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Angle calculations for the four-circle diffractometer are usually made by the method of Busing
and Levy [ Acta Cryst. 22,457 (1967) |. Here an additional mode of operation is described that
ailows control of the incident and exit angles at the sample surface. Experiences with this mode for

surface crystallographic data coliection are described.

INTRODUCTION

Much progress has been made in recent years in the applica-
tion of x-ray diffraction to surface structure and surface
morphology problems. A major reason for its success is that,
in the wavelength region used, the scattering is accurately
kinernatical, so that results may be interpreted by linear su-
perposition techniques, inciuding Fourier transformation.
Another, less widely appreciated, advantage is that x-ray
diffraction: as a technique has a long history of instrumenta-
tion development and an associated manufacturing industry
to provide reliable experimental apparatus. The Weisenberg,
Laue rotation and precession methods are a few examples of
data collection techniques developed over the years that are
row highly advanced.! With the advent of more powerftl
sources and computer control, the four-circle diffractometer
has gained a large clientele of users and is now the most
widely used data coilection method in x-ray diffraction. Its
advantages (over film-based techniques) are its very large
dynamic range, greater than 10° between strongly and weak-
Iy scattering features, and its very high accuracy, routinely
1% in intensity and 6.001° in absolute angles.”

Angle calculations for the four-circle diffractometer are
usually made by the method of Busing and Levy.? The defin-
ition of the four angles 26, 6, v, and ¢ is given in Fig. 1. 28is
the angle of the detector to the incident bearn. 28 is thus the
diffraction angle dictated by Bragg’s law

Q) = 2k| sin (24/2), (D

where k is the incident wave vector { 277/wavelength) and
is the momentum transfer in the reciprocal lattice of the
crystal.  can be written in terms of Miller indices, 7k and /,
multiplying the reciprocal lattice basis vectors a*, b¥, and ¢*:

Q = ha* + kb* + ic*. (2)

hk and [ are integers in a crystallographic problem, contin-
uous variables in a diffuse scattering or line-shape analysis
problem, or a combination of both in a surface problem
which has a two-dimensional (2D) reciprocal lattice, and
continuous symmetry in the direction perpendicular to the
surface. Conventionally a* and b* are taken to be in-plane
and c* to be along the surface normai.* 2D plane group sym-
metry is assurned, but calculations are usually done in the
analogous 31} monoclinic, orthorhombic, hexagonal, or te-
tragonal space groups with minimal symmetry operations in
the ¢* direction.

The sample is moved by the remaining three angles &, y,
and ¢, which make an Eulerian triple. The diffractometer
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moves in the laboratory frame in which the incident beam is
fixed, so the orientation of the sample in the frame of the
momentum transfer (bisector of the incident and exit wave
vectors) is defined by the angles {w, y, ¢} where

w=6-—28/2. (3)

Notethat “26” and fare independent variables representing
different motions, following the customary nomenclature.?
The diffractometer equations are used to derive {w, y, ¢} for
a given {J input taking account of external data in the form of
two matrices: B

(i) the orientation matrix, U. This is an orthogonal (ro-
tation) matrix with three implicit degrees of freedom that
map the crystal reference frame onte the “diffractometer”
frame which can be considered to move on the ¢ table of the
diffraciometer: _

hy = ug. {4)

(ii) the diffractometer rotation matrix, R(w,y,¢). This
represents the setting of the diffractometer and so maps the
diffractometer frame onto the laboratory frame that bisecis
the incident and exit beams in Fig. 1.

Defining the x direction to be parallel o the momentum
transfer in the lab frame the basic diffractometer equation is
written:

0| =— RUQ. (5)

PRIMARY _
BEAM

F1G. 1. The four-circle diffractometer and conventional definition of the
angles.
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Busing and Levy show how to solve this equation for the
angles and how the matrix U may be constructed from the
positions of two standard refiections.”

Since Eq. (5) relates unit vectors that imply two degrees
of freedom, there is, in general, a one-dimensional set of pos-
sible {w, ¥, ¢} that can satisfy it. To obtain a unique solution,
it is necessary to impose a constraint, Busing and Levy dis-
cuss several possibilities.® Often, in practice, the constraint is
dictated by the sample environmental hardware or the shape
of the crystal. A simple realization of this is to freeze one of
the diffractometer angles to a constant value; the equation
for doing this has been worked out by Braslau.” The simplest
constraint of all is to set w =, as is very widely used on
commercial diffractometers for crystallography and else-
where.” It is then possible to visualize the solution in two
steps. If 4, are the components of h,, then a rotation of
¢ = arctan [h,,,h,, ] brings the vector h; into the bisecting
plane which is the plane of the y circle (see Fig. 1). Then to
level this resulting vector to be along (1,0,0), a rotation of

y =arctan[h,, (A5 + 257

is needed.’ Here we use the two-component arctangent, arc-
tanfa,b], that is used in computer languages.

In the situation of surface x-ray diffraction we wish to
make a new kind of constraint. This is an extreme limit of the
sample shape problem because the sample is usually very
wide and both the incident and exit beams must pass through
the open face; the sample is, in effect, just one layer thick.
Furthermore there are refraction effects in the diffracted in-
tensity when either the incidence or exit angle is small.®
While this can be avoided by working at a large angle, it is
not always desirable because the thermal diffuse background
is proportional to the penetration depth, which mounts rap-
idly when the incidence angle « is greater than the critical
angle for total external reflection, «,. There are also some
experiments that rely entirely on control of the incidence
angle for surface sensitivity.” Other experiments just require
control of the incidence and exit angles at the level of pre-
venting them from becoming negative, which can happen if
the sample alignment is not well understood.

The » = 0 mode works very well for surface diffraction
provided the sample face is mounted exactly parallel to the &
table of the diffractometer, whereby the normal is along the
¢ axis. Then, there is a simpie geometric refation between the
diffractometer angles, the incidence angle &, and the exit
angle 8 (Ref. 8):

sin o = sin 3 = sin y sin 6.

(6)

Furthermore, it is easy to show that sin y sin @is proportion-
al to {, the perpendicular component of momentum transfer
{index conventions as defined above) since the orientation
matrix U is just a rotation about ¢. Scans of intensity as a
function of the continuous variable / (“rod scans™) are then
scans of sin a, allowing the critical angle effects to be studied
reliably. The symmetric relation of the two beams given by
a = f3 allows the closest approach to / = ) possible. It also
simplifies the understanding of the resolution function and
the consequential corrections to intensity measurements as
functions of /.°

Unfortunately, it is not always possible to align the sur-
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face accurately, particularly in experiments involving nltra-
high vacuum hardware.!” One solution is to construct an in-
vacuum geometer to align the surface normal iz situ, but this
is not an easy accomplishment and prone to mechanical
brezkdowns.'! Another solution, which is the subject of this
paper, is to use the degree of freedom in Eq. (5) toseta = 8
for an arbitrary crystal orientation. It is important to keep a
clear distinction between the crystal orientation {given by
U) and the surface orientation (given by & = £ in the for-
malism below). I general, a sample may not have a simple
refation between these, and in fact, a number of interesting
experiments may be conceived by varying one with respect
to the other.'

. CALCULATION OF DIFFRACTOMETER ANGLES

Additional input must be provided to the calculation to
define the direction of the surface. One way to do this is to
specify its exact crystallographic direction which, given its
orientation U, defines the physical direction. Experimentally
this needs to be determined and optimized during the course
of measurement, so we choose to make an operational defini-
tion: we define ¢, and y, to be the diffractometer angles that
bring the surface normal onto the principal diffractometer
axis (9 axis). In practice a laser would be set up to reflect
from the surface; after adjustment of ¢, and y, until the
surface is flat, the reflected beam does not move as the sam-
ple is rotated in 6. These angles specify & unit vector fi,

which is the direction of the normal in the diffractometer
frame (see above):
— sini ¥4 €08 o
A, =] —sinygsing, (7)
€OS Yo

We can now set up the constraint equation to be soived
simultaneously with Eq, (5). The desired crystal direction
must be along (1,0,0) in the lab frame, but we have the free-
dom torotate about that vector. We wish to place the surface
normal fi, into the x-z plane in the lab frame (that bisects the
inctdent and exit beams). This guarantees the symmetric
beam arrangement on the sample with & = / shown in Fig.
2. Geometrically we therefore require hy Afi, to be along
{0,1,0) and so can construct the entire B matrix from the
mapping of three orthogonal unit vectors. Defining

b, = (1//QDUQ. (8)
Then

1

0= Rh,,

0

(v

1| = 7Rk, Ady),

0

[

0f=nR[h, Ahy ARy ], (9

1

where 7 = 1/|h; A, | is a normalization constant. Hence
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F1G. 2. Diffraction geometry for a surface. The sample is drawn as a solid
disk. The direction of the reciprocal space point being measured, /,, and
that of the surface normal, 7, are constrained to le in the x-z plane (in the
lab frame} that bisects the incident and exit beams.

R = [h,:7h, Afigsmh, A (By Ad,) T (10)
From this we can compare terms with the definition of R in

Euler angles {w, ¥, ¢} to obtain explicit expressions for the
angles themselves:

@ = arctan{m(ajzm - a"fz@2 ),[fz¢3 (1.
x =arctan{m(a} + a3} %a,],

¢ = arctan [ — ma,, —ma], (1)

where we have written our explicit components iz¢ jandfy;
of the unit vectors h, and fi, defined in Egs. (7) and (8)
above, and made the following substitutions:

a, = (Ry; —shy; )/ (1 — 532,

s =Ry hg + Rphy + Agahy,

m =sign(ky ).

Note that the range of angles has been constrained to
— 90° < @ < 90° and that other convections could have been
used.

The diffractometer equation (11) degenerate to the re-
sult for @ = 0 quoted above when y, =0 in Eq. {7); this
corresponds to the sample being mounted squarely on the ¢
axis which gives & = # as described. Otherwise a nonzero @
angle is obtained. When the tilt of the sample on the table is
smatli, the equations provide a deviation in o that compen-

sates for the asymmetry between @ and 5 that would other-
wise occur.

ii. APPLICATION

QOur ultrahigh vacoum (UHV) diffractometer'? is pres-
ently stationed at beamline X 16A of the National Synchro-
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tron Light Source (NSLS), Brookhaven. It is based on the
four-circle convention but operates with a range of accessi-
ble y angles of + 12°limited by the UHV hardware; this, in
effect, limits the range of accessible cut-of-plane momentum
transfer, /. We have performed experiments bothin thew =

0 mode and the new mode, which we call “azimuth = 0.”
We compare the results here.

The first experiments were with Si(111) surfaces, which
exhibit a 7 X7 reconstruction when clean. The sample was
mounted as close as possible to paraliel to the ¢ axis. By use
of the laser reflection technique we established y, = 0.40°,
P = 32° for the true direction of the optical surface. After
crystallographic alignment using bulk Bragg reflections the
direction of the normal was caiculated to be ( — 0.003,

— 0.002, 1) in the hexagonal coordinate frame of the sur-
face:

a*=02699 A7}, £*=02699 A",
c*=0668A71, y*=60°.

(see Ref. 13). Integrated intensities from surface Bragg re-
flections of the reconstruction were measured for four sym-
metry equivalents to determine their reproducibility. In the
w = 0 mode, such data were collected for 120 different re-
flections with the error determined by the reproducibility of
equivalents. It was found that reliable (12%) daia could
only be coliected at 7>0.15; below that, the misorientation of
the surface led to errors in intensity, either by losing the
diffraction signal altogether, or by enhancement due to re-
fraction. With such a large incidence angle, several times o,
a substantial background was measured under the data, re-
ducing its accuracy upon integration. In the = 0 mode
without perfect alignment it is inzpossible to tame the refrac-
tion effects (for crystallographic work), because the same o
and B angles have to be maintained for all reflections. With-
out the azimuth = 0 mode, it is better to stay well gbove the
critical angle and live with the background.

We studied the reproducibility of the (0,8,/) surface re-
flection with the azimuth = 0 mode giving the resulis shown
in Table I. We used scans in / {0 observe how the peint of
maximum intensity (/,,, ) varied with the choice of ¥, pa-
rameter input to the calculation through Eq. (7). The best
reproducibility occurred at y, = 0.4° in agreement with the
experimental value found with the jaser. When y, and 4, are
set correctly the value of the maximum is at 7 = 0.035 for all
reflections; this corresponds to a perpendicular momentum
transfer of 0.023 A~! and by Eg. {6) to an incidence

TasLe L Experimental values of /__, , the perpendicular component of mo-
mentum transfer that gives the maximum intensity, for iwo crystalicgraphi-
cally eguivalent reflections 60° apart. Such / scans have no intensity for
i€l .., and a constant value for /> 7, ; the maximum is due to refraction
effects (Ref. 6).

Xo 6.0,/ 0,6,/
0z 0.01 G.08
0.4 G.03 0.045
0.6 0.05 0.02
0.8 0.065 <0
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( = exit) angle of 0.123", close to the value of a, for Si witha
wavelength of 4 = 1.157 A. A small set of data were then
collected at / = 0.035 with comparable reproducibility to the
large set and without any problems of lost reflections.

The analysis of the data has been published previously,”

F1G. 4. (a) Atomic model of a unit cell of the Si{111) 7X 7 surface due to
Takayanagi ef al. (Ref. 15). The shaded triangle is the crystallographic
asymmetric unit. {b) Displacements of the atoms enlarged ten times within
the asymmetric unit, as refined using the data of Fig. 3. The pattern of strain
in the surface is evident.

1544  Rev. Scl. Instrum., Yol. 60, No. 7, July 198¢

but is summarized here for completeness. A y* value of 1.6
(the value is 1.9 when the degrees of freedom are included in
its definition'*) between observed and calculated intensities
is obtained and shown in Fig. 3. The model used to obtain
this agreement is shown in Fig. 4 and is a refinement of the
atomic positions proposed by Takayanagi efal.’* for Si(111)
7 X 7. The same model applies to the 7 X 7 structure obtained
by Sn absorption on Ge(111).**

Finally we note that the equations described have been
incorporated into the “super” diffractometer control pro-
gram in use at NSLS and elsewhere.'® A different but related
scheme for handling the orientation of surfaces in four-circle
diffractometry has been described by Mochrie!” and has
been installed in the program “spec”'® also in use at NSLS.
Calculations for a five-circle diffractometer used to control
incidence and exit angles independently have also been pub-
lished.**
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