
Non-Fermi liquid behaviour below the Néel temperature in the frustrated heavy
Fermion magnet UAu2

Christopher D. O’Neill,1 Julian L. Schmehr,1 Harry D.J. Keen,1 Luke Pritchard Cairns,1 Dmitry A. Sokolov,1

Andreas Hermann,1 Didier Wermeille,2 Pascal Manuel,3 Frank Krüger,3, 4 and Andrew D. Huxley1

1Centre for Science at Extreme Conditions and SUPA, School of Physics and Astronomy,
University of Edinburgh, Edinburgh EH9 3JZ, United Kingdom

2XMAS, ESRF, BP220, F-38043 Grenoble, France
3ISIS Pulsed Neutron and Muon Source, STFC Rutherford Appleton Laboratory,

Harwell Campus, Didcot, Oxon, OX11 0QX, United Kingdom
4London Centre for Nanotechnology, University College London,

Gordon St., London, WC1H 0AH, United Kingdom

The term Fermi liquid is almost synonymous with the metallic state. The association is known to
break down at quantum critical points (QCPs) but these require precise values of tuning parame-
ters, such as pressure and applied magnetic field, to exactly suppress a continuous phase transition
temperature to the absolute zero. Three dimensional non-Fermi liquid states, apart from supercon-
ductivity, that are unshackled from a QCP are much rarer and are not currently well understood.
Here, we report that the triangular lattice system UAu2 forms such a state with a non-Fermi liquid
low-temperature heat capacity C/T ∼ log(1/T ) and electrical resistivity ρ(T ) − ρ(0) ∝ T 1.35 far
below its Néel temperature. The magnetic order itself has a novel structure and is accompanied
by weak charge modulation that is not simply due to magnetostriction. The charge modulation
continues to grow in amplitude with decreasing temperature, suggesting that charge degrees of free-
dom play an important role in the non-Fermi liquid behaviour. In contrast with QCPs, the heat
capacity and resistivity we find are unusually resilient in magnetic field. Our results suggest that a
combination of magnetic frustration and Kondo physics may result in the emergence of this novel
state.

The understanding of metals and superconductors
rests on the paradigm that their low-energy excitations
are governed by quasiparticle excitations around a sta-
ble Fermi surface. This paradigm breaks down at quan-
tum critical points (QCPs) in a metal [1, 2], where the
emergent spatial and temporal scale invariance results
in spectral functions that no longer exhibit quasiparticle
poles. As the temperature is increased a region opens
up about a QCP in which various quantities, such as the
heat capacity and electrical resistivity, change with tem-
perature in different ways from a Fermi liquid. A promi-
nent example of such a non-Fermi liquid (NFL) is the
“strange metal” in the copper-oxide superconductors [3],
which has a T -linear resistivity instead of a leading T 2

dependence characteristic of a Fermi liquid. A QCP is
in this case hidden under a superconducting dome [4].
Very recently, angle resolved photoemission spectroscopy
in the high-Tc cuprate family Bi2212 have challenged this
picture. They revealed an abrupt recovery of quasipar-
ticles above a temperature independent doping level [5]
coinciding with the discontinuous vanishing of the pseu-
dogap. This suggests that the strange metal might not
emerge from a QCP, but could instead be a distinct NFL
state of matter and begs the question as to whether such
states occur more widely.

Itinerant magnets and heavy Fermions exhibit QCPs
and NFLs that are easier to study than the copper-oxides
owing to lower characteristic temperatures and the ease
with which they can be tuned with pressure and magnetic
field [6]. However, very few NFL states (not counting su-
perconductivity) have been found that do not emanate

from a QCP [1, 7]. One rare example occurs in the high-
pressure partially ordered phase of the helimagnet MnSi.
It is stable over a wide pressure range and has a T 3/2 elec-
trical resistivity power law below ∼ 6 K down to the mK
range [8, 9]. The presence of a large topological Hall sig-
nal suggests that a partially ordered magnetic structure
with non-trivial topology may underlie the NFL [10, 11].
β-YbAlB4 is magnetically unordered and an example

where NFL behaviour is observed without tuning in zero
field. This NFL may be the result of a very unusual
QCP at exactly zero field or instead represent a unique
quantum critical phase that is driven into a Fermi liquid
state by an infinitesimal magnetic field [12]. However,
resistivity measurements have indicated that the NFL
may still be attached to a QCP that can be reached with
pressure [13].

There are two well known theoretical ways to get a 3-
dimensional NFL not emanating from QCPs, both based
on local physics. The first is the two channel Kondo
effect, requiring an exact balance between two screen-
ing channels [14]; which like a QCP could be thought
of as a point of precise tuning. NFL behaviour for the
two channel Kondo model has recently been seen above
quadrupole ordering temperatures in a series of cubic Pr
materials with non-Kramers doublet ground states [15],
and in related dilute systems with small concentrations
of Pr replacing Y [16], as well as in earlier studies of
Y1−xUxPd3 [17]. These local NFLs are predicted to have
a temperature dependence of their electrical resistivity
ρ(T )−ρ(0) ∝

√
T and be sensitive to magnetic field [18].

The second way requires a range of single channel Kondo
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energy scales extending to zero energy, generated by dis-
order [19], and results in an approximately T -linear re-
sistivity. The non-Fermi liquid state we report in UAu2
is robust over a wide range of magnetic field and has
signatures that are too strong to be attributed to im-
purities. UAu2 is also crystallographically well ordered
with a low residual electrical resistivity, ruling out expla-
nations based solely on chemical disorder. We also do
not see the entropy release in magnetic field that would
be expected for the usual two channel Kondo effect.

For MnSi, thermodynamic evidence of the NFL state at
high pressure is restricted to measurements of the lattice
constant [20, 21]. These show to leading order in temper-
ature, a conventional behaviour of the thermal expansion
α ∝ T [20]. Here, the NFL we report in UAu2 is manifest
in thermodynamic measurements extending to very low
temperature and unlike for β-YbAlB4, this is in a fully
magnetically ordered state.

UAu2 is a little-studied heavy Fermion metal known
to order magnetically at 43 K [22]. It has a simple AlB2-
type hexagonal crystal structure [23] comprising a ver-
tical stacking of flat sheets of a triangular lattice of U
atoms, separated by sheets of gold (Fig. 1a). The cal-
culated paramagnetic band structure is shown in Fig. 1b
(calculation details and band dispersions are given in the
Supporting Information (SI)). The magnetic phase dia-
gram and magnetic structure we find are shown in Fig. 1c.
After discussing magnetic and charge ordering (Fig. 2) we
present our thermodynamic and transport measurements
showing NFL behaviour (Fig. 3-5), then discuss these and
present our conclusions.

MAGNETIC PHASE DIAGRAM AND CHARGE
ORDER.

Theoretically, a 2-dimensional triangular lattice with
only nearest neighbour antiferromagnetic interactions
adopts three-site order defined by the moment direction
on three nearest-neighbour sites. The magnetic unit cell
then has dimensions

√
3×
√

3 compared with the atomic
cell [24] (Fig. 1a). For an Ising magnet, where the mo-
ments are constrained to be parallel or antiparallel to a
fixed direction, it is impossible to align adjacent moments
on the three sites anti-parallel, leading to the phenomena
of geometric frustration with a ground-state degeneracy
that depends exponentially on the system size, giving a
finite ground state entropy per volume. The inclusion of
higher than quadratic-order spin fluctuations in the an-
tiferromagnetic Ising-Heisenberg model [25] or of inter-
actions that have a range beyond nearest-neighbour [26]
lifts this degeneracy. The low temperature state, is then
predicted to be ferrimagnetic with spins on three near-
est neighbour sites {↑, ↑, ↓} [27, 28]. A partially ordered
{↑, ↓, 0} state may occur at higher temperature where
higher entropy states are favoured [29]. In UAu2, the
triangular lattice is stacked along the third direction
forming columns of U-atoms. Isostructural materials are
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FIG. 1. (a) The crystal structure of UAu2 viewed along the
c-axis showing 2 x 2 unit cells in the ab plane. Au atoms
(coloured gold) are at c = 1/2 and U atoms (blue) are at
c = 0. There is only a single crystallographic inequivalent
site for each atom. The U atoms lie on a triangular lattice
in the plane. In the magnetic unit cell, U atoms in the plane
labelled A,B and C are no longer equivalent to each other.
Geometric frustration occurs for Ising moments with antifer-
romagnetic nearest neighbour interactions. To see this, con-
sider the case where the A-sites have spin ↑ and C have spin
↓; the energy is then the same for either choice of spin direc-
tion at every B site. (b) The calculated Fermi surface. The
“crown” in blue is a hole band (band 1), the “button” (ma-
roon) is an electron band (band 3). Band 2 has two electron
pockets, the “propeller” at the zone centre and the “dough-
nut” at the zone edge. The orange arrows connecting menisci
of the crown are nesting vectors (0, 0, 0.14) responsible for a
peak in the static Lindhard function. Band dispersions and
the density of states, decomposed into orbital contributions
are shown in SI Fig. S1. (c) The temperature - magnetic field
phase diagram determined from our measurements of inter-
mediate and high quality single crystals. The transitions are
detected in magnetisation measurements (M), resistivity (ρ)
and with neutron scattering (see the SI for details). In the
ferrimagnetic state (F -state) A =↑, B =↓ and C is aligned
with the magnetic field with no modulation along the c-axis.
The ordered state that occupies most of the figure is incom-
mensurately modulated along the c-direction (δ-state). This
magnetic structure is shown in (d) which depicts 7 unit cell-
lengths along the c-direction (vertical). The moments (red
arrows) are ~m ∝ ~c cos(2πδ.z + θ). The phase angle θ differs
by ±2π/3 between adjacent columns. In the region labelled
δ-state a small trace of the F -state was still found. For high-
quality crystals the corresponding volume fraction was below
0.6%.

known to exhibit a wide range of complex magnetic struc-
tures [30].

We performed elastic neutron scattering measurements
on a finely powdered sample and individual single crys-
tals from two Czochralski growths to determine the mag-
netic order in UAu2. The experimentally determined
temperature - magnetic field phase diagram for field
H ‖ c is shown in Fig. 1c. At low temperature (2 K)
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a magnetic field above 6 T (along the c-axis) induces
a strongly polarised commensurate

√
3 ×
√

3 state with
Bragg peaks at ( 1

3 ,
1
3 , 0) (reflection indices are given rel-

ative to the crystal structure). This state is identified
as the ferrimagnetic state {↑, ↑, ↓} with no modulation
along the columns (hereon referred to as the F -state).
The ordered uranium moments have magnitude∼ 1.0 µB,
deduced from magnetometer measurements and the neu-
tron data. In the rest of the letter we focus on the δ-
state formed in lower field. This state exists alongside a
residual fraction of F -state. For high quality single crys-
tals the volume fraction of F -state at zero field is less
than ∼ 0.6% over the complete temperature range stud-
ied. A more significant volume fraction of powdered and
polycrystalline samples transform to the F -state at low
temperature in zero applied field, most likely as a result
of internal strain. A comprehensive description of the
fraction of F -state and sample quality is provided in the
SI.

The δ-state is a
√

3 ×
√

3 magnetic state that is sinu-
soidally modulated along the c-direction with magnetic
Bragg reflections at ( 1

3 ,
1
3 , δ). The modulation period δ

is incommensurate with the lattice and changes continu-
ously from δ ∼ 1/8 at TN to δ ∼ 0.138 at 2 K (Fig. 2b)
and is insensitive to magnetic field along c. The magnetic
moments are aligned with the c-axis (see SI). This is con-
sistent with the magnetic susceptibility, which shows a
much more pronounced kink at TN in the c-axis compo-
nent than for the a-axis (SI Fig. S6), and the near verti-
cal transition line between the δ-state and paramagnetic
state in the magnetic-field temperature phase diagram
(Fig. 1c). The magnetic moments on the three sites in a
triangle have to sum to zero at all temperatures in the
δ-state, since any ferrimagnetic component would lead to
additional reflections such as (1, 0, δ) where no intensity
was seen.

States consistent with the above observations can be
built from any combination of two states, one with the
phase of the modulation differing by 2π/3 between neigh-
bouring columns A→ B → C (Fig. 1d) denoted δ+, and
the other with phase differences of −2π/3, denoted δ−.
The transition from δ to F induced by an applied field
is strongly first order (hysteretic) and accompanied by a
sharp drop in the electrical resistivity (SI Fig. S7). The
δ-state in UAu2 is similar to the magnetic state observed
below TN in the rhombohedral insulator Ca3Co2O6 [31].
However, at lower temperature the magnetic structure
in Ca3Co2O6 transforms slowly to an antiferromagnetic
striped state that no longer preserves the

√
3 ×
√

3 ar-
rangement [32].

We performed zero-field X-ray scattering measure-
ments on the same single crystals studied with neutrons.
Resonant scattering at the UM4 edge identified the same
magnetic peaks seen with neutrons in the δ-state and az-
imuthal scans with polarisation analysis confirmed the
moments are directed along the c-axis. We also made
measurements with 11.2 keV X-ray photons and a much
higher X-ray intensity. These measurements revealed
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FIG. 2. (a) The zero-field temperature dependence of the
SDW and CDW amplitudes squared, normalised to their val-
ues at low temperature, proportional to the integrated neu-
tron and X-ray scattering at Bragg peaks with modulation
vectors δ (neutrons, SDW) and 2δ (X-rays, CDW). Both neu-
tron and X-ray measurements were performed on the same
high-quality single crystals that contained less than 0.6% of
the high field F -state (see SI). The lines through the points
are guides to the eye. The SDW amplitude clearly saturates
at low temperatures below 15 K and has a globally convex
shape which are conventional features. In contrast, the CDW
amplitude continues to grow with decreasing temperature at
the lowest temperatures and has a concave shape. The dashed
line shows the square of the SDW intensity, which is the ex-
pected form for a charge modulation due to magnetostriction.
The CDW in UAu2 clearly has a very different temperature
dependence showing that it is not principally caused by mag-
netostriction. (b) Shows that the value of δ is the same for
both the CDW and SDW (the line is a guide to the eye).

the presence of charge peaks below TN at ( 1
3 ,

1
3 , 2δ) and

equivalent positions. The identical temperature depen-
dence of δ(T ) for the charge density modulation (charge
density wave, CDW) and the magnetic modulation (spin
density wave, SDW) show they are related (Fig. 2b). A
careful search was made at 2 K and close to TN for diffrac-
tion peaks at ( 1

3 ,
1
3 , 0) and related positions; none were

found. Given that the CDW is linked to the magnetic
structure, peaks at these positions would be expected
for magnetic states made from superpositions of oppo-
site helicity δ+ and δ−. The absence of these peaks,
therefore, implies that locally the δ-state is pure δ+ or
δ− at both temperatures. This rules out an entropy
driven transformation to a partially ordered state. To
see if we could understand the origin of the magnetic δ-
structure, we examined a simple theoretical model with
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fixed Ising moments. For long range exchange param-
eters along the c-axis that fix the period of the modu-
lation and a weak nearest neighbour antiferromagnetic
exchange in the plane, we confirmed that the spin ar-
rangement observed experimentally and shown in Fig.1d
minimises the free energy (see SI). The modulation along
the c-axis may result from nesting features of the Fermi-
surfaces (Fig. 1b).

We found no evidence for higher harmonics of the SDW
or CDW order that would accompany a squaring up of
the modulation in either the neutron or X-ray studies
(SI Fig. S9 and S10). The temperature dependence of
the intensity of the SDW and CDW are shown in Fig. 2a.
A charge density wave at q = 2δ can be induced by mag-
netostriction, as found for the SDW in chromium [33]
with charge peak intensities proportional to the square
of the magnetic intensities and with additional higher
multiple CDW harmonics at q = 2nδ (for integer n).
In contrast, the temperature dependence of the CDW
for UAu2 is not a simple power of the magnetic inten-
sity ISDW (Fig. 2a) and there are no higher harmonics.
While the magnetic intensity changes very little below
T ∗ ∼ 15 K, the intensity of the CDW in UAu2 increases
strongly as the temperature is reduced below T ∗, with a
strong temperature dependence down to the lowest tem-
perature measured (2 K). Combined CDW/SDW order
with a charge modulation vector that is twice the mag-
netic modulation vector has also been reported in stripe
phases [34] in cuprate superconductors and closely re-
lated nickelates. In these systems, rivers of high charge
density act as anti-phase domain boundaries between an-
tiferromagnetic regions. But unlike in UAu2, the charge
ordering is always observed at a higher temperature than
the magnetic ordering, characteristic of a transition that
is driven by charge [34]. For UAu2, the CDW devel-
ops below the magentic ordering temperature suggesting
it has a different origin from the cuprates. The strong
low temperature dependence suggests the CDW may be
linked with the non-Fermi liquid behaviour that we de-
scribe next.

THERMODYNAMIC AND TRANSPORT
MEASUREMENTS

We find the heat capacity has a non Fermi-liquid be-
haviour C/T = A log(Θ/T ) with A = 68 mJ mole−1K−2
and Θ=69 K (Fig. 3a) over at least a decade in tem-
perature below 4 K. Other contributions including from
phonons make it difficult to determine an upper limit
above 4 K. A natural temperature scale over which this
behaviour might persist is deduced from the c-axis re-
sistivity, which shows a decrease in slope in the range
10-20 K (Fig. 3c) and the susceptibility that starts to
increase with decreasing temperature in the same tem-
perature range (Fig. 3b). The change in entropy due to
the log(Θ/T ) term between 0 K and 20 K equates to
0.5R log(2) per uranium. The low temperature differ-
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FIG. 3. Low temperature macroscopic properties of UAu2

in zero field. The main panels show (a) the heat capacity
divided by temperature C/T , (b) the susceptibility χ and
(c) the resistivity ρ plotted against temperature on a logarith-
mic scale. There are clear signatures at the magnetic ordering
temperature TN = 43 K and a cross-over in behaviour around
T ∗ ≈ 20 K. In (a) the solid line shows a fit to A−B log(T ) be-
tween 0.5 and 4 K. In (b) the solid line is a fit to A−B log(T )
for T < 9 K. In (c) the resistivity is normalised to the value
at 100 K. The inset shows the low temperature resistivity
against T 1.35. The straight dashed lines indicate the T 1.35

dependence persists to ∼ 300 mK. A gradual increase in the
exponent of resistivity to T 2 occurs below 300 mK. All mea-
surements were performed on high-quality single crystals that
contain less than 0.6% of the high field F -state (see SI).

ential susceptibility in the δ-state follows χ(0)− χ(T ) ∝
log T (Fig. 3b). The ratio of the coefficients of the log(T )
terms for C/T (in units of JK−2mole−1) and χ (in units
µB/Tesla) is close to the Wilson ratio (π2/3)(RkB/µB).
The non-Fermi liquid behaviour is therefore consistent
with a renormalisation of the quasiparticle effective mass.
This contrasts with the case of β-YbAlB4 where the
Wilson ratio diverges towards low temperature, consis-
tent with strong and increasing ferromagnetic fluctua-
tions with decreasing temperature [12].

The heat capacity measured at very low temperature
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FIG. 4. Temperature dependence of the the heat capacity di-
vided by temperature for high quality single crystals of UAu2

at low temperature. There is only a very weak magnetic field
dependence of the heat capacity for fields of a few Tesla in this
temperature range, where the sample is in the δ-state. The
solid line is a fit at zero field to C/T = a/T 3 + b − c log(T )
(a, b and c are constants). The first term in this expression
arises from the nuclear hyperfine states of gold and uranium
nuclei (see SI for details). The dashed line shows the elec-
tronic contribution from the other two terms. A log(T ) be-
haviour is characteristic of a non-Fermi liquid. For a field
H ‖ c = 8 T the sample is transformed into the commen-
surate ferrimagnetic F -state (the high-quality single crystals
studied have less than 0.6% of the F -state present in the δ-
phase (see SI)). The temperature dependence in this case is
C/T = a′/T 3+b′ (solid line). There is no log(T ) term and the
electronic contribution is constant (dashed line), characteris-
tic of a normal Fermi liquid. For intermediate c-axis fields the
sample transforms abruptly and hysteretically between the
two states. Some crystals have an additional bump in C/T
of height less than 20 mJ mole−1 K−2 located in the temper-
ature range 300-500 mK with a sample dependent width (see
SI Fig. S3). The bump is suppressed with field and absent in
fields of several Tesla. The sample dependence of this feature
suggests that it has an extrinsic origin (see SI). It makes an
insignificant contribution to the entropy compared with the
log(T ) term.

is shown in Fig. 4. Gold nuclei have an extremely small
dipole moment but significant quadrupole moment. This
leads to a C/T ∼ 1/T 3 quadrupolar Schottky contri-
bution to C/T that dominates the heat capacity be-
low ∼ 0.1 K. The electric field gradient at the gold
site was calculated from the band-structure and splits
the gold nuclear-levels into two doublets separated by
∆E/kB ∼ 9mK. There is additionally a small contri-
bution from 235U (the depleted uranium in our samples
contains ∼ 0.2% 235U), which also has a quadrupole mo-
ment. The observed magnitude of the 1/T 3 coefficient

may be fully accounted for by these terms (see SI for de-
tails). The strong Ising anisotropy of UAu2 would mean
any transverse spin-wave fluctuations are gapped, and
therefore no T 3 contribution from magnons is therefore
expected.

As well as the log(T ) term and nuclear Schottky con-
tribution in zero magnetic field, in some crystals there is
a weak additional contribution to the heat capacity be-
low 500 mK (SI Fig. S3) associated with only a very tiny
change of entropy (∼ 0.02R log(2)). Unlike the log(T )
term, this extra contribution is suppressed in a small
magnetic field and is attributed to defects (SI Fig. S3).
No change in the magnetic Bragg peak intensity or mod-
ulation vector was seen in the δ-state between 1 K and
40 mK with neutron scattering, shown in SI Fig. S10,
therefore, we can rule out any bulk magnetic transition
at low temperature and zero field.
C/T = A log(Θ/T ) has only a very weak field de-

pendence in fields of up to several Teslas, shown in
Fig. 4. In field, after removing the 1/T 3 contribution,
C/T ∼ log(1/T ) appears to persist to the lowest temper-
ature for which the Schottky term can be reliably sub-
tracted ∼ 0.1 K (SI Fig. S15). For larger fields along c,
above 4 T, the δ-state can be obtained by zero field cool-
ing but is metastable and transits to the F -state abruptly
and irreversibly as the temperature is increased. At 8 T,
the sample is in the F -state irrespective of the field his-
tory and C/T = γ, is a constant, characteristic of a stan-
dard Fermi liquid (plus a 1/T 3 nuclear Schottky contri-
bution). Thus in summary, the δ-state has an electronic
heat capacity C/T ∼ log(1/T ) dependence from ∼ 0.1 K
to above 4 K. The same dependence survives in magnetic
fields of several Tesla.

The thermal expansion determined from the X-ray
scattering measurements is shown in Fig. 5, where it is
compared with that calculated from C/T and a temper-
ature independent Grüneisen parameter, Γ. The consis-
tency of the two curves below 10 K does not suggest any
low temperature divergence of Γ.

We will now discuss the electrical resistivity. The low
temperature resistivity of UAu2 has a non-Fermi liquid
ρ(T ) − ρ(0) ∝ T 1.35 dependence down to a tempera-
ture below ∼ 300 mK (inset Fig. 3c). Below this tem-
perature there is a gradual increase in exponent that
at the very lowest temperatures can be described by
ρ(T ) − ρ(0) ∝ T 2, the expected dependence for a cor-
related Fermi liquid. This may indicate the energy scale
for inter site coherence is 200 − 400mK, or it may be a
cross-over to another lower temperature regime. Anal-
ogous to the heat capacity, the NFL behaviour and the
cross-over temperature in resistivity is insensitive to mag-
netic field in the δ-state (SI Fig. S8). The resistivity is
distinctly different from that in the NFL of the partially
ordered phase of MnSi, where the T 3/2 dependence ex-
ists to a much lower temperature [8, 9]. Based on the
cross over in the resistivity, the log(T ) term in C/T might
also be expected to saturate at a low temperature below
300 mK. The analysis of C/T below 300 mK depends on
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the accurate subtraction of the 1/T 3 tail from the nuclear
Schottky contributions. A modification of the nuclear
contribution could potentially obscure the identification
of such a saturation.

DISCUSSION

We now discuss possible explanations of our find-
ings. In a metal, uranium usually has a valence some-
where between U4+ (electron configuration 5f2) and U3+

(5f3). Crystal symmetry imposes that the lowest states
of the former configuration have total angular momen-
tum quantum number J = 4 and are split into 3 non-
Kramers doublets and 3 singlets [35]. The non-Kramers
doublets have a quadrupole moment, but can addition-
ally carry a dipole moment. The lowest energy states
for U3+ have J = 9/2 and are split by the crystal field
into 5 Kramers doublets. The heat capacity in Fig. 2
would be exceeded if there was a Schottky contribution
from the crystal electric field levels with a splitting less
than ∼ 40 K or a phonon term with a Debye temperature
below ∼ 170 K. It is however possible to accommodate
within the measured heat capacity a Schottky term with
a larger splitting as might arise from the CEF acting on
U moments (and a larger Debye temperature). These
contributions to the heat capacity are irrelevant below
∼ 4 K, where C/T ∼ log(1/T ) is observed.

We now turn to discuss the origin of C/T ∼ log(1/T );
this particular dependence is referred to with the abbre-
viation MFL (marginal Fermi liquid) in the following.
Although a rigid density of states with a 2D Van Hove
singularity can give C/T ∼ log(1/T ), this cannot account
for the magnitude of the constant of proportionality ob-
served and would be sensitive to magnetic field.

An explanation based on the proximity to a QCP be-
tween the δ-state and high field F -state can be ruled
out; the field induced transition is strongly first-order,
whereas a continuous transition is required for a QCP.
Additionally, approaching the δ − F transition with in-
creasing magnetic field does not lead to strengthening of
the log(T ) term in the heat capacity or an enhancement
of the zero temperature T 2 contribution in the resistiv-
ity or a lowering of the cross-over temperature to T 1.35

(S.I. Fig. S8), all of which would be expected approaching
a quantum critical transition.

For magnetically unordered ground states standard
explanations for a MFL are based on a proximity to
a magnetic quantum critical point (QCP). Considering
only magnetic degrees of freedom a MFL is found for
Hertz-Millis QCPs [36] between paramagnetism and ei-
ther 3D FM or 2D AFM [37]. The key point is that this is
restricted to temperatures above TN . Below TN the mag-
netic fluctuations linked to the order cannot give rise to
quantum critical behaviour since the Fermion spectrum
is gapped at the ordering vector and the only excita-
tions within this gap are Goldstone modes that are un-
damped and cannot give the required divergence of the

self-energy [38]. Thus, while there are many magneti-
cally unordered materials that are MFLs, UAu2 provides
a unique example where such a behaviour is found within
a magnetically ordered state. A different degree of free-
dom is therefore required to explain non-Fermi-liquid be-
haviour below TN .

Quadrupole order, linked to a non-Kramers U4+ dou-
blet single ion ground state, provides a natural candidate
for a second degree of freedom. One possibility is that
this degree of freedom is close to ordering at a QCP be-
low TN . Ce3Pd20Si6 provides an example of the opposite
case, where an AFM QCP occurs within a quadrupolar-
ordered state [39, 40]. A proximity to a QCP can how-
ever be ruled out for UAu2 from the thermal expansion
below 10 K, shown in Fig. 5. Below 10 K the thermal ex-
pansion is proportional to the heat capacity, correspond-
ing to a temperature independent Grüneisen parameter
Γ. This contrasts sharply with a divergence of Γ that
would be expected approaching a QCP. The same con-
clusion also applies to QCPs from extensions [41] of the
Doniach phase diagram [42] or for a quantum critical va-
lence transition [43]. While we have ruled out a QCP,
the non-monotonic variation of the thermal expansion
βa between 10 and 20 K and a change in anisotropy from
βc/βa < 2 below 10 K to βc/βa ∼ 10 above 20 K, never-
theless suggest that valence changes occur away from zero
temperature. The temperature dependence of the CDW
and SDW intensities and resistivity all show changes in
this temperature range, the origin of which remains an
open question.

Without magnetic order, a non-Kramers U4+ doublet
ground state can form a two-channel Kondo state [44]
(2CK) giving a MFL. Indeed, the calculated 2CK heat
capacity [45, 46] scaled to the lattice density of UAu2 can
reproduce the measured low temperature heat capacity
well (SI Fig. S15a). The zero temperature residual en-
tropy 0.5R log(2) inherent in the 2CK state, is however,
released on a temperature scale Ts when the degeneracy
of the two channels is broken. The degeneracy is broken
by an effective field [47] coming from both magnetic or-
der and an applied field. A field of a Tesla would give
an easily visible increase of C/T (a detailed calculation
is given in the SI). Such an increase is not seen exper-
imentally, implying a uniform two channel Kondo state
does not provide a straightforward explanation for our
findings. We now examine whether the entropy release
due to the magnetic order itself may result in a MFL.

The incommensurate nature of the modulated order
means that there will be some ions that are located close
to nodes of the total effective field comprising the sum
of the field due to the modulated order and applied field.
The two channel Kondo analysis could still apply for
these sites. For the sample as a whole, incommensurate
order will result in a distribution of temperature scales
Ts over which the 2CK residual entropy is released, with
Ts extending down to zero temperature at the nodes. A
MFL would result if the distribution of Ts values was
constant as Ts → 0, or more precisely constant to below
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FIG. 5. The relative change in the a and c lattice parameter
as a function of temperature in zero field deduced from X-ray
diffraction for the (3,0,0) and (3,0,1) diffraction peaks of high-
quality single crystals that contain less than 0.6 % of the high
field F -state. The solid lines are fits to ∆a ∝ ∆c ∝

∫
C(T )dT ,

with C/T ∼ log(69/T ) (the only free parameter is a constant
of proportionality for each direction). This analysis is valid
for a constant Grüneisen parameter.

the lowest temperature measured (SI Fig. S15b). This
idea is similar to one used to explain a MFL and lin-
ear in temperature resistivity in Th0.93U0.07Ru2Si2 [48],
based on a distribution of single-channel Kondo tempera-
tures [19, 49] (in that case the distribution was attributed
to chemical disorder). We now briefly consider the distri-
bution of Ts predicted theoretically. In the 2CK model
Ts is proportional to the square of the difference of the
coupling strength for the two screening channels. For
an isolated ion and no order this results in Ts ∝ H2

where H is the magnetic field [47]. This relation and a
sinusoidal spatial variation for H due to magnetic order,
does not give the required flat distribution of Ts (Ts ∝ H
is required for this). A related problem was encountered
when trying to explain the field dependence of the sus-
ceptibility and C/T in Th0.93U0.07Ru2Si2 starting from
the 2CK model. To get Ts ∝ H for Th0.93U0.07Ru2Si2,
models start from more complex crystal field schemes
such as the accidental degeneracy of two singlets [50], or
a combination of a non-Kramers doublet and two sin-
glet levels [51, 52]. These models move the sweet spot
field at which the balanced 2CK response occurs from
zero field to a finite field. The field distribution from the
incommensurate order plus an applied field could con-
tinue to encompass the sweet spot over a wide range
of applied fields. This would naturally explain the re-
silience of the MFL in applied field. Also, since there is
no longer a continuous field distribution in the F -state,
which is not modulated, this would also naturally ac-
count for the disappearance of the MFL. None of the

above analysis considers coherence between Kondo sites,
which is a formidable theoretical challenge, but essential
to explain, for example, the behaviour of the electrical
resistivity.

CONCLUSIONS

Although its crystal structure is incredibly simple,
UAu2 has very unusual properties. The triangular lat-
tice is a well known source of magnetic frustration and
UAu2’s Néel temperature is indeed less than the magni-
tude of its Curie-Weiss temperature (see SI), consistent
with a modest suppression of the ordering temperature
due to frustration. The low temperature magnetic struc-
ture we report is unique to UAu2, but we have shown
it can be accounted for in a straightforward way. Frus-
tration in this case resists the tendency for the modula-
tion to square up as the temperature is reduced, so that
other mechanisms that stabilise or quench the remaining
fluctuating moments, such as Kondo screening have an
increased opportunity to play a role. At temperatures
well below TN , we found a non-Fermi liquid heat capac-
ity, that is surprisingly robust in magnetic field. Frus-
tration and potential valence fluctuations invite compar-
isons with the NFL in β-YbAlB4 [12], however, the pres-
ence of magnetic ordering and robustness in magnetic
field, clearly distinguish UAu2 from β-YbAlB4. Addi-
tionally, below TN a charge modulation was detected that
is locked to the magnetic order, but cannot be explained
by simple magnetostriction. The intensity of charge mod-
ulation increases dramatically at low temperatures mir-
roring the non-Fermi liquid C/T , suggesting that these
two features may be related. Charge transfer connected
with the Anderson impurity description of Kondo physics
is well established theoretically [53, 54], but has not, as
far as we are aware, been observed experimentally in bulk
materials. The incommensurate long period nature of the
magnetic order in UAu2, however, means that this trans-
fer may be observed in our case via diffraction, which co-
herently amplifies the signal affording a possible expla-
nation of the CDW we observe. The lack of saturation of
the charge signal with decreasing temperature is then di-
rect evidence for a range of Kondo scales Ts, extending to
zero temperature, that would also explain C/T ∼ log(T ).
The range is inherent to the modulated magnetism and
does not necessarily require chemical disorder. While en-
couraging, this analysis does not include the coherence
between Kondo sites and requires further development
to account for the actual distribution of Ts. Our findings
show that UAu2 forms an unusually robust non-Fermi
liquid state in a clean material with a high RRR that is
not anchored to a QCP. The simplicity of the material,
makes it more amenable to study than other 3D systems
such as non-Fermi liquid states in high Tc superconduc-
tors, where QCPs are also present, and MnSi, where a
robust non-Fermi liquid state is only attained at high
pressure.
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MATERIALS AND METHODS

Samples of UAu2 were obtained by Czochralski method
with a rotating tungsten seed from a RF-levitated sto-
ichiometric molten mixture of electro-transported de-
pleted uranium (Ames laboratories) and high purity gold
(99.999% Au, Alfa Aesar) from a water-cooled high con-
ductivity copper crucible under a purified argon atmo-
sphere. Single-crystalline grains within the sample were
identified with Laue X-ray diffraction and cut with a
spark eroder. Measurements of resistivity were per-
formed by the standard four-point method on a Cryo-
genics Ltd CCR (2-300 K) and Cryogenics Ltd / Lei-
den dilution refrigerator (0.05-1.4 K). A Quantum Design
MPMS Magnetometer was used to measure magnetisa-
tion in fields up to 7 T and a PPMS to measure heat
capacity above 500 mK. Heat capacity measurements be-
tween 0.1-1.1 K in Fig. 4 were performed by the relax-
ation method in a dilution refrigerator. Time-of-flight
neutron diffraction data were taken on the WISH time-
of-flight diffractometer at ISIS, RAL, UK on both powder
and single crystals. Resonant and non-resonant X-ray
measurements were made at the XMaS BM28 beamline
at the ESRF, Grenoble, France. Further details on the
experimental methods and materials are given in the SI.

Acknowledgements We acknowledge support
from the UK EPSRC grants EP/P013686/1 and
EP/R013004/1.

SUPPLEMENTARY INFORMATION

METHODS

Sample preparation

Samples of UAu2 were grown by the Czochral-
ski method with a rotating tungsten seed from a
RF-levitated stoichiometric molten mixture of electro-
transported depleted uranium (Ames laboratories) and
high purity (99.999 %) gold contained by a water-cooled
oxygen-free high-conductivity copper crucible under a
purified argon atmosphere. Single crystals were identi-
fied with Laue X-ray crystallography and extracted with
spark erosion and additionally annealed under ultra-high
vacuum at 850 C for 5 days. Samples were stored under
vacuum to avoid oxidation in air.

Resistivity, magnetisation, specific heat and
magnetoresistance measurements

Measurements of resistivity were performed by the
standard four-point method with a Cryogenics Ltd CCR
(2-300 K) and Cryogenics Ltd / Leiden dilution refrigera-
tor (0.05-1.2 K). A Quantum Design MPMS Magnetome-
ter was used to measure magnetisation in fields up to 7 T.

0 2 4 6 8 10 12 14

-5

0

5

DOS [eV-1 /unit cell]

Total
Au-d
U-f
U-d

FIG. 6. Band structure and DOS for paramagnetic UAu2,
from DFT+U calculations. The projections onto Au d, U d
and U f states are shown in red, turquoise and green respec-
tively. The total DOS is grey. The inset shows the different
directions in the Brillouin zone along which the band disper-
sions are plotted.

The susceptibility reported in Fig. 3 (main text) is the
differential susceptibility in the field range 0.2-0.8 T (i.e.
[M(0.8)−M(0.2)] /0.6); the minimum field value is high
enough to avoid a contribution from ferrimagnetism (see
below) and 0.6 T is well below the metamagnetic transi-
tion field. The heat capacity in the range 0.5-300 K at
zero field was measured with a Quantum Design PPMS
and in the range 0.08-3 K with and without magnetic
field in a home built set-up.

Neutron and X-ray measurements

Time-of-flight neutron diffraction data were taken on
the WISH time-of-flight diffractometer [55] at ISIS, RAL,
UK on both powder and single crystals. The powder sam-
ple comprised a 7 g polycrystalline ingot that was ground
up in a glovebox under a controlled argon atmosphere and
sealed in a vanadium sample can. Resonant and non-
resonant X-ray scattering measurements were made at
the XMaS, on the BM28 beamline at the ESRF, Greno-
ble, France. The SDW intensity in Fig. 2a (main text) is
the integrated intensity of the ( 1

3 ,
1
3 ,±δ) Bragg peaks for

a single crystal measured with neutrons. The CDW in-
tensity is the integrated intensity of (4 1

3 ,−1 1
3 , 2+2δ) and

(3 1
3 ,− 2

3 , 1 + 2δ) Bragg peaks measured with 11.178 keV
X-rays (non-resonant scattering). In each case the pairs
of peaks gave consistent results and the mean intensity
is shown.

BAND STRUCTURE CALCULATIONS

The ELK code [56] was used to calculate the band
structure for the experimental UAu2 crystal structure
with lattice parameters a = 4.76 Å and c = 3.11 Å.
The muffin-tin radii of U and Au were set to 1.54 Å
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and 1.36 Å respectively, and the product of the average
muffin-tin radius with the magnitude of the maximum
plane-wavevector was set to 7.0. Self-consistent ground
state calculations were performed on a grid of 10×10×15
k-points, which was increased to 20 × 20 × 30 for non-
self-consistent calculations to determine the density of
states (DOS) and Fermi surface. The PBE exchange-
correlation functional [57] was used with spin-orbit inter-
actions included, and corrections to the on-site Coulomb
interaction between U 5f -states was implemented using
the DFT+U method [58]. From the band structures, we
calculated the static Lindhard function in the paramag-
netic state

χij(q) =
∑
k

fi,k+q − fj,k
εj(k)− εi(k + q) + iη

. (1)

The subscripts refer to the band indices (spin indices are
implicit) enumerated in Fig. 1 (main text). The compo-
nent Re χ11(q) has a peak at (0, 0, δBS) with δBS depen-
dent on the choice of the DFT+U parameters U and J .
We parametrise the DFT+U correction in terms of a sin-
gle inverse screening-length λ for the on-site Coulomb in-
teraction [59, 60]. We chose λ such that δBS ∼ 0.14 corre-
sponding to the observed c-axis component of the order-
ing vector at low temperature. The resulting Fermi sur-
face, with λ = 2.75a−10 , is shown in SI Fig. 1. This corre-
sponds to the effective DFT+U parameters U = 1.32 eV
(the onsite Coulomb repulsion averaged over uranium 5f -
levels) and J = 0.41 eV (averaged intra-ion exchange in-
teraction between different 5f states). The correspond-
ing band structure and density of states (DOS) are shown
in SI Fig. 6 and indicate that the states at the Fermi
energy are predominantly made up of uranium f states.
There are 2.6 f -electrons/uranium below the Fermi-level,
which corresponds to a uranium valence of U3.4+.

SAMPLE QUALITY

Single crystal samples contain a small volume frac-
tion that is ferrimagnetic at low temperature and field.
This fraction varied between samples and is therefore
not an intrinsic property, but most probably associated
with localised regions near defects. The zero field re-
manent magnetisation gives a measure of the ferrimag-
netic fraction, which has a similar temperature depen-
dence for all the single crystals measured (SI Fig. 7). We
denote single crystals showing a zero field remanent ferri-
magnetic magnetisation M0 > 0.001µB/UAu2 (typically
0.003µB/UAu2) at 2 K as being of intermediate quality
and those with M0 < 0.001µB/UAu2 as high quality. No
systematic relation betweenM0 and differences in growth
conditions or the degree of surface oxidation has been
identified. The residual resistance ratio RRR, defined
as the resistance at 300 K divided by that at low tem-
perature gives another measure of sample quality. High
quality samples have RRR > 50 for current I along the a-
axis. The two bar samples measured in Fig. 3 (main text)
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FIG. 7. The main figure shows the temperature dependence
of the remanent magnetic moment M0 deduced from hystere-
sis loop measurements for an intermediate quality crystal with
the field along the c-direction. Hysteresis loops at different
temperatures are shown in the inset. The remanent moment
comes from a small volume fraction of the sample that is ferri-
magnetic at low temperature and field. These measurements
were made with a Quantum Design MPMS magnetometer.

were cut from the same crystal. The RRR and residual
resistivity are 95 and 0.8 µΩ cm for I ‖ a and 35 and
1.0 µΩ cm for I ‖ c. The low temperature resistivity is
therefore close to isotropic compared with an anisotropy
of the room-temperature resistivity ρa/ρc slightly above
2. Considerably higher RRRs and lower residual resistiv-
ities are obtained taking the low temperature resistance
values (at high field) in the F -state.

The difference in quality between different high qual-
ity crystals does not affect any of the discussion in the
main paper. The very low temperature heat capacity was
measured for three different high quality crystals with
RRR ∼ 73, ∼ 100 and ∼ 84, shown in SI FIG. 8. The
measurements above 500 mK are indistinguishable. In
addition to the log(T ) dependence discussed in the main
text, there is a small sample dependent contribution be-
low 500 mK. It is peaked at 380 mK for the RRR ∼ 73
sample, at 420 mK for the RRR ∼ 100 sample and is
practically absent for the RRR ∼ 84 sample. The sample
dependence of this contribution and the small associated
entropy are consistent with a non-intrinsic origin.

An ordering of the 235U nuclear moments could provide
a source of this contribution, with around the correct
entropy. However, ∼ 400 mK would be an incredibly high
temperature for nuclear moment order, despite the very
large C/T connected with the non-Fermi liquid, which
may provide an unusually strong electronically mediated
interaction [61]. While the origin of this contribution has
not been identified, the most likely source is magnetic
defects.
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Schottky term calculation

Here, we provide the detail of our nuclear Schottky
analysis that accounts for the very low temperature up-
turn of C(T ). The formula for the shift in nuclear energy
levels due to a crystalline electric field is:
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FIG. 10. (a) The calculated U and Au Nuclear quadrupole
and their total contributions to the heat capacity. (b) The
total contribution (points) compared with a 1/T 3 term (line).

∆E =
eQVzz

4I(2I − 1)

(
3M2 − I(I + 1)

)√
1 +

η2

3
. (2)

eQ is the quadrupole moment, η = (Vxx− Vyy)/Vzz with
Vxx,yy,zz the electric field gradients along the principle
axes. I and M are the nuclear spin quantum numbers.
The parameters for U and Au are given in Table S1 and
Table S2 (below).

Isotope abundance/UAu2 Q(Barns) I µ/µN

Au197 2 +0.55 3/2 0.15
U235 0.002 +4.9 7/2 -0.38

TABLE I. Nuclear moment parameters (source [62]). Our
samples contain depleted uranium, 0.2 % 235U.

The mean of the maximum and minimum values for
Vzz from our DFT calculations for a range of parameters
is given in the following table and the values are plotted
in SI FIG. 9. For the U sites η = 0 by symmetry. For
Au η = 0 in the PM state and has a small value in the
magnetically ordered states (its maximum magnitude is
given in the table).

atom Vzz (Vm−2) ±% max|η| Levels(mK)degeneracy

U −5.29× 1022 4 0 (0)2, (64)2, (107)2, (129)2

Au −2.61× 1022 5 0.07 (0)2, (8.3)2

TABLE II. Potential gradients at U and Au sites calculated
from DFT. Central values are given along with the spread cov-
ering both non-magnetic and ferrimagnetic states for screen-
ing parameter U in the range 2-4 eV. The resulting energy
levels are given in the last column.

The heat capacity for these parameters is calculated
from the partition function in the standard way. C/T is
plotted for each contribution in SI FIG. 10(a). The total
contribution is also compared with a single 1/T 3 term in
SI FIG. 10(b), giving an A coefficient of 0.33 mJ mol−1 K.
The values of the A coefficient obtained experimentally in
the F -state is 0.38 mJ mol−1 K at 8 T. This suggests that
the DFT calculation provides a good description of the
F -state. At low field in the δ-state the 1/T 3 coefficient is
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FIG. 11. The figure shows the inverse susceptibility H/B
(with M in units µB/UAu2 and B = 1 T) plotted against
temperature. The dashed lines (blue) are straight line fits
(Curie-Weiss Law) to the data in the range 80-300 K. The
Curie-Weiss moments deduced from the straight line fits are
3.5µB ‖ a and 2.8µB ‖ c compared with the moment for a
free U3+ ion of 3.6µB . The data shown is for a high quality
single crystal; the same Curie Weiss moments and TCW were
found for an intermediate quality crystal.

smaller ∼ 0.24 mJ mole−1K. This suggests that the DFT
overestimates the electric field, with Vzz around 2/3 of
the DFT estimate. The lower value compared with DFT
in the δ-state may be explained by an enhanced screening
of the electric field gradients in the non-Fermi liquid. A
magnetic field of 10 T would give a dipole splitting less
than ±0.55 mK for Au and less than ±1.4 mK for U,
which are much less than the quadrupole splitting and
two orders of magnitude smaller than ∼ 400 mK (the
temperature of the small zero field peak in C/T ).

Magnetisation, resistivity and magnetoresistance
measurements

In the main text it is stated that above TN the mag-
netisation of UAu2 is almost isotropic with a paramag-
netic Curie-Weiss behaviour. The supporting data is
shown in SI Fig. 11. TN ∼ 43 K is much lower than
the Curie-Weiss temperature 142 K indicating the pres-
ence of strong magnetic correlations that could be due to
magnetic frustration.

The resistivity and magnetisation measurements used
to construct the field-temperature phase diagram shown
in Fig. 1 of the main text are shown in SI Fig. 12. The
metamagnetic transition in the resistivity is seen in all
the crystals studied (both high and intermediate quality
single crystals).

0.4

0.3

0.2

0.1

0.0

M
 (µ

B/
U

A
u 2

)

86420
B (Tesla)

2 K
4 K

8 K

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0
R

/R
(3

00
 K

)
86420

B (Tesla)

2 K
3 K
4 K

6 K

10 K

0.4

0.3

0.2

0.1

0.0

M
 (µ

B
/U

A
u 2

)

20151050
T (Kelvin)

B = 9 T

(a)

(c)

(b)

FIG. 12. Magnetisation (a) and (b), and electrical resistance
(c), for applied magnetic field along the c-axis. The magneti-
sation measurements are on a high quality single crystal mea-
sured with a Quantum Design PPMS with vibration insert.
Resistivity measurements are for a different crystal (similar
transition fields and hysteresis were seen for several crystals).
The transition fields (including hysteresis) shown in Fig. 1
(main text) are based on this data and the diffraction data in
SI Fig. 14.

For the non-Fermi liquid state, the resistivity below
1.5 K is well described by a power law T 1.35 down to
∼ 300 mK. Below this temperature there is a gradual
increase in the exponent and ρ = A + BT 2 at the low-
est temperature (main text Fig. 3(c)). The resistivity
against T 1.35 at a series of fields in the δ-state for J ‖ c
and a, is shown in SI Fig. 13. The T 1.35 dependence is
unperturbed by field and only a slight increase is seen
in the temperature below which the exponent increases
with field. The cross-over temperature rises and the T 2

coefficient falls with increasing field approaching the δ-F
transition. This behaviour is the opposite of that ex-
pected approaching a QCP

The T 2 coefficient of the lowest temperature resistiv-
ity at zero field for J ‖ c-axis is 3.79 µΩcm/K2. The low
temperature heat capacity of 440 mJ/mol K2 at 80 mK,
shown in SI FIG. 20, gives a Kadawaki woods ratio of
RKW = 19.6 µΩ cm mol2K2J−2, close to the value ex-
pected for heavy Fermion materials of RKW ∼ 10 µΩ
cm mol2K2J−2 [63]. Extrapolating the heat capacity to
∼ 4 mK gives RKW = 10 µΩ cm mol2K2J−2.
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Single crystal neutron diffraction

SI Fig. 14 shows the single crystal diffraction spec-
trum for a high quality crystal at different magnetic fields
and temperatures over two ranges of detector angles that
cover the outgoing beam direction for the (1/3, 1/3, 0)
and (1/3, 1/3, δ) diffraction peaks respectively. The
peaks at small d-values in the spectra are nuclear peaks
and independent of field and temperature. It should
be noted that unlike the F -state peak at (1/3, 1/3, 0)
the δ-state peak at (1/3, 1/3, δ) gives no 2nd order sig-
nal at d/2, consistent with a pure sine-wave modulation.
There is almost no intensity at the (1/3, 1/3, 0) positions
at low temperature and small field. The points in the
temperature-field phase diagram (Fig. 1c main text) de-
duced from neutron scattering are deduced from the mid-
points of the abrupt transitions seen in SI Fig. 14c and
14d.

Neutron scattering measurements in zero field were
performed on high-quality single crystals down to 40 mK,
shown in SI Fig. 15. No change in the modulation vector
or intensity of the magnetic peaks is seen below 1 K down
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FIG. 14. The figure shows the scattering intensity integrated
over angle for diffraction as a function of d-spacing (a) in the
(1/3, 1/3, 0) direction and (b) in the (1/3, 1/3, δ) direction.
Measurements are shown for different temperatures and mag-
netic fields for a high quality single crystal. Panel (c) shows
the integrated intensity of these peaks as a function of field
at 2 K relative to the background intensity at zero field and
50 K. Panel (d) shows the relative intensity versus tempera-
ture at 9 T for a different piece of the same single crystal.

to 40 mK. This rules out the possibility of any low tem-
perature magnetic transitions or a growth of harmonics
that would arise if the modulation squared up.

Neutron powder diffraction

The neutron powder spectra at different temperatures
are shown in SI Fig. 16.

The neutron powder diffraction data was analysed
by the Rietveld method (with the FULLPROF pro-
gramme [64]). For the nuclear and magnetic structure
refinements, two out of the ten detector banks were ex-
cluded due to their comparatively large background sig-
nal. No Debye-Waller factor was used to avoid nega-
tive temperature factors. Three weak reflections were
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FIG. 15. (a) The integrated magnetic Bragg peak intensity
below 1 K, normalised to the value at 40 mK. (b) The mod-
ulation vector δ below 1 K. Both quantities remain constant,
with no indication of a magnetic transition.

observed at all temperatures which could not be indexed
with the nuclear structure of UAu2. One of these reflec-
tions arises from the vanadium sample can but the other
two reflections are unidentified and may relate to a small
quantity of impurity, possibly due to a small amount of
surface oxidation of the powdered sample.

The reflections corresponding to both qδ = (h ±
1/3, k±1/3, l±δ) (δ-state) and qF = (h±1/3, k±1/3, l)
(F -state) are of magnetic origin, highlighted by the lack
of intensity at smaller d-spacings (larger q). A represen-
tational analysis performed with the SARAh software
package [65] indicates that the irreducible representations
(IRs) for possible magnetic structures have moments ei-
ther completely along the c-axis or perpendicular to the
c-axis. As discussed in the main text the moments are
parallel to c, supported by the absence of qδ and qF re-
flections in the powder pattern with wavevectors having a
significant c-component. This conclusion was confirmed
by comparing Rietveld refinements for both choices of
moment direction.

The valence of the U ions in UAu2 is not known. Since
the magnetic form factor for U3+ and U4+ are very sim-
ilar, diffraction cannot be used to identify the valence
state. The magnetic form factor in the dipolar approx-
imation is f(k) ∝ µ(〈j0(kr)〉 + α〈j2(kr)〉), where the
expectation values of the electron density weighted by
the nth order Bessel functions jn(kr) are tabulated [66]
as functions of the scattering vector k, and µ is the to-
tal magnetic moment of the uranium ion. The magnetic
structure refinements were performed with parameters
for free U3+ ions with α = 1.63 [67].

Different magnetic structures give identical fits for the
qF peaks. This includes structures with moments that
sum to zero in the unit cell such as {↑, ↓, 0} as well as
the ferrimagnetic structure {↑, ↑, ↓}. The calculated mag-
netic diffraction for the latter structure also gives small
intensities at nuclear reflection positions, such as (1, 0, 0)
that are, however, too small to be resolvable relative to
the nuclear scattering in our measurements. A ferrimag-
netic choice is required to explain the increase in the mag-
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FIG. 16. Neutron Powder Diffraction. Panel (a) shows
the measured powder diffraction spectrum as a function of d-
spacing for different temperatures at large values of d where
the magnetic diffraction peaks are prominent. The two largest
d peaks have indices (1/3, 1/3, δ) and (1/3, 1/3, 0). The value
of δ is shown in Fig. 3b (main text). Panel (b) shows the data
(points) over a wider range of d and the Rietveld fit (solid line)
to the nuclear and magnetic structure at T = 1.5 K. The up-
per, middle and lower rows of vertical lines show the peak
positions of the nuclear, qF (F -state) and qδ (δ-state) reflec-
tions respectively. The asterisk indicates a reflection from
the vanadium sample can, and the plus indicates an uniden-
tified temperature independent reflection that might be from
a small amount of impurity, for example due to oxidation.
The lower curve shows the difference between the data and
fit. The inset figure shows the intensity of the (1/3, 1/3, δ)
and (1/3, 1/3, 0) peaks as a function of temperature.

netic polarisation seen in the field induced phase at low
temperature and the remanent extrinsic magnetisation.
The structure {↑, ↑, ↓} is the simplest such choice, but
there is no reason to set the magnitudes of the ↑ and
↓ moments equal. The resulting fit for the Rietveld re-
finement of the nuclear and magnetic structure for the
powder diffraction data at 1.5 K for a mixture of δ-state
and F -state is shown in SI Fig. 16.

In order to estimate the temperature dependence of the
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volume fraction of the F -state and the magnitude of the
ordered moment it is necessary to know the amplitude
of the F -state moments relative to the δ-state moment.
SI Fig. 17 shows the volume fraction obtained if all the
magnetic moment magnitudes are assumed to be equal.
With this assumption, the magnitude of the low temper-
ature moment is ∼ 1.0 ± 0.05 µB and the ferrimagnetic
fraction is 28% at 2 K. A similar volume fraction was
found from the initial depolarisation in MuSR measure-
ments on the same polycrystalline sample before it was
ground to a powder [68].

It is clear from the increase of the the intensity at
(1/3, 1/3, δ) with increasing temperature below 20 K
(SI Fig. 17) compared with the almost flat dependence
for single crystals with almost no F -state (Fig. 2a main
text) that the F -state fraction transforms to the δ-state
as temperature is increased.

Fraction of F -state in the single crystals

The zero-field low temperature volume fraction of F -
state in intermediate quality single crystals is estimated
to be ∼ 2.7% by comparing the ratio of the intensities of
(1/3, 1/3, 0)/(1/3, 1/3,±δ) to the powder spectrum (tak-
ing account of the multiplicity factor for±δ in the powder
data). The F -state remnant magnetisation in zero field is
then 0.003µB/0.027 ∼ 0.11µB/UAu2. Comparison with
the estimated magnitude of individual moments (∼ 1µB)
then suggests that for {↑, ↑, ↓} the ↑ moments are smaller
than the ↓ moment. An applied field increases the mag-
nitudes of the ↑ moments and reduces that of the ↓ mo-
ment, such that just above the meta-magnetic transition
the state has a net moment ∼ 0.33µB/UAu2 (SI Fig. 4).

In zero field, the low-temperature intensity ratio
(1/3, 1/3, 0)/(1/3, 1/3,±δ) for high quality single crys-
tals is over a factor of 4 smaller than for the intermedi-
ate quality crystals implying a low-temperature zero-field
F -state fraction ∼ 0.6%.

The temperature dependence of the (1/3, 1/3, 0) inten-
sity in the F -state for the single crystals differs from the
powder sample and is very similar to the dependence of
M0 (SI Fig. 7). For the powdered sample the intensity,
as well as being much stronger, appears to saturate at
low temperature and has a tail extending to TN .

THEORETICAL BACKGROUND FOR THE
δ-STATE

A minimal Ising model requires the exchange couplings
shown in SI Fig. 18a. These comprise long range cou-
plings Jc(q) along the c-direction peaked at q = 2πδ with
δ the modulation wavevector (measured in reciprocal lat-
tice units) and an antiferromagnetic nearest-neighbour
exchange J in the ab-plane, which is sufficient to give the
observed three sub-lattice structure. Other couplings be-
tween the chains are neglected, but are not expected to
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FIG. 17. The figure shows the volume fraction of a polycrys-
talline sample that has transformed to the F -state determined
from the initial asymmetry in muon spin relaxation measure-
ments and from neutron scattering. The line is a guide to the
eye.

qualitatively change the results. We assume a simple
form Jc(q) = J0 exp[−(|q| − 2πδ)2/b2] with a small value
for b (SI Fig. 18b), consistent with strong Fermi-surface
nesting along c.

In the following we use a modulation wavevector of
δ = 1/8, commensurate with the lattice, in order to fa-
cilitate mean-field and Monte Carlo calculations on finite
clusters. This value of δ, is very close to the experimen-
tally observed modulation slightly below the transition
temperature TN ≈ 43 K. To accommodate the three sub-
lattice structure, we use systems with 3na × 3nb × nc
lattice sites, subject to periodic boundary conditions
(na, nb, nc are integers).

Mean-field analysis

In terms of the average local magnetisation mr = 〈Ŝzr 〉
the mean-field free energy is given by

FMF =
1

2

∑
r,r′

Jr,r′mrmr′ − T
∑
r

ln

[
2 cosh

(
hr
T

)]
, (3)

where here and in the following we set kB = 1. The
mean-field acting on site r is given by

hr =
∑
r′

Jr,r′mr′ . (4)

Minimising the free energy with respect to the local mag-
netisations gives rise to the coupled self-consistency equa-
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A<latexit sha1_base64="B6fqhK0IJqatgr2tr3i77bTUwlE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXaLePGYgFkgGUJPp5K06Vno7hHCkC/w4kERr36SN//GniSCij4oeLxXRVU9L+JMKsv6MDIbm1vbO9nd3N7+weFR/vikI8NYUGjTkIei5xEJnAXQVkxx6EUCiO9x6Hqz69Tv3oOQLAxu1TwC1yeTgI0ZJUpLrathvmCZ5aJTL9axZdoVq1RKSalSrjoOtk1riQJaoznMvw9GIY19CBTlRMq+bUXKTYhQjHJY5AaxhIjQGZlAX9OA+CDdZHnoAl9oZYTHodAVKLxUv08kxJdy7nu60ydqKn97qfiX14/VuOYmLIhiBQFdLRrHHKsQp1/jERNAFZ9rQqhg+lZMp0QQqnQ2OR3C16f4f9IpmrbmLafQqK3jyKIzdI4ukY2qqIFuUBO1EUWAHtATejbujEfjxXhdtWaM9cwp+gHj7RMGjY0N</latexit><latexit sha1_base64="B6fqhK0IJqatgr2tr3i77bTUwlE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXaLePGYgFkgGUJPp5K06Vno7hHCkC/w4kERr36SN//GniSCij4oeLxXRVU9L+JMKsv6MDIbm1vbO9nd3N7+weFR/vikI8NYUGjTkIei5xEJnAXQVkxx6EUCiO9x6Hqz69Tv3oOQLAxu1TwC1yeTgI0ZJUpLrathvmCZ5aJTL9axZdoVq1RKSalSrjoOtk1riQJaoznMvw9GIY19CBTlRMq+bUXKTYhQjHJY5AaxhIjQGZlAX9OA+CDdZHnoAl9oZYTHodAVKLxUv08kxJdy7nu60ydqKn97qfiX14/VuOYmLIhiBQFdLRrHHKsQp1/jERNAFZ9rQqhg+lZMp0QQqnQ2OR3C16f4f9IpmrbmLafQqK3jyKIzdI4ukY2qqIFuUBO1EUWAHtATejbujEfjxXhdtWaM9cwp+gHj7RMGjY0N</latexit><latexit sha1_base64="B6fqhK0IJqatgr2tr3i77bTUwlE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXaLePGYgFkgGUJPp5K06Vno7hHCkC/w4kERr36SN//GniSCij4oeLxXRVU9L+JMKsv6MDIbm1vbO9nd3N7+weFR/vikI8NYUGjTkIei5xEJnAXQVkxx6EUCiO9x6Hqz69Tv3oOQLAxu1TwC1yeTgI0ZJUpLrathvmCZ5aJTL9axZdoVq1RKSalSrjoOtk1riQJaoznMvw9GIY19CBTlRMq+bUXKTYhQjHJY5AaxhIjQGZlAX9OA+CDdZHnoAl9oZYTHodAVKLxUv08kxJdy7nu60ydqKn97qfiX14/VuOYmLIhiBQFdLRrHHKsQp1/jERNAFZ9rQqhg+lZMp0QQqnQ2OR3C16f4f9IpmrbmLafQqK3jyKIzdI4ukY2qqIFuUBO1EUWAHtATejbujEfjxXhdtWaM9cwp+gHj7RMGjY0N</latexit><latexit sha1_base64="B6fqhK0IJqatgr2tr3i77bTUwlE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXaLePGYgFkgGUJPp5K06Vno7hHCkC/w4kERr36SN//GniSCij4oeLxXRVU9L+JMKsv6MDIbm1vbO9nd3N7+weFR/vikI8NYUGjTkIei5xEJnAXQVkxx6EUCiO9x6Hqz69Tv3oOQLAxu1TwC1yeTgI0ZJUpLrathvmCZ5aJTL9axZdoVq1RKSalSrjoOtk1riQJaoznMvw9GIY19CBTlRMq+bUXKTYhQjHJY5AaxhIjQGZlAX9OA+CDdZHnoAl9oZYTHodAVKLxUv08kxJdy7nu60ydqKn97qfiX14/VuOYmLIhiBQFdLRrHHKsQp1/jERNAFZ9rQqhg+lZMp0QQqnQ2OR3C16f4f9IpmrbmLafQqK3jyKIzdI4ukY2qqIFuUBO1EUWAHtATejbujEfjxXhdtWaM9cwp+gHj7RMGjY0N</latexit> B
<latexit sha1_base64="PxHE9tzyKVWupdm4WRb+hLT9mJU=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkqmjjrLohuXLdgLtEPJpGfa2ExmSDJCKX0CNy4UcesjufNtTC+Civ4Q+PjPOeScP0wF14aQDye3srq2vpHfLGxt7+zuFfcPmjrJFIMGS0Si2iHVILiEhuFGQDtVQONQQCscXc/qrXtQmify1oxTCGI6kDzijBpr1a96xRIpu77ve2fYwgWpeMTC+RlxfQ+7ZTJXCS1V6xXfu/2EZTFIwwTVuuOS1AQTqgxnAqaFbqYhpWxEB9CxKGkMOpjMF53iE+v0cZQo+6TBc/f7xITGWo/j0HbG1Az179rM/KvWyUzkBxMu08yAZIuPokxgk+DZ1bjPFTAjxhYoU9zuitmQKsqMzaZgQ/i6FP8PzUrZtVz3SlV/GUceHaFjdIpcdImq6AbVUAMxBOgBPaFn5855dF6c10VrzlnOHKIfct4+AfFJjP4=</latexit><latexit sha1_base64="PxHE9tzyKVWupdm4WRb+hLT9mJU=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkqmjjrLohuXLdgLtEPJpGfa2ExmSDJCKX0CNy4UcesjufNtTC+Civ4Q+PjPOeScP0wF14aQDye3srq2vpHfLGxt7+zuFfcPmjrJFIMGS0Si2iHVILiEhuFGQDtVQONQQCscXc/qrXtQmify1oxTCGI6kDzijBpr1a96xRIpu77ve2fYwgWpeMTC+RlxfQ+7ZTJXCS1V6xXfu/2EZTFIwwTVuuOS1AQTqgxnAqaFbqYhpWxEB9CxKGkMOpjMF53iE+v0cZQo+6TBc/f7xITGWo/j0HbG1Az179rM/KvWyUzkBxMu08yAZIuPokxgk+DZ1bjPFTAjxhYoU9zuitmQKsqMzaZgQ/i6FP8PzUrZtVz3SlV/GUceHaFjdIpcdImq6AbVUAMxBOgBPaFn5855dF6c10VrzlnOHKIfct4+AfFJjP4=</latexit><latexit sha1_base64="PxHE9tzyKVWupdm4WRb+hLT9mJU=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkqmjjrLohuXLdgLtEPJpGfa2ExmSDJCKX0CNy4UcesjufNtTC+Civ4Q+PjPOeScP0wF14aQDye3srq2vpHfLGxt7+zuFfcPmjrJFIMGS0Si2iHVILiEhuFGQDtVQONQQCscXc/qrXtQmify1oxTCGI6kDzijBpr1a96xRIpu77ve2fYwgWpeMTC+RlxfQ+7ZTJXCS1V6xXfu/2EZTFIwwTVuuOS1AQTqgxnAqaFbqYhpWxEB9CxKGkMOpjMF53iE+v0cZQo+6TBc/f7xITGWo/j0HbG1Az179rM/KvWyUzkBxMu08yAZIuPokxgk+DZ1bjPFTAjxhYoU9zuitmQKsqMzaZgQ/i6FP8PzUrZtVz3SlV/GUceHaFjdIpcdImq6AbVUAMxBOgBPaFn5855dF6c10VrzlnOHKIfct4+AfFJjP4=</latexit><latexit sha1_base64="PxHE9tzyKVWupdm4WRb+hLT9mJU=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkqmjjrLohuXLdgLtEPJpGfa2ExmSDJCKX0CNy4UcesjufNtTC+Civ4Q+PjPOeScP0wF14aQDye3srq2vpHfLGxt7+zuFfcPmjrJFIMGS0Si2iHVILiEhuFGQDtVQONQQCscXc/qrXtQmify1oxTCGI6kDzijBpr1a96xRIpu77ve2fYwgWpeMTC+RlxfQ+7ZTJXCS1V6xXfu/2EZTFIwwTVuuOS1AQTqgxnAqaFbqYhpWxEB9CxKGkMOpjMF53iE+v0cZQo+6TBc/f7xITGWo/j0HbG1Az179rM/KvWyUzkBxMu08yAZIuPokxgk+DZ1bjPFTAjxhYoU9zuitmQKsqMzaZgQ/i6FP8PzUrZtVz3SlV/GUceHaFjdIpcdImq6AbVUAMxBOgBPaFn5855dF6c10VrzlnOHKIfct4+AfFJjP4=</latexit>
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<latexit sha1_base64="+XcRqUVRnRHUCOPnrUOohQvyH9k=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7gXYomTTTxmaSMckIZeg7uHGhiFvfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPrrN55okozKe7NNKZ+hEeChYxgY6327YBUH88H5Ypbc+dCq+DlUIFczUH5qz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWRQ4otpP59vO0Jl1hiiUyj5h0Nz9PZHiSOtpFNjOCJuxXq5l5n+1XmLCup8yESeGCrL4KEw4MhJlp6MhU5QYPrWAiWJ2V0TGWGFibEAlG4K3fPIqtC9qnuW7y0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Y+czx+nHo56</latexit><latexit sha1_base64="+XcRqUVRnRHUCOPnrUOohQvyH9k=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7gXYomTTTxmaSMckIZeg7uHGhiFvfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPrrN55okozKe7NNKZ+hEeChYxgY6327YBUH88H5Ypbc+dCq+DlUIFczUH5qz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWRQ4otpP59vO0Jl1hiiUyj5h0Nz9PZHiSOtpFNjOCJuxXq5l5n+1XmLCup8yESeGCrL4KEw4MhJlp6MhU5QYPrWAiWJ2V0TGWGFibEAlG4K3fPIqtC9qnuW7y0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Y+czx+nHo56</latexit><latexit sha1_base64="+XcRqUVRnRHUCOPnrUOohQvyH9k=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7gXYomTTTxmaSMckIZeg7uHGhiFvfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPrrN55okozKe7NNKZ+hEeChYxgY6327YBUH88H5Ypbc+dCq+DlUIFczUH5qz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWRQ4otpP59vO0Jl1hiiUyj5h0Nz9PZHiSOtpFNjOCJuxXq5l5n+1XmLCup8yESeGCrL4KEw4MhJlp6MhU5QYPrWAiWJ2V0TGWGFibEAlG4K3fPIqtC9qnuW7y0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Y+czx+nHo56</latexit><latexit sha1_base64="+XcRqUVRnRHUCOPnrUOohQvyH9k=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7gXYomTTTxmaSMckIZeg7uHGhiFvfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPrrN55okozKe7NNKZ+hEeChYxgY6327YBUH88H5Ypbc+dCq+DlUIFczUH5qz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWRQ4otpP59vO0Jl1hiiUyj5h0Nz9PZHiSOtpFNjOCJuxXq5l5n+1XmLCup8yESeGCrL4KEw4MhJlp6MhU5QYPrWAiWJ2V0TGWGFibEAlG4K3fPIqtC9qnuW7y0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Y+czx+nHo56</latexit>

0 5 10 15 20

-0.6

-0.4

-0.2

0.0

0.2

0.4

J
(c

)
m

<latexit sha1_base64="Rw+hPfyNzduA6qs5d/r0p3L9VtE=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7kXYsmTTThiaZIckIZehTuHGhiFsfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0yus3rniSrNInlvpjH1BR5JFjKCjbUebh/TKjmfDcSgXHFr7lxoFbwcKpCrOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9ixILqv10vvAMnVlniMJI2ScNmru/J1IstJ6KwHYKbMZ6uZaZ/9V6iQnrfspknBgqyeKjMOHIRCi7Hg2ZosTwqQVMFLO7IjLGChNjMyrZELzlk1ehfVHzLN9dVhr1PI4inMApVMGDK2jADTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hj5zPHx13j+o=</latexit><latexit sha1_base64="Rw+hPfyNzduA6qs5d/r0p3L9VtE=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7kXYsmTTThiaZIckIZehTuHGhiFsfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0yus3rniSrNInlvpjH1BR5JFjKCjbUebh/TKjmfDcSgXHFr7lxoFbwcKpCrOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9ixILqv10vvAMnVlniMJI2ScNmru/J1IstJ6KwHYKbMZ6uZaZ/9V6iQnrfspknBgqyeKjMOHIRCi7Hg2ZosTwqQVMFLO7IjLGChNjMyrZELzlk1ehfVHzLN9dVhr1PI4inMApVMGDK2jADTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hj5zPHx13j+o=</latexit><latexit sha1_base64="Rw+hPfyNzduA6qs5d/r0p3L9VtE=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7kXYsmTTThiaZIckIZehTuHGhiFsfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0yus3rniSrNInlvpjH1BR5JFjKCjbUebh/TKjmfDcSgXHFr7lxoFbwcKpCrOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9ixILqv10vvAMnVlniMJI2ScNmru/J1IstJ6KwHYKbMZ6uZaZ/9V6iQnrfspknBgqyeKjMOHIRCi7Hg2ZosTwqQVMFLO7IjLGChNjMyrZELzlk1ehfVHzLN9dVhr1PI4inMApVMGDK2jADTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hj5zPHx13j+o=</latexit><latexit sha1_base64="Rw+hPfyNzduA6qs5d/r0p3L9VtE=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7kXYsmTTThiaZIckIZehTuHGhiFsfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0yus3rniSrNInlvpjH1BR5JFjKCjbUebh/TKjmfDcSgXHFr7lxoFbwcKpCrOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9ixILqv10vvAMnVlniMJI2ScNmru/J1IstJ6KwHYKbMZ6uZaZ/9V6iQnrfspknBgqyeKjMOHIRCi7Hg2ZosTwqQVMFLO7IjLGChNjMyrZELzlk1ehfVHzLN9dVhr1PI4inMApVMGDK2jADTShBQQEPMMrvDnKeXHenY9Fa8HJZ47hj5zPHx13j+o=</latexit>

m
<latexit sha1_base64="IjbJbzNj2FHqv6xHhzz/CQtudH0=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxBfsB7VKy6Wwbm2SXJCuU0l/gxYMiXv1J3vw3pu0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7ewV9w/ODw6Lp2ctkySaYZNlohEdyJqUHCFTcutwE6qkcpIYDsa383r7SfUhifqwU5SDCUdKh5zRq2zGrJfKvsVfyGyDkEOZchV75e+eoOEZRKVZYIa0w381IZTqi1nAmfFXmYwpWxMh9h1qKhEE04Xi87IpXMGJE60e8qShft7YkqlMRMZuU5J7cis1ubmf7VuZuNqOOUqzSwqtvwozgSxCZlfTQZcI7Ni4oAyzd2uhI2opsy6bIouhGD15HVoXVcCx42bcq2ax1GAc7iAKwjgFmpwD3VoAgOEZ3iFN+/Re/HevY9l64aXz5zBH3mfP9KNjOc=</latexit><latexit sha1_base64="IjbJbzNj2FHqv6xHhzz/CQtudH0=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxBfsB7VKy6Wwbm2SXJCuU0l/gxYMiXv1J3vw3pu0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7ewV9w/ODw6Lp2ctkySaYZNlohEdyJqUHCFTcutwE6qkcpIYDsa383r7SfUhifqwU5SDCUdKh5zRq2zGrJfKvsVfyGyDkEOZchV75e+eoOEZRKVZYIa0w381IZTqi1nAmfFXmYwpWxMh9h1qKhEE04Xi87IpXMGJE60e8qShft7YkqlMRMZuU5J7cis1ubmf7VuZuNqOOUqzSwqtvwozgSxCZlfTQZcI7Ni4oAyzd2uhI2opsy6bIouhGD15HVoXVcCx42bcq2ax1GAc7iAKwjgFmpwD3VoAgOEZ3iFN+/Re/HevY9l64aXz5zBH3mfP9KNjOc=</latexit><latexit sha1_base64="IjbJbzNj2FHqv6xHhzz/CQtudH0=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxBfsB7VKy6Wwbm2SXJCuU0l/gxYMiXv1J3vw3pu0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7ewV9w/ODw6Lp2ctkySaYZNlohEdyJqUHCFTcutwE6qkcpIYDsa383r7SfUhifqwU5SDCUdKh5zRq2zGrJfKvsVfyGyDkEOZchV75e+eoOEZRKVZYIa0w381IZTqi1nAmfFXmYwpWxMh9h1qKhEE04Xi87IpXMGJE60e8qShft7YkqlMRMZuU5J7cis1ubmf7VuZuNqOOUqzSwqtvwozgSxCZlfTQZcI7Ni4oAyzd2uhI2opsy6bIouhGD15HVoXVcCx42bcq2ax1GAc7iAKwjgFmpwD3VoAgOEZ3iFN+/Re/HevY9l64aXz5zBH3mfP9KNjOc=</latexit><latexit sha1_base64="IjbJbzNj2FHqv6xHhzz/CQtudH0=">AAAB6HicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxBfsB7VKy6Wwbm2SXJCuU0l/gxYMiXv1J3vw3pu0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7ewV9w/ODw6Lp2ctkySaYZNlohEdyJqUHCFTcutwE6qkcpIYDsa383r7SfUhifqwU5SDCUdKh5zRq2zGrJfKvsVfyGyDkEOZchV75e+eoOEZRKVZYIa0w381IZTqi1nAmfFXmYwpWxMh9h1qKhEE04Xi87IpXMGJE60e8qShft7YkqlMRMZuU5J7cis1ubmf7VuZuNqOOUqzSwqtvwozgSxCZlfTQZcI7Ni4oAyzd2uhI2opsy6bIouhGD15HVoXVcCx42bcq2ax1GAc7iAKwjgFmpwD3VoAgOEZ3iFN+/Re/HevY9l64aXz5zBH3mfP9KNjOc=</latexit>

q/(2⇡)
<latexit sha1_base64="YoQ2FU0FpePEmvr+D9G6TxF3ZLs=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ3i2CPBS8eK9gPaJeSTadtaDa7TbJCWfonvHhQxKt/x5v/xrTdg7a+EHh4Z4bMvEEsuDau++1sbG5t7+zm9vL7B4dHx4WT06aOEsWwwSIRqXZANQousWG4EdiOFdIwENgKxnfzeusJleaRfDTTGP2QDiUfcEaNtdqT61KlG/OrXqHolt2FyDp4GRQhU71X+Or2I5aEKA0TVOuO58bGT6kynAmc5buJxpiyMR1ix6KkIWo/Xew7I5fW6ZNBpOyThizc3xMpDbWehoHtDKkZ6dXa3Pyv1knMoOqnXMaJQcmWHw0SQUxE5seTPlfIjJhaoExxuythI6ooMzaivA3BWz15HZqVsmf54aZYq2Zx5OAcLqAEHtxCDe6hDg1gIOAZXuHNmTgvzrvzsWzdcLKZM/gj5/MHxXmPGA==</latexit><latexit sha1_base64="YoQ2FU0FpePEmvr+D9G6TxF3ZLs=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ3i2CPBS8eK9gPaJeSTadtaDa7TbJCWfonvHhQxKt/x5v/xrTdg7a+EHh4Z4bMvEEsuDau++1sbG5t7+zm9vL7B4dHx4WT06aOEsWwwSIRqXZANQousWG4EdiOFdIwENgKxnfzeusJleaRfDTTGP2QDiUfcEaNtdqT61KlG/OrXqHolt2FyDp4GRQhU71X+Or2I5aEKA0TVOuO58bGT6kynAmc5buJxpiyMR1ix6KkIWo/Xew7I5fW6ZNBpOyThizc3xMpDbWehoHtDKkZ6dXa3Pyv1knMoOqnXMaJQcmWHw0SQUxE5seTPlfIjJhaoExxuythI6ooMzaivA3BWz15HZqVsmf54aZYq2Zx5OAcLqAEHtxCDe6hDg1gIOAZXuHNmTgvzrvzsWzdcLKZM/gj5/MHxXmPGA==</latexit><latexit sha1_base64="YoQ2FU0FpePEmvr+D9G6TxF3ZLs=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ3i2CPBS8eK9gPaJeSTadtaDa7TbJCWfonvHhQxKt/x5v/xrTdg7a+EHh4Z4bMvEEsuDau++1sbG5t7+zm9vL7B4dHx4WT06aOEsWwwSIRqXZANQousWG4EdiOFdIwENgKxnfzeusJleaRfDTTGP2QDiUfcEaNtdqT61KlG/OrXqHolt2FyDp4GRQhU71X+Or2I5aEKA0TVOuO58bGT6kynAmc5buJxpiyMR1ix6KkIWo/Xew7I5fW6ZNBpOyThizc3xMpDbWehoHtDKkZ6dXa3Pyv1knMoOqnXMaJQcmWHw0SQUxE5seTPlfIjJhaoExxuythI6ooMzaivA3BWz15HZqVsmf54aZYq2Zx5OAcLqAEHtxCDe6hDg1gIOAZXuHNmTgvzrvzsWzdcLKZM/gj5/MHxXmPGA==</latexit><latexit sha1_base64="YoQ2FU0FpePEmvr+D9G6TxF3ZLs=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ3i2CPBS8eK9gPaJeSTadtaDa7TbJCWfonvHhQxKt/x5v/xrTdg7a+EHh4Z4bMvEEsuDau++1sbG5t7+zm9vL7B4dHx4WT06aOEsWwwSIRqXZANQousWG4EdiOFdIwENgKxnfzeusJleaRfDTTGP2QDiUfcEaNtdqT61KlG/OrXqHolt2FyDp4GRQhU71X+Or2I5aEKA0TVOuO58bGT6kynAmc5buJxpiyMR1ix6KkIWo/Xew7I5fW6ZNBpOyThizc3xMpDbWehoHtDKkZ6dXa3Pyv1knMoOqnXMaJQcmWHw0SQUxE5seTPlfIjJhaoExxuythI6ooMzaivA3BWz15HZqVsmf54aZYq2Zx5OAcLqAEHtxCDe6hDg1gIOAZXuHNmTgvzrvzsWzdcLKZM/gj5/MHxXmPGA==</latexit>

(b)

(a)

J > 0

..
.

J
(c)
1

<latexit sha1_base64="14+guP+HiJJxR2se6en1f/9azkk=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCprU53BTfiqoJtlXYsmTRtQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3njDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQjdRNiTTmTtGGY4fQmVhSLkNNWODqf+q17qjSL5LUZxzQQeCBZnxFsrHR7eZcWyfGk63XzBeR6FQ+VfYjc03KpUkGWIL96UkXQc9EMBbBAvZt/7/QikggqDeFY67aHYhOkWBlGOJ3kOommMSYjPKBtSyUWVAfp7OAJPLJKD/YjZUsaOFO/T6RYaD0Woe0U2Az1b28q/uW1E9P3g5TJODFUkvmifsKhieD0e9hjihLDx5Zgopi9FZIhVpgYm1HOhvD1KfyfNEuuZ/lVuVDzF3FkwQE4BEXggTNQAxegDhqAAAEewBN4dpTz6Lw4r/PWjLOY2Qc/4Lx9Aid6j/Q=</latexit><latexit sha1_base64="14+guP+HiJJxR2se6en1f/9azkk=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCprU53BTfiqoJtlXYsmTRtQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3njDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQjdRNiTTmTtGGY4fQmVhSLkNNWODqf+q17qjSL5LUZxzQQeCBZnxFsrHR7eZcWyfGk63XzBeR6FQ+VfYjc03KpUkGWIL96UkXQc9EMBbBAvZt/7/QikggqDeFY67aHYhOkWBlGOJ3kOommMSYjPKBtSyUWVAfp7OAJPLJKD/YjZUsaOFO/T6RYaD0Woe0U2Az1b28q/uW1E9P3g5TJODFUkvmifsKhieD0e9hjihLDx5Zgopi9FZIhVpgYm1HOhvD1KfyfNEuuZ/lVuVDzF3FkwQE4BEXggTNQAxegDhqAAAEewBN4dpTz6Lw4r/PWjLOY2Qc/4Lx9Aid6j/Q=</latexit><latexit sha1_base64="14+guP+HiJJxR2se6en1f/9azkk=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCprU53BTfiqoJtlXYsmTRtQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3njDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQjdRNiTTmTtGGY4fQmVhSLkNNWODqf+q17qjSL5LUZxzQQeCBZnxFsrHR7eZcWyfGk63XzBeR6FQ+VfYjc03KpUkGWIL96UkXQc9EMBbBAvZt/7/QikggqDeFY67aHYhOkWBlGOJ3kOommMSYjPKBtSyUWVAfp7OAJPLJKD/YjZUsaOFO/T6RYaD0Woe0U2Az1b28q/uW1E9P3g5TJODFUkvmifsKhieD0e9hjihLDx5Zgopi9FZIhVpgYm1HOhvD1KfyfNEuuZ/lVuVDzF3FkwQE4BEXggTNQAxegDhqAAAEewBN4dpTz6Lw4r/PWjLOY2Qc/4Lx9Aid6j/Q=</latexit><latexit sha1_base64="14+guP+HiJJxR2se6en1f/9azkk=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCprU53BTfiqoJtlXYsmTRtQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3njDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQjdRNiTTmTtGGY4fQmVhSLkNNWODqf+q17qjSL5LUZxzQQeCBZnxFsrHR7eZcWyfGk63XzBeR6FQ+VfYjc03KpUkGWIL96UkXQc9EMBbBAvZt/7/QikggqDeFY67aHYhOkWBlGOJ3kOommMSYjPKBtSyUWVAfp7OAJPLJKD/YjZUsaOFO/T6RYaD0Woe0U2Az1b28q/uW1E9P3g5TJODFUkvmifsKhieD0e9hjihLDx5Zgopi9FZIhVpgYm1HOhvD1KfyfNEuuZ/lVuVDzF3FkwQE4BEXggTNQAxegDhqAAAEewBN4dpTz6Lw4r/PWjLOY2Qc/4Lx9Aid6j/Q=</latexit>

J
(c)
2

<latexit sha1_base64="h21ogTsohiTd2Q0LZpMF3we8gXE=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCprU53BTfiqoJtlXYsmTRtQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3njDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQjdRNiTTmTtGGY4fQmVhSLkNNWODqf+q17qjSL5LUZxzQQeCBZnxFsrHR7eZcWyfGkW+rmC8j1Kh4q+xC5p+VSpYIsQX71pIqg56IZCmCBejf/3ulFJBFUGsKx1m0PxSZIsTKMcDrJdRJNY0xGeEDblkosqA7S2cETeGSVHuxHypY0cKZ+n0ix0HosQtspsBnq395U/MtrJ6bvBymTcWKoJPNF/YRDE8Hp97DHFCWGjy3BRDF7KyRDrDAxNqOcDeHrU/g/aZZcz/KrcqHmL+LIggNwCIrAA2egBi5AHTQAAQI8gCfw7Cjn0XlxXuetGWcxsw9+wHn7BCj+j/U=</latexit><latexit sha1_base64="h21ogTsohiTd2Q0LZpMF3we8gXE=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCprU53BTfiqoJtlXYsmTRtQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3njDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQjdRNiTTmTtGGY4fQmVhSLkNNWODqf+q17qjSL5LUZxzQQeCBZnxFsrHR7eZcWyfGkW+rmC8j1Kh4q+xC5p+VSpYIsQX71pIqg56IZCmCBejf/3ulFJBFUGsKx1m0PxSZIsTKMcDrJdRJNY0xGeEDblkosqA7S2cETeGSVHuxHypY0cKZ+n0ix0HosQtspsBnq395U/MtrJ6bvBymTcWKoJPNF/YRDE8Hp97DHFCWGjy3BRDF7KyRDrDAxNqOcDeHrU/g/aZZcz/KrcqHmL+LIggNwCIrAA2egBi5AHTQAAQI8gCfw7Cjn0XlxXuetGWcxsw9+wHn7BCj+j/U=</latexit><latexit sha1_base64="h21ogTsohiTd2Q0LZpMF3we8gXE=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCprU53BTfiqoJtlXYsmTRtQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3njDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQjdRNiTTmTtGGY4fQmVhSLkNNWODqf+q17qjSL5LUZxzQQeCBZnxFsrHR7eZcWyfGkW+rmC8j1Kh4q+xC5p+VSpYIsQX71pIqg56IZCmCBejf/3ulFJBFUGsKx1m0PxSZIsTKMcDrJdRJNY0xGeEDblkosqA7S2cETeGSVHuxHypY0cKZ+n0ix0HosQtspsBnq395U/MtrJ6bvBymTcWKoJPNF/YRDE8Hp97DHFCWGjy3BRDF7KyRDrDAxNqOcDeHrU/g/aZZcz/KrcqHmL+LIggNwCIrAA2egBi5AHTQAAQI8gCfw7Cjn0XlxXuetGWcxsw9+wHn7BCj+j/U=</latexit><latexit sha1_base64="h21ogTsohiTd2Q0LZpMF3we8gXE=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZCprU53BTfiqoJtlXYsmTRtQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3njDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQjdRNiTTmTtGGY4fQmVhSLkNNWODqf+q17qjSL5LUZxzQQeCBZnxFsrHR7eZcWyfGkW+rmC8j1Kh4q+xC5p+VSpYIsQX71pIqg56IZCmCBejf/3ulFJBFUGsKx1m0PxSZIsTKMcDrJdRJNY0xGeEDblkosqA7S2cETeGSVHuxHypY0cKZ+n0ix0HosQtspsBnq395U/MtrJ6bvBymTcWKoJPNF/YRDE8Hp97DHFCWGjy3BRDF7KyRDrDAxNqOcDeHrU/g/aZZcz/KrcqHmL+LIggNwCIrAA2egBi5AHTQAAQI8gCfw7Cjn0XlxXuetGWcxsw9+wHn7BCj+j/U=</latexit>

J
(c)
3

<latexit sha1_base64="MEUBlV+HEL65qTqqAInzLSUt5jo=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZDpQ6e7ghtxVcE+pB1LJs20oZnMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3Hj/mTGmEPqzMyura+kZ2M7e1vbO7l98/aKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH1/M/PY9lYpF4kZPYuqFeChYwAjWRrq9ukuL5HTaL/fzBWQ7VQdVXIjss0qpWkWGILdWriHo2GiOAlii0c+/9wYRSUIqNOFYqa6DYu2lWGpGOJ3meomiMSZjPKRdQwUOqfLS+cFTeGKUAQwiaUpoOFe/T6Q4VGoS+qYzxHqkfnsz8S+vm+jA9VIm4kRTQRaLgoRDHcHZ93DAJCWaTwzBRDJzKyQjLDHRJqOcCeHrU/g/aZVsx/DrSqHuLuPIgiNwDIrAAeegDi5BAzQBASF4AE/g2ZLWo/VivS5aM9Zy5hD8gPX2CSqCj/Y=</latexit><latexit sha1_base64="MEUBlV+HEL65qTqqAInzLSUt5jo=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZDpQ6e7ghtxVcE+pB1LJs20oZnMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3Hj/mTGmEPqzMyura+kZ2M7e1vbO7l98/aKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH1/M/PY9lYpF4kZPYuqFeChYwAjWRrq9ukuL5HTaL/fzBWQ7VQdVXIjss0qpWkWGILdWriHo2GiOAlii0c+/9wYRSUIqNOFYqa6DYu2lWGpGOJ3meomiMSZjPKRdQwUOqfLS+cFTeGKUAQwiaUpoOFe/T6Q4VGoS+qYzxHqkfnsz8S+vm+jA9VIm4kRTQRaLgoRDHcHZ93DAJCWaTwzBRDJzKyQjLDHRJqOcCeHrU/g/aZVsx/DrSqHuLuPIgiNwDIrAAeegDi5BAzQBASF4AE/g2ZLWo/VivS5aM9Zy5hD8gPX2CSqCj/Y=</latexit><latexit sha1_base64="MEUBlV+HEL65qTqqAInzLSUt5jo=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZDpQ6e7ghtxVcE+pB1LJs20oZnMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3Hj/mTGmEPqzMyura+kZ2M7e1vbO7l98/aKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH1/M/PY9lYpF4kZPYuqFeChYwAjWRrq9ukuL5HTaL/fzBWQ7VQdVXIjss0qpWkWGILdWriHo2GiOAlii0c+/9wYRSUIqNOFYqa6DYu2lWGpGOJ3meomiMSZjPKRdQwUOqfLS+cFTeGKUAQwiaUpoOFe/T6Q4VGoS+qYzxHqkfnsz8S+vm+jA9VIm4kRTQRaLgoRDHcHZ93DAJCWaTwzBRDJzKyQjLDHRJqOcCeHrU/g/aZVsx/DrSqHuLuPIgiNwDIrAAeegDi5BAzQBASF4AE/g2ZLWo/VivS5aM9Zy5hD8gPX2CSqCj/Y=</latexit><latexit sha1_base64="MEUBlV+HEL65qTqqAInzLSUt5jo=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzZDpQ6e7ghtxVcE+pB1LJs20oZnMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3Hj/mTGmEPqzMyura+kZ2M7e1vbO7l98/aKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH1/M/PY9lYpF4kZPYuqFeChYwAjWRrq9ukuL5HTaL/fzBWQ7VQdVXIjss0qpWkWGILdWriHo2GiOAlii0c+/9wYRSUIqNOFYqa6DYu2lWGpGOJ3meomiMSZjPKRdQwUOqfLS+cFTeGKUAQwiaUpoOFe/T6Q4VGoS+qYzxHqkfnsz8S+vm+jA9VIm4kRTQRaLgoRDHcHZ93DAJCWaTwzBRDJzKyQjLDHRJqOcCeHrU/g/aZVsx/DrSqHuLuPIgiNwDIrAAeegDi5BAzQBASF4AE/g2ZLWo/VivS5aM9Zy5hD8gPX2CSqCj/Y=</latexit>

(c)(b)

q/(2⇡)
<latexit sha1_base64="YoQ2FU0FpePEmvr+D9G6TxF3ZLs=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ3i2CPBS8eK9gPaJeSTadtaDa7TbJCWfonvHhQxKt/x5v/xrTdg7a+EHh4Z4bMvEEsuDau++1sbG5t7+zm9vL7B4dHx4WT06aOEsWwwSIRqXZANQousWG4EdiOFdIwENgKxnfzeusJleaRfDTTGP2QDiUfcEaNtdqT61KlG/OrXqHolt2FyDp4GRQhU71X+Or2I5aEKA0TVOuO58bGT6kynAmc5buJxpiyMR1ix6KkIWo/Xew7I5fW6ZNBpOyThizc3xMpDbWehoHtDKkZ6dXa3Pyv1knMoOqnXMaJQcmWHw0SQUxE5seTPlfIjJhaoExxuythI6ooMzaivA3BWz15HZqVsmf54aZYq2Zx5OAcLqAEHtxCDe6hDg1gIOAZXuHNmTgvzrvzsWzdcLKZM/gj5/MHxXmPGA==</latexit><latexit sha1_base64="YoQ2FU0FpePEmvr+D9G6TxF3ZLs=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ3i2CPBS8eK9gPaJeSTadtaDa7TbJCWfonvHhQxKt/x5v/xrTdg7a+EHh4Z4bMvEEsuDau++1sbG5t7+zm9vL7B4dHx4WT06aOEsWwwSIRqXZANQousWG4EdiOFdIwENgKxnfzeusJleaRfDTTGP2QDiUfcEaNtdqT61KlG/OrXqHolt2FyDp4GRQhU71X+Or2I5aEKA0TVOuO58bGT6kynAmc5buJxpiyMR1ix6KkIWo/Xew7I5fW6ZNBpOyThizc3xMpDbWehoHtDKkZ6dXa3Pyv1knMoOqnXMaJQcmWHw0SQUxE5seTPlfIjJhaoExxuythI6ooMzaivA3BWz15HZqVsmf54aZYq2Zx5OAcLqAEHtxCDe6hDg1gIOAZXuHNmTgvzrvzsWzdcLKZM/gj5/MHxXmPGA==</latexit><latexit sha1_base64="YoQ2FU0FpePEmvr+D9G6TxF3ZLs=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ3i2CPBS8eK9gPaJeSTadtaDa7TbJCWfonvHhQxKt/x5v/xrTdg7a+EHh4Z4bMvEEsuDau++1sbG5t7+zm9vL7B4dHx4WT06aOEsWwwSIRqXZANQousWG4EdiOFdIwENgKxnfzeusJleaRfDTTGP2QDiUfcEaNtdqT61KlG/OrXqHolt2FyDp4GRQhU71X+Or2I5aEKA0TVOuO58bGT6kynAmc5buJxpiyMR1ix6KkIWo/Xew7I5fW6ZNBpOyThizc3xMpDbWehoHtDKkZ6dXa3Pyv1knMoOqnXMaJQcmWHw0SQUxE5seTPlfIjJhaoExxuythI6ooMzaivA3BWz15HZqVsmf54aZYq2Zx5OAcLqAEHtxCDe6hDg1gIOAZXuHNmTgvzrvzsWzdcLKZM/gj5/MHxXmPGA==</latexit><latexit sha1_base64="YoQ2FU0FpePEmvr+D9G6TxF3ZLs=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ3i2CPBS8eK9gPaJeSTadtaDa7TbJCWfonvHhQxKt/x5v/xrTdg7a+EHh4Z4bMvEEsuDau++1sbG5t7+zm9vL7B4dHx4WT06aOEsWwwSIRqXZANQousWG4EdiOFdIwENgKxnfzeusJleaRfDTTGP2QDiUfcEaNtdqT61KlG/OrXqHolt2FyDp4GRQhU71X+Or2I5aEKA0TVOuO58bGT6kynAmc5buJxpiyMR1ix6KkIWo/Xew7I5fW6ZNBpOyThizc3xMpDbWehoHtDKkZ6dXa3Pyv1knMoOqnXMaJQcmWHw0SQUxE5seTPlfIjJhaoExxuythI6ooMzaivA3BWz15HZqVsmf54aZYq2Zx5OAcLqAEHtxCDe6hDg1gIOAZXuHNmTgvzrvzsWzdcLKZM/gj5/MHxXmPGA==</latexit>

J
c
(q

)
<latexit sha1_base64="+XcRqUVRnRHUCOPnrUOohQvyH9k=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7gXYomTTTxmaSMckIZeg7uHGhiFvfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPrrN55okozKe7NNKZ+hEeChYxgY6327YBUH88H5Ypbc+dCq+DlUIFczUH5qz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWRQ4otpP59vO0Jl1hiiUyj5h0Nz9PZHiSOtpFNjOCJuxXq5l5n+1XmLCup8yESeGCrL4KEw4MhJlp6MhU5QYPrWAiWJ2V0TGWGFibEAlG4K3fPIqtC9qnuW7y0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Y+czx+nHo56</latexit><latexit sha1_base64="+XcRqUVRnRHUCOPnrUOohQvyH9k=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7gXYomTTTxmaSMckIZeg7uHGhiFvfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPrrN55okozKe7NNKZ+hEeChYxgY6327YBUH88H5Ypbc+dCq+DlUIFczUH5qz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWRQ4otpP59vO0Jl1hiiUyj5h0Nz9PZHiSOtpFNjOCJuxXq5l5n+1XmLCup8yESeGCrL4KEw4MhJlp6MhU5QYPrWAiWJ2V0TGWGFibEAlG4K3fPIqtC9qnuW7y0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Y+czx+nHo56</latexit><latexit sha1_base64="+XcRqUVRnRHUCOPnrUOohQvyH9k=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7gXYomTTTxmaSMckIZeg7uHGhiFvfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPrrN55okozKe7NNKZ+hEeChYxgY6327YBUH88H5Ypbc+dCq+DlUIFczUH5qz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWRQ4otpP59vO0Jl1hiiUyj5h0Nz9PZHiSOtpFNjOCJuxXq5l5n+1XmLCup8yESeGCrL4KEw4MhJlp6MhU5QYPrWAiWJ2V0TGWGFibEAlG4K3fPIqtC9qnuW7y0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Y+czx+nHo56</latexit><latexit sha1_base64="+XcRqUVRnRHUCOPnrUOohQvyH9k=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7gXYomTTTxmaSMckIZeg7uHGhiFvfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPrrN55okozKe7NNKZ+hEeChYxgY6327YBUH88H5Ypbc+dCq+DlUIFczUH5qz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWRQ4otpP59vO0Jl1hiiUyj5h0Nz9PZHiSOtpFNjOCJuxXq5l5n+1XmLCup8yESeGCrL4KEw4MhJlp6MhU5QYPrWAiWJ2V0TGWGFibEAlG4K3fPIqtC9qnuW7y0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Y+czx+nHo56</latexit>

J0
<latexit sha1_base64="wHADSMBl2R4gvtZ1Yt8JXNhjDyI=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ0+cLN4CXsRTRLNAMoSeTk/SpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwRXGuMPa2V1bX1jM7eV397Z3dsvHBy2VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX8789j2TisfRnZ4kzAvJMOIBp0Qb6fa6j/uFIraxWy67JYTt82ql5mBDKlXXxRfIsfEcRVii0S+89wYxTUMWaSqIUl0HJ9rLiNScCjbN91LFEkLHZMi6hkYkZMrL5qdO0alRBiiIpalIo7n6fSIjoVKT0DedIdEj9dubiX953VQHNS/jUZJqFtHFoiAVSMdo9jcacMmoFhNDCJXc3IroiEhCtUknb0L4+hT9T1ol2zH8xi3Wa8s4cnAMJ3AGDlShDlfQgCZQGMIDPMGzJaxH68V6XbSuWMuZI/gB6+0TLVeNsg==</latexit><latexit sha1_base64="wHADSMBl2R4gvtZ1Yt8JXNhjDyI=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ0+cLN4CXsRTRLNAMoSeTk/SpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwRXGuMPa2V1bX1jM7eV397Z3dsvHBy2VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX8789j2TisfRnZ4kzAvJMOIBp0Qb6fa6j/uFIraxWy67JYTt82ql5mBDKlXXxRfIsfEcRVii0S+89wYxTUMWaSqIUl0HJ9rLiNScCjbN91LFEkLHZMi6hkYkZMrL5qdO0alRBiiIpalIo7n6fSIjoVKT0DedIdEj9dubiX953VQHNS/jUZJqFtHFoiAVSMdo9jcacMmoFhNDCJXc3IroiEhCtUknb0L4+hT9T1ol2zH8xi3Wa8s4cnAMJ3AGDlShDlfQgCZQGMIDPMGzJaxH68V6XbSuWMuZI/gB6+0TLVeNsg==</latexit><latexit sha1_base64="wHADSMBl2R4gvtZ1Yt8JXNhjDyI=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ0+cLN4CXsRTRLNAMoSeTk/SpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwRXGuMPa2V1bX1jM7eV397Z3dsvHBy2VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX8789j2TisfRnZ4kzAvJMOIBp0Qb6fa6j/uFIraxWy67JYTt82ql5mBDKlXXxRfIsfEcRVii0S+89wYxTUMWaSqIUl0HJ9rLiNScCjbN91LFEkLHZMi6hkYkZMrL5qdO0alRBiiIpalIo7n6fSIjoVKT0DedIdEj9dubiX953VQHNS/jUZJqFtHFoiAVSMdo9jcacMmoFhNDCJXc3IroiEhCtUknb0L4+hT9T1ol2zH8xi3Wa8s4cnAMJ3AGDlShDlfQgCZQGMIDPMGzJaxH68V6XbSuWMuZI/gB6+0TLVeNsg==</latexit><latexit sha1_base64="wHADSMBl2R4gvtZ1Yt8JXNhjDyI=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ0+cLN4CXsRTRLNAMoSeTk/SpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwRXGuMPa2V1bX1jM7eV397Z3dsvHBy2VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX8789j2TisfRnZ4kzAvJMOIBp0Qb6fa6j/uFIraxWy67JYTt82ql5mBDKlXXxRfIsfEcRVii0S+89wYxTUMWaSqIUl0HJ9rLiNScCjbN91LFEkLHZMi6hkYkZMrL5qdO0alRBiiIpalIo7n6fSIjoVKT0DedIdEj9dubiX953VQHNS/jUZJqFtHFoiAVSMdo9jcacMmoFhNDCJXc3IroiEhCtUknb0L4+hT9T1ol2zH8xi3Wa8s4cnAMJ3AGDlShDlfQgCZQGMIDPMGzJaxH68V6XbSuWMuZI/gB6+0TLVeNsg==</latexit>

q 0
/
(2
⇡
)

<latexit sha1_base64="QLsVwv7QgGaeWm5CxI3hJb3pE9U=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUzZip04e7ghuXFewD26Fk0kwbmsmMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vv8WPOlEbow8qsrK6tb2Q3c1vbO7t7+f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98eXMb99TqVgkbvQkpl6Ih4IFjGBtpNu7PjorlnoxO+3nC8hGbrnsliCyz6uVmoMMqVRdF11Ax0ZzFMASjX7+vTeISBJSoQnHSnUdFGsvxVIzwuk010sUjTEZ4yHtGipwSJWXzi+ewhOjDGAQSVNCw7n6fSLFoVKT0DedIdYj9dubiX953UQHNS9lIk40FWSxKEg41BGcvQ8HTFKi+cQQTCQzt0IywhITbULKmRC+PoX/k1bJdgy/dgv12jKOLDgCx6AIHFAFdXAFGqAJCBDgATyBZ0tZj9aL9bpozVjLmUPwA9bbJ1mikAY=</latexit><latexit sha1_base64="QLsVwv7QgGaeWm5CxI3hJb3pE9U=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUzZip04e7ghuXFewD26Fk0kwbmsmMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vv8WPOlEbow8qsrK6tb2Q3c1vbO7t7+f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98eXMb99TqVgkbvQkpl6Ih4IFjGBtpNu7PjorlnoxO+3nC8hGbrnsliCyz6uVmoMMqVRdF11Ax0ZzFMASjX7+vTeISBJSoQnHSnUdFGsvxVIzwuk010sUjTEZ4yHtGipwSJWXzi+ewhOjDGAQSVNCw7n6fSLFoVKT0DedIdYj9dubiX953UQHNS9lIk40FWSxKEg41BGcvQ8HTFKi+cQQTCQzt0IywhITbULKmRC+PoX/k1bJdgy/dgv12jKOLDgCx6AIHFAFdXAFGqAJCBDgATyBZ0tZj9aL9bpozVjLmUPwA9bbJ1mikAY=</latexit><latexit sha1_base64="QLsVwv7QgGaeWm5CxI3hJb3pE9U=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUzZip04e7ghuXFewD26Fk0kwbmsmMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vv8WPOlEbow8qsrK6tb2Q3c1vbO7t7+f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98eXMb99TqVgkbvQkpl6Ih4IFjGBtpNu7PjorlnoxO+3nC8hGbrnsliCyz6uVmoMMqVRdF11Ax0ZzFMASjX7+vTeISBJSoQnHSnUdFGsvxVIzwuk010sUjTEZ4yHtGipwSJWXzi+ewhOjDGAQSVNCw7n6fSLFoVKT0DedIdYj9dubiX953UQHNS9lIk40FWSxKEg41BGcvQ8HTFKi+cQQTCQzt0IywhITbULKmRC+PoX/k1bJdgy/dgv12jKOLDgCx6AIHFAFdXAFGqAJCBDgATyBZ0tZj9aL9bpozVjLmUPwA9bbJ1mikAY=</latexit><latexit sha1_base64="QLsVwv7QgGaeWm5CxI3hJb3pE9U=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUzZip04e7ghuXFewD26Fk0kwbmsmMSUYoQ//CjQtF3Po37vwb04egogcuHM65l3vv8WPOlEbow8qsrK6tb2Q3c1vbO7t7+f2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98eXMb99TqVgkbvQkpl6Ih4IFjGBtpNu7PjorlnoxO+3nC8hGbrnsliCyz6uVmoMMqVRdF11Ax0ZzFMASjX7+vTeISBJSoQnHSnUdFGsvxVIzwuk010sUjTEZ4yHtGipwSJWXzi+ewhOjDGAQSVNCw7n6fSLFoVKT0DedIdYj9dubiX953UQHNS9lIk40FWSxKEg41BGcvQ8HTFKi+cQQTCQzt0IywhITbULKmRC+PoX/k1bJdgy/dgv12jKOLDgCx6AIHFAFdXAFGqAJCBDgATyBZ0tZj9aL9bpozVjLmUPwA9bbJ1mikAY=</latexit>

J
(c)
1

<latexit sha1_base64="U/M3hAOEUaaWMi30S5FKS0upWhQ=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7kXYsmTTThiaZIckIZehTuHGhiFsfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0yus3rniSrNInlvpjH1BR5JFjKCjbUebh/TKjmfDbxBueLW3LnQKng5VCBXc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7FiUWVPvpfOEZOrPOEIWRsk8aNHd/T6RYaD0Vge0U2Iz1ci0z/6v1EhPW/ZTJODFUksVHYcKRiVB2PRoyRYnhUwuYKGZ3RWSMFSbGZlSyIXjLJ69C+6LmWb67rDTqeRxFOIFTqIIHV9CAG2hCCwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP8J4j64=</latexit><latexit sha1_base64="U/M3hAOEUaaWMi30S5FKS0upWhQ=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7kXYsmTTThiaZIckIZehTuHGhiFsfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0yus3rniSrNInlvpjH1BR5JFjKCjbUebh/TKjmfDbxBueLW3LnQKng5VCBXc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7FiUWVPvpfOEZOrPOEIWRsk8aNHd/T6RYaD0Vge0U2Iz1ci0z/6v1EhPW/ZTJODFUksVHYcKRiVB2PRoyRYnhUwuYKGZ3RWSMFSbGZlSyIXjLJ69C+6LmWb67rDTqeRxFOIFTqIIHV9CAG2hCCwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP8J4j64=</latexit><latexit sha1_base64="U/M3hAOEUaaWMi30S5FKS0upWhQ=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7kXYsmTTThiaZIckIZehTuHGhiFsfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0yus3rniSrNInlvpjH1BR5JFjKCjbUebh/TKjmfDbxBueLW3LnQKng5VCBXc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7FiUWVPvpfOEZOrPOEIWRsk8aNHd/T6RYaD0Vge0U2Iz1ci0z/6v1EhPW/ZTJODFUksVHYcKRiVB2PRoyRYnhUwuYKGZ3RWSMFSbGZlSyIXjLJ69C+6LmWb67rDTqeRxFOIFTqIIHV9CAG2hCCwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP8J4j64=</latexit><latexit sha1_base64="U/M3hAOEUaaWMi30S5FKS0upWhQ=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcEuC27EVQV7kXYsmTTThiaZIckIZehTuHGhiFsfx51vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0yus3rniSrNInlvpjH1BR5JFjKCjbUebh/TKjmfDbxBueLW3LnQKng5VCBXc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7FiUWVPvpfOEZOrPOEIWRsk8aNHd/T6RYaD0Vge0U2Iz1ci0z/6v1EhPW/ZTJODFUksVHYcKRiVB2PRoyRYnhUwuYKGZ3RWSMFSbGZlSyIXjLJ69C+6LmWb67rDTqeRxFOIFTqIIHV9CAG2hCCwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzmfP8J4j64=</latexit>

J
(c)
2

<latexit sha1_base64="wfSw5eVOkLs74mB2sqTKLrMAS/g=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZKQW7LLgRVxXsRdqxZNJMG5pkhiQjlKFP4caFIm59HHe+jWk7C239IfDxn3PIOX8Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLWUaIIbZGIR6obYE05k7RlmOG0GyuKRcBpJ5hcz+udJ6o0i+S9mcbUF3gkWcgINtZ6uH1My+RyNqgOiiW34i6E1sHLoASZmoPiV38YkURQaQjHWvc8NzZ+ipVhhNNZoZ9oGmMywSPasyixoNpPFwvP0IV1hiiMlH3SoIX7eyLFQuupCGynwGasV2tz879aLzFh3U+ZjBNDJVl+FCYcmQjNr0dDpigxfGoBE8XsroiMscLE2IwKNgRv9eR1aFcrnuW7WqlRz+LIwxmcQxk8uIIG3EATWkBAwDO8wpujnBfn3flYtuacbOYU/sj5/AHD/I+v</latexit><latexit sha1_base64="wfSw5eVOkLs74mB2sqTKLrMAS/g=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZKQW7LLgRVxXsRdqxZNJMG5pkhiQjlKFP4caFIm59HHe+jWk7C239IfDxn3PIOX8Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLWUaIIbZGIR6obYE05k7RlmOG0GyuKRcBpJ5hcz+udJ6o0i+S9mcbUF3gkWcgINtZ6uH1My+RyNqgOiiW34i6E1sHLoASZmoPiV38YkURQaQjHWvc8NzZ+ipVhhNNZoZ9oGmMywSPasyixoNpPFwvP0IV1hiiMlH3SoIX7eyLFQuupCGynwGasV2tz879aLzFh3U+ZjBNDJVl+FCYcmQjNr0dDpigxfGoBE8XsroiMscLE2IwKNgRv9eR1aFcrnuW7WqlRz+LIwxmcQxk8uIIG3EATWkBAwDO8wpujnBfn3flYtuacbOYU/sj5/AHD/I+v</latexit><latexit sha1_base64="wfSw5eVOkLs74mB2sqTKLrMAS/g=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZKQW7LLgRVxXsRdqxZNJMG5pkhiQjlKFP4caFIm59HHe+jWk7C239IfDxn3PIOX8Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLWUaIIbZGIR6obYE05k7RlmOG0GyuKRcBpJ5hcz+udJ6o0i+S9mcbUF3gkWcgINtZ6uH1My+RyNqgOiiW34i6E1sHLoASZmoPiV38YkURQaQjHWvc8NzZ+ipVhhNNZoZ9oGmMywSPasyixoNpPFwvP0IV1hiiMlH3SoIX7eyLFQuupCGynwGasV2tz879aLzFh3U+ZjBNDJVl+FCYcmQjNr0dDpigxfGoBE8XsroiMscLE2IwKNgRv9eR1aFcrnuW7WqlRz+LIwxmcQxk8uIIG3EATWkBAwDO8wpujnBfn3flYtuacbOYU/sj5/AHD/I+v</latexit><latexit sha1_base64="wfSw5eVOkLs74mB2sqTKLrMAS/g=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZKQW7LLgRVxXsRdqxZNJMG5pkhiQjlKFP4caFIm59HHe+jWk7C239IfDxn3PIOX8Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLWUaIIbZGIR6obYE05k7RlmOG0GyuKRcBpJ5hcz+udJ6o0i+S9mcbUF3gkWcgINtZ6uH1My+RyNqgOiiW34i6E1sHLoASZmoPiV38YkURQaQjHWvc8NzZ+ipVhhNNZoZ9oGmMywSPasyixoNpPFwvP0IV1hiiMlH3SoIX7eyLFQuupCGynwGasV2tz879aLzFh3U+ZjBNDJVl+FCYcmQjNr0dDpigxfGoBE8XsroiMscLE2IwKNgRv9eR1aFcrnuW7WqlRz+LIwxmcQxk8uIIG3EATWkBAwDO8wpujnBfn3flYtuacbOYU/sj5/AHD/I+v</latexit>

J
(c)
3

<latexit sha1_base64="bbu7jTb7IkHzJV21EpwJ0OMYJoo=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZsYJdFtyIqwr2Iu1YMmmmDU0yQ5IRytCncONCEbc+jjvfxrSdhbb+EPj4zznknD+IOdPGdb+d3Nr6xuZWfruws7u3f1A8PGrpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYyvZ/X2E1WaRfLeTGLqCzyULGQEG2s93D6mZXI+7Vf7xZJbcedCq+BlUIJMjX7xqzeISCKoNIRjrbueGxs/xcowwum00Es0jTEZ4yHtWpRYUO2n84Wn6Mw6AxRGyj5p0Nz9PZFiofVEBLZTYDPSy7WZ+V+tm5iw5qdMxomhkiw+ChOOTIRm16MBU5QYPrGAiWJ2V0RGWGFibEYFG4K3fPIqtC4qnuW7y1K9lsWRhxM4hTJ4cAV1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/JHz+QPFgI+w</latexit><latexit sha1_base64="bbu7jTb7IkHzJV21EpwJ0OMYJoo=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZsYJdFtyIqwr2Iu1YMmmmDU0yQ5IRytCncONCEbc+jjvfxrSdhbb+EPj4zznknD+IOdPGdb+d3Nr6xuZWfruws7u3f1A8PGrpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYyvZ/X2E1WaRfLeTGLqCzyULGQEG2s93D6mZXI+7Vf7xZJbcedCq+BlUIJMjX7xqzeISCKoNIRjrbueGxs/xcowwum00Es0jTEZ4yHtWpRYUO2n84Wn6Mw6AxRGyj5p0Nz9PZFiofVEBLZTYDPSy7WZ+V+tm5iw5qdMxomhkiw+ChOOTIRm16MBU5QYPrGAiWJ2V0RGWGFibEYFG4K3fPIqtC4qnuW7y1K9lsWRhxM4hTJ4cAV1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/JHz+QPFgI+w</latexit><latexit sha1_base64="bbu7jTb7IkHzJV21EpwJ0OMYJoo=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZsYJdFtyIqwr2Iu1YMmmmDU0yQ5IRytCncONCEbc+jjvfxrSdhbb+EPj4zznknD+IOdPGdb+d3Nr6xuZWfruws7u3f1A8PGrpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYyvZ/X2E1WaRfLeTGLqCzyULGQEG2s93D6mZXI+7Vf7xZJbcedCq+BlUIJMjX7xqzeISCKoNIRjrbueGxs/xcowwum00Es0jTEZ4yHtWpRYUO2n84Wn6Mw6AxRGyj5p0Nz9PZFiofVEBLZTYDPSy7WZ+V+tm5iw5qdMxomhkiw+ChOOTIRm16MBU5QYPrGAiWJ2V0RGWGFibEYFG4K3fPIqtC4qnuW7y1K9lsWRhxM4hTJ4cAV1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/JHz+QPFgI+w</latexit><latexit sha1_base64="bbu7jTb7IkHzJV21EpwJ0OMYJoo=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZsYJdFtyIqwr2Iu1YMmmmDU0yQ5IRytCncONCEbc+jjvfxrSdhbb+EPj4zznknD+IOdPGdb+d3Nr6xuZWfruws7u3f1A8PGrpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYyvZ/X2E1WaRfLeTGLqCzyULGQEG2s93D6mZXI+7Vf7xZJbcedCq+BlUIJMjX7xqzeISCKoNIRjrbueGxs/xcowwum00Es0jTEZ4yHtWpRYUO2n84Wn6Mw6AxRGyj5p0Nz9PZFiofVEBLZTYDPSy7WZ+V+tm5iw5qdMxomhkiw+ChOOTIRm16MBU5QYPrGAiWJ2V0RGWGFibEYFG4K3fPIqtC4qnuW7y1K9lsWRhxM4hTJ4cAV1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/JHz+QPFgI+w</latexit>

..
.

<latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit><latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit><latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit><latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit>

(a)

A<latexit sha1_base64="B6fqhK0IJqatgr2tr3i77bTUwlE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXaLePGYgFkgGUJPp5K06Vno7hHCkC/w4kERr36SN//GniSCij4oeLxXRVU9L+JMKsv6MDIbm1vbO9nd3N7+weFR/vikI8NYUGjTkIei5xEJnAXQVkxx6EUCiO9x6Hqz69Tv3oOQLAxu1TwC1yeTgI0ZJUpLrathvmCZ5aJTL9axZdoVq1RKSalSrjoOtk1riQJaoznMvw9GIY19CBTlRMq+bUXKTYhQjHJY5AaxhIjQGZlAX9OA+CDdZHnoAl9oZYTHodAVKLxUv08kxJdy7nu60ydqKn97qfiX14/VuOYmLIhiBQFdLRrHHKsQp1/jERNAFZ9rQqhg+lZMp0QQqnQ2OR3C16f4f9IpmrbmLafQqK3jyKIzdI4ukY2qqIFuUBO1EUWAHtATejbujEfjxXhdtWaM9cwp+gHj7RMGjY0N</latexit><latexit sha1_base64="B6fqhK0IJqatgr2tr3i77bTUwlE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXaLePGYgFkgGUJPp5K06Vno7hHCkC/w4kERr36SN//GniSCij4oeLxXRVU9L+JMKsv6MDIbm1vbO9nd3N7+weFR/vikI8NYUGjTkIei5xEJnAXQVkxx6EUCiO9x6Hqz69Tv3oOQLAxu1TwC1yeTgI0ZJUpLrathvmCZ5aJTL9axZdoVq1RKSalSrjoOtk1riQJaoznMvw9GIY19CBTlRMq+bUXKTYhQjHJY5AaxhIjQGZlAX9OA+CDdZHnoAl9oZYTHodAVKLxUv08kxJdy7nu60ydqKn97qfiX14/VuOYmLIhiBQFdLRrHHKsQp1/jERNAFZ9rQqhg+lZMp0QQqnQ2OR3C16f4f9IpmrbmLafQqK3jyKIzdI4ukY2qqIFuUBO1EUWAHtATejbujEfjxXhdtWaM9cwp+gHj7RMGjY0N</latexit><latexit sha1_base64="B6fqhK0IJqatgr2tr3i77bTUwlE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXaLePGYgFkgGUJPp5K06Vno7hHCkC/w4kERr36SN//GniSCij4oeLxXRVU9L+JMKsv6MDIbm1vbO9nd3N7+weFR/vikI8NYUGjTkIei5xEJnAXQVkxx6EUCiO9x6Hqz69Tv3oOQLAxu1TwC1yeTgI0ZJUpLrathvmCZ5aJTL9axZdoVq1RKSalSrjoOtk1riQJaoznMvw9GIY19CBTlRMq+bUXKTYhQjHJY5AaxhIjQGZlAX9OA+CDdZHnoAl9oZYTHodAVKLxUv08kxJdy7nu60ydqKn97qfiX14/VuOYmLIhiBQFdLRrHHKsQp1/jERNAFZ9rQqhg+lZMp0QQqnQ2OR3C16f4f9IpmrbmLafQqK3jyKIzdI4ukY2qqIFuUBO1EUWAHtATejbujEfjxXhdtWaM9cwp+gHj7RMGjY0N</latexit><latexit sha1_base64="B6fqhK0IJqatgr2tr3i77bTUwlE=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyXaLePGYgFkgGUJPp5K06Vno7hHCkC/w4kERr36SN//GniSCij4oeLxXRVU9L+JMKsv6MDIbm1vbO9nd3N7+weFR/vikI8NYUGjTkIei5xEJnAXQVkxx6EUCiO9x6Hqz69Tv3oOQLAxu1TwC1yeTgI0ZJUpLrathvmCZ5aJTL9axZdoVq1RKSalSrjoOtk1riQJaoznMvw9GIY19CBTlRMq+bUXKTYhQjHJY5AaxhIjQGZlAX9OA+CDdZHnoAl9oZYTHodAVKLxUv08kxJdy7nu60ydqKn97qfiX14/VuOYmLIhiBQFdLRrHHKsQp1/jERNAFZ9rQqhg+lZMp0QQqnQ2OR3C16f4f9IpmrbmLafQqK3jyKIzdI4ukY2qqIFuUBO1EUWAHtATejbujEfjxXhdtWaM9cwp+gHj7RMGjY0N</latexit>

..
.

<latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit><latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit><latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit><latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit>

..
.

<latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit><latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit><latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit><latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit>

B
<latexit sha1_base64="PxHE9tzyKVWupdm4WRb+hLT9mJU=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkqmjjrLohuXLdgLtEPJpGfa2ExmSDJCKX0CNy4UcesjufNtTC+Civ4Q+PjPOeScP0wF14aQDye3srq2vpHfLGxt7+zuFfcPmjrJFIMGS0Si2iHVILiEhuFGQDtVQONQQCscXc/qrXtQmify1oxTCGI6kDzijBpr1a96xRIpu77ve2fYwgWpeMTC+RlxfQ+7ZTJXCS1V6xXfu/2EZTFIwwTVuuOS1AQTqgxnAqaFbqYhpWxEB9CxKGkMOpjMF53iE+v0cZQo+6TBc/f7xITGWo/j0HbG1Az179rM/KvWyUzkBxMu08yAZIuPokxgk+DZ1bjPFTAjxhYoU9zuitmQKsqMzaZgQ/i6FP8PzUrZtVz3SlV/GUceHaFjdIpcdImq6AbVUAMxBOgBPaFn5855dF6c10VrzlnOHKIfct4+AfFJjP4=</latexit><latexit sha1_base64="PxHE9tzyKVWupdm4WRb+hLT9mJU=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkqmjjrLohuXLdgLtEPJpGfa2ExmSDJCKX0CNy4UcesjufNtTC+Civ4Q+PjPOeScP0wF14aQDye3srq2vpHfLGxt7+zuFfcPmjrJFIMGS0Si2iHVILiEhuFGQDtVQONQQCscXc/qrXtQmify1oxTCGI6kDzijBpr1a96xRIpu77ve2fYwgWpeMTC+RlxfQ+7ZTJXCS1V6xXfu/2EZTFIwwTVuuOS1AQTqgxnAqaFbqYhpWxEB9CxKGkMOpjMF53iE+v0cZQo+6TBc/f7xITGWo/j0HbG1Az179rM/KvWyUzkBxMu08yAZIuPokxgk+DZ1bjPFTAjxhYoU9zuitmQKsqMzaZgQ/i6FP8PzUrZtVz3SlV/GUceHaFjdIpcdImq6AbVUAMxBOgBPaFn5855dF6c10VrzlnOHKIfct4+AfFJjP4=</latexit><latexit sha1_base64="PxHE9tzyKVWupdm4WRb+hLT9mJU=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkqmjjrLohuXLdgLtEPJpGfa2ExmSDJCKX0CNy4UcesjufNtTC+Civ4Q+PjPOeScP0wF14aQDye3srq2vpHfLGxt7+zuFfcPmjrJFIMGS0Si2iHVILiEhuFGQDtVQONQQCscXc/qrXtQmify1oxTCGI6kDzijBpr1a96xRIpu77ve2fYwgWpeMTC+RlxfQ+7ZTJXCS1V6xXfu/2EZTFIwwTVuuOS1AQTqgxnAqaFbqYhpWxEB9CxKGkMOpjMF53iE+v0cZQo+6TBc/f7xITGWo/j0HbG1Az179rM/KvWyUzkBxMu08yAZIuPokxgk+DZ1bjPFTAjxhYoU9zuitmQKsqMzaZgQ/i6FP8PzUrZtVz3SlV/GUceHaFjdIpcdImq6AbVUAMxBOgBPaFn5855dF6c10VrzlnOHKIfct4+AfFJjP4=</latexit><latexit sha1_base64="PxHE9tzyKVWupdm4WRb+hLT9mJU=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkqmjjrLohuXLdgLtEPJpGfa2ExmSDJCKX0CNy4UcesjufNtTC+Civ4Q+PjPOeScP0wF14aQDye3srq2vpHfLGxt7+zuFfcPmjrJFIMGS0Si2iHVILiEhuFGQDtVQONQQCscXc/qrXtQmify1oxTCGI6kDzijBpr1a96xRIpu77ve2fYwgWpeMTC+RlxfQ+7ZTJXCS1V6xXfu/2EZTFIwwTVuuOS1AQTqgxnAqaFbqYhpWxEB9CxKGkMOpjMF53iE+v0cZQo+6TBc/f7xITGWo/j0HbG1Az179rM/KvWyUzkBxMu08yAZIuPokxgk+DZ1bjPFTAjxhYoU9zuitmQKsqMzaZgQ/i6FP8PzUrZtVz3SlV/GUceHaFjdIpcdImq6AbVUAMxBOgBPaFn5855dF6c10VrzlnOHKIfct4+AfFJjP4=</latexit>

C
<latexit sha1_base64="MM5O+byqPSxayCKqB/qWABt5A9s=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjK2nY67QjcuW7APaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvTB+Cih64cDjnXu69J0g4UxqhDyu3sbm1vZPfLeztHxweFY9POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpo2F372nUrFY3OpZQv0IjwULGcHaSK3GsFhCdrWM3FoZIrtSc91rzxDHq6KqCx0bLVECazSHxffBKCZpRIUmHCvVd1Ci/QxLzQin88IgVTTBZIrHtG+owBFVfrY8dA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuPgajpikRPOZIZhIZm6FZIIlJtpkUzAhfH0K/yedK9sxvFUp1b11HHlwBs7BJXBADdTBDWiCNiCAggfwBJ6tO+vRerFeV605az1zCn7AevsEE6ONFg==</latexit><latexit sha1_base64="MM5O+byqPSxayCKqB/qWABt5A9s=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjK2nY67QjcuW7APaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvTB+Cih64cDjnXu69J0g4UxqhDyu3sbm1vZPfLeztHxweFY9POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpo2F372nUrFY3OpZQv0IjwULGcHaSK3GsFhCdrWM3FoZIrtSc91rzxDHq6KqCx0bLVECazSHxffBKCZpRIUmHCvVd1Ci/QxLzQin88IgVTTBZIrHtG+owBFVfrY8dA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuPgajpikRPOZIZhIZm6FZIIlJtpkUzAhfH0K/yedK9sxvFUp1b11HHlwBs7BJXBADdTBDWiCNiCAggfwBJ6tO+vRerFeV605az1zCn7AevsEE6ONFg==</latexit><latexit sha1_base64="MM5O+byqPSxayCKqB/qWABt5A9s=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjK2nY67QjcuW7APaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvTB+Cih64cDjnXu69J0g4UxqhDyu3sbm1vZPfLeztHxweFY9POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpo2F372nUrFY3OpZQv0IjwULGcHaSK3GsFhCdrWM3FoZIrtSc91rzxDHq6KqCx0bLVECazSHxffBKCZpRIUmHCvVd1Ci/QxLzQin88IgVTTBZIrHtG+owBFVfrY8dA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuPgajpikRPOZIZhIZm6FZIIlJtpkUzAhfH0K/yedK9sxvFUp1b11HHlwBs7BJXBADdTBDWiCNiCAggfwBJ6tO+vRerFeV605az1zCn7AevsEE6ONFg==</latexit><latexit sha1_base64="MM5O+byqPSxayCKqB/qWABt5A9s=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjK2nY67QjcuW7APaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvTB+Cih64cDjnXu69J0g4UxqhDyu3sbm1vZPfLeztHxweFY9POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpo2F372nUrFY3OpZQv0IjwULGcHaSK3GsFhCdrWM3FoZIrtSc91rzxDHq6KqCx0bLVECazSHxffBKCZpRIUmHCvVd1Ci/QxLzQin88IgVTTBZIrHtG+owBFVfrY8dA4vjDKCYSxNCQ2X6veJDEdKzaLAdEZYT9RvbyH+5fVTHXp+xkSSairIalGYcqhjuPgajpikRPOZIZhIZm6FZIIlJtpkUzAhfH0K/yedK9sxvFUp1b11HHlwBs7BJXBADdTBDWiCNiCAggfwBJ6tO+vRerFeV605az1zCn7AevsEE6ONFg==</latexit>

J < 0 (AFM)
<latexit sha1_base64="NqumPrkGkLBdNp5FoPHd2uJFk6Q=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6qYkIljQRUUQEYQK9gJNKJPppB06uTBzItZQfBU3LhRx63u4822ctllo6w8DH/85h3Pm92LBFVjWtzE3v7C4tJxbya+urW9smlvbdRUlkrIajUQkmx5RTPCQ1YCDYM1YMhJ4gjW8/sWo3rhnUvEovINBzNyAdEPuc0pAW21z9/rMck6xA+wBZJAWzy9vDodts2CVrLHwLNgZFFCmatv8cjoRTQIWAhVEqZZtxeCmRAKngg3zTqJYTGifdFlLY0gCptx0fP0QH2ing/1I6hcCHru/J1ISKDUIPN0ZEOip6drI/K/WSsAvuykP4wRYSCeL/ERgiPAoCtzhklEQAw2ESq5vxbRHJKGgA8vrEOzpL89C/ahka749LlTKWRw5tIf2URHZ6ARV0BWqohqi6BE9o1f0ZjwZL8a78TFpnTOymR30R8bnD4m2k/M=</latexit><latexit sha1_base64="NqumPrkGkLBdNp5FoPHd2uJFk6Q=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6qYkIljQRUUQEYQK9gJNKJPppB06uTBzItZQfBU3LhRx63u4822ctllo6w8DH/85h3Pm92LBFVjWtzE3v7C4tJxbya+urW9smlvbdRUlkrIajUQkmx5RTPCQ1YCDYM1YMhJ4gjW8/sWo3rhnUvEovINBzNyAdEPuc0pAW21z9/rMck6xA+wBZJAWzy9vDodts2CVrLHwLNgZFFCmatv8cjoRTQIWAhVEqZZtxeCmRAKngg3zTqJYTGifdFlLY0gCptx0fP0QH2ing/1I6hcCHru/J1ISKDUIPN0ZEOip6drI/K/WSsAvuykP4wRYSCeL/ERgiPAoCtzhklEQAw2ESq5vxbRHJKGgA8vrEOzpL89C/ahka749LlTKWRw5tIf2URHZ6ARV0BWqohqi6BE9o1f0ZjwZL8a78TFpnTOymR30R8bnD4m2k/M=</latexit><latexit sha1_base64="NqumPrkGkLBdNp5FoPHd2uJFk6Q=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6qYkIljQRUUQEYQK9gJNKJPppB06uTBzItZQfBU3LhRx63u4822ctllo6w8DH/85h3Pm92LBFVjWtzE3v7C4tJxbya+urW9smlvbdRUlkrIajUQkmx5RTPCQ1YCDYM1YMhJ4gjW8/sWo3rhnUvEovINBzNyAdEPuc0pAW21z9/rMck6xA+wBZJAWzy9vDodts2CVrLHwLNgZFFCmatv8cjoRTQIWAhVEqZZtxeCmRAKngg3zTqJYTGifdFlLY0gCptx0fP0QH2ing/1I6hcCHru/J1ISKDUIPN0ZEOip6drI/K/WSsAvuykP4wRYSCeL/ERgiPAoCtzhklEQAw2ESq5vxbRHJKGgA8vrEOzpL89C/ahka749LlTKWRw5tIf2URHZ6ARV0BWqohqi6BE9o1f0ZjwZL8a78TFpnTOymR30R8bnD4m2k/M=</latexit><latexit sha1_base64="NqumPrkGkLBdNp5FoPHd2uJFk6Q=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6qYkIljQRUUQEYQK9gJNKJPppB06uTBzItZQfBU3LhRx63u4822ctllo6w8DH/85h3Pm92LBFVjWtzE3v7C4tJxbya+urW9smlvbdRUlkrIajUQkmx5RTPCQ1YCDYM1YMhJ4gjW8/sWo3rhnUvEovINBzNyAdEPuc0pAW21z9/rMck6xA+wBZJAWzy9vDodts2CVrLHwLNgZFFCmatv8cjoRTQIWAhVEqZZtxeCmRAKngg3zTqJYTGifdFlLY0gCptx0fP0QH2ing/1I6hcCHru/J1ISKDUIPN0ZEOip6drI/K/WSsAvuykP4wRYSCeL/ERgiPAoCtzhklEQAw2ESq5vxbRHJKGgA8vrEOzpL89C/ahka749LlTKWRw5tIf2URHZ6ARV0BWqohqi6BE9o1f0ZjwZL8a78TFpnTOymR30R8bnD4m2k/M=</latexit>

...
<latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit> <latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit> <latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit> <latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit>

... <latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit> <latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit> <latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit> <latexit sha1_base64="dDFcmmQV4X+2Blj5VLdSQXblH5U=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjBfsBbSibzaZdu8mG3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jEq04y3mZJK9wJquBQJb6NAyXup5jQOJO8Gk9t5vfvEtREqecBpyv2YjhIRCUbRWp2BDBWaYbXm1t2FyDp4BdSgUGtY/RqEimUxT5BJakzfc1P0c6pRMMlnlUFmeErZhI5432JCY278fLHtjFxYJySR0vYlSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMGn4ukjRDnrDlR1EmCSoyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dK7qnuX761qzUcRRhjM4h0vw4AaacActaAODR3iGV3hzlPPivDsfy9aSU8ycwh85nz+5H48u</latexit>

3na
<latexit sha1_base64="nMwrLuuH8aWdCnmpdLKo++0Dt9s=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFeyx4MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy78mckAH1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5moEeRcpplByZYfRZkgJiHzy8mQK2RGTC1QprjdlbAxVZQZm0/FhuCtnrwO7au6Z/nhptZsFHGU4QzO4RI8uIUm3EMLfGDA4Rle4c2Rzovz7nwsW0tOMXMKf+R8/gALDY4j</latexit><latexit sha1_base64="nMwrLuuH8aWdCnmpdLKo++0Dt9s=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFeyx4MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy78mckAH1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5moEeRcpplByZYfRZkgJiHzy8mQK2RGTC1QprjdlbAxVZQZm0/FhuCtnrwO7au6Z/nhptZsFHGU4QzO4RI8uIUm3EMLfGDA4Rle4c2Rzovz7nwsW0tOMXMKf+R8/gALDY4j</latexit><latexit sha1_base64="nMwrLuuH8aWdCnmpdLKo++0Dt9s=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFeyx4MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy78mckAH1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5moEeRcpplByZYfRZkgJiHzy8mQK2RGTC1QprjdlbAxVZQZm0/FhuCtnrwO7au6Z/nhptZsFHGU4QzO4RI8uIUm3EMLfGDA4Rle4c2Rzovz7nwsW0tOMXMKf+R8/gALDY4j</latexit><latexit sha1_base64="nMwrLuuH8aWdCnmpdLKo++0Dt9s=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFeyx4MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy78mckAH1Zpbdxci6+AVUINCrUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seyMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5moEeRcpplByZYfRZkgJiHzy8mQK2RGTC1QprjdlbAxVZQZm0/FhuCtnrwO7au6Z/nhptZsFHGU4QzO4RI8uIUm3EMLfGDA4Rle4c2Rzovz7nwsW0tOMXMKf+R8/gALDY4j</latexit>

3nb
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FIG. 18. (a) Exchange couplings of the effective three-
dimensional Ising model and resulting three sub-lattice struc-
ture. (b) The exchange couplings J(c)

i between i-th neigh-
bours along the chain direction c are parametrised in momen-
tum space, Jc(q) = J0 exp[−(|q| − q0)2/b2]. The blue curve
shows Jc(q) for J0 = 4.0, δ = q0/(2π) = 1/8 and b = 0.05π.
The orange curve shows the approximate Jc(q) obtained re-
taining the only first ten nearest neighbour couplings along
c. (c) Shows the magnetisation obtained in the mean field
calculation for sites α = A,B,C as a function of cite index i
along the c-axis

tions

mr = tanh

(
hr
T

)
. (5)

SI Fig. 18c shows the solution of the self-consistent
mean-field equations for a system of 3 × 3 × 24 lattice
sites with Ising spins and exchange couplings J0 = 4.0,
J = −0.5 and T < TN . As expected, the system develops
SDW order with a period of 8 lattice spacings along the
c-axis. While the SDWs on the three sub-lattices have
the same amplitudes, their phases are shifted by ∆φ =
2π/3. These findings are robust over a wide range of
temperatures and exchange couplings, provided that the
coupling J between the chains is antiferromagnetic and
sufficiently small.

It is possible to obtain an analytic understanding of
these findings by expanding the mean-field free energy
(3) near TN . In this regime hr/T � 1, and the free
energy per triangle is

fMF =
1

2

∑
α

∫
q

(Jc(q)− 3J)

(
1− Jc(q)− 3J

T

)
|mα(q)|2

(a)

(b)
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<latexit sha1_base64="pqvOKZ8GfVUQawB5NOGDgoAxORo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWJhEbCxTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSZ383rnCZXmsXww0wT9iI4kDzmjxlpNPihX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eV+m0eRxHO4BwuwYMa1OEeGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOZ8/zbGM5w==</latexit><latexit sha1_base64="pqvOKZ8GfVUQawB5NOGDgoAxORo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWJhEbCxTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSZ383rnCZXmsXww0wT9iI4kDzmjxlpNPihX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eV+m0eRxHO4BwuwYMa1OEeGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOZ8/zbGM5w==</latexit><latexit sha1_base64="pqvOKZ8GfVUQawB5NOGDgoAxORo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWJhEbCxTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSZ383rnCZXmsXww0wT9iI4kDzmjxlpNPihX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eV+m0eRxHO4BwuwYMa1OEeGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOZ8/zbGM5w==</latexit><latexit sha1_base64="pqvOKZ8GfVUQawB5NOGDgoAxORo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWJhEbCxTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSZ383rnCZXmsXww0wT9iI4kDzmjxlpNPihX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eV+m0eRxHO4BwuwYMa1OEeGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOZ8/zbGM5w==</latexit>

i
<latexit sha1_base64="pqvOKZ8GfVUQawB5NOGDgoAxORo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWJhEbCxTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSZ383rnCZXmsXww0wT9iI4kDzmjxlpNPihX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eV+m0eRxHO4BwuwYMa1OEeGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOZ8/zbGM5w==</latexit><latexit sha1_base64="pqvOKZ8GfVUQawB5NOGDgoAxORo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWJhEbCxTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSZ383rnCZXmsXww0wT9iI4kDzmjxlpNPihX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eV+m0eRxHO4BwuwYMa1OEeGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOZ8/zbGM5w==</latexit><latexit sha1_base64="pqvOKZ8GfVUQawB5NOGDgoAxORo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWJhEbCxTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSZ383rnCZXmsXww0wT9iI4kDzmjxlpNPihX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eV+m0eRxHO4BwuwYMa1OEeGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOZ8/zbGM5w==</latexit><latexit sha1_base64="pqvOKZ8GfVUQawB5NOGDgoAxORo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWJhEbCxTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSZ383rnCZXmsXww0wT9iI4kDzmjxlpNPihX3Kq7EFkHL4cK5GoMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmUNELtZ4tFZ+TCOkMSxso+acjC/T2R0UjraRTYzoiasV6tzc3/ar3UhDd+xmWSGpRs+VGYCmJiMr+aDLlCZsTUAmWK210JG1NFmbHZlGwI3urJ69C+qnqWm9eV+m0eRxHO4BwuwYMa1OEeGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOZ8/zbGM5w==</latexit>

CAA
<latexit sha1_base64="oqBPsxaNf7xMPs5j+DqsHW3Y3tY=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIrkqmHXWWLd24rGAv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTC+Civ4Q+PjPOeScP0w40wahDye3tr6xuZXfLuzs7u0fFA+P2lqmitAWkVyqbog15UzQlmGG026iKI5DTjvhpDGvd+6p0kyKWzNNaBDjkWARI9hYq90YZPX6bFAsobLr+75XhRYuUcVDFi6qyPU96JbRQiWwUnNQfO8PJUljKgzhWOueixITZFgZRjidFfqppgkmEzyiPYsCx1QH2WLbGTyzzhBGUtknDFy43ycyHGs9jUPbGWMz1r9rc/OvWi81kR9kTCSpoYIsP4pSDo2E89PhkClKDJ9awEQxuyskY6wwMTaggg3h61L4P7QrZdfyjVeq+as48uAEnIJz4IIrUAPXoAlagIA78ACewLMjnUfnxXldtuac1cwx+CHn7RN9dI8K</latexit><latexit sha1_base64="oqBPsxaNf7xMPs5j+DqsHW3Y3tY=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIrkqmHXWWLd24rGAv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTC+Civ4Q+PjPOeScP0w40wahDye3tr6xuZXfLuzs7u0fFA+P2lqmitAWkVyqbog15UzQlmGG026iKI5DTjvhpDGvd+6p0kyKWzNNaBDjkWARI9hYq90YZPX6bFAsobLr+75XhRYuUcVDFi6qyPU96JbRQiWwUnNQfO8PJUljKgzhWOueixITZFgZRjidFfqppgkmEzyiPYsCx1QH2WLbGTyzzhBGUtknDFy43ycyHGs9jUPbGWMz1r9rc/OvWi81kR9kTCSpoYIsP4pSDo2E89PhkClKDJ9awEQxuyskY6wwMTaggg3h61L4P7QrZdfyjVeq+as48uAEnIJz4IIrUAPXoAlagIA78ACewLMjnUfnxXldtuac1cwx+CHn7RN9dI8K</latexit><latexit sha1_base64="oqBPsxaNf7xMPs5j+DqsHW3Y3tY=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIrkqmHXWWLd24rGAv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTC+Civ4Q+PjPOeScP0w40wahDye3tr6xuZXfLuzs7u0fFA+P2lqmitAWkVyqbog15UzQlmGG026iKI5DTjvhpDGvd+6p0kyKWzNNaBDjkWARI9hYq90YZPX6bFAsobLr+75XhRYuUcVDFi6qyPU96JbRQiWwUnNQfO8PJUljKgzhWOueixITZFgZRjidFfqppgkmEzyiPYsCx1QH2WLbGTyzzhBGUtknDFy43ycyHGs9jUPbGWMz1r9rc/OvWi81kR9kTCSpoYIsP4pSDo2E89PhkClKDJ9awEQxuyskY6wwMTaggg3h61L4P7QrZdfyjVeq+as48uAEnIJz4IIrUAPXoAlagIA78ACewLMjnUfnxXldtuac1cwx+CHn7RN9dI8K</latexit><latexit sha1_base64="oqBPsxaNf7xMPs5j+DqsHW3Y3tY=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIrkqmHXWWLd24rGAv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTC+Civ4Q+PjPOeScP0w40wahDye3tr6xuZXfLuzs7u0fFA+P2lqmitAWkVyqbog15UzQlmGG026iKI5DTjvhpDGvd+6p0kyKWzNNaBDjkWARI9hYq90YZPX6bFAsobLr+75XhRYuUcVDFi6qyPU96JbRQiWwUnNQfO8PJUljKgzhWOueixITZFgZRjidFfqppgkmEzyiPYsCx1QH2WLbGTyzzhBGUtknDFy43ycyHGs9jUPbGWMz1r9rc/OvWi81kR9kTCSpoYIsP4pSDo2E89PhkClKDJ9awEQxuyskY6wwMTaggg3h61L4P7QrZdfyjVeq+as48uAEnIJz4IIrUAPXoAlagIA78ACewLMjnUfnxXldtuac1cwx+CHn7RN9dI8K</latexit>

CBB
<latexit sha1_base64="c3cBzYEuGIDkwIfmIHofUfsHAO8=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXw0w7fe1Ku3FZwT6gHUomTdvYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89QcSo0o7zYW1sbm3v7Gb2svsHh0fHuZPTjhKxxKSNBROyFyBFGOWkralmpBdJgsKAkW4wa6Z+955IRQW/1fOI+CGacDqmGGkjdZrDpNFYDHN5xy4VvFqhBh3bLTvFYkqK5VLF86BrO0vkwRqtYe59MBI4DgnXmCGl+q4TaT9BUlPMyCI7iBWJEJ6hCekbylFIlJ8sr13AS6OM4FhIU1zDpfp9IkGhUvMwMJ0h0lP120vFv7x+rMdVP6E8ijXheLVoHDOoBUxfhyMqCdZsbgjCkppbIZ4iibA2AWVNCF+fwv9Jp2C7ht94+Xp1HUcGnIMLcAVcUAF1cA1aoA0wuAMP4Ak8W8J6tF6s11XrhrWeOQM/YL19Apc4jxw=</latexit><latexit sha1_base64="c3cBzYEuGIDkwIfmIHofUfsHAO8=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXw0w7fe1Ku3FZwT6gHUomTdvYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89QcSo0o7zYW1sbm3v7Gb2svsHh0fHuZPTjhKxxKSNBROyFyBFGOWkralmpBdJgsKAkW4wa6Z+955IRQW/1fOI+CGacDqmGGkjdZrDpNFYDHN5xy4VvFqhBh3bLTvFYkqK5VLF86BrO0vkwRqtYe59MBI4DgnXmCGl+q4TaT9BUlPMyCI7iBWJEJ6hCekbylFIlJ8sr13AS6OM4FhIU1zDpfp9IkGhUvMwMJ0h0lP120vFv7x+rMdVP6E8ijXheLVoHDOoBUxfhyMqCdZsbgjCkppbIZ4iibA2AWVNCF+fwv9Jp2C7ht94+Xp1HUcGnIMLcAVcUAF1cA1aoA0wuAMP4Ak8W8J6tF6s11XrhrWeOQM/YL19Apc4jxw=</latexit><latexit sha1_base64="c3cBzYEuGIDkwIfmIHofUfsHAO8=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXw0w7fe1Ku3FZwT6gHUomTdvYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89QcSo0o7zYW1sbm3v7Gb2svsHh0fHuZPTjhKxxKSNBROyFyBFGOWkralmpBdJgsKAkW4wa6Z+955IRQW/1fOI+CGacDqmGGkjdZrDpNFYDHN5xy4VvFqhBh3bLTvFYkqK5VLF86BrO0vkwRqtYe59MBI4DgnXmCGl+q4TaT9BUlPMyCI7iBWJEJ6hCekbylFIlJ8sr13AS6OM4FhIU1zDpfp9IkGhUvMwMJ0h0lP120vFv7x+rMdVP6E8ijXheLVoHDOoBUxfhyMqCdZsbgjCkppbIZ4iibA2AWVNCF+fwv9Jp2C7ht94+Xp1HUcGnIMLcAVcUAF1cA1aoA0wuAMP4Ak8W8J6tF6s11XrhrWeOQM/YL19Apc4jxw=</latexit><latexit sha1_base64="c3cBzYEuGIDkwIfmIHofUfsHAO8=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXw0w7fe1Ku3FZwT6gHUomTdvYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89QcSo0o7zYW1sbm3v7Gb2svsHh0fHuZPTjhKxxKSNBROyFyBFGOWkralmpBdJgsKAkW4wa6Z+955IRQW/1fOI+CGacDqmGGkjdZrDpNFYDHN5xy4VvFqhBh3bLTvFYkqK5VLF86BrO0vkwRqtYe59MBI4DgnXmCGl+q4TaT9BUlPMyCI7iBWJEJ6hCekbylFIlJ8sr13AS6OM4FhIU1zDpfp9IkGhUvMwMJ0h0lP120vFv7x+rMdVP6E8ijXheLVoHDOoBUxfhyMqCdZsbgjCkppbIZ4iibA2AWVNCF+fwv9Jp2C7ht94+Xp1HUcGnIMLcAVcUAF1cA1aoA0wuAMP4Ak8W8J6tF6s11XrhrWeOQM/YL19Apc4jxw=</latexit>

CCC
<latexit sha1_base64="zg9aRvzE6+Y0oMz6GQv7+QrGDfk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFRJt07grZOOygn1AG8pkOmnHTmbCzEQoof/gxoUibv0fd/6N04egogcuHM65l3vviVJGlXacD6uwtr6xuVXcLu3s7u0flA+P2kpkEpMWFkzIboQUYZSTlqaakW4qCUoiRjrRJJj7nXsiFRX8Vk9TEiZoxGlMMdJGageDPAhmg3LFsWuXjle/hI5drXvelW+I69ecmgdd21mgAlZoDsrv/aHAWUK4xgwp1XOdVIc5kppiRmalfqZIivAEjUjPUI4SosJ8ce0MnhllCGMhTXENF+r3iRwlSk2TyHQmSI/Vb28u/uX1Mh37YU55mmnC8XJRnDGoBZy/DodUEqzZ1BCEJTW3QjxGEmFtAiqZEL4+hf+T9oXtGn5TrTT8VRxFcAJOwTlwQR00wDVoghbA4A48gCfwbAnr0XqxXpetBWs1cwx+wHr7BKRRjyU=</latexit><latexit sha1_base64="zg9aRvzE6+Y0oMz6GQv7+QrGDfk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFRJt07grZOOygn1AG8pkOmnHTmbCzEQoof/gxoUibv0fd/6N04egogcuHM65l3vviVJGlXacD6uwtr6xuVXcLu3s7u0flA+P2kpkEpMWFkzIboQUYZSTlqaakW4qCUoiRjrRJJj7nXsiFRX8Vk9TEiZoxGlMMdJGageDPAhmg3LFsWuXjle/hI5drXvelW+I69ecmgdd21mgAlZoDsrv/aHAWUK4xgwp1XOdVIc5kppiRmalfqZIivAEjUjPUI4SosJ8ce0MnhllCGMhTXENF+r3iRwlSk2TyHQmSI/Vb28u/uX1Mh37YU55mmnC8XJRnDGoBZy/DodUEqzZ1BCEJTW3QjxGEmFtAiqZEL4+hf+T9oXtGn5TrTT8VRxFcAJOwTlwQR00wDVoghbA4A48gCfwbAnr0XqxXpetBWs1cwx+wHr7BKRRjyU=</latexit><latexit sha1_base64="zg9aRvzE6+Y0oMz6GQv7+QrGDfk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFRJt07grZOOygn1AG8pkOmnHTmbCzEQoof/gxoUibv0fd/6N04egogcuHM65l3vviVJGlXacD6uwtr6xuVXcLu3s7u0flA+P2kpkEpMWFkzIboQUYZSTlqaakW4qCUoiRjrRJJj7nXsiFRX8Vk9TEiZoxGlMMdJGageDPAhmg3LFsWuXjle/hI5drXvelW+I69ecmgdd21mgAlZoDsrv/aHAWUK4xgwp1XOdVIc5kppiRmalfqZIivAEjUjPUI4SosJ8ce0MnhllCGMhTXENF+r3iRwlSk2TyHQmSI/Vb28u/uX1Mh37YU55mmnC8XJRnDGoBZy/DodUEqzZ1BCEJTW3QjxGEmFtAiqZEL4+hf+T9oXtGn5TrTT8VRxFcAJOwTlwQR00wDVoghbA4A48gCfwbAnr0XqxXpetBWs1cwx+wHr7BKRRjyU=</latexit><latexit sha1_base64="zg9aRvzE6+Y0oMz6GQv7+QrGDfk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFRJt07grZOOygn1AG8pkOmnHTmbCzEQoof/gxoUibv0fd/6N04egogcuHM65l3vviVJGlXacD6uwtr6xuVXcLu3s7u0flA+P2kpkEpMWFkzIboQUYZSTlqaakW4qCUoiRjrRJJj7nXsiFRX8Vk9TEiZoxGlMMdJGageDPAhmg3LFsWuXjle/hI5drXvelW+I69ecmgdd21mgAlZoDsrv/aHAWUK4xgwp1XOdVIc5kppiRmalfqZIivAEjUjPUI4SosJ8ce0MnhllCGMhTXENF+r3iRwlSk2TyHQmSI/Vb28u/uX1Mh37YU55mmnC8XJRnDGoBZy/DodUEqzZ1BCEJTW3QjxGEmFtAiqZEL4+hf+T9oXtGn5TrTT8VRxFcAJOwTlwQR00wDVoghbA4A48gCfwbAnr0XqxXpetBWs1cwx+wHr7BKRRjyU=</latexit>

CAA
<latexit sha1_base64="oqBPsxaNf7xMPs5j+DqsHW3Y3tY=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIrkqmHXWWLd24rGAv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTC+Civ4Q+PjPOeScP0w40wahDye3tr6xuZXfLuzs7u0fFA+P2lqmitAWkVyqbog15UzQlmGG026iKI5DTjvhpDGvd+6p0kyKWzNNaBDjkWARI9hYq90YZPX6bFAsobLr+75XhRYuUcVDFi6qyPU96JbRQiWwUnNQfO8PJUljKgzhWOueixITZFgZRjidFfqppgkmEzyiPYsCx1QH2WLbGTyzzhBGUtknDFy43ycyHGs9jUPbGWMz1r9rc/OvWi81kR9kTCSpoYIsP4pSDo2E89PhkClKDJ9awEQxuyskY6wwMTaggg3h61L4P7QrZdfyjVeq+as48uAEnIJz4IIrUAPXoAlagIA78ACewLMjnUfnxXldtuac1cwx+CHn7RN9dI8K</latexit><latexit sha1_base64="oqBPsxaNf7xMPs5j+DqsHW3Y3tY=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIrkqmHXWWLd24rGAv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTC+Civ4Q+PjPOeScP0w40wahDye3tr6xuZXfLuzs7u0fFA+P2lqmitAWkVyqbog15UzQlmGG026iKI5DTjvhpDGvd+6p0kyKWzNNaBDjkWARI9hYq90YZPX6bFAsobLr+75XhRYuUcVDFi6qyPU96JbRQiWwUnNQfO8PJUljKgzhWOueixITZFgZRjidFfqppgkmEzyiPYsCx1QH2WLbGTyzzhBGUtknDFy43ycyHGs9jUPbGWMz1r9rc/OvWi81kR9kTCSpoYIsP4pSDo2E89PhkClKDJ9awEQxuyskY6wwMTaggg3h61L4P7QrZdfyjVeq+as48uAEnIJz4IIrUAPXoAlagIA78ACewLMjnUfnxXldtuac1cwx+CHn7RN9dI8K</latexit><latexit sha1_base64="oqBPsxaNf7xMPs5j+DqsHW3Y3tY=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIrkqmHXWWLd24rGAv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTC+Civ4Q+PjPOeScP0w40wahDye3tr6xuZXfLuzs7u0fFA+P2lqmitAWkVyqbog15UzQlmGG026iKI5DTjvhpDGvd+6p0kyKWzNNaBDjkWARI9hYq90YZPX6bFAsobLr+75XhRYuUcVDFi6qyPU96JbRQiWwUnNQfO8PJUljKgzhWOueixITZFgZRjidFfqppgkmEzyiPYsCx1QH2WLbGTyzzhBGUtknDFy43ycyHGs9jUPbGWMz1r9rc/OvWi81kR9kTCSpoYIsP4pSDo2E89PhkClKDJ9awEQxuyskY6wwMTaggg3h61L4P7QrZdfyjVeq+as48uAEnIJz4IIrUAPXoAlagIA78ACewLMjnUfnxXldtuac1cwx+CHn7RN9dI8K</latexit><latexit sha1_base64="oqBPsxaNf7xMPs5j+DqsHW3Y3tY=">AAAB7XicdZDLSgMxFIYz9VbrrerSTbAIrkqmHXWWLd24rGAv0A4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTC+Civ4Q+PjPOeScP0w40wahDye3tr6xuZXfLuzs7u0fFA+P2lqmitAWkVyqbog15UzQlmGG026iKI5DTjvhpDGvd+6p0kyKWzNNaBDjkWARI9hYq90YZPX6bFAsobLr+75XhRYuUcVDFi6qyPU96JbRQiWwUnNQfO8PJUljKgzhWOueixITZFgZRjidFfqppgkmEzyiPYsCx1QH2WLbGTyzzhBGUtknDFy43ycyHGs9jUPbGWMz1r9rc/OvWi81kR9kTCSpoYIsP4pSDo2E89PhkClKDJ9awEQxuyskY6wwMTaggg3h61L4P7QrZdfyjVeq+as48uAEnIJz4IIrUAPXoAlagIA78ACewLMjnUfnxXldtuac1cwx+CHn7RN9dI8K</latexit>
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FIG. 19. Spin-spin correlation functions along the chains (a)
and between neighbouring chains (b), calculated from Monte-
Carlo sampling. Here i denotes the separation of the spins
along the chain direction (c-axis).

+
3J

2

∫
q

(
1− 3J + 2Jc(q)

T

)
|M(q)|2 +O(m4),(6)

where q is the momentum along c, α = A,B,C denotes
the sub-lattice, and

M(q) =
∑
α

mα(q), (7)

where mα(q) = |mα(q)|eiφα .
From the first line of Eq. (6) it follows that the chains

order with a modulation vector corresponding to the
maximum of Jc(q). The ordering transition temperature
is given by

TN = J0 − 3J. (8)

The above argument neglects the second line of Eq. (6),
which contains a coupling between the chains. At T =
TN , the coefficient of |M(q)|2 is positive for 0 < −J <
J0/6. For weakly coupled chains, the transition is there-
fore into a state with M(2πδ) = 0. Since slightly be-
low TN the amplitudes of the three SDWs are equal, the
phases of the SDWs must satisfy
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∑
α

eiφα = 0, (9)

which implies a relative phase of 2π/3 between neigh-
bouring chains.

Monte-Carlo Study

Fluctuations can play an important role in systems
with geometric frustration. An example is the Heisenberg
antiferromagnet on the triangular lattice. In this model,
quantum fluctuations can drive a transition from the clas-
sical 120 degree ground state to a collinear state. For the
three dimensional Ising model for UAu2, the mean-field
level analysis shows that the geometric frustration in the
triangular lattice planes gives rise to 120 degree phase
shifts between the SDWs on neighbouring chains. This
state could be unstable against thermal fluctuations be-
yond mean-field. To investigate this possibility we per-
formed Monte-Carlo simulations of systems of 9× 9× 48
lattice sites with periodic boundary conditions, using the
same exchange parameters as in the mean-field analysis.

We sampled configurations {σr} (σr := Ŝzr = ±1) from
the probability distribution

p ({σr}) =
e−βE({σr})∑
{σr} e

−βE({σr})
, (10)

using Metropolis sampling with single-site, spin-flip up-
dates. Here, β = 1/T denotes the inverse temperature
and E ({σr}) is the energy of the configuration. We find
that fluctuations lead to a slight reduction of the ordering
temperature of about 5-10 %. As expected, the ordered
state is characterised by a three sub-lattice structure. To
analyse the magnetic structure we calculated the corre-
lation functions

Cαβ(i) =
1

nc

∑
j

〈σα(j)σβ(j + i)〉 , (11)

by averaging over the sampled configurations at a given
temperature. Here, Cαα(i) denotes the spin-spin corre-
lation function along the chains on sub-lattice α, as a
function of the distance i between the spins. Cαβ(i) with
α 6= β are the correlation functions between neighbouring
chains.

SI Fig. 19a shows that the correlation functions along
the chains are the same on the three sub-lattices, demon-
strating that the SDWs have the same amplitudes. The
intra-chain correlations Cαα are not sensitive to the
phases φα of the SDWs, however. SI Fig. 19b shows that
CAB(i) and CAC(i) are shifted by phases 2π/3 and 4π/3
with respect to CAA(i). This demonstrates that the rel-
ative phase between SDWs on the different sub lattices
is 2π/3.

It is also possible to understand why CAB(0) =
CAC(0) ≈ −1/3. Below TN , the averages are dominated
by configurations for which there is one frustrated bond
on each triangle. If for example σA = +1, then we expect
(σB , σC) = (+1,−1), (−1,+1) or (−1,−1) implying that
〈σAσB〉 = 〈σAσC〉 = −1/3.

To summarise, both unrestricted mean-field calcula-
tions and Monte-Carlo simulations show that the three
dimensional Ising model with RKKY interactions that
are peaked at the ordering vector (1/3, 1/3, δ) not only
give rise to the correct Bragg peaks but also explain that
the SDWs on the three sub-lattices have the same ampli-
tudes and relative phase shifts of 2π/3.

CALCULATION OF THE HEAT CAPACITY

The two channel Kondo model

The Anderson impurity model that describes the va-
lence fluctuations between U3+ and U4+, with ground
state and excited state doublets is given by [69, 70]

Ĥ = Ĥ0 + Ĥη,

Ĥ0 =
∑
kτσ

(
εk −

1

2
σh

)
c†
kτσ

ckτσ + ε2
∑
τ=±1

g†τgτ

+ε3
∑
σ=↑,↓

f†σfσ −
1

2
h
(
f†↑f↑ − f

†
↓f↓

)
,

Ĥη = η
∑
kτσ

(
c†kτσg

†
−τfσ + f†σg−τ ckτσ

)
, (12)

subject to the constraint

1 =
∑
τ=±1

g†τgτ +
∑
σ=↑,↓

f†σfσ = n̂g + n̂f . (13)

Here, ε2 and ε3 denote the energies of the ground doublets
in the 5f2 (U4+) and 5f3 (U3+) configurations, respec-
tively. gτ are Fermion annihilation operators for localised
U4+ states of pseudospin τ and fσ Fermion annihilation
operators for localised U3+ states of spin σ. Note that the
conduction electron operators ckτσ are expanded in the
angular momentum channels of the impurity and hence
carry both quantum numbers σ and τ . An applied mag-
netic field h breaks the spin degeneracy of the conduc-
tion bands and splits the U3+ Kramers doublet. If the
quadrupole (5f2 doublet) also has a dipole moment it
will also be split (by field along the c-axis), not shown
in the above. For clarity we will refer to this degree of
freedom as pseudopspin and associated the moments as
simply a quadrupole moment in the following.

The first term in Ĥη that describes valence fluctua-
tions corresponds to a 5f3 (U3+) to 5f2 (U4+) transition,
transferring an electron to the conduction sea. This pro-
cess conserves the total angular momentum and charge.
The second term is the reverse process.
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In the absence of valence fluctuations, η = 0, the
U4+ quadrupole doublet is the groundstate if the energy
∆E = ε3−(ε2+εF ) = ∆−εF is positive. The correspond-
ing Kondo impurity model is obtained from a canonical
transformation, Ĥ′ = eŜĤe−Ŝ , where to leading order,
Ŝ is determined such that the linear valence-fluctuation
term is transformed away. This leads to Ĥ′ = Ĥ0 + δĤ′
with δĤ′ ≈ Ĥη(E0 − Ĥ0)−1Ĥη.

For η � |∆E| this reduces to a two-channel Kondo
model [69, 70] with an integer valence. For a pure U4+

ground state (〈n̂f 〉 = 0 and 〈n̂g〉 = 1) we obtain the
Kondo impurity Hamiltonian

δĤ′ =
JK
2

∑
k,k′

∑
i=x,y,z

T̂ iΨ†k′

(
τ i ⊗ 1

)
Ψk

+ζ
JK
2

∑
k,k′

∑
i=x,y,z

T̂ iΨ†k′

(
τ i ⊗ σz

)
Ψk, (14)

where we have combined the Fermion operators ckτσ
with spin and pseudo-spin flavours into a four-component
spinor Ψk. The first line describes the Kondo coupling
between the local quadrupole impurity T̂ and the con-
duction electron pseudo-spin operator. τ i and σz denote
Pauli matrices in pseudo-spin space and spin space. The
electron spin σ =↑, ↓ provides the two channels of the
Kondo problem. The Kondo coupling is equal to

JK =
η2

∆E − h +
η2

∆E + h
. (15)

A field h splits the Kramers doublet giving rise to an
anisotropy between the channels, given by the second
line in Eq. (14), with

ζ =
h

∆E
, (16)

valid for |ζ| � 1. Ĥ0 also includes a term that describes
splitting of the conduction band in a field

∑
k hΨ†k(1 ⊗

σz)Ψk, and a similar term for the dipole moments asso-
ciated with the quadrupole index. From here on we use ζ
to account for all sources of channel splitting. The values
of the coupling for spin up and spin down channels are
J1 = JK(1 + ζ) and J2 = JK(1− ζ). For theoretical con-
venience, the coupling (JK and ζJK) are considered to
be anisotropic having the values JKz and ζzJKz for pseu-
dospin direction i = z and JK⊥ and ζ⊥JK⊥ for i = x, y.

The differences in scattering phase shift between pseu-
dospin parallel and antiparallel to the z-axis, evalu-
ated for the two spin channels n = 1, 2 are δn =
2 tan−1(πJnzν0/4). Here, ν0 = 1/(2πvf ) is the one di-
mensional energy density of states per spin per channel
per sample radius for scattering at the Fermi level [71]
(vf is the Fermi velocity). There is a well known ex-
act solution of the two channel Kondo model, namely
Hamiltonian H′ (defined above EQN 14), for ζ = 0 and
a specific values δ1 = δ2 = π/2 that define the locus of

the Emery-Kivelson (EK) fixed line [72, 73]. In EQN 14,
the conduction electron field Ψ has 4 components. These
map to two interacting spinless scalar fields ψ and ψs and
two non-interacting fields (which are dropped) [71]. The
field ψs corresponds to fluctuations of the quadrupole
moment and ψ to combined fluctuations of both spin
and quadrupole in our case. The components of the im-
purity operator can be rewritten in terms of a spinless
Fermion operator d̂ as T̂ z = d̂†d̂− 1

2 , T̂
+ = T̂x+ iT̂y = d̂†

and T̂− = T̂x − iT̂y = d̂. These spinless Fermions
can be further decomposed into two Majorana Fermions
â = i(d̂−d̂†) and b̂ = (d̂+d̂†) (so that T̂z = iâb̂, T̂x = b̂/2,
T̂y = â/2). The final equivalent Hamiltonian is [71]

H = H0(ψ,ψ†) +H0(ψs, ψ
†
s)− λ̄i

[
ψ(0) + ψ†(0)

]
â

+δλ
[
ψ†(0)− ψ(0)

]
b̂

+
[
Wψ†(0)ψ(0) + V ψ†s(0)ψs(0) + Z

]
iâb̂. (17)

The direct coupling of the conduction electrons to the
magnetic field is contained in the free Fermion H0 terms.
The values of the coefficients [71] are

λ̄ =
1

2

∑
n=1,2

Jn⊥
√
ν0ξ

2

cos2(δn/2)

sin(δ̄)
(18)

δλ =
1

2

∑
n=1,2

(−1)n
Jn⊥
√
ν0ξ

2

cos2(δn/2)

sin(δ̄)
(19)

W =
2

πν0
tan

(
δ1 − δ2

2

)
(20)

V =
2

πν0
cot(δ̄) (21)

with δ̄ = (δ1 + δ2)/2. V measures how far the system is
from the EK line and is zero on the line. Z is proportional
to the splitting of the ground state doublet, present if it
has a dipole moment. In the following we set Z = 0 for
simplicity as it does not affect our conclusions. Both W
and δλ are proportional to the channel splitting ζ. The
zero field expression is quadratic in the Fermion operators
when V = W = 0 and is therefore exactly solvable as
previously stated. ξ is an energy cut-off (e.g. from the
bandwidth). The heat capacity on the Emery-Kivelson
fixed line, which we denote CEK , does not diverge as
T → 0 and has no logarithmic term. The corrections
due to finite ζ⊥ (i.e. J1⊥ 6= J2⊥) can be included in this
analysis. The resulting expression for C/T is [71]

CEK

T
=

R Γ

2πT 2

[
1− Γ

2πT
ψ(1)

(
1

2
+

Γ

2πT

)]
+
R Γζ2⊥
2πT 2

[
1− Γζ2⊥

2πT
ψ(1)

(
1

2
+

Γζ2⊥
2πT

)]
(22)

where ψ(1) is the first derivative of the Digamma func-
tion with Γ = 4πν0λ̄

2 ≈ 4
π ξ (the last approximation

is for J⊥ = Jz and ζ‖, ζ⊥ � 1) and ζ⊥ = δλ/λ̄.
This formula captures the release of the residual entropy
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0.5R log(2) with splitting, ζ⊥. Most of the entropy is re-
leased uniformly with temperature over the temperature
scale Ts = Γζ2⊥. In zero field, CEK/T approaches a con-
stant C/T ∼ 0.52R/Γ (with Γ in Kelvin) below T . 0.1Γ
and falls off in the range 0.1Γ . T . Γ only very approx-
imately logarithmically crossing over to a high temper-
ature dependence C/T ∼ RΓ/(2πT 2). The high tem-
perature entropy in this model is R log(2) and does not
include any contribution from occupying the excited dou-
blet, projected out in the early part of the derivation.

The correction to the heat capacity for Jz different
from the EK value (i.e. 0 < V � 1) can be calculated [73]
with second order perturbation theory, which for ζz = 0
(i.e. no splitting of Jz and δ) gives a contribution to the
heat capacity,

∆C

T
= − ∂

∂T 2

V 2

2

{∫ 1/T

0

dτ G2
s(τ)A(τ)B(τ)

−Gs(0)2
∫ 1/T

0

dτA(τ)B(τ)

}
(23)

with A(τ) = −〈Ta(τ)a(0)〉, B(τ) = −〈Tb(τ)b(0)〉 and
G(τ) = −〈Tψs(0, τ)ψ†s(0, 0)〉. These terms are explicitly,

A(τ) =
1

β

∑
ωn=

(2n+1)
β

eiωnτ

iωn + iΓ sgn(ωn)

=
βΓ

π

∫ ∞
−∞

dx
1

ex + 1

e
τ
β x

x2 + (βΓ)2
, (24)

Gs(τ) =
1

β

∑
ωn

∫ ξ/vf

−ξ/vf

dk

2π

eiωnτ

iωn − vfk + gsh

=
1

2πβvf

∫ β(ξ−gsh)

β(−ξ−gsh)
dx

e
τ
β x

ex + 1
, (25)

Gs(0) =
ξ→∞

−Gs(β) =
gsh

2π
. (26)

B(τ) is given by the same expression as A(τ) but with
Γ→ Γζ2⊥. gsh is the splitting of the opposite quadrupole
conduction electron bands. The linear in h corrections to
Gs are antisymmetric about τ = β/2 and do not result
in a linear in h contribution to C/T .

The first integral in EQN 23 is responsible for the
log(T ) heat capacity of the 2 channel Kondo effect in
zero magnetic field [73] noting that B = 1/2 when
ζ⊥ = 0. For T � Γ, ∆C/T ∼ a log(T ∗/T ) with
a ∼ (2/π)(R/Γ) cot(δ̄)2 (independent of the energy cut-
off ξ) and T ∗ ∼ 0.085Γ (calculated numerically for
ξ ∼ (π/4)Γ).

∫∞
0

∆C/T = 0, since the total entropy is
already counted in the EK part. A finite channel asym-
metry reduces B < 1/2, and suppresses this contribution
to C/T at low temperature. There are additional contri-
butions, for example from the W term that are propor-
tional to ζ2⊥. C/T in field is however dominated by the
entropy release in the CEK/T term.
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FIG. 20. Heat capacity divided by temperature. The open
circles are measured values. Below ∼ 1 K these are in a field
of 1.5 T (B ‖ c) to avoid a zero field bump below 500 mK
(see text) and have been extended to higher temperature with
zero field data. The solid points show the same data after
subtracting a 1/T 3 term attributed to a Schottky tail from
nuclear quadrupole moments. The upturn in the experimen-
tal heat capacity above 4 K is due to phonons. In (a) the
solid red line is the calculated dependence for the two chan-
nel Kondo model for the parameters described in the text.
The dashed line (green) is the calculation for a channel split-
ting ζ⊥ = 0.01 that corresponds to an applied field of order
1.5 T. The field induced release of entropy contrasts with the
experimental data, showing that 2CK physics for a single site
cannot explain the observed C/T . In (b) the solid green line
is the calculated dependence for a uniform distribution of Ts
which characterises the channel asymmetry (the calculation
parameters are given in the text).

C = γT+CEK(T )+∆C(T ) (with γ a Sommerfeld con-
tribution from the conduction electrons) from EQNs 22
and 23, for one Kondo site per formula can be compared
with the experimental data. The calculation is compared
with the data at 1.5 T in Fig. 20a, with a nuclear Schot-
tky (1/T 3) term subtracted. We first consider the the-
oretical result for H = 0 and then include the effect of
the field. The parameters Γ = 50K, δ = 0.6(π/2) and
γ = 110mJ mole−1K−2 used for the calculation are not
determined uniquely by the low temperature experimen-
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tal data; different values of Γ can be chosen. Γ > 16K
is required to have γ > 0. The required value for cot(δ)
increases with Γ with a broad maximum for the corre-
sponding value of γ ≈ 115 mJ mole−1K−2 that is only
slightly below γ in the F -state. The value of Γ = 50 K
has been chosen to reproduce the slight down turn in
C/T at higher temperature.

The application of a magnetic field of 1.5 T corresponds
to ζ⊥ = h/∆E ≈ 0.01, based on ∆E = 50 K and a mo-
ment of 1 µB in EQNS 15 and 16. The calculated heat
capacity for ζ⊥ = 0.01 is also shown in Fig. 20a. Even
though Γζ2⊥ is much lower than the lowest temperature
accessible in the experiment, there is a clear change in the
calculated curve with field that is not seen experimen-
tally, which comes from the high temperature tail of the
entropy release which has the form C/T ∼ Γζ2⊥/(2πT

2)
for T � Γζ2⊥.

In the next section we explore whether a distribution of
larger values of Ts = Γζ2⊥ can instead account for C/T ∼
log(T ).

The heat capacity for a distribution of Ts

As described above most of the entropy 0.5R log(2) is
released uniformly with temperature between zero tem-
perature and Ts = Γζ2⊥. A heat capacity C/T ∼ log(1/T )
in the temperature range Tmin < T < Tmax is obtained
for a flat distribution of Ts over the range Tmin to 10 Tmax.
In Fig. 20b, the experimental data is plotted alongside
the calculated dependence for a flat distribution of Ts
between 0 and 70 K (from the second term in EQN 22)
plus a Sommerfeld term γ = 90 mJK−2mole−1 (which
includes the contribution from the first term in EQN 22
with Γ� T ).
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