝐷𝑖(𝐪), which is given as:

𝑊𝑠𝑐,𝑖 = 𝐷𝑖(𝐪)𝑑𝑞𝑥𝑑𝑞𝑦 = |𝐹𝑇[𝑃(𝐫 ― 𝐫𝑖) ∙ 𝑂(𝐫)]|2𝑑𝑞𝑥𝑑𝑞𝑦 ,                      (S3)Since it can 

be easily assumed that the incident X-ray probe is the same over all the scanning positions in a 
ptychographic measurement, the total amount of scattered photons at a scanning position 𝐫𝑖 is 
given as:

𝑁𝑠𝑐, 𝑖 = 𝑁𝑖𝑛
∬ |𝐹𝑇[𝑃(𝐫 ― 𝐫𝑖) ∙ 𝑂(𝐫)]|2𝑑𝑞𝑥𝑑𝑞𝑦

∬ |𝑃(𝐫)|2𝑑𝑥𝑑𝑦
,                                       (S4)Finally, by assuming 

that 1
𝐴2∬ |𝑃(𝐫)|2𝑑𝑥𝑑𝑦=∬ |𝑃𝑁(𝐫)|2𝑑𝑥𝑑𝑦 = 1, where 𝐴 is a normalization coefficient and 𝑃𝑁

(𝐫) is the corresponding normalized x-ray probe, the Eq. S4 can be further simplified as:

𝑁𝑠𝑐, 𝑖 = 𝑁𝑖𝑛 |𝐹𝑇[𝑃𝑁(𝐫 ― 𝐫𝑖) ∙ 𝑂(𝐫)]|2𝑑𝑞𝑥𝑑𝑞𝑦

= 𝑁𝑖𝑛 𝐷𝑁,𝑖(𝐪)𝑑𝑞𝑥𝑑𝑞𝑦 .                                                               (S5)

Thus, based on Eq. S5, the amount of scattered photons 𝑁𝑠𝑐, 𝑖 at the scanning position 𝐫𝑖 is 
proportional to the incoming amount of photons 𝑁𝑖𝑛 (i.e., X-ray dose). When an X-ray probe is 
scanned on a sample, the scattered amount of X-ray photons 𝑁𝑠𝑐, 𝑖 at the scanning position 𝐫𝑖 is 
dependent on the normalized X-ray probe 𝑃𝑁(𝐫) and the scattering property of the sample. Here, 
it should be mentioned that the scattering efficiency of the sample, defined as the ratio between 
the scattering cross section and the geometric one, is included in the object 𝑂(𝐫) to simplify the 
derivation.

When simulating the coherent diffraction patterns with photon statistics, the number of the 
scattered photons 𝑁𝑠𝑐, 𝑖 is determined firstly, based on Eq. S5. The normalized 𝐷𝑁,𝑖(𝐪) = 
|𝐹𝑇[𝑃𝑁(𝐫 ― 𝐫𝑖) ∙ 𝑂(𝐫)]|2 will be treated as the corresponding probability distribution. Then 
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utilizing the acceptance-rejection method, which is a basic technique used to generate 
observations from a distribution in numerical analysis and computational statistics, the method 
works as follows:

1. Randomly sample a reciprocal space point 𝐪 = [𝑞𝑥, 𝑞𝑦] and calculate the corresponding 
scattering probability 𝐷𝑁,𝑖(𝐪)=|𝐹𝑇[𝑃𝑁(𝐫 ― 𝐫𝑖) ∙ 𝑂(𝐫)]|2.

2. Simulate a random number X with a uniform distribution on a scale of [0, max(𝐷𝑁,𝑖(𝐪))].

3. If X is less than 𝐷𝑁,𝑖(𝐪), then "accept" the candidate 𝐪 and count one photon. Otherwise, 
"reject" X and go back to step 1.

4. Repeat the steps from 1 to 3 for a fixed number of times equal to the set amount of the 
scattered photons 𝑁𝑠𝑐, 𝑖.

5. Construct a histogram in the reciprocal space for all the recorded positions { 𝐪1,…,𝐪𝑁𝑠𝑐, 𝑖 } 
and the coherent diffraction pattern at the scanning position 𝐫𝑖 will be obtained.

6. Repeat the steps from 1 to 5 for all different scanning positions {𝐫1, …,𝐫i,…, 𝐫𝑁} and the 
corresponding ptychographic dataset with the set photon statistics will be obtained. 

2. Maximum Likelihood Estimation (MLE)

The standard picture of photon counting statistics shows that measured pixel counter recordings 
(or intensity), 𝐼𝑖(𝐪), follow the Poisson probability distribution function (PDF). It leads to the 
following PDF:

𝑓(𝐼|𝜌) =
𝐽

𝑒―𝐷𝑖(𝐪) ×
𝐷𝑖(𝐪)𝐼𝑖(𝐪)

𝐼𝑖(𝐪)! ,                                             (S6)

The corresponding negative log-likelihood estimation is given as,

𝓁𝒫,𝑖(𝐪) =
1
𝐽

𝐽
𝐷𝑖(𝐪) ― 𝐼𝑖(𝐪)log[𝐷𝑖(𝐪)] + log[𝐼𝑖(𝐪)!] ,                          (S7)

As the last part on the right of the above equation is a constant, to make the negative log-
likelihood estimation nonnegative for the Poisson distribution and fit the variable-size mini-
batch for our DAP algorithm, Eq. S7 is further modified as: 

𝓁𝒫,𝑖(𝐪) =
1
𝐽

𝐽
𝐷𝑖(𝐪) ― 𝐼𝑖(𝐪)log[𝐷𝑖(𝐪)] ― 𝐼𝑖(𝐪) + 𝐼𝑖 log[𝐼𝑖(𝐪)]

 =
1
𝐽

𝐽
𝐷𝑖(𝐪) ― 𝐼𝑖(𝐪) + 𝐼𝑖(𝐪)log

𝐼𝑖(𝐪)
𝐷𝑖(𝐪) ,                                           (S8)

where the last two parts are additive constants to the estimation nonnegative. 

Further, when dealing with counting statistics, if the data are corrupted by an additive Gaussian 
(thermal) noise to the square root (or amplitude) of an expected intensity[1, 2], by considering 
an Gaussian asymptotic form of the noise model, the PDF, in this case, can be given as: 

𝑓(𝐼|𝜌) =
𝐽

(2𝜋𝜎2)―1/2exp ―
1
2

𝐼1/2
𝑖 (𝒒) ― 𝐷1/2

𝑖 (𝒒)
𝜎

2

,                        (S9)
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where 𝜎2 is the constant variance for the Gaussian noise. Thus, through negative log-likelihood 
estimation, its averaged estimation is given as:

𝓁𝒢,𝑖(𝒒) =
1
𝐽

𝐽
𝐼1/2

𝑖 (𝒒) ― 𝐷1/2
𝑖 (𝒒)

2
,                                       (S10)

Additionally, if the Gaussian noise is additive to the expected intensity directly with its 
corresponding variance approximated by the measured intensity, the PDF in this situation can 
be expressed as[2, 3]:

𝑓(𝐼|𝜌) =
𝐽

[2𝜋𝐼𝑖(𝐪)]―1/2exp ―
1
2

𝐼𝑖(𝐪) ―𝐷𝑖(𝐪)

𝐼1/2
𝑖 (𝐪)

2

,                         (S11) 

Applying the negative log-likelihood estimation to Eq. S11 and averaging over all the pixels in 
a diffraction pattern leads to:

𝓁ℛ,𝑖(𝒒) =
1
2𝐽 𝐼𝑖(𝐪)≠0

𝐼𝑖(𝒒) ― 𝐷𝑖(𝒒)

𝐼1/2 
𝑖 (𝒒)

2

+
1
𝐽 𝐼𝑖(𝐪)=0

𝐷𝑖 (𝒒) ,                  (S12)

where the last part in the above equation is added to constrain the zero intensity for reducing 
noisy solutions.

3. Maximum Likelihood Estimation for Mixed State Ptychographic Reconstruction

Assuming that the physical object and X-ray probe can be effectively modeled by M 
independent object states with 𝑂(𝑚) = {𝑂(1), 𝑂(2),…, 𝑂(𝑚)} and N independent probe states 
with 𝑃(𝑛) = {𝑃(1), 𝑃(2),…, 𝑃(𝑛)}, the existing wave for the m-th object and n-th probe at the 
scanning position 𝐫𝑖 can be expressed as: 

𝜓(𝑚,𝑛)
𝑖 (𝐫) = 𝑃(𝑛)(𝐫 ― 𝐫𝑖) ∙ 𝑂(𝑚)(𝐫).                                       (S13)

Therefore, the expected coherent X-ray diffraction intensity on the detector can be estimated: 

𝐷(𝑚,𝑛)
𝑖 (𝐪) = |𝐹𝑇 𝜓(𝑚,𝑛)

𝑖 (𝐫) |2
.                                          (S14)

Thus, the corresponding negative log-likelihood estimation for this state is given as 𝓁𝛼, 𝑖

𝐷(𝑚,𝑛)
𝑖 ,𝐼(𝑚,𝑛)

𝑖 , where 𝐼(𝑚,𝑛)
𝑖  is the corresponding measured coherent X-ray diffraction intensity. 

Here, the subscript 𝛼 stands for 𝒫, 𝒢, and ℛ (i.e., different statistical models under 
consideration). Since all the different states are independent from each other [4, 5], we can 
obtain that  𝐼(𝑚,𝑛)

𝑖 ∝  𝐷(𝑚,𝑛)
𝑖  and 𝐼𝑖 ∝ 𝐷𝑖 = ∑𝑚,𝑛 𝐷(𝑚,𝑛)

𝑖 . Thus, the experimental coherent X-ray 

intensity 𝐼(𝑚,𝑛)
𝑖  for this state can be estimated as 𝐼(𝑚,𝑛)

𝑖 = 𝐼𝑖
𝐷(𝑚,𝑛)

𝑖

∑𝑚,𝑛 𝐷(𝑚,𝑛)
𝑖

. Consequently, for the 

mixed states ptychographic reconstruction at the scanning position 𝐫𝑖, the negative log-
likelihood estimation is a sum over all different states, given as:

M

𝑚=1

N

𝑛=1
𝓁𝛼, 𝑖 𝐷(𝑚,𝑛)

𝑖 ,𝐼(𝑚,𝑛)
𝑖 .                                            (S15)
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Finally, by further considering the ATV constraint in a mini-batch, it leads to: 

ℒα, 𝑙 =
1

𝐿𝑀𝑁
𝑖∈Ω

𝑀

𝑚=1

𝑁

𝑛=1
𝓁α, 𝑖 𝐷(𝑚,𝑛)

𝑖 ,𝐼(𝑚,𝑛)
𝑖 +

𝛾
𝑀

𝑀

𝑚=1
𝐴𝑇𝑉(𝑂𝑚),                 (S16)

where Ω contains the indices of coherent diffraction patterns in a mini-batch with the size of 𝐿. 

4. Details of DAP Algorithm

Algorithm 1: DAP algorithm
Input: N measurements {𝐼𝑖}𝑁

𝑖=1, number of epochs K, number of mix states M and N for 
the probe and object
Initialize: O0, P0

    for 𝑘 = 1,…,𝐾 do
          if update P is True then

    P.require_grad = True
          else
                P.require_grad = False
          adjust the size b and random permutate the index in {l}. 

          for 𝑙𝑏 = 𝑙1,...,𝑙𝑏 do
                for 𝑖 𝐢𝐧 𝑙𝑏 do

          calculate 𝐷(𝑚,𝑛)
𝑖 ⟵ |𝐹𝑇 𝜓(𝑚,𝑛)

𝑖 (𝐫) |2

    end for
                if switch_noise_model then
                      𝓁𝛼, 𝑖 =  𝓁𝒢,𝑖, 𝓁𝒫,𝑖 𝑜𝑟 𝓁ℛ,𝑖(𝒒)
                 ℒ𝛼,  𝑙𝑏 = 1

𝐿𝑀𝑁∑𝑖∈Ω ∑M
𝑚=1 ∑N

𝑛=1 𝓁𝛼, 𝑖 𝐷(𝑚,𝑛)
𝑖 ,𝐼(𝑚,𝑛)

𝑖 + 𝛾
𝑀∑M

𝑚=1 𝐴𝑇𝑉(𝑂𝑚)
     Calculate gradients with respect to all optimizable parameters.
     Update all the optimizable parameters by using Adam optimizer.

          end for

          with no_grad
              Apply Constraints:
                  Recenter Ok, Pk

                  Rescale Ok, Pk

                        Amplitude constraint Ok, Pk

                  Phase constraint Ok, Pk

    end for
Output: Ok, Pk
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APPENDIX B: SUPPLEMENTAL FIGURES

Fig. S1 Example of Autocorrelation initialization to obtain the initial object. (a) Calculated ∑𝑁
𝑖=1 𝜑𝑖(𝐫 + 𝐫𝑖) , where 𝜑𝑖

(𝐫) = |𝐹𝑇―1(𝐼𝑖)|. (b) Calculated ∑𝑁
𝑖=1 Φ(𝐫 + 𝐫𝑖), where Φ(𝐫) = |𝐹𝑇―1 1

𝑁
∑𝑁

𝑖=1 𝐼𝑖 |. (c) Calculated 
∑𝑁

𝑖=1 𝜑𝑖(𝐫 𝐫𝑖)
∑𝑁

𝑖=1 Φ(𝐫 𝐫𝑖)
. (d) 

obtained 𝑔(𝐫)⨂∑𝑁
𝑖=1 𝜑𝑖(𝐫 𝐫𝑖)

∑𝑁
𝑖=1 Φ(𝐫 𝐫𝑖)

.

Fig. S2 Performance of the DAP method when using different initialization. (a) Initialized amplitude of the object 
using the autocorrelation initialization. (b) Corresponding estimated phase. (c). Initialized amplitude of the x-ray probe 
using the autocorrelation method. (e-f) Random initialized amplitude and phase of the object. (g-h) Initialized 
amplitude of the x-ray probe with a flat phase using the autocorrelation method. (i) Performance of the DAP when 
using different initialization. For the blue line, the (a-d) are used. For the red line, (e-h) are used.



6

Fig. S3 Effect of batch size on the performance of the AD method. Here, the corresponding ptychographic data comes 
from Fig. 3b of the main paper.
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Fig. S4 Effect of 𝑝 and 𝑞 on the reconstructed image. To demonstrate the effect of 𝑝 and 𝑞 on the reconstructed image, 
we have performed a minimization of the objective function, defined as min

𝑋
‖𝑋 ― 𝑌‖2 + 𝛾𝐴𝑇𝑉(𝑋). Here, 𝑋 is the 

image needed to be optimized, and 𝑌 is the observed noisy image. 𝛾 is a weight parameter and the ATV represents the 
adaptive 𝐿𝑝-norm based TV, defined by Eq. 6 in the main paper. The γ is set to 0.6 for all minimizations.



8

Fig. S5 Enlarged views of Fig. S4
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Fig. S6. Definition of the overlap ratio for a grid mesh scan. Here, d is the scan step size and r is the radius of the X-

ray probe. As shown, the minimum overlap ratio for a circular probe with a grid mesh scan is 𝑅 =  1 ― 2𝑟 1
2

2𝑟
≈29.3%.
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Fig. S7. Simulated ptychographic datasets with different photon statistics. (a) With the max number of photons equal 
to 103. (b) Corresponding diffraction pattern with its position marked by the orange star in (a). (b) With the max number 
of photons equal to 104. (c) Corresponding diffraction pattern with its position marked by the orange star in (b). (c) 
With the max number of photons equal to 105. (d) Corresponding diffraction pattern with its position marked by the 
orange star in (c).
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Fig. S8 The effect of the optimization strategy on the convergence of the algorithm. The red line was obtained by using 
the Poisson MLE. The blue line was obtained by switching the loss function from Gaussian amplitude MLE to Poisson 
MLE without using the scale factor. The green line was obtained by using the proposed approach, i.e., when switching, 
a scale factor of 2 was applied to the loss function. Here, the corresponding ptychographic data comes from Fig. 3b.
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Fig. S9 Reconstructed X-ray probe with different photons statistics using simulated datasets. The corresponding 
overlap ratio is 50%.
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Fig. S10 Calculated 𝜒2 error for different approaches on simulated ptychographic dataset with different photons 
statistics. The corresponding overlap ratio is 50%.
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Fig. S11 Results of recovered images by DAP with the three different noise models, extended Ptychographic Iterative 
Engine (ePIE), Difference Map (DM), Alternating Projection (AP), Relaxed Averaged Alternating Reflections (RAAR), 
Alternating Direction Method of Multiplier (ADMM)[6], and ADMM with total variation constraint (TV-ADMM)[7] 
from left to right, where different photon statistics are also applied. The scanning overlap ratio is 50% for all images. 
Here, for each ptychography dataset, there is a total of 225 diffraction patterns in a 15×15 array.
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Fig. S12 Results of recovered images by DAP with the three different noise models, ePIE, DM, AP, RAAR, and 
ADMM, from left to right, where different photon statistics are also applied. The scanning overlap ratio is 40% for all 
images. Here, for each ptychography dataset, there is a total of 169 diffraction patterns in a 13×13 array.



16

Fig. S13 Results of recovered images by DAP with the three different noise models, ePIE, DM, AP, RAAR, and 
ADMM, from left to right, where different photon statistics are also applied. The scanning overlap ratio is 30% for all 
images. Here, for each ptychography dataset, there is a total of 121 diffraction patterns in a 11×11 array.
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Fig. S14 Results of recovered images by DAP with the three different noise models, ePIE, DM, AP, RAAR, and 
ADMM, from left to right, where different photon statistics are also applied. The scanning overlap ratio is 25% for all 
images. Here, for each ptychography dataset, there is a total of 121 diffraction patterns in a 11×11 array , where the 
scanning region is slightly larger. 
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Fig. S15 Magnitude of cPCC of the reconstructed objects in Fig. 3 of the main paper by comparing with its original 
image. 
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Fig. S16 Effect of the tuning parameter 𝛾 on the performance of DAP. When the 𝛾 is set to 1, thought the DAP can 
converge, it has negligible effect on the periodic artifact. When the 𝛾 is set to 256, it will prevent the convergence of 
the DAP algorithm, resulting in a low-quality image. Finally, when γ is set to keep the ratio between MLE and ATV 
to 256 during the reconstruction, the best error was obtained while the grid artifact is removed.  Here, we show this 
effect by using the data from Fig. 3d in the main paper.
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Fig. S17 Application of the mixed states ptychographic reconstruction (i.e., using Eq. 6) for simulated data with five 
modes. Here, the ptychographic data comes from Fig. 3c. (a-b) Amplitude and phase of the first mode. (c-d) Amplitude 
and phase of the second mode. (e-f) Amplitude and phase of the third mode. (g-h) Amplitude and phase of the fourth 
mode. (i-j) Amplitude and phase of the fifth mode. (k) The power percentage of the recovered modes.
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Fig. S18 Recovered modes from the experimental data in Fig. 4a. The data were obtained from an MLLs focusing 
system. (a-b) Amplitude and phase of the first mode. (c-d) Amplitude and phase of the second mode. (e) The power 
percentage of the recovered modes.
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Fig. S19 Estimated phase retrieval transfer functions (PRTFs) after azimuthal averaging[8], which are obtained with 
the results from different algorithms shown in Fig. 4 using the two ptychographic datasets.
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Fig. S20 Recovered modes from the experimental data in Fig. 5a.  The data were obtained from an FZP focusing 
system. (a-b) Amplitude and phase of the first mode. (c-d) Amplitude and phase of the second mode. (e-f) Amplitude 
and phase of the third mode. (g-h) Amplitude and phase of the fourth mode. (i) The power percentage of the recovered 
modes.
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Fig. S21 Ptychography imaging of a gold nanoparticle measured in a raster ptychographic scan with different scanning 
step sizes. Here the scanning step sizes are 13.3 nm, 30 nm and 40 nm, respectively. As marked separately by the red, 
green, and blue box, the DAP with ℒ𝒢,𝑙 loss function, ePIE and ADMM are used to compare the performance of the 
ptychographic reconstructions.
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