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In the context of loss-carry-forward taxation on the capital of an insurance company,
we introduce two tax processes, latent and natural tax processes and show they are
equivalent. This equivalence relation enables us to deal straightforward with the ex-
istence and uniqueness of the natural tax process, which is defined via an integral
equation, and allows us to translate results from one model to the other. We clarify
by our results the existing literature on tax processes. Using our equivalence relation,
we derive an explicit expression for the expected deficit at ruin and the maximum
surplus prior to ruin for the natural tax process when ruin happens before it reaches
some positive level. We explain the relation of this expression with the draw-down
literature. We introduce and solve two optimal control tax problems for a spectrally
negative Lévy risk process. The first one aims to find the maximum tax value function
and the tax strategy that achieves this. We prove a value function is the optimal value
by putting it through a verification lemma. We find that, when the Lévy measure has
a log-convex tail, the optimal tax strategy is a piecewise constant natural tax strategy.
We show, on a special case, that our solution agrees with the solution of an optimal tax
control problem considered in a previous literature. In the second optimal control tax
problem, we add the bail-out concept to the model such that ruin is not allowed. An
optimal strategy is defined as a tax and bail-out admissible strategy that maximises
the net profit of taxation. In order to find the optimal tax value in this model, we
introduce a new approach to find unknown fluctuation identities. Our work shows that
the function representing the net present value of tax can be uniquely characterised
by a PDE and a set of boundary conditions, and we use this to derive an explicit for-
mula for this function. We verify that, on special cases, our results agree with existing
results in the literature. We find, under no condition on the Lévy measure, that the
optimal strategy is a piecewise constant tax rate function and a bail-out process which
allows the capital to be injected back to zero whenever it becomes strictly negative.
We introduce a natural tax model with bail-outs when ruin is allowed if the deficit at
ruin exceeds some pre-specified level. We derive a new fluctuation identities for the
Lévy process reflected at its infimum. We use these identities and our new approach,
to find the net profit of taxation in this model. We do this under an assumption on
the Lévy process, that it has positive Gaussian coefficient in the unbounded variation
case.
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Chapter 1

Introduction

An insurance company usually monitors the evolution of the wealth, or surplus, that
it has over the time in order to manage its businesses in the market. This allows the
company to realise if it is gaining/losing money, or at risk of being in debt or bankrupt
at some point of time. For this reason, the change of the wealth in time is modelled
by the so called risk process. It refers to a collection of real valued random variables
indexed by a subset of the real line, where randomness comes from the possible random
events (or situations) that the company can face, and the indexed set interpreted as
time. If we denote this risk process by X = (X;):>0, then X; represents the capital of
the company at time ¢. From the paths of X, one can easily understand if the company
gains (when paths are increasing over time), or loses (when paths are decreasing). For
instance, as an insurance company receives claims, and hence loses for covering these
claims, then the paths of X are decreasing by downward jumps that represents the

amounts of these claims. Denote the running maximum of X by X; = supg<,<; X;.

As an example for X and X, see figures |1.1al and [1.1b] respectively.  The model

X can be modified in order to cover any desirable features. For example, when an
insurance company needs to pay out dividends of its surplus to its beneficiaries. De
Finetti in [20] introduced this dividend model, and argued that, for a fixed level b > 0,
any excess in capital of the barrier b is paid out to shareholders. That is, dividends
at time ¢ are given by (b V X;) — b, where we use the notation bV a = max {b, a}.
Note that, the process X reflected at its supremum with initial value say, b, is given
by (bV X;) — X;. Therefore, we can say that paying out dividends according to this
strategy is the same as reflecting the paths of X at the barrier b. The resulting paths
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(a) Path of a risk process X with Xy = 7.

(b) The supremum process X.

Figure 1.1: Plot of a risk process X and its supremum X
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Figure 1.2: Paths of a risk process X (blue lines) and the associated tax process U?
(red lines) with Xy =7 and v = 0.4.

of X, which describes the reserve of the company after paying dividends, is given by

Further, X can be modified to model the case where dividends are paid out at a given
fixed rate, say 0 > 0, whenever the capital is above a pre-specified level, say b > 0.
This can be modelled by refracting the paths of X at the given level with a certain
angle. This means that, a linear drift at rate ¢ is subtracted from the paths of X
whenever it passes above level b. This modification is given in [31]. There is a class of
modified risk processes between the reflected and refracted processes, which we study
in this thesis and it is called tax processes. We give an example of a tax process, with
constant tax rate, in order to simplify the idea of a tax process, and note that, our
main tax model in this thesis is more general than this example. For a constant tax

rate v € (0, 1), we introduce the tax process U?: = (U)o with
Ul =X, — v (X; — Xo), t>0. (1.2)

Figure shows how the process X is transformed to U” by the subtraction of taxes,
which can be seen as a partial reflection since v < 1. That is, taxation with rate
v < 1is similar to paying out dividends at a weaker rate than reflection. Suppose that
Xy = b, and ~y is not constant, in such a way that before X reaching level b, v = 0,
and v = 1 whenever X is above or equal to b, then, the two processes and

are equal.
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Looking at graph[1.2] it can be noticed that whenever the surplus process reaches a
new maximum, partial reflection occurs. The times of these partial reflections can be
understood to correspond to tax payments which happens only whenever the insurance
company is in a profitable situation. This regime is called in the literature loss-carry-
forward tazation. This phrase is explained as follows. Suppose that tax is due on an
income of a company, but this income is negative. In this case, the company is allowed
to carry this loss forward, and when it makes profit again, that previous loss can be
used to offset the current profit. This procedure is called a loss-carry-forward taxation
because it carries forward a tax loss at some time into a future time. A great deal of
literature exists in the study of loss-carry-forward tax process, and was introduced in
[2]. While ~ is constant in some of these studies, like in [6], some authors extend v to
be a function that depends on the surplus process X, such as [33]. In the latter article,
an unusual property of the process U” is, the tax rate function v is a taxation at time ¢
that depends on X, the running maximum of X, and not on the running maximum of
the process U7 itself, U = sup,<; UJ. That is, as explained in [I], the amount of tax
payments the company makes at time ¢ is not determined by the amount of capital the
company has at that time but it depends on a latent capital level, namely X, which
is the amount of capital that the company would have at time ¢, if no taxes were paid
out at all. For that reason, in this thesis, we define a new tax process V° = (V;?);>o,
where ¢ is a tax rate function that depends on Vf = sup,, V such that § < 1. We call
V9 a natural tax process or a tax process with natural tax rate §, and U” a latent tax
process or the tax process with latent tax rate v (see [I]). Whereas latent and natural
tax processes look quite different when considering their definitions, it appears that
these two classes of tax processes are essentially equivalent. This observation has not
been noticed in the literature before. In fact, this equivalence relation entitles us to
deal in a straightforward way with the existence and uniqueness of the natural tax
process, and again no one has studied this point before.

It is known that a risk process X has the Markov property when the future states of
the process depends only upon the present state, not on the past states that preceded
it. When X is modelled by a Markov process, we have the advantage that the two-
dimensional process (V‘S,Va) is Markov. This advantage and the equivalence relation

that we found between the two tax processes U” and V° enables us, for the first
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time in literature, to easily translate results derived for the latent tax process into
results on the natural tax process, or vice versa, and present them in two dimensional
expressions.

A risk process X belongs to a large class of random functions which is called
stochastic processes. The literature is rich in various categories of stochastic processes
based on their properties, and Lévy processes are one of them. In particular, in
recent actuarial literature, see for example [29], the surplus of an insurance company
is described as spectrally negative Lévy process. It is a Lévy process with downward
jumps only, which correspond to the claims that a company receives. This feature
makes it a suitable model for the capital process of insurance companies. Furthermore,
many fluctuation identities in terms of a class of functions known as scale functions
for spectrally negative Lévy process are available explicitly in literature, and this
helps us to find many expressions of interest. As an example, in this thesis, for a
natural tax process V9 driven by spectrally negative Lévy process X, we derived the
expected accumulated discounted tax payments in terms of scale functions for X. This
expression is counted until ruin time (i.e when the company runs out of businesses or
go bankrupt and mathematically defined as the first time that the tax process go below
the zero level), and which is called the tax value function. Also, we established an
analytic expression for the so-called overshoot identity, the expectation concerning the
overshoot of the tax process over a fixed level. We derived some useful applications of
this identity, such as the expected deficit at ruin and the expected aggregate surplus
prior to ruin, before reaching some positive level. Moreover, an expression for the
two sided exit problem is found, which is an identity concerning the exit of the tax
process from a half-line or a strip. This latter identity gives a company an indication
about the probability of ruin. For a spectrally negative Lévy process X, some research
like [60] and [37] studied problems related to a first downward crossing time of the
process X at a level that depends on X, the so called draw-down time. Authors in [65),
Section 4.1] explained how draw-down problems in models without tax is related to
loss-carry-forward tax ruin problems. We point out here that, [64] found the overshoot
identities of the latent tax process U” for a constant tax v, by using this relation with
the draw-down literature. In this thesis, we show that these overshoot identities found

in [64] can be generalised for the latent tax process U” with 7 a function of X. We
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present these results for the natural tax process V? using our equivalence relation that
we proved between the two tax processes.

As this thesis title indicates, we deal with optimal control of taxation for spectrally
negative Lévy process. In general, an optimal control problem can be described briefly
as follows. For a risk process X, we choose a control 7 that belongs to some pre-
specified set of admissible controls depending on the problem that we study. The
dynamics of X are changed by this control 7, the controlled process is denoted by
U™, eg U in and a value function v™ is assigned to each control. The value
function v™ usually represents a cost or a reward corresponding to the control 7, and
defined as an expectation of a random variable that depends on the control 7= and the
controlled process U”™. The optimal control problem is characterised as, finding the
optimal value function, denoted by v*, which is defined as the supremum (or infimum)
of all value functions among all possible controls, and finding the optimal control 7*
that achieves this value. In the optimal control problem that we study in this thesis,
the tax payments takes the role of the control 7. Naturally, a government wants to
maximise the expected tax revenue and hence wants to know what is the tax strategy
which produces this. We study in this work this type of optimal control problem,
which was solved first in [57], where the control is the tax function v that depends on
X and the controlled process is U?. In this thesis, we generalise the optimal control
problem they considered by defining a more general class of controls. Furthermore,
by using our equivalence relation that we proved between U” and V¢, we show that
the solution of our problem is a natural tax process which agrees with the solution
derived in [57] on a special case. Our work have lots of insight from the optimal control
problem studied in many cases for dividends, such as [43], [45]. The methodology we
use, which is the verification lemma for optimal control problem, and the condition we
need to solve the problem, which is a condition on the Lévy measure of the spectrally
negative Lévy process X, are similar to the ones considered for dividends.

It is normal to look at the optimal control problem for taxation when the govern-
ment is bailing-out the company. In this thesis, we also study the tax process V° in the
case of adding bail-outs. We mean by the word "bail-out’, when the government gives
money from the tax fund they gain to the bankrupt institution, and in our work it is an

insurance company, in order for this institution to survive and continue its businesses.
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Figure 1.3: Paths of a natural tax process V°, with § = 0.4, before (blue lines) and
after (red lines) adding the bail-out.

We denote by K° the bail-out process, which represents the capital injections made
by the government whenever the tax process V? becomes strictly negative. Figure
shows an example of the process V° before and after adding the bail-out. We study
two types of bailing-out. The first type, is when the bail-out is allowed forever. That
is, the government always support the company by injecting the capital, whenever the
aggregate process becomes below zero. We denote this tax process by V¥ and we
call it a natural tax process with forced bail-out. We derive the net present value of
profit that the government can gain. The tax value function is denoted by v;,,, and
we denote by v;,; the total amount of bail-out injected by the government. Therefore,
the net present value of profit is given by v = vy, — 1 Vinj, Where 7 > 1 represents
the rate of loss the government can have when bailing-out, and called a bail-out cost

2 respectively, when the tax

factor. Authors in [3] and [4] found vt,,, vin; and hence v
rate function is constant, while in our work, we generalise this expression for general
natural tax rate function.

We point out that, the method we follow in finding each value function is created
from the normal approach in literature of solving an optimal control problem by using
a verification lemma. Our results prove that, if a function f of two variables satisfies
some PDE and some boundary conditions, then it is the required value function; it
turns out those conditions uniquely specify f, and we use them to derive an explicit

formula for f. The first step in this method is that, we state and prove a lemma which

includes the conditions and the PDE that a function should satisfy in order to be the
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required value function. Then, assuming that a function f satisfies these conditions
and by using the Markov property of the process (V, V), we derive a first order ODE
for this f. We solve this ODE and find a candidate value function, f. At last, we verify
that f satisfies all the conditions mentioned in the lemma given at the first step. We
find that our methodology is flexible, as by changing some boundary conditions, we
can find a different desirable value function. While we use our new approach to find
the value functions, we needed to derive a two dimensional formula for some function
satisfying some regularity conditions, which is called for the one dimensional case a
Meyer-It6 formula.

In this thesis, for the first time in literature, we introduced an optimal control
problem for the process V%% to find the maximum tax net profit value and the optimal
tax and bail-out strategy which produces this value. The second type of bailing-
out, is when the bail-out is allowed to some pre-specified limited level. That is, the
government is bailing-out the company only if the ruined process does not exceed a level
¢ < 0, otherwise the government chooses to stop the bail-out process. We call the tax
process in this type a natural tax process with limited bail-out. We derive, in a similar
way to the forced bail-out case, the net present value of tax profit that the government
make and we denote it by v>~¢. Moreover, we find that v>* = lim,_,, v>~¢.

This thesis is organised as follows. In Chapter 2, we present some background on
general Lévy processes, then especially on spectrally negative Lévy process and their
scale functions.

In Chapter 3, we clarify the equivalence relation between the two tax processes
that we defined above, a latent tax process U" and the corresponding natural tax
process V9. This is proved in Theorem , which allows us to use the corresponding
results given in [33], for the latent tax processes, in deriving results for the natural tax
process. We illustrate in the examples section, an existing natural tax process and a
relation of our work with an existing literature.

In Chapter 4, we state and prove Theorem 4.1.2 which gives an Ito expansion for
a two dimensional function defined on some specific space. This theorem will be used
to prove many results all over the next chapters. Moreover, it allows us to establish,
for the process (V?, 75), an analytic expression of its overshoot over a certain level in

terms of some given operator and the scale function. This work is in Theorem 4.1.4} in
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which we obtain an expression for the expectation concerning the overshoot of V¢ over
some level ¢, and the maximum V(S prior to crossing that level, when crossing level
¢ happens before reaching some positive level a. In addition, we use Theorem [3.2.3]
to establish an explicit expression for that expectation in the case ¢ = 0. Then, we
provide some useful applications of the derived formula. In Section 4.3, we introduce
our new approach to obtain useful identities of the natural tax process which will be
implemented to find the net present tax value function in Chapter 6 and 7.

In Chapter 5, we introduce and solve a more general control problem than the one
studied in [57]. A verification lemma is proved and used to show that a piecewise
constant natural tax rate is an optimal strategy under suitable assumption imposed
on the Lévy measure. This optimal solution agrees with the one found in [57] on a
special case. Remarkably, we found out that Wang and Hu obtained a natural tax
process as the optimal solution to the problem of controlling a latent tax process.

In Chapter 6, we define a natural tax process together with the effect of the minimal
capital injections required to keep the surplus non-negative, where ruin is not allowed.
An algorithm is given in Section 6.2 to explain the construction of this tax process and
a proposition is proved to show its existence. The net present value of tax in this case
is derived, by our new approach given in Section 4.3, for a general natural tax rate
function. We verified at the end that our result agrees with [3] and [4] in the constant
tax case. For the first time in literature, an optimal control problem of the natural
taxation with forced bail-out case is introduced and solved, under no conditions on
the Lévy measure.

In Chapter 7, we study the same natural tax process with bail-out introduced in
Chapter 6 but in the case where ruin and injections are both allowed after ruin. The
surplus is injected back to zero whenever it becomes negative as long as the deficit
is above or equal some parameter ¢ < 0. While we use in the previous chapter some
results of the reflected Lévy process given in [10], we derived in Section 7.2 our own
identities, such as the two sided-exit problem and the expected accumulated discounted
amount of capital injections. The net present value of tax payments in this case is
obtained in Section 7.3.

In Chapter 8, we give briefly, the progress in the study of loss-carry-forward tax in

general. We state in summary, the existing literature and the corresponding problems
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they addressed.
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Chapter 2

Preliminaries

The aim of this chapter is to provide a short review of definitions and results on Lévy
processes. We also place emphasis on spectrally negative Lévy processes and scale

functions that will be used in this research.

2.1 Lévy processes

We first give the definition of a Lévy process as in [30, Definition 1.1].

Definition 2.1.1 (Lévy process). A process X = {X; : t > 0}, defined on a probabil-

ity space (2, F,P), is said to be a Lévy process if it possesses the following properties:
i) The paths of X are P-almost surely right-continuous with left limits.
i) P(Xo=0)=1.

iii) For 0 < s <t , X; — X is equal in distribution to X; .

iv) For 0 < s <t, X, — X is independent of {X, : u < s}.

It is clear from part iv) that all Lévy processes satisfy the Markov property, which is
for each B € B(R) and s, t > 0,

P(Xits € BIF) = P(X,s. € Blo(X))),

where o(X;) is the smallest o-algebra such that X, is measurable. The strong Markov

property for Lévy processes is given by the next result.

19
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Theorem 2.1.2 ([30, Theorem 3.1]) Suppose that T is a stopping time. Define on
{7 < 00} the process X = {X,:t > 0} where

X=Xy —X., t>0.

Then, on the event {T < oo}, the process X is independent of Fr, has the same law

as X and hence in particular is a Lévy process.

Let IT be a Borel measure concentrated on R\ {0} such that

/ (1 A 2T (dx) < oo.
R\{0}

According to Theorems 1.3 and 1.6 in [30], there exist parameters (a,o?, IT) with
a € R, 0 > 0 called the Gaussian coefficient, and a measure I1, that identify the

distribution of X; via its characteristic function

]E[eieXt] _ 6—15\11(9)7

where

1 .
U(6) = iah + 500 + /(1 — " 021 (g <ny) 11 (da).
R

It is known that every Lévy process is a semi-martingale, see Theorem 9 in [52].
The next result gives a condition that clarifies when a Lévy process X is of bounded

variation.

Lemma 2.1.3 ([30, Lemma 2.12]) A Léuvy process with triplet (a,c?, IT) has paths

of bounded variation if and only if
oc=0 and /(1 A |z|)II(dz) < oo.
R

A Lévy process is cadlag, that is, right-continuous process with left limits. There-
fore, the only type of discontinuities it can have is jump discontinuities. Let the jump

of a Lévy process X at time ¢ be defined as
AXt — Xt - th'

In order to explain the jump structure of a Lévy process X, and also excursions of X,
we need to understand the meaning of a Poisson random measure and a Poisson point

process.
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Definition 2.1.4 ([30, Definition 2.3]) Let (S,S,7n) be an arbitrary sigma-finite
measure space and (2, F,P) a probability space. Let N: @ x § — {0,1,2,...} U {00}
in such a way that the family {N(.,,A): A € S} are random variables defined on
(Q, F,P). Then N is called a Poisson random measure on (S, S, n) (or Poisson random

measure on S with intensity n) if

(i) for mutually disjoint Ay, ..., A,, in S, the variables N(A;), ..., N(A,,) are indepen-
dent,

(ii) foreach A € S, N(A) is Poisson distributed with parameter 7(A), where we allow
0 <n(A) < oo,

(iii) N(.) is a measure PP almost surely.

The supporting random set of points of N on (S, S,n) is called Poisson point process

on S with intensity 7.
Let A € B[0,00) x B(R\ {0}) and define
N(A) = card{(t,\) € A,t > 0},
where card means the cardinality of a set, and which can be written as,

N(A) = 3 10(AX).

0<s<t
Then, by Lemma 2.2 in [30], N: B[0,00) x B(R\ {0}) — {0,1,2,...}U{occ} is a Poisson
random measure with intensity d¢ x I7(dz) that describes the jumps of a Lévy process
X.

The next result is a combination of Theorem 4.4 and Corollary 4.6 in [30]. It

generalizes Theorem 2.7 in [30] and gives the compensation formula for a Lévy process

X.

Theorem 2.1.5 Suppose ¢: [0,00) xR xQ — [0,00) is a random time-space function

such that
(i) ¢(t,x)[w] is measurable,

(ii) for each t >0, ¢(t,x)[w] is B(R) x Fi-measurable,
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(111) for each x € R, with probability one, {¢(t,x): t > 0} is a left continuous process.

Then, for allt >0,

E ( /[0 ; /R (s, 2)N(ds x dx)) ~E ( /[O ; /R (b(s,x)ﬂ(dx)ds) (2.1)

with the understanding that the right-hand side is infinite if and only if the left-hand

side 1s. Moreover, if for allt > 0,

E (47t14¢(3,x)ﬂ(dx)ds) < 00,

then we have that

M, ::/ /(b(s,x)N(ds « dz) —/ /qb(s,x)ﬂ(dx)ds, £>0,  (2.2)
04 JR 04 JR
18 a martingale.

According to Theorem 42 in [52], a Lévy process X with characteristic triple

(a,0?, IT) has a decomposition

Xy =0DB,+at+ (/ / :cN(dsxd:z:)—t/ xH(d:t))
(0,¢] J{]=[<1} {lel<1}
-+ Z AX51{|AXS\21}7 (23)

0<s<t
where B is a Brownian motion, N is a Poisson random measure with intensity dt x
II(dz), such that for any A € B[0,00) x B(R \ {0}), N(A) is a Poisson process
independent of B.
A spectrally negative Lévy process is a Lévy process without upward jumps. We
give an example of this type of processes, which is explained in details in Section 1.3.1

[30).

Example 2.1.6 Cramér-Lundberg process. Suppose that the capital of an insur-

ance company is modelled as X at time ¢

Ny
Xt:XO+Ct_Z£i7

i=1
where X, denotes the initial surplus, ¢ > 0 represents the premium rate, (N;);>o
is a Poisson process with rate A, and the sequence (&;);>1 consists of positive random

variables which represent the claims. They are independent and identically distributed
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with a common distribution F, and (NV;)>0, (&)i>1 are independent. The summation
itself is called a compound Poisson process. The process X is a spectrally negative

Lévy process that has triplet (¢ — A fol x F(dx),0,\ F(—dr)1lz<o}).

For the rest of this chapter, the process X will only be considered as a spectrally
negative Lévy process. We also exclude the cases of X having monotone paths. We

define the Lévy measure of X, v(dz) := II(—dx), as a measure on (0, 00) satisfying

/ (1 A 2?)v(dz) < oo.
(0,00)

We define the Laplace exponent as follows;

W) == —T(—if).
That is, the Lévy triplet of X is given by (a,c? v), and for § > 0,

1 1
w(ﬁ) = ; lOgE (eon) = —ab + 50’292 — /( : (1 — 679z — 0$1{0<m<1}) V(dl’)
0,00

One of the important properties of this Laplace exponent is that it is infinitely differ-

entiable and strictly convex on (0, 00). The right inverse of 1 is defined as

®(q) = sup{d > 0: ¥(0) = ¢}, (2.4)

for ¢ > 0. Also, ¥/'(0+) = E[X]| € [-00,00) and the asymptotic behaviour of X can
be recognized by ¢’(0+) as in [30, Theorem 7.2]. So, ¢'(0+) > 0 if and only if X drifts
to infinity, 1'(0+) < 0 if and only if X drifts to minus infinity, and ¢’(0+) = 0 if and
only if X oscillates. As given in [30, Theorem 3.6], the Laplace exponent () is finite
if and only if

/ e "y(dr) < oo.
|z[>1

Under this assumption, one can show that
£(0) = fX—vO)t t>0,

is a unit mean martingale with respect to IF. Then we can define a change of measure

as
AP

— — < >
|, £(0), 0<t<oo, 60>0,
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which means that for A € F,
PY(A) =E(14&(0)), 0<t<oo, 0>0,

which is called the Esscher transform. It is well known that (X, P?)o<,<; is also a
spectrally negative Lévy process, as shown in [30, p.83]. If we perform the change of

measure

dP

= &(P(q)),

Fi

to the spectrally negative Lévy process (X,P), then the Laplace exponent of (X, P%(@)
is given by s q)(0) = ¥(0 + ®(q)) — q. Note that, by the strict convexity of ¥ and for
q >0, Py (04) = ¢¥/(®(g)) > 0. This implies that (X, P*@) drifts always to infinity
for ¢ > 0.

For an F-stopping time 7, as t A 7 < ¢, then by Doob’s optional sampling theorem,
[52, Theorem 16, p.9], for A € Firr,

P/(A) = E [1,6" VO = | [1,efXir—b00A0)] (2.5)

2.2 Scale functions

In this section, we define the g-scale functions of X and state some of their properties
and significant results. The existence of these scale functions is proven in [30, Theorem

8.1], which is presented in the following theorem.

Theorem 2.2.1 There exist a family of functions W@ : R — [0, 00) and
Z@(x) =1+ q/ W@ (y)dy, forzeR,
0
defined for ¢ > 0, such that the following hold:

i) For any q > 0, we have W9 (z) = 0 for x < 0 and W9 is characterised on [0, c0)

as a strictly increasing and continuous function whose Laplace transform satisfies

/OO e P WD (1) do = for B> ®(q).
0

1
V(B) —q
ii) Let p; = inf{t > 0: X, < 0}, then for any x € R and ¢ >0

E,[e~%0 1, — 70 (z) — N 7 ) (z),

0_<oo)]
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where we understand % in the limiting sense for ¢ =0, so that

B s <o0) - L1 THORWE) TV04) 20 )

1 if ¥'(04) < 0.

iii) For any x < a and g > 0, let pf = inf{t > 0: X; > a}, then

—aot W@ (z)
Ex[e qPa 1(Pa>p; ] = W(q—)(a), (27)
and
o W@ ()
Ew[e o 1(pa<pg)] = Z(q)(x> - Z(q)(a> W(q—)(a)’ (28)

where E,[-] = E[-| Xy = «].

If we let T (y) = [ W@ (z)dz, then the relation between W@ and W s given
by
Lemma 2.2.2 [10, Lemma 1] Fory € [0,a] and a > 0, it holds that

W (y) - W)
W(l])<a) -

For ¢ = 0, we shall write IV instead of W(® and we call it the scale function instead

of the 0O-scale function. It is known that, as shown in [30, Section 8.2], for ¢ > 0,
W@ (z) = e®@D* W, (2), (2.9)

where it is clear that W (g is the scale function for the process (X, P*@). By relation
([2.9), it is proven in [44] that W? is log-concave on (0,00) for all ¢ > 0. That is, for
q >0, log(W@(z)) is concave on (0,00). It has been shown in [28, Lemma 2.3], that
for any ¢ > 0, W@ is absolutely continuous with respect to the Lebesgue measure and
strictly increasing. We denote by W9’ the associated density. Moreover, we have the

following result.

Lemma 2.2.3 (28, Lemma 2.4] For each q > 0, the scale function W9 is contin-

uwously differentiable if and only if at least one of the following three criteria holds,
(i) 0 #0

(1) f(O,l) zv(dr) = 00
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(iti) The tail of the Lévy measure, v(z,00) = [ v(dr), is continuous.
And in the unbounded variation case, we have the next result.

Theorem 2.2.4 [16, Theorem 1] Suppose that X has a Gaussian component. For

each fived ¢ > 0, the function W9 is twice continuously differentiable on (0,00).

By the help of (2.9)), the asymptotic behaviour of the scale function at infinity is given

through the following result.

Lemma 2.2.5 [19, Lemma 3.3] For ¢ > 0, we have

1
lim e *@* W@ () = ——
B = )
and
Z9()  q
li = 2.10
W)~ B (210
where the right hand side above is understood in the limiting sense limgo % =0V
(m) when q = 0.

Therefore, by the above lemma and as given in [35], when ¢ > 0, the function
W@ (x) behaves like the exponential function e®@® for large x. Thus, for ¢ > 0,
lim,_,o W@ (2) = co.

The behaviour of W@ in the neighbourhood of the origin is given in the next

result.

Lemma 2.2.6 ([35, Lemma 1]) As x | 0, the value of the scale function W@ (x)

and its right derivative are determined for every ¢ > 0 as follows:

1 1
- when =0 and zv(dz) < oo,
W@ (04) =4 d Jo (2.11)
0 otherwise,
(2
— when o >0,
o
W@ (0+) = (2.12)
0
v(0,00) + ¢ when o =0 and v(0,00) < 00,
2
o0 otherwise,
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where d = a+ fol zv(dz) > 0 stands for the drift of X when it is of bounded variation.
Let Y; := X; — I}, where [; = info< < (X5 A 0). We call Y, the reflected process at
its infimum. The next result gives the analytical expression of the Laplace transform

of the entrance time of the reflected process Y into (a,00) with a > 0.

Lemma 2.2.7 [50, Proposition 2] For a > 0, define T,) := inf{t > 0:Y, > a}.

Let x € [0,a], and ¢ > 0. Then we have

E, [e_qTﬂ =

Recall that pf = inf{t > 0 : X; > a} and p; = inf{t > 0 : X; < 0}. Through the
proof of Lemma in [50], it is shown that

{e—q(t/\pi/\l’g) W(q)(X ), t >0}, (2.13)

tApd Ay
and

{e—q(tApiApg) 7(a) (X

t/\p;f/\pg)

, >0} (2.14)

are martingales. Moreover, we have the following result which is proved in [10, Propo-

sition 2.

Lemma 2.2.8 Define

(a) _ Y (q) _ 7 (9)
Z(y) /0 Z\9(z)dz y—{—q/o /0 W9 (w)dwdz, y € R. (2.15)
If ¢'(0+) > —o0, then
{eq(t/\po) {7(‘1) (Xt/\p5> i ¢’(2+)] > 0} (2.16)

1$ a martingale.

A key object which plays a central role in scale functions theory, is the excursion
measure, which helps to prove many fluctuation identities and results, within the
context of spectrally negative Lévy process. For example, the proof of Theorem [3.2.9
in Chapter 3 below shows how we use excursion measure to find the net present value
of taxation. The basic idea of excursion theory for a Lévy process is to describe
the successive sections of its trajectory, which make up excursions from its previous
maximum. This is explained in defining the excursion space below. In order to give
this definition, we need to introduce a new time-scale which locates the times at which
a Lévy process X creates new maxima, which we call a local time at the maximum of

X, and denote it by L.
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Definition 2.2.9 ([30, Definition 6.1]) A continuous, non-decreasing, [0, co)-valued,
F-adapted process, L = {L; : t > 0}, is called a local time at the maximum if the

following hold.

(i) The support of the Stieltjes measure dL is the closure of the random set of times

{tzoyt:Xt}

(ii) For every F-stopping time 7" such that X = X7 on {T < oo} almost surely, the
shifted process

{LT+t_LT ot Z 0}

is independent of Fr on {T' < co} and has the same law as L under P.
Remark 1 Let X = SUPg<s<¢ Xs, then L = X satisfies Definition .
The inverse local time, L™! := {L; ' : t > 0}, is defined in [30, Section 6.2] as

inf{s >0: Ly >t} ift< L
L= (2.17)

o0 otherwise,

where in this definition ¢ is a local time and L; ' is the real time at which X reaches
a new maxima.

The next result is the change of variables formula for Stieltjes integrals.

Lemma 2.2.10 ([54, Proposition 4.9]) Let A be an increasing, possibly infinite,

right-continuous function and fort >0,
Cy=1inf{s > 0: A, > t}
is the right-continuous inverse of A. If f is a positive Borel function on [0,00), then

[ rwasw = [ reyas

Note that, we can use Lemma with A = L, the local time of the process X at
the maximum.

We are now able to give the definition of an excursion space, which is based on
Section 2.3 in [19]. The space of excursions, &, is the space of real valued, right-

continuous paths with left limits, and which are killed at the first hitting time of
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(—00,0]. These paths are the excursions of X from its running supremum and denoted
by e;, where

e ={es) =X - X :0<s<L;'— L'},

L '+s
whenever L, — L;_l > 0. The height of each excursion ¢ is given by & = sup 5 &(s).
According to Definition m, the process {(t,&(s)): t > 0,0 <s < L;'— L'} isa
Poisson point process on [0,00) x £ with intensity d¢ x dn, where n is the excursion
measure defined on the space (€, F), with F = 0(&,(s)). The n- measurable functional,
g, has a very useful formula related with the scale function, given in [30, Chapter 8],

which is

(2.18)

such that x is not a point of discontinuity in W’.

Explicit forms of scale functions are found in many examples in the literature such
as [26]. Also, [30, Chapter 9] explains a method for generating many examples of
spectrally negative Lévy process such that one can compute their associated scale
functions explicitly. In [28, pp.157-181], several numerical methods with examples are

explained to compute scale functions for a general spectrally negative Lévy process.



Chapter 3

Tax processes

This chapter is taken from our published article [I] with some modification on the

assumptions that gives a slight generalisation on the results.

3.1 Introduction

We start this chapter by rigorously defining the type of tax processes that we are
interested in this thesis. First, we make some assumptions on X. We redefine X as

X, =X,V sup X, t>0,

0<s<t

where we assume that X, = z and X, = Z such that z < z. We assume that X is a
stochastic process where X is a continuous process. An example of such a process, is a
stochastic process with cadlag paths and without upward jumps. Also, X is associated
with probabilities

Poz[]=P[|Xg=2,X,=1],

and
P[] = Py [].
In the loss-carry-forward taxation regime for the risk process X, we define the tax

process U" := (U} )i>0 by

t
U =X, —/ v(X,)dX,, t>0, (3.1)
o0+

where v: [Z,00) — [0,1) is a measurable function. This tax process was introduced

first in [33] for spectrally negative Lévy process X. Note that, the notation fot L= f(o q

30
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means the integral over (0,t]. Due to the assumptions on X, every path ¢ ~— X, is
continuous, therefore, the integral in is a well-defined Lebesgue-Stieltjes integral.
We call U7 a latent taz process or the tax process with latent tax rate v (see [1]).
We explain this latent tax process in the following way. For a small A > 0, in the
time interval [t, ¢+ h], a fraction (X}) of the increment X, — X; represents the tax
payment. These tax payments are made only whenever X reaches a new maximum
(which is whenever U7 reaches a new maximum as proved in Lemma , which is
why we can see the taxation structure in to be of the loss-carry-forward type.
Since v < 1, this can be seen as partial reflection. Note that, the case v = 1)
corresponds to fully reflecting the path at the barrier b.

The motivation of this part of research started by [33], [53] and [57]. This was while
trying to understand the reason that the two tax value functions [57, Equation 5.7]
and [53, Equation 14] are different, although the two articles use the same latent
tax process U”. We noticed an unnatural property of the process U”, which is the
taxation at time ¢ depends on X, the running maximum of X, and not on the running
maximum of the process U7 itself, U = sup,<, UJ. Moreover, when X is modelled
by a Markov process, the process (U 7,ﬁ) is not Markovian, and in order to have the
Markov property, one needs to consider the three-dimensional process (U”, U’ X). In

?

this chapter, we introduce the tax process V° = (V;?);>0, which satisfies the equation

t
Ve — X, — / 5(7) dX., (3.2)
0

+

where Vf = sup,, V7 and 0: [Z,00) — [0,1) is a measurable function. As given in
[1], we call V° a natural taz process or a tax process with natural taz rate 0. It can be
seen that is an integral equation, and hence, it is not immediately clear whether
a process V?° exists and if so if it is uniquely defined. We will give, in this chapter, a
simple condition for existence and uniqueness of V°. Remarkably, if we assume that X
is a Markov process and existence and uniqueness of the natural tax process V° holds,
then we have the advantage that the two-dimensional process (V°, 75) is Markovian.
We realised that authors in [7] looked at tax processes with a natural tax rate in the
case where X is a Cramér-Lundberg risk process while they were studying the ruin
probability, though they did not provide a definition of the tax process in terms of an

integral equation and did not discuss existence and uniqueness of such a process. In
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the setting where X is a Cramér-Lundberg risk process, [68] and [18] considered a more
general class of natural tax processes than ours in which the associated premium rate
is allowed to be surplus-dependent. Although [68] Section 1] and [I8, Equation (1.2)]
contain the definition for the natural tax process, with 6 = 0 and the function
¢(+) being constant, respectively, neither paper mentions the question of existence and
uniqueness of the tax process.

Note that, most of the context of this chapter is copied from [I] verbatim except
the point that we present the results here for any = and Z such that x < z, whereas
the results in our article only represents the case x = . Moreover, Theorem [3.2.9 and
Remark [5| are added to the thesis, while they are not written in the article. In Section
3.2, Theorem (3.2.3| clarifies the equivalence relation between the two tax processes
and . This relation enables us to translate results derived for U7 into results
on V? and vice versa, and by using this feature, some Corollaries of Theorem are
proved. We give two examples for applying our result in Section 3.3.

Before we go to the next section, we emphasise that our assumptions allow for a
large class of stochastic processes for X that includes, amongst others, spectrally neg-
ative Lévy processes, spectrally negative Markov additive processes (see [8]), diffusion
processes (see [36]) and fractional Brownian motion. However, from a practical mod-
elling point of view, (3.1]) and might not, in all cases, be the right way to define
a taxed process. For instance, when one considers a Cramér-Lundberg risk process
where the company earns interest on its capital as well as pays tax according to a
loss-carry-forward scheme, then one should not work with a process of the form
or , but instead define the tax process differently, as in [68]. Our definitions
and are practically suitable for modelling tax processes when the underlying risk
process without tax X has a spatial homogeneity property, which is the case for, for
instance, spectrally negative Lévy processes or spectrally negative Markov additive

processes.

3.2 The equivalence of two tax processes

In this section, we give the main result of the chapter, which is Theorem [3.2.3] This

theorem gives the equivalence relation between U” and V?° defined in (3.1]) and (3.2))
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respectively. This equivalence allows us to deal in a rather straightforward way with
the existence and uniqueness of the natural tax process, which is something that
has not been dealt with before. In order to present our results, we will need to
consider the following ordinary differential equation, for a given measurable function

d: [z,00) = [0,1):

dys(t)
it i §(y2(t), t=>0, (5.4)
y2(0) =

We say that y2: [0,00) — R is a solution of this ODE if it is an absolutely continuous
function and satisfies for almost every t. The next results are applicable for all
T > .

Before we state and prove Theorem [3.2.3] we need to present first the following

lemmas. We first start with a lemma generalising a result from [33].

Lemma 3.2.1 Let H = (H,)i>0 be a stochastic process for which every path is mea-
surable as a function of time and such that Hy < 1 for everyt > 0. Define

t
Y, =X, — | H,dX,, t>0.
0+

Then,
t
Yt:x_/ . dX..
o+

where Y, = sup,<,; Y. Moreover, {t >0:Y; = Y }=1{t>0:X;,=X,}.

PROOF Since H; < 1 for all ¢ > 0, the proof in [33] Lemma 2.1] works without

alteration.l]

Lemma 3.2.2 Let §: [Z,00) — [0,1) be a measurable function and assume that there
exists a unique solution y3 of (3.4). Define~2: [Z,00) — [0,1) byy3(s) =& (yg(s — :E))
If there exists a solution V° = (V,?)i>o to the integral equation

¢

Vi=X,— [ s(V)HdX,, t>0 (3.5)

o+

then Vf = y2(X; — Z) and hence V° is a latent tax process with latent tax rate given

by 75.
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PROOF Suppose that V? solves (3.5). By Lemma m

t

szyri/éﬁﬁdym £>0. (3.6)
0+

We define L; = X; — = and we let L;! be its right-inverse, i.e.

/-1 inf{t >0:L;>a}=inf{t >0: X; >a+z}, if0<a< Ly,

a

o0, if a> L.
As t — X, is continuous, then this implies
ngl =7+ (a A Le). (3.7)

Using respectively (3.6) for ¢t = L1 = L;/iLoo, 3.7) and the change of variables
formula, Lemma [2.2.10, with r = Lb_l, we have for a > 0,

— — L;AlLoo — 5. =
Vigi =Xegh, = 0V)d&,
—F 4 (aA L) — / Lo, (V) dX,
o+ —"~aANLxo

_ & —
:iL’+(a/\LOO)—/O 1{O<L;1§L;1Lw}5(vL;1)db

A

o [T (-0 (7))

where for the last equality we used that Lb_1 is strictly increasing on [0, L], which
follows because ¢ — X, is continuous. By the hypothesis that (3.4) has a unique

solution 72, we deduce,

Vi—l =y (aN L) =40 <7L71 - E) : a>0, (3.8)

aALoco

where the last equality follows by (3.7). As ¢ +— X, is continuous, ngl = X, for all
t > 0, which implies via (3.6]) that Vizl = Vf for all t > 0. So by invoking (3.8)) for
a = L;, we conclude that Vf =yo(X; — ) for all t > 0.0

Now, we are ready to state and prove the main result in this chapter.
Theorem 3.2.3 Recall that X, = .

(1) Let U" be the tax process with latent tazx rate ~y, where y: [Z,00) — [0,1) is a

measurable function. Define 3z: [Z,00) — R by

W) =o+ [A-a)dn  s>w (3.9
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(i)

and consider its inverse Y5 : [Z, 00] — [T, 00|, with the convention that 35 '(s) =

oo when s > 7z(00). Define 61: [, ¥z(00)) — [0,1) by 62(s) = v(¥;'(s)). Then,
U =%(X,), t>0, (3.10)
and U7 is a natural tax process with natural tax rate 7.

Let 0: [Z,00) — [0,1) be a measurable function and assume that there ezists a
unique solution y3(t) of [B.4). Define~S: [Z,00) = [0,1) by~2(s) =& (v2(s — 7).
Then, the integral equation (3.2) defining the natural tax process has a unique
solution V° = (V,);>0. Moreover,

V=X, —1),  t>0, (3.11)

and so the solution V° to (3.2) is a latent tax process with latent tax rate given

by 3.

Proor (i) Fix ¢t > 0. By Lemma 3.2.1, we have

t
UZ:E—/ +(X,) dX,.
0

+

By applying the change of variable y = X, we obtain

Yt o
T =X, - / () dy = 75(X),

T+ [7(1—~(y))dy. Hence, ;'(U;) = X, and so

where we recall that 7z(s) =
(X)) = v(3:1(T))) = 62(U]). It follows that U” is a natural tax process with

natural tax rate ;.

The uniqueness of a solution to , and the equality , follow directly from
Lemma So it remains to prove the existence of a solution to (3.2). By the
hypothesis there exists a unique solution y? to (3.4). With 72(z) =4 (yg(z — :E)),
we define 6: [Z,00) — [0,1) by

where (72)~! is the inverse function of

HORERS| (1 - ) dy. (3.12)
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By part , the tax process with latent tax rate 42 is a natural tax process with

natural tax rate §. Thus, it remains to show that 6(z) = 6(z) for z > 7.

Note that, 42 is an absolutely continuous function and hence (72)’ exists almost

everywhere. By (3.4) we have that, for z such that (52)'(z) exists,

LG - 1) = 15 (6 (6D - )] £ (6D )

= 1= (6D G)] 5 (D).

Since by the inverse function theorem [51, Theorem 31.1],

RTINS S !
a0 ) = Gy () ~ i ()

we see that

LUGD R B =1 ae,

and therefore, by the absolute continuity, for some constant ¢, we have that
() ) —T) =24¢ 22T

Since (72(z))™' = z = 42(0), we get that ¢ = 0. We conclude that §(z) = §(2)

for z > z, and this completes the proof.[]

This theorem states that a sufficient condition for existence and uniqueness of solutions
to can be given in terms of a simple ODE. From the proofs given above, it is not
difficult to see that the existence and uniqueness of the ODE (3.4]) is also a necessary
condition for existence and uniqueness of a solution to . Theorem also gives a
precise relationship between the two types of tax processes. In particular, every latent
tax process is a natural tax process, though the corresponding latent and natural tax
rates may differ. Conversely, every well-defined natural tax process is also a latent
tax process. The next example illustrates this equivalence for piecewise constant tax

rates.

Example 3.2.4 Let X, = X, = z. Define the piecewise constant function f° by

fz) = (3.13)
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15 = et et v

5k I I I I — I -
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(a) 2=17,b=20 and b’ = 14.8.

Y

| | | | A
0 5 10 15 20 25

(b) x =10, b =20 and V' = 16.

Figure 3.1: Plots of the risk process X (dashed line) and the associated latent tax pro-

cess U or equivalently natural tax process V/ g (solid line), where f? is the piecewise
constant function defined by (3.13])) with a = 0.4 and § = 0.9. The dashed-dot lines
mark the values of b and ¥'.

where b > x = Xy and 0 < a < 8 < 1. Note that, the ODE with 6 = f® has a
unique solution, see e.g. Example [3.3.1] It is clear that the tax process with latent tax
rate f° differs from the tax process with natural tax rate f°, unless a = 3 or a = 0.
However, from Theorem we deduce that the tax process with latent tax rate f°

is equal to the tax process with natural tax rate f* for
bV =(1-a)b+ ax.

Note that ' depends on the starting point z, unless o = 0. contains two
plots in which an example of X and the corresponding tax process U/ b, or equivalently
v , are drawn. From this figure, we see that indeed the first time X reaches the level

b, is equal to the first time the tax process reaches the level ¥'.

We give the following remark about the natural tax process V?°.
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Remark 2 (i) Markov property. If X is a Markov process, then it follows
from the integral equation for the natural tax process V° that the pro-
cess (VJ,V(S) is Markov. One might expect that the equivalence between the
two types of tax processes should imply the same for (U V,UV) where U7 is an
arbitrary latent tax process, since we know by Theorem that U7 is also a
natural tax process. However, the corresponding natural tax rate is §; = (%0,
which depends upon the initial value of X. Looked at another way, although one
can recover X from the formula X, = 7;1(U]), this too depends on knowledge
of the initial value X. For this reason, we do not obtain the Markov property

for (U7,U") in general.

(ii) An alternative definition of the natural tax process. It would also appear

to be reasonable to define a natural type of tax process by W* = (W}*);>o with

R
+

t
WrE =X, — / k(W) AW,

0
where k: [Z,00) — [0,00). However, due to Lemma [3.2.1 the process W* is
actually equivalent to the natural tax process V°, where x = 1%6' We believe
that describing this process in terms of the natural tax rate J is more customary;,
as it defines the tax rate as a proportion of the increments of capital prior to

taxation, rather than after taxation.

Next, we present and prove our results for the natural tax process V9 associated with
the spectrally negative Lévy process X. Before that, we recall first the results for the
latent tax process U7 as given in [33]. In these results, for a > 0, the first passage
times are defined by o} := inf{t > 0: U] > a} and o, := inf{t > 0: U/ < 0}. Note

also in these results, that X, = X, = z.

Theorem 3.2.5 [33, Theorem 1.1](Two stded exit problem) For any 0 < z <

a and g > 0, we have

B " W (y)
B [ o)) ‘e"p{‘/x W<q><y><1—vyml<y>>> dy}'

Theorem 3.2.6 [33, Theorem 1.2](Net present value of tax paid until ruin)

For any x > 0 and ¢ > 0, we have

%0 . (q/ 5
/ e_qr'y(XT)dX,,] :/ exp{ / W :y s) d }v(t) dt.
0+ x "Y S

Ey
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The next two results are corollaries to Theorem [3.2.3]

Corollary 3.2.7 Let X be a spectrally negative Lévy process on the probability space
(Q, F, P, z) such that P, z(Xo = x, X0 =) = 1. Letd: [7,00) — [0, 1) be a measurable
function such that there exists a unique solution y2 to . Let V0 be the tax process
with natural rate 0 associated with the spectrally negative Lévy process X. Then, for

any 0 < x <7 < y’(c0) and ¢ > 0, we have

/ eV dYT]
0+

_ W) A W) 5(y)
T W(z) /x exp{ /x W@ (1 = 5(r) dr} 1= 4()) dy.  (3.14)

PROOF The taxation starts when the process V? reaches Z. So, using the strong

Em,i’

Markov property of the process (V?, 76), we have the following

E,. / (V) dX,
0

+

7'0 _ -
E,. / e T5(V0)dX, 1{T;<TO}]

+
L x

I

=
8
Bl

Ex,:@

Ty I
/T+ e ! 5(Vr)dX7” 1{7’j<7'0}|f7';r]]

I

=
8
I

+
—qr] B
1{7’;<TJ} e " ]EJUJ

e / (V) d7r|f7+”
T ¥

To s —
/ e~ (V") dX,
0+
Ty 5 —
/ e~ (V) dX,
0+

M/(‘I)(x) To S —
= VR —ar X
Wwa(z) /0+ ¢V X

I
=
8
I
® |
_Q
&
J—y
—~—
o
A
O\‘ |
-
<ﬁ
8‘\‘+ i
<
R
I+
1

T T;
Ex7§c _6 a 1{T+<T(;}:| ]Ej@:

where in the last equality, since the process V? before reaching 7 is just the process
X, we can use the third part of Theorem [2.2.1. Then, since by part [iil in Theorem
3.2.3] V9 is a latent tax process with a latent tax rate given by 72, where for z > 7,

Vo(z) =0 (yg(z — 96)), we can apply Theorem and get

E,, / " (V) dX, / " yi(YT)dYT]
0 0

+

= Ef,:f

+

[T = [ TGEE) s
_/;z p{ . W@ (F(s)) d} () dt. (3.15)

8
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Use the change of variables r = 4%(s) and then t = (32)71(y), then (3.15) equals

’?g(oo) Yy W(Q), r f}/§ f_}/é -1 y
/ eXp{_/ (a) ES )—5 1 dr} x(axls 51) dy.
z z W@O(r)(1—12(32)"1(r) (1 —72(32)'(v)
From the proof of Theorem part fii, we proved that 73(32)~!(s) = d(s) for all

s > Z. Also, since 5(c0) = y2(c0), therefore, we get the required result.(]

Corollary 3.2.8 Suppose that we have the assumptions given in Corollary [3.2.7]

Then, forq >0 and 0 <z <7 < a < y2(co ,wehave

Em[ HCR VI }] WQ)x W) ™ p{ / W(q 1_5( M dy}, (3.16)

where W9 denotes a density of W(q on (0,00). On the other hand, if a > y5(c0),
N emard —
then E, ; [e 1{7;00_}} =0

PROOF From (3.11)) we see that 7,5 = oo when a > yz(00). Hence, we can assume
without loss of generality that a < y3(c0). By part fiif of Theorem [3.2.3] we know that
V? is a latent tax process with latent tax rate 42. Hence, we can use Theorem m

to conclude that,
Ezz [G_QT;_]‘{TEL<T(;}]
= Ez [6*q7;1{7;<7(;}}
= exp {— /a W(q)/(y)_ dy} ;
: W@(y) (1-2 ()7 ())

where (72)7! is the inverse of the function 42 given by (3.12)). Note that in [33], the

additional assumption [°(1 —~2(z)) dz = oo is made on the latent tax rate, but from

the proof of Theorem 1.1 in [33] it is clear that this assumption is unnecessary when

a < y2(00). In the proof of Theorem we showed that v ((72) ! (y)) = 6(y) for
all y > x, so we get

N a ()
B |07 Lt} ] o0 {‘/ W@Z,/) (1@5@,)) dy} |

In order to finish the proof, we use the strong Markov property of (V5,75) similarly
as in the proof of Corollary [3.2.7.[]

The next theorem gives the net present value of tax payments when initial values
z and Z belong to [0, a] for some 0 < a < yS(c0). To prove this result, we adapt the
proof of [33, Theorem 1.2] which uses excursion theory. We will need this result in

Chapter 6.
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Theorem 3.2.9 Let X be a spectrally negative Lévy process on the probability space
(Q, F, P, z) such that P, z(Xo = z,Xg =) = 1. Letd: [T,00) — [0,1) be a measurable
function such that there exists a unique solution y2 to . Let V? be the tax process
with natural rate § associated with the spectrally negative Lévy process X. Then, for

q>0and any 0 <z <7 <a<y’(c0), where a > 0, we have

T(;/\T; — .
/ e~ §(V) dX,
0

+

W)t W) ) 6)
_W@(x)/x p{ / W@ — o) }(1—5(3/)) dy- (317)

PROOF First, we show that

/ e—qr5(7f>d7,] el [y} 0,

Let L, = X, — Z be the local time at the maximum for the process X under P; 5. For

Ex,i

Ez z

simplicity of notations, let T = 75" A7,” and G, = L;_. Then, since the process X
does not increase on the time interval (Gr,T), we have
- Gy

[ emam) dxr]

= ]E:E,i / 1{r<GT} e 5(‘7;) dLr:|

o+

T
]E;f,i‘ [/ e_qr 5(‘77-) dX’r:| = ]Efj
0

+

e o
= E.s / 1tegyy e 5(th_1)dt} . (3.18)
LJO

where we use Lemma [2.2.10] in the last equality. Since ¢t < L., inside the integral

(3.18]), then by definition (2.17) and by (3.11)), VL;1 = 93(t). Also, since L; ' is
strictly increasing on [0, L] and by Fubini’s theorem, (3.18]) equals

Loo -
Ez {/ 1oy e~eb 5(92 () dt}
0
Loo -1

— [ B [ ] St0200)

0

LooA(y2) ™} (a) B
-/ Eee [0 Tper_y] 0200 dr, (3.19)

0 o

where we get the last equality since we know that 1ycr,.y = 1y<r ylp<r ), and
7'0 Ta

also, from (3.11)), L + = YT; — 7 = (y2)~!(a). Moreover, since X is increasing, then

(¥2)L(a) = YT; — 7 < Xy — T = Lo. Therefore, Lo, A (y2)"*(a) = (y2)~(a). Let
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e be the excursion of the process V? from its running maximum and &, = supg«,«; &
and

A={(s6):0<s<t e >1s))

Then A is a Poisson point process with parameter

n(A) = /lA dsn(de) = /Otn(a_s > 90(s)) ds.

Next, let 7 = L; ! and we perform the change of measure at 7 Am = L; ' Am, where m

is a finite deterministic time and so that according to (2.5)), we have for any B € F,am,

p2@ (B) = Es.s [1B 6<1>(Q)(XTAm—53)—Q(T/\m)] ) (3.20)

m,T,T

Since {t < L -} and {& < y2(s) for all 0 < s <t} represents the same event for any
t > 0, then by (3.20) we have that

P‘I’(Q)

m,T,T (1{€S§yg(s) for all Ogsgt/\Lm})

= Eﬂf@ [1{§s§yg(s) for all Ogsgt/\Lm}6q>(q)(XTAm_j)_q(T/\m)] . (321)

Since X1 = th—l, then t = 7Lt_1 —Z = X;-1 — 2. Then (3.19) becomes

¥8)~"(a) P
/ e ! Ezz [l{s‘sgy%(s) for all 0<s<t)€ eq)(q)(sz)] O(ya (1)) dt
0

(¥2) " (a)
— / e~ 29t
0

X lim Eiﬂf [1{5s§yg(s) for all Ogsft/\Lm}ecp(Q)(XTAmif)iq(TAm)] 5(yg(t>) dt? (322)

m— 00

where we use the dominated convergence theorem in the last equality since we have

that

’XT/\m‘ S yyfl\m‘ S (yg)il(@

Therefore, by (3.21]), (3.22)) equals

é_la
P e i (g S(yd(t)) dt
. € 1m m,T,T ( {e'sgyg(s) for all Ogsgt/\Lm}) (y:f( ))

m—00

(yg)fl(a) tALm
[ e e { [ e (6> a2 s oz
0 0

m—0o0

Y)Y (a) t W/ (yé (5))
e @Dt oxp  — N PR Yo () dt, 3.23
/ o Moo [ ") 529
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where we used ([2.18]) in the last equality. Recall now that

Wi (va(s)) _ W9D(yi(s)
Wag (y3(s)  W@(y

B>
—~
VA
N—
N—

Thus, (3.23) becomes

@ %740
_ / expd— () | 90
z z W@(2)(1-0(z)) 1—4(y)
where for the last two equalities, we use the change of variables, z = y2(s) and then

y = y2(t). In order to get (3.17)), we use the strong Markov property of (V?, 76).[]

Remark 3 If we let a 1 32(co) in Theorem we have an alternative way of

proving the analytical expression of the net present value given in (3.14]).

Remark 4 Note that, for z =z > 0, if we apply Corollary for a constant tax

rate v < 1, we get the expected discounted tax value function

Ty o
/ e "ydX,
0+

~ 00 (W(q) (x))l/(l—v) "y

T i—v), \WO(s)

Vyg(x) =E,

which coincides with [6, Equation (3.2)].

3.3 Examples

In this section, we present two examples. The first one demonstrates existence of the
tax process V° with progressive natural tax rate 6. The second example proves the

tax identity for the process V7.

Example 3.3.1 When the tax rate increases with the amount of capital one has,
the taxation regime is typically called progressive. We will show that, when ¢ is an

increasing (in the weak sense) measurable function §: [z, 00) — [0, 1), then the ODE



CHAPTER 3. TAX PROCESSES 44

(3.4) has a unique solution, which implies the existence and uniqueness of the natural
tax process with tax rate d.

For existence, since ¢ is an increasing function, we have that

1

g(z) = 1_—5(2), 2>,

is a strictly positive, increasing measurable function, and hence integrable, so

Gty = [ "g2)ds oy

is absolutely continuous. Moreover, since G is continuous and strictly increasing, G—!
exists and, as G’ > 0 a.e., G~! is absolutely continuous [15, Vol. I, p. 389]. Thus,
(G71)(t) exists for almost every ¢, and it follows that a solution to is given by
yz(t) = G71(t). This is because, by the inverse function theorem [51, Theorem 31.1],
it holds that

100 . =1- ! or a.e
dt  g(G-Ll(t)) 1—0(G7 (1)), for a.e. t >0,

and since G(z) = 0, we have G1(0) = z.
For uniqueness, since § is increasing, the right hand side of (3.4)) is decreasing.

This guarantees uniqueness, as can be proved using, for instance, [27, Theorem 1.3.8].

Example 3.3.2 Assume we are in the setting of Corollary where Xy = X, =
x. We are interested here in the tax identity: a relationship between the survival
probability of the natural tax process V% and the one of the risk process with out tax

X. To this end, let

be the survival probability in the risk model with and without taxation, respectively.
If 9(00) < oo, the process V? cannot exceed the level 39(00). Since from every
starting level (and thus in particular from y?(00)), there is a strictly positive proba-
bility of V¢ going below zero, a standard renewal argument shows that the survival
probability ¢s(z) is zero in this case.
On the other hand, if y,(c0) = oo, then we can apply Corollary to get a

relation between the two survival probabilities. Namely, by letting ¢ — 0 and a — oo
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in (3.16)) and using the well-known expression for ¢g(z) when ¢/(0+) > 0 as in (2.6)),

we have that

)=o) - [ o Dint =ew - [ R i)

This agrees with [7, Proposition 3.1] for the special case where X is a Cramér-Lundberg

risk process, which confirms that in [7] natural tax processes are considered.

Remark 5 We explain the renewal argument used in Example [3.3.2] in the case
y2(00) < co. Suppose that, on the same probability space, we take two paths, one of
them is the process X with dividends such that the dividend barrier is y2(cc), and the
other path is the process V°. This implies that the V° path will lie below the X with
dividends path. Denote by (), 5. the probability of the process X with dividends
with dividend barrier y(co) and starting point z, and by P, ; the probability of the
process V¢ which starts at = and begins tax when it reaches level Z. Then, clearly we

have the relation between the two paths for the ruin probability as follows:
P, ;(ruin occurs) > P, z(ruin occurs) > @, s (o) (ruin occurs).

So, we only need to prove that @, s (ruin occurs) = 1. The path starts from z and
if we consider the upcrossing times of x, then the periods between these upcrossing
times are finite. Now define NV by saying that N = n if and only if ruin occurs between
(n — 1)st and nth upcrossings, or N = oo if no ruin occurs. We know that, before
reaching level y2(o0), the process is the Lévy processes X, so the path sections between
the (i —1)st and ith upcrossing times are identically independent distributed and each
has positive probability of having ruin occur. So N is geometric random variable and

hence finite a.s.
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Identities for natural tax processes

The expectation concerning the overshoot of a risk process X over some level c is a
well studied object in the actuarial literature. For instance, in [41], for a spectrally
negative Lévy process X, an analytic expression has been derived for the following
expectation

E, [e—qu FX,0) Ve ] , (4.1)
where —co < ¢ < a<00,q> 0,2 € (c,al,p; ={t>0: Xy <c},pf ={t>0:X; >a}
and f: (—o0, ] — R is a function satisfying some regularity conditions. In many appli-
cations of spectrally negative Lévy process, appears, such as solving exit problems
for refracted Lévy processes in [31]. At some point in the work of Chapter @, we needed
to have expression for the natural tax process, V¢, and its maximum, Vé, in order
to find the net present value of taxation. In this chapter, we derive this expression by
using a similar technique to the proof of [41l, Theorem 2|. The key difficulty in our
proof compared to the one in [41, Theorem 2|, was the need to have a two dimensional
(extant second derivative) Meyer-It6 formula on a function that satisfies some specific
regularity conditions. In Section 4.1, we define the space of such functions and derive
the required It6 expansion. Then, we state and prove the main result for this chap-
ter, Theorem [4.1.4] in which we obtain an expression for the expectation concerning
the overshoot of V% over some level ¢, and the maximum v’ prior to crossing that
level, when crossing level ¢ happens before reaching some positive level. Then, we
use Theorem [3.2.3] to deduce an explicit expression for that expectation in the case
¢ = 0. In Section 4.2, we give some applications of Theorem Further, we explain

the relation of some of these applications with the draw-down literature and a recent

46
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article [64]. Section 4.3 is devoted for explaining our new approach to find fluctuation

identities of interest for natural tax process.

4.1 Deficit at and maximum surplus prior to ruin
Recall the first passage times
7o =inf{t >0:V? <c}and 7,7 =inf{t >0:V? > a},

where c¢,a € R. In this section, we derive the following expectation

Evs | S(VE, Vo) 1y (42)

where 7. is the time of ruin, —VT‘;, is the deficit at ruin, and V_- is the maximum

surplus prior to ruin, before the surplus reaching some level a > 0. First, we give a
space definition, which will be used in most of the next upcoming statements of our
results.

Recall that, we say a function f € C'[b,a] when f and its first derivative are
continuous on (b, a), right-continuous at b and left-continuous at a. Also, we recall that

L' is the space of measurable functions whose absolute value is Lebesgue integrable.

Definition 4.1.1 For b < a < oo and ¢ < d < oo, suppose that Y and Z are
stochastic processes, where Z is a continuous process of bounded variation, such that
Yy € [b,a] and Zy € [c,d]. Let v be the Lévy measure of X. Let Spqjx[,q be the
function space consisting of finite sums of measurable functions f : Dy — R, where

[b,a] x [c,d] C Dy, and of the form f(y, z) = g(y) h(z) such that the following holds,

(I) (a) If Y is of unbounded variation, g € C[b,a] with the derivative being abso-

lutely continuous on [b, a] and having a density which is in L' on [b, a].

(b) If Y is of bounded variation, ¢ is absolutely continuous on [b,a] with a

locally bounded density on [b, al.
(IT) There exists A > 0 such that s — [, g(s — 0) v(d0) is bounded on (b, a).

(III) A is absolutely continuous on [¢, d] with a locally bounded density on [c, d].
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In order to prove most of our results in this section and the upcoming chapters,
we need a two dimensional (extant second derivative) Meyer-1t6 formula on a function
f € Srxr. For that reason, we state and prove the next theorem which gives an Ito

expansion for this specific f.

Theorem 4.1.2 Suppose thatY and Z are semi-martingales, where Z is a continuous

process of bounded variation. Let f: R x R — R be in Sgxr. Then,

efqﬂf(}?azz)'— f(}67£io

t t af
- [ e zgass [ ewtyi zyay,
o+ o+ dy

t t 2
+/ B_QS%(YS—,ZS)dZsﬂLl/ Ly, Z)ay, v
0 0

+ z 2 0y? s
g of
+ > e (Af(Ye, Z) — 7, (Yo Z)AY,), (4.3)
0<s<t
of of o*f
Y, =Y. — Yo, Af(Ye, Z) = f(Ya, Zo) — f(Ye L
where AYs = Y, — Yo, Af(Ys, Zs) = f(Ys, Zs) — (Y-, Zs) and 9y’ 920 exist

as Radon-Nikodym derivatives.

PROOF Since f € Sgyxgr, we can assume that f is of the form f(y,z) = g(y) h(z),
otherwise the proof follows by linearity. Suppose first that Y is of unbounded variation,
by the assumptions on g, we can use the extant second derivative Meyer-It6 formula

[52] Theorem 71] to have the expansion,

t

g(Vs) — g(Yo) = / J(Yi)dY, + 2 / (Vo) d [V, Y

0+ 2
+ 3 [g(Vy) — g(Yao) — g (Vi )AY]. (4.4)

Also, since Z is a continuous semi-martingale, then by the assumptions on h, we can

use [24, (2.5)] to have the expansion
t
hZ) = h(Zy) +/ n'(Zs) dZ, (4.5)
o+
where the local time term in the expansion, as in [24, (2.5)], vanishes because Z is

of bounded variation (see Corollary [52, p.230]). Now, as g(Y) and h(Z) are semi-

martingales, we can apply the integration by parts formula [52 p. 68] twice, and get
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for t > 0,
e f(Yi, Ze) — f(Yo, Zo) = e "g(Y) h(Zy) — f(Yo, Zo)

_ / e 05g(Yo ) dh(Z,) + / h(Z.) dle™g(Y.)]s

+ o+

+[e " g(Ye), h(Zy)]-

- / erg(Ye) dhZ) + [ —ae (Y h(Z,) ds

+ 0+

" / e h(Z,) dg(Yy), (4.6)

+

where we used that [e"%g(Y;), h(Z;)]: = 0 as h(Z) is a continuous process of bounded
variation. Substitute (4.5) and (4.4]) in (4.6) to get expansion (4.3)).
Now, suppose that Y is of bounded variation process, then by the assumptions on

g, we can use [52) Theorem 78] to get the expansion,

t

g(V;) — g(Yo) = / G A+ 3 g — (e ) — d(V.)AY). (A7)

o+

Similarly, substitute (4.5) and (4.7) in (4.6]), to have expansion (4.3]).0]

Remark 6 (i) Condition [II| in Definition is not required for Theorem [4.1.2]
but it is needed to define the operator A, which will be defined next and used

during this thesis.

(ii) Although in the bounded variation case, the second derivative is not well defined,
the expansion (4.3)) does not change. This is because in that case, we will have
o from the quadratic variation part [Y,Y], and ¢ = 0 in that case. Hence, the

term which involves the second derivative vanishes.

For f € Spajxjed: ¥ € [b,a] and z € [¢,d], and with the triple (y, 02, v) that we
introduced in Section 2.1, we define the operators A and I by,

Af(y,z) = ug—;(y, z) + %g—yﬁ(y, 2)
n / =09~ fly7) + 9%@, Mpepen]r(d),  (43)
and
) ) 9
If(y,2) = a—yf(y,Z) 6(z) — gf(y, z)(1 —6(2)). (4.9)



CHAPTER 4. IDENTITIES FOR NATURAL TAX PROCESSES 50

Note that, we will also use the operator A for a one variable function f € Sp 4,

where Sy is a one dimensional functional space defined as in Definition with

[ =9,

Afw) = nf ) + G 1)
n / T — ) — F() + 07 () L0coery] v(d0). (4.10)

+

Remark 7 Note that, since f € Spa)x[c,q, then by [41, Lemma 4], the integral term
in Af(y, z) is well-defined.

The next corollary finds a two dimensional It6 expansion for f € Sy qjx[cd-

Corollary 4.1.3 Suppose thatY and Z are semi-martingales, where Z is a continuous
process of bounded variation. Let Yy € [b,a] and Zy € [c,d]. Define the following first
passage times:
m, =inf{t>0:Y,<b}, - :=inf{t >0:Y; >a}, k; :=nf{t >0: 2, <c}, and
ki =inf{t >0: 7, > d}.

Suppose that f € Spajxjeq and let T =1, ANT,5 A K, A k. Then,

eiq(t/\T)f(}/l-f/\Ty Zt/\T) (}/07 ZO)
tA\T

=/ e (Y, Z,) / Ys,,Zs>dYs
OJr

tAT tAT 2
+/ —qsgf(y 2,7, + 2/ e af(ys L Z)d[Y, Y]
0 0

. Oy
+ > e [Af(Y Z,) - g’; (Yee, Zo)AY,], (4.11)

0<s<tAT

PROOF Since f € Spaxjea, then f = >, gr hi, where g, and hy, for each k are
satisfying the regularity conditions on closed bounded intervals as given in Definition
4.1.1] Therefore, each g, and hy can be extended to functions g, and Bk, respectively,
for each k, that satisfy their regularity conditions on the whole real line. For example,

if we define the following extensions, for each k > 1,

4

9k (y) ifb<y<a,
() = grl@) + gi(a)ly—a)  ify>a,

ge(b) + gi.(b)(y — b) if y < b,

\



CHAPTER 4. IDENTITIES FOR NATURAL TAX PROCESSES 51

and

(

hi(2) if c <z <d,

hi(2) = Q hy(d)  if 2 > d,

hi(c) or z < c.
\

Then, we get a function f : R x R — R of the form f = Dok fe = >k Gk hy, such that
each fk satisfies the assumptions in Theorem and we have that f \b.a]x[e,q = f- So,
by applying Theorem on each fk at t AT, then by linearity we get the following

expansion of f at t AT,
e 1D F(Vinr, Zint) — f(Yo, Zo)

tAT _ tA\T 8f
:/ —qeqsf(S/S,ZS)ds+/ ey 7y,
0+ 0+ dy

tAT af 1 tA\T 82]6
—qs _ 7 _ c
+/0+ e 8Z(ys_,zs)dzs+2/0 Y, Z) ALY,

+ Z e ® [Af(Y:%ZS) - ﬁ(}/;77ZS)A}/;]

0<s<tAT ay

As Yb € [b7 CL] and ZD € [C, d]> f(%a ZO) = f(%a ZO)? and since f‘[b,a}x[e,a} = fa we get
that,
e7(1(1‘//\7—')f(}/;f/\T7 Zt/\T) <}/07 ZO)
tAT
= [ ez ds+/ o st,Zs)dYs
0

+

tAT N 2
+/ ey 7)az, +1/ O zya
0

+ 0z 2 Jy?

+ Y e [f(Ye Zo) — f(Yar, Z)] + e D [f(Yinr, Zint) = FYnr)—, Zint))]
0<s<tAT

D | Ys , Zs)AY,],
0<s<tAT

Now e~ 2(tAT) f(Y}AT, Ziar) is in both sides, so we can delete it. Use that

f(Y(tAT)—a Zt/\T) = f(Y(tAT)—: Zt/\T)>
and add e~9D) £ (Y, r, Zinr) to both sides, then we have expansion (4.11]).0]

We are now ready to state and prove the main result in this chapter, which gives

the expression for (4.2]).
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Theorem 4.1.4 For a > 0, let —00 < ¢ < a < o0 and x, T € (c,a] X (c,a] such
that x < x. Let ¢: [Z,00) — [0,1) be a measurable function such that there exists a
unique solution yo to . Let ¢ > 0 and V?° be the tax process with natural rate §
associated with the spectrally negative Lévy process X. Let f: (—oo,c] X [¢,a] — R be
a measurable, locally bounded function, and of the form f(y,z) = g(y) h(z). Suppose
that there exists A > a—c such that s — [ g(s—0) v(df) is bounded on (c,a), and h is
an absolutely continuous with a bounded density on [c,a). Let f: (—o0,a] X [c,a] — R
be an extension of f that lies in Sjcq)x(ca) and of the form f(y,2) = §(y) h(z), where

g 1s bounded on (—oo,al. Then,

E, .z [e_ch_f(Vé V )1 {re<rd }]
i . W@

W@ (p — o AT ~ L
+ Wele - o) X {E” / e P(A-q)f(V, Vg) ds
0

—Ezz

+

Te NT4 — s _ ~
/ e—qsr5f(vg’ Vi) dX5] — f(a, a)Ej,i |:6_qu1{7:<70_}}
0

+E;z {e_q% [f(cavf’;) - f(c‘{‘avdr;)} 1{V7‘_5_ =c, To<Td }} }
Further, for the case x = ¢, if the paths of X are of bounded variation, then
E.. [e_ch_ FVE, Vi (o ert }}
= JerD) + s [ A 0. v - i)y

(@)
RGOS {E

Te /\771
—qs _ Siv s 150
W@ (z — c) /0 e P(A-q)f(V,.,V,)ds

+

—Ezz

+

o AT s . _
/ e~ F (V0 TV7) dXsl — f(a,a)Es, [e T }} }
0
whereas if the paths of X are of unbounded variation,

4

E.z [e“”c_ FV Vel o }] fle,z). (4.12)

PROOF Let T'= 7. A7;. Note that, T equals the stopping time defined in Corollary

.o . o 70
4.1.3] This is because, according to the definition of V', we have 77 A k; = 7. and
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_6 ~
+ . + . . . . .
7, = Kk, . Since V' is a continuous process of bounded variation, and f € Sicq)x[c.a),

then by Corollary [1.1.3] we have

_ ~ 0 ~ _
€ q(t/\T)f(V;fé\Ta Vt/\T) - f(xa x)

tAT tAT
_ _ o _
— / —qe” B (VO ,V‘j)ds+ / e a5 =L f (V2 vi)dvf
0

+ o+ 8
tAT af — —5 1 tAT an —s c
e 15 2L 9 - 5 5 1/6
+/0+ e vs)dvs+2/0 VT AV VI
~ — of —s
—qs 4 g s
I ATV = GV VAV, (413)

where we use the notations: AV? = V? — V2 and for a stochastic process Z, (Zs)¢ =

Ly — Zo<u§s AZ,. From the definition of the natural tax process V¢, we have that
Fiv S —0 Fiv s 750
Af(‘/:e— + AX, Vs) = Af(‘/s ’Vs)’
and also by the decomposition of X in ({2.3]), for any s > 0
VoV =X, X]S=0"s.

Rearranging the terms in (4.13]),

a(tAT) F(1/6 —5
f (Viars Vinr)
tAT s

=Mt fo) 4 [ et A= )V T s
0

+

T / . [gf VST - 5(V7) - gjj(vi,vs)a(Vi)}dE,

where

tA\T af 5 =
M= [ e Al s - 3 AXganen
0

+ 8y O<u<s
—asT A F/1rS 779 af 5 179
1 2 AL+ AXLT) - S (VL V)AX axisy)]
0<s<tAT

tAT - —5 of 3
/ / e [f(V2 -9, vV ) — fVE V) +0=(V2 .,V )1liocp<ry]v(dO) ds
ot Jor 0y B

is a zero mean martingale.
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Take expectation, let ¢ T 0o, and since g is bounded on (—o0,a], we can use the

dominated convergence theorem to get that

—q(1e ATG) £ _5
]Ex,a;|: q c/\a f( Tc /\Ta Tc /\7—;'):|
Te NTq N .

= f(2,%) + B,z / e (A —q) f(V2, v‘j) ds

0+

Te /\’Ta
T Eua / (2L s 7y - s - Y ivs e ax.|
o+ 0z ay

(4.14)

On the other hand, by the lack of upward jumps, we have

—q(re M) | 790
E.z [e q(re ATa )f(vq-i*/\-rj’ VT;/\T;)]

= Ex’j [e‘ch_fa/TﬁJVTC )1{7_ <7-j}] (CL a)me e —qra ]_{7_C >T+} (4.15)
Put (4.15)) in the left hand side of (4.14)) to have that

Eoe [ FVE VI ]

Te /\Ta ~ .
F(2,7) + Bz / e (A g) (V2 V) ds
0+
Te Na _ af 5§ 759 =06 8f 0 Y/ 770 B
_ qs| _ <7 _
tBas | [ VIV =870 - F Vhswax.
— f(a,a)E,. [e T }} (4.16)
Also,
E.z |e [ e f(V Vﬁ;)l{iq;}]
= ]Ex,i’ [e_qp;f(Xp; ’ j)l{ﬁc <P1 }:|
+ Ez@ [e’qul{p;@;}} Ef7f [eich_f(‘/;if,Vf_;)l{T;<Tj} , (4.17)

where

E; z [e—qul{p%_<pc_}} - W'



CHAPTER 4. IDENTITIES FOR NATURAL TAX PROCESSES 55

From [41, Equation 7], we know that the first term in (4.17)) is given by

E,z [6_qpc_f(Xp; ; f)l{p(?@%}}

~ (q) T —c) ~
z _— W(q)(x—c) 0 .
+/C (A— Q)f(y,fc) [mw( )(x - y) — W )(l’ - y)]dy
o2 - D(r — ¢
Ty [f (¢,8) = fles j)} [W(q)/(x —)- %q) Ea? - c; W - C)]

Now, we find the last expectation in (4.17)),

E; z [e_qT;f(‘/Ti—7Vﬁ;)1{75<n?}]

} By e f(V‘i,Vi)l{

I

&=
&
8l

e f(VO Vi (

e‘qTC_J;(VTi—’ViJ)l{ } e e_ch_f(C’VTc_)l{Vé_:c’ TC<TG+}]

Ve <c, T;<T;’

Te

Il

&=
R
8l

Ve <c, ‘r.;<‘r;r

Te

I

=
&8
Kl

_e_QT; f(‘/;—i— ) Vf’;)l{TC_<T:}:| + Eivi

e_qT; f(c7Vf—c)1{V5 =c, TC_<T;_}]

—Ezz

g F L, TP
e 1T f(c+’VTC)1{V5 » 7—<7—+}] . (418)

Te

Then, substitute (4.16]), with z = Z, in (4.18]), and get the second term in (4.17)).

Therefore, we get that

Eoo [ JVE Vi oty
= J D) - e =9 fz.
+ [ A= 000 e GO - ) - W e - g)ay
+ %2[ fle,@) — flet, 7)] [W' (2 — ¢) — x:z (i - Z) W@ (z — )]
b {ﬂx,x) B[ - v T as
E,. /0 + " aps f(Vi,Vi)dYs] — fla.a)Bes [ 1]
e | T = Fen T, }] }

which gives the required statement.[]
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By the next lemma, we can get an explicit analytic expression for (4.2)) when ¢
Lemma 4.1.5 Given the assumptions in Theorem if we let ¢ =0 and z

then

(1)

Ez,x

- W@ (z)
@D (5 ) — — WD (5 —
/ | a-afu >{ (WO =) = S WO = )y
+ W(q)(0+)5z(dy)} lo(2) dz,
where §, is the Dirac measure which assigns unit mass to the point z and l,(z)

(z) = 17— exp{ /W ())dr}. (4.19)

s given by

(1)
/TO/\TCL e*qSF(sf(Vi,vi) dys] — /a lx(Z) Fé.f('% Z> dz
; x

+

E:}c,x

Proor  (I) Let
Voulz,dy,dz) = / e TP, (VO € dy, Vi €dz, s<7y AT )ds  (4.20)
0

be the g-potential measure of (V‘S,V6) killed on exiting [0, a]. Then,

7'07/\7'(;L _ —
/ (A — ) f(V2 7Y ds / / ) Voa(z, dy, dz).
0

+
By Theorem [3.2.3] we can use [33, Theorem 1.3] to extract the following result

E:p,x
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for the natural tax process V7,
E,., [e—%‘ V2 ed, Vi € dz}
0

= {/OZ [W(‘I)’(z —m) — %/((j))w(q)(z - m)} v(m+dQ)dm

+ WDO0+) v(z + dQ)} lo(z)dz

z (D1 5
= /0 [W(Q)’(z —m) — %W(q)(z — m)} v(im+dQ)dml,(z)dz

+ WDO0+) v(z +dQ) I,(2) dz

z (@) (5
= /0 [W(q)’(z —m) — II//[[//(q) ((z)> W@ (z - m)} v(im+dQ)dml,(z)dz

+ W@(04) [ /O ) 6, (dm)v(m + dQ)] I.(2)dz

. (D1(
:/0 y(m—{—dQ){[W(q)l(z _ m) — MM;(Q)(<2)>

+ W@ (O+)6Z(dm)} L (2) dz. (4.21)

W@ (z — m)| dm

On the one hand, we can use similar method to the proof of [33, Lemma 2.2]
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and get that
—q7, 5§ 19
El",w |:€ 7 f<_v7-(;7 VTJ)l{T6<T;}j|

_ 5 5\ T
=K, Z e f(—=(V2 + AVY), V) {V5 >02<Vy<a, V. +Av5<0}]

LO<t<oo

=E,. / / e g 1 fesVica }f (V2 +9), )1{V5 so<oy V(AL d@)]
=E,. / / e "1 (rer 1 f 0 = VeV [s<Vi<0 }1 {vo —pco} N(dt, —d@)]
~E,. / / Ly O = VE VDLt s }y(de)dt]

/OOO qtdt/ [f(9 - thvvt)l{tqf}} 1{9>v5 }1{ V<a }y(de)
/OOO _qtdt/ / / (0 -y, 2)P, (V) Gdy,V € dz,t <15 A7) 1{psyyv(d)

/0 / /0 F(0 =y, 2) Via(, dy, dz) 1y, v(d0)

:/:O /:/Oaf(e—y, 2) Vo(z, dy, dz) v(d6)
:/OOO /:/Oaf(Y,z) Vo, dy, d2) v(dY +y)

_/:/Oaf(Y,z) /OOO v(dY +y) Vou(z, dy, dz), (4.22)

where in the fourth equality we use (2.1)), in the seventh equality we use (4.20)),
and in the last two equalities we use the change of variable § — y = Y/, so that

40 = dY + .

On the other hand, we can use (4.21]) and get that
B [0 (VT >1{T )]

[
=/:/Oaf<@,z>><
]

B —6 _
e ary ;_V% € dQ, VTO— cdz, 7y < T;_]

W@ (z)
W(q)(z)

+ W<q>(0+)5z(dm)} L(2)dz. (4.23)

h v(m+ dQ){ [W(q)’(z —m) — W (2 — m)] dm
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It is clear, by comparing and (| - that

Voe(z,dy, d2)

(D7(
= HW(‘])’(Z —y) — WM//((;) ((Z; W@ (z - y)} dy + W D(04)6.(dy) | 1.(2) d=.

and hence the statement is proved.

(IT) We can prove this result with a similar argument to the proof of Theorem m
O

Corollary 4.1.6 Given the assumptions in Theorem with ¢ =0,
B (e f(V2, Vi) g ]
o w0 o) g <nl}

= Jw )+ [((A= 00 D) WO G - )~ WO - )]y

2

+ 5 10,2 = F04,0)] [0 @) -

xi { | [ a-aiw >{[W<q>'<z—y>—V;Z—);((j))wwz—y)]dy

WO (04) 0, (dy)}z (2)dz

a B 5 a (q)! r
_/x 1:(2) T° (2, 2)dz — f(a,a) exp{—/x W(q)z/)(l(—)d(r))dr}
+ B € [f(0,V5) — f(0+, V)] 1{V6_:0’ Mﬁ}] } (4.24)

where lz(z) is given by (4.19).

PROOF The proof follows by Theorem and Lemma [4.1.5/.0]

4.2 Applications

In this section, we give some applications of . The first example gives a new
identity in the literature for the process V?, the two-sided exit problem. The second
and last examples give analytic expressions of the expected discounted function of the
maximum surplus prior to ruin and the expected discounted amount of ruin, respec-
tively, for the natural tax process V9, when ruin occurs before reaching some level

a > 0. By looking at a recent article, [64], we realized that expressions (4.48) and
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below, have been derived for a latent tax process U” with v constant. Their
work depends on some recent results in the draw-down literature, [60, Equations 7, 9].
We will see that our expressions in both examples are more general compared to the
ones given in [64], since we derive them for a general natural tax function §. These

examples are useful in many situations and we present them in the following Lemmas.
Recall that
W () / W@ (r (4.25)

and

7% = [ 290)dr =y +4 / / WO(r) dr dz. (4.26)
0

Lemma 4.2.1 For z,z € [0, a], the solution of the below two-sided exit problem for a

natural taz process VO has the following expression

E.z [e‘m Lo <nt }}
@ (4 a @ (p
= 29 (x) - 29 (a) %(«z) (93 =P {_/ W@(v:"/)(l <—)5(7“>) dr}

(

W@(x) [*  §(z) @ () excn 4 — z W@ (r) A

iy ), o O p{ /zw<q><r><1—6<r>>d}d‘
(4.27)

PROOF The function f(y,z) = f(y,2z) = 1 is in Sj0,ax[0,a]- S0, We can substitute it in
(4.24) and get

Bae [0 1o oty

=1—q£:§g;/w(q( dy+q/W (z —y)dy
WD (g q)/
- (q;<x) o~ [ W d()}
i —q{{ -9~ Ve =)
+ W(q)(0+)6z(dy)} I5(2) dz. (4.28)

By using
| =W = gy = W) - W),
0
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and the change of variable z — y = s, we have that

{ {W 0z =) - T gy, y)} dy

D (04) 6.(d >}Z<z>dz

qW<Z>Eg{E W@/j ([ woes)uea
_ / L) WO (2) dz}. (4.29)

Then, in the first integral of the right-hand side of (4.29), we use integration by parts

()
with u = / W@ (s)ds and dv = I5(2) W(z) dz, which implies that
z

o [ [~
+ W@D(04)0, (dy)}l (z)dz
:—exp{ /W W ())dr} /OaW(q)(r)dr
+/0 W@ ( dr+/ W@ eXp{ /W(q)W)((ql(_)é< ))dr}dz

- / L () WO (2) dz. (4.30)

After that, substitute (4.30) in (4.28) and with some calculations, we get (4.27]).C]

Lemma 4.2.2 Suppose that h is an absolutely continuous function with a locally

bounded density on [T,a]. Then, for x,z € [0,al, the following expression holds for a

natural tax process VO:

E.z [eiqu h(vf—g) 1{70 <rd }]

(@ (g a (@ (p
— h(z) 29 (z) + g(q) 8 {—h(a) Z9(a) exp {— 7 W(Q)Zaf)(l(_)(g(r))dr}

+ /: h(s) exp {— ; W) d?”} Z\9(s)ds

@ 4(s) . s W@ (r)
—/x 1= 3(s) h(S)QW()(s)eXP{_ i W(q)(r)(l_é(r))dr}ds}. (4.31)

PROOF Since f(y,2) = f(y,2) = h(2) is in Sp.ajx0., We can substitute it in (£.24)).
Then, we use (4.8) to get Af(y,z) = 0 and (4.9) to get T°h(z) = —H/(2)(1 —(z)) and
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have
B, (e MV )1 <T+}]

:h(f)—th W (x — / W(q)(r)dr+qh(m)/:W(q)( )d
(x (D(
@ { / / W(q —y) - VVVV@ <(Z)> W@ (z - y)]dy

W@ (0) 5Z(dy)}l—( )dz

a q)/
+/ Iz(2) W (2)(1 —6(2))dz — h exp{ / W@ }}, (4.32)
where [z(z) is given by (4.19)). We can rewrite (4.32)) as
Bus [0 W(V2) 1 <T+}]

T (x)i(q)rr
= h(z) 29 (z) <> ()/OW (r)d

WD (g (
W<q>8/xh eXP{ /Wq) 1_ r}dz
%Eg h(a)exp{ / — W }
+W(q)(0+)52( )}lf(z)dz. (4.33)

The last integral on the RHS of - becomes

/x —h(z )qW exp{ / W(q 6 1_ }dz
a 1 Z q)/
+/j 1=z W(q ) / W@ eXp{ / @ }dz.

(4.34)

Use integration by parts in the second term of - then we can rewrite (4.34)) as

/:—h()qW exp{ /W }dz
— h(a) q(/ W@ )dr)exp{ /xW M/):)/<T)5( ))dr}Jrh /W‘” r) dr
+ / exp{ ol (q)l_ o dr}h’ / W@ dr)dz

q)'
—|—/:E exp{ W@ () = 6 dr} h(z (4.35)
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Then substitute (4.35) in (4.33) and with easy computations, we get the required

expression in ((4.31)).0]

Remark 8 Expression can be derived in another way using [60, Equations 7].
This has been done in [64] for a constant tax, and here we extend it for a general tax
function. To show that, we are going to use the relation between the draw-down time
of the risk process X without tax and the latent tax process U”, which is explained in
[65, Section 4.1]. Then, by Theorem m it is a relation with the natural tax process
V. A general draw-down function ¢ is a measurable function ¢ : [0,00) — (—o0, c0)
satisfying ((z) < z for all z > 0. For z € [0,00) and z € [z,00), let {(z) := [~ »(r)dr.

By the change of variable r = X, the latent tax process U; can be written as
Let ((z) := z — ((2), then by recalling (3.9), we have that

s = ot | (1= (y)) dy

= ((s), (4.36)

and hence,

For a latent tax process with a latent tax rate -, recall the first passage times o =
inf{t > 0: U > a} and o, = inf{t > 0: U} < 0}. Also, recall that p/ = inf{t >
0:X;>a}and p, =inf{t > 0: X; < 0}. We are going to compute the following
expectation
—qgo- T
E:p,i € %% h(UUa) 1{aa<0j}:| )

where h is an absolutely continuous function with a locally bounded density on [Z, a].

Since before reaching z, the process U” is just the Lévy process X, then by the strong
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Markov property of (X, X), we have that
Eva [0 AT ) Lpe iy | = Ban [0 h(2) 1, %}]
B | Loy | Bas €770 h(T)) Ly iy |
= B(@) B [0 1 {pa<p+}]
B (€7 1 on] Ba [0 BT 1,y
(4.37)

In order to find (4.37)), we first find the following expression for any z = &

E;. |:€—q0'6 h(UZO*) 1{00 <od }]

Since
=inf{t >0:U] <0} =inf{t >0: X, < ((X,)} = 2%
and
—inf{t >0:U >a} =inf{t >0:U, > a}
=inf{t >0:{(X;) > a}
—inf{t>0:X,>C (a)}= P
then

B, | WU Lop oty =

e~ WPc h(Z(YpE)) 1{p_<p+ }] . (438)
A O]

¢ 1

Let ¢ = h o (, then by the formula [60, Equation 7], (4.38) becomes
e (X,0)1
{pC <P >}]

/ exp{ L)

<>>—wv@@<»]

E. [e 0 (U] )1{00< +}}

(4.39)

Now, use the change of variable r = ((z), the right hand side of (4.39) becomes

) Z(s) W@ (r) }
o(s)expq — — dr
[ p{ / W) (12 ()

<@@@»—quwa@ﬂda
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Then again, use the change of variables ¢t = ((s) and get

a 4 B t W(‘l)’(r) .
| o “”exp{ / W) (1—7(5_1(7‘)))d}

1 {W(Q)’(t)
=T LV

X ZD(t) — qW@ (t)} dt,

then by using that ¢ = h o { we get the final expression

~a00 (T ’ exp{ — t Wo'tr) r
B, |77 h(U - )1{00<aa}] / ht) p{ /w<q> 7«)(1—7(Zl(r)))d}

1 Wi/ (t) W@
I AC" <>>[ g 20~ W M o
(4.40)

By (4.36)), we can rewrite (4.40)) as

E; o [e o h(U] )1{00@;}} / eXP{ /W<q )(r) (1 () L(r))) dr}

0 o
TG <>>[W<q<t> "0 - ”]d'

(4.41)

Then, we can use integration by parts on (4.41)) and with some easy computations,

we get

g

=10 70 e {~ [ sty
W@ ()

+ h(x) Z(Q)(;p) —}-/z W(t) Z(Q)(t) exp {—/x WO (1=~ dr’} dt

_ [ G W) exn [ W' (r) .
| Ty ar oo p{ | ot }dt'
(4.42)

E.. e‘JOh(U’Y)l{UO<UG ]
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Next, we use (2.7)), (2.8) and (4.42)) in (4.37)) to find that

Ex’f [e_qgo h(U )1{00 <ot }}

— (o) [29(0) - 290

*%{‘h(“) ) exp / T )
+h(a:)Z(q)(;1:)+/j n'(t) Z eXp{ /W(q> W@ ()__1( )))dr}dt
- Sy eXp{ [ v W(q <) ) dT}dt}
:h<x>z<‘”<z>+$m{ HeZ e"p{ / W@ (r) (1 - 7()’1(7“))) dr}
+ [ rozo0 eo{- [ Gty
/

) e [ WO
e LCLUO p{ /jwwr)( T >>>d}dt '
(4.43)

~

The final step is to use Theorem part (i) and (4.43]) in order to recover expression
@31).

Before we move to the final example in this section, we recall that,

o2
Af(y) = pnf'(y) + 5 1"(y)
[ 1= 0)= 1)+ 07 W) pcoen] v(a0)
We introduce the function [ : (0,00) — R by
l(z) = (A= q)f(x), where f(z) = 21{s>0),

then we can prove that,

I'(z) = (A—q)g(x), where g(z) = Li>0). (4.44)
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Indeed,
l(z) = (A—q)f(z)
= fla>o) + /0 jo [(@ = 0) 1amoz0y = & Liazop + 0 LasopLipcs<ry ] v(d0)
— qrlia>0y

= U + /+ [(l‘ — 8) 1{m—920} — T+ 0 1{0<9§1}] V(dg) —qr, (445)
0

where the last equality is true since x > 0.

Then by (E43),

I'(z) = /0 [(1is0y — Lesoy] v(d6) — g 1iasg

+

:—/;oy(cw)—

= —y(gj’ oo) —q, (4.46)

where we get the last equality because x > 0. Now, the right hand side of (4.44]), for

x >0 is,

(A—q)g(x) = /(: [1z0p — Liasoy] v(d0) — ¢ 1us0y
= — /OO v(df) —q
= —v(r,00) — ¢,
hence, is satisfied. Also, for ¢ <0, let f.(2) = 2 1{.>¢, and gc(2) = 1154, then

for z > ¢,

(A—=q)fe(z) = (A= q)fe(2) = c(A—q) ge(2) + c(A = q) g(2)
=(A—=q)[fe —cg] (2) + c(A—q)g(2)
=l(z—c)+cl(z—0),

where we use (4.45]) and (4.46)) such that the last line follows from spatial homogeneity
of A. That is, for z € R, where f,(2) = f(x + 2), we have that Af,(z) = Af(z + 2).
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Remark 9 For z € R such that z > ¢,

o

lim [I(z —¢) +cl'(z — ¢)] = lim {u— (Z—c)/

—ctToo —ctoo e

V(d6) — /1 T u(d0) — g(z — o)

—c Ov(do) — qc}

zZ—C

:1i%0{u_z/:u(d9)—/lzCey(de)—qz}

:u—/ Ov(dh) —q =
1

=9'(07) —q=. (4.47)

Lemma 4.2.3 Suppose that ¢'(0+) > —oo, then for x,z € [0,a], the following ex-

pression holds for a natural tax process V°

E,z [e_qTO_ (—VTi—) 1{70*<ra+}]

= —Z7'() + ¢/(0) W (x)
W (z) | 1 / e ¢ W (r)
+ { Z%(a) = ¢/ (04) W (@)] exp {— / T =8 (r>)dr}

N /a 79 () 8(s) L (s) ds

—'(0+) /“ W@ (s)(s)l5(s) ds}, (4.48)

where lz(s) is given by (4.19).

PROOF Let f(y,2) = f(y,2) = —y 1gy>—ny, for n > 1. Let g(y) = y1gy>—ny and
h(z) = —1. Then, clearly g and h satisfy the first and third conditions of Definition
m on [0,a]. For the second condition, since g is a bounded function, then for any
A>0and all s € (0,a)

’/:09(8— 0) V(de)] < a/:o v(d6),

where the last integral is bounded (see [9, p.29]). So, fe Sj0,ax[0,a]» and therefore, we
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can substitute f in (4.24) and get that
—qry, | /¢
e e ( V;—O_ 1{V5Z—n}> 1{7’0_<7’;_}]
70
T W@ (z)
=7 1{men} - / (-A - Q)f—n(y) [W(q) (j)

@ (z “re @74
+$@—)Ej§{— N <A—q>f_n<y>{[w<q>’<z—y>—VVVV@—)((Z;w(q)(z—y)}dy

Ex@‘

W (@ - y) = W (a —y)|dy

+ W@D(0+) 5Z(dy)} lz(2)dz

o [ e [t i) } (4.49)

where

f—n(x) =T ]-{xzfn}a
gfn@j) = ]-{xzfn})

and so for x > —n,
(A=q)fon(z) =1z +n) —nl(z+n)

By Remark 9] with ¢ = —n and for z € [0,a], n > 1,

o0

l(x—l—n)—nl’(x—I—n):,u—x/ V(d@)—/lirnHl/(dé’)—qx,

T+n
and hence
') T+n
‘u - x/ v(do) — / Ov(dd) — qx
x+n 1
[ee) Tr+n T+n r+n
<p+qr+ x/ v(dg) + / Ov(do) + x/ v(dg) — x/ v(d6)
x+n 1 1 1

=p+qgr+ :c/loo v(df) — /IHH(QJ — 0)v(d)
<p+qgr+ :U/loo v(df) — /1er (x — 0)v(de), (4.50)

where g(z) := p+qa+z [ v(dd) — ff“(:r; —0)r(dh) is bounded on [0, a]. Take limit
as n T oo, and use (4.47) with ¢ = —n, and (4.50)), then by monotone convergence
theorem on the LHS of (4.49), and the dominated convergence theorem on RHS of
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(4.49), we get

E;z [e_qTO_ (_V‘ri*)l{ro <rd }]

z (D (g
= - / (0104) = ) [ WO @ =) = WO o= )]y

{ / / W(04) - ) { WOz - y) - V;Zi’fj))w@(z—y)]dy

WW( ) 0. (dy) la(2) dz

+/: 1(2) 6(= )d2+aexp{ / Wq)w;(qy( )5(7~))dr}}' (451)

Use that
/yW(q dy—// W@ (s)dsdY. (4.52)
0

where this is true by making first the change of variable Y = = — y and then use

integral by parts. So by (4.52)), the first integral term in (4.51)) becomes

z (@ (g
- [ won - [ e -0 - W - ]y

W@ (z) z W@ (z)
— ! (9) (9)
= W(q)(f)w(oﬂ/ Wq(y>dy+W(‘1)x / / W9 (s)dsdY

T+ /(0+) /jw( Yds — g / / W(s) dsdy, (4.53)

and

/0 W(04) - a) Wz~ y) - VMV/((Z))/((;) W@ (2 —y)|dy

/ W (0-4)(&(04) — qy) 6.(dy)
= ¢/ (0+) WD (2) — ¢/( 2 / W

W(q
W(q
—q/ W@ W(‘I) q i /0 W@ (s)dsdy. (4.54)
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Then, we use (4.54)) to find the second integral term in (4.51))
a w @)y z
- [ue ){w'<o+> W) = 04 Yt [ WOy
)'(Z
—q/ W@ (y) dy + e / / W@ dsdy}d

-~ [ T (z)) eXp{ ZW W>(<ql—6< 7} {‘”'(O+)W(q)<z)
— g (04) (2) / W@

W(Q) Z

—q/ W@ dy+W(q //W dsdy}dz (4.55)

Use integration by parts twice in (£.55), the first time with u = ¢ [ [/ W@ (s)dsdy

= — 1 W(Q)’(z) ex — ) W(Q)’(T) r » in the integra
and dv = =50y W) p{ Lw<q><r><1—6<r>>d} the integral

- i eXp{ | <>>dr} Vvvvz);((j))q(/oz/oyw@(s)d“y)dz’
and the second time with u = [ W(q)(s) ds and

= =5 zVV((f)'((j X {‘ | W<q>?f>(<q)1l<i)6<r>>dr}
in the integral

/fu— eXp{ /W <>> }szz /W
With some calculations, equals
[ a6 (o [ woway) a:
Y //W s)ds dy exp{ /W W)(:)ll@d(r))dr}
—gq / / W (s)ds dy

(00 / WO (2) 6(2) 1o(2) dz

— ' (0+) (/Oa W@ (y) dy> exp {_ /: W(@Z“/)(Z)l/(i)fs(?”))dr}

+ ' (04) /0 ’ W@ (y) dy. (4.56)

Now, substitute (4.53) and (4.56|) in (4.51]), do some easy computations, then by (4.25)
and (4.26) we find the required representation (|4.48]).]
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Remark 10 Note that, similar to Example 4.2.2) we can derive (4.48) in a different
way, by using [60, Equation 9] and find that

B, [0 (U7 ) 1]

- / o {‘ / W@ (r)Z(q—)/(&)v;l(r))) dr}
1

Z9D(t) =/ (0+) W (1) —

E(Q)@) _ ¢/(0+> W(Q)(t)
W (o) (t)

o o—_ (q) )
0 ) W) | di

(4.57)

Again, if we use integration by parts in (4.57) and Theorem (3.2.3)) part , then we
can recover expression ({4.48]).

4.3 The approach

In the tax processes literature, different arguments have been used to obtain the fluc-
tuation identities of interest. Mainly, there were two approaches. The first one is
deriving an ODE in x for the required quantity. This has been studied in some articles
using different methods. For example, in [6] and [53], authors looked at the effect
of a small increment above the initial point and derived the desired ODE through
a discrete approximation. In [2], an integro-differential equation was derived, while
[3] used a probability argument. The other way is using excursion theory, as in de-
riving the solution of the two sided exit problem in [6] and as in proving all of the
main results in [33] and [32]. In this section, we explain our approach to obtain the
expression of some required identity in the model, by deducing an ODE from some
available PDE, which will be explained below through an example. This approach was
motivated by our work in Chapter 6, while we were trying to find the net present value
of taxation when there are capital injections in the model. At the beginning, we used
identity . Afterwards, we realised that we can not verify the required conditions
in Theorem to use that identity before applying it. Therefore, we had to find
another approach. However, in a very recent article, [64], authors used the draw-down
literature for providing similar examples for applying for constant tax rate, and
we extended their method for general tax function (see Remark . According to au-

thors work in [64], we recognised that it is possible to check explicitly the necessary
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conditions in order to apply their identities and provide an alternative way to derive
similar examples to ours.
We give now an example to illustrate the steps in our approach, which will be used

in Chapters 6 and 7. Suppose we need to obtain an expression for
_ —qr
f(.%‘,l’) = Ez@ [e a 1{7J<7_0_}:| .
First, by the strong Markov property of (V? ,Vé) we have that
— TOATS 9 70
(e a(tATy A )f(‘/;/\ro‘mcf’ VMTO—,\T;))DO

is a martingale and »
W
F,0) = fia g /(@) (4.59)

Our aim now is to derive a first order linear ODE for f(z,z). The first step is by

assuming that f is smooth enough so that we can apply [t0’s formula or a generalisation

of it and have that:

- AT 779 =
€ a(tATo ATa )f(‘/(s AT Vt/\T(;/\Tj) - f(xwr)

t/\TE/\Tj —
= M, + / TP (A= q) f(VL,V,)ds
0

+

[T e [ v s - Y vhar] ox.
where M, represents some martingale. This suggests that
(A=q)f(x,7) =0 ,0<z <7,
and
%(m,i)(l —4(2)) — g—i(:c,i‘)é(:i") =0 when z = T. (4.59)

By (4.58]), we get to the second step in the approach, where the PDE (4.59) leads to
a first order linear ODE in f(z, )

of 1 Ww@(z)
2350 T =5 WD)

f(z,z) =0, (4.60)
with the boundary condition
fla,a) =

Then by solving this ODE, we get the solution

© ) expd a W(Q)’(y)
f&.2) = p{ /mw<q><y><1—5<y>>dy}‘ (4.61)
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The third step is to prove that (4.61)) is the correct solution of the ODE (4.60). In
order to do so, let f(f, Z) be the solution of the ODE (4.60)), and for 0 < z < Z form

s W(q)(g;) s W(q)(a:) a W(q)/(y)
) = e 10 = ) o {‘/ WO - 5)) dy}'

Then one can verify that f(z,z) is smooth, (A — ¢)f(z,z) = 0 for 0 < z < z, and
f (z, ) satisfies the PDE (4.59)). Then by an application of It6’s formula, we can prove
that:

~

- —qr B _
f(z,2) =Euz [6 I 1{7;<T(;}] = f(z, 7).
We can notice from the previous example that our approach gives a direct way of

deriving the relevant ODE of the required identity. Moreover, as you will see in the

next chapters, the proof involves similar steps to solving optimal taxation problems.



Chapter 5

Optimal taxation for natural tax

processes

5.1 Introduction

From a tax authority point of view, it is natural to ask what is the maximum expected
tax revenue they can have, and what tax policy that achieves this. Authors in [2]
addressed this problem in the context of loss-carry-forward taxation in the setting of
a classical Cramér-Lundberg process with a constant tax rate. In their work, opti-
mal implementation delay of taxation was studied, which is the problem of finding
the optimal threshold surplus level for starting taxation to maximise the expected
accumulated (discounted) tax payments. After that, in [6], the same problem is gen-
eralised into the setting of a spectrally negative Lévy process. In [57], authors studied
an optimal control problem for the latent tax process U7, given by

supE, {/ ’ e "y (X,) dX, |, (5.1)
0

~ell
where o = inf{t > 0 : U} < 0}, ¢ > 0 is a discount factor and II is the set
of measurable functions 7: [0,00) — [a, 5], where 0 < a < < 1 are fixed. It
is noticeable that the optimal control problem addressed in both of [2] and [6] are
contained in the one considered in [57]. The motivation for this chapter was to give
another proof for the solution of the optimal control problem considered in [57], using
the natural tax process definition and results that we introduced in Chapter 3. In

fact, in this chapter, we generalise the work in [57] by defining an optimal control

75
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problem with a larger class of admissible strategies than the one considered in .
We solve a general optimal tax control problem such that it contains . To find
the solution of our optimal control problem, we adapted the method used for solving
optimal dividends problems such as [44], [35] and [45]. This method is described simply
as, calculating the tax value function of a barrier tax strategy for an arbitrary barrier,
then trying to maximise this value and choosing the optimal (maximiser) barrier, and
at the end putting this specific choice through a verification lemma in order to prove
its optimality in the general class of predictable tax rates.

We define our optimal control problem in this chapter as the following. For a spec-
trally negative Lévy process X, consider the aggregate surplus process of an insurance
company to be given by

t
Vit =X, - / H,dX,, (5.2)
0+

where H is a left continuous tax rate process, which is adapted to the filtration (F;):>o,
and with values in [0,1). Let Xy = 2 and Xy = 7, then we define the value function

starting at any z,z such that 0 < x < 7 as

/ e, dYS] , (5.3)
0

+

where 75 = inf{t > 0 : V;# < 0}. Let II be the set of all admissible policies, that is,
the set of all left continuous and adapted to the filtration (F;):>o processes, (H;)¢>o,
such that 0 < a < H; < 8 < 1 for any t > 0, then we introduce the optimal control
problem

v (x,T) = Is—llé% v (2, 7), (5.4)

where an optimal tax rate policy H* € II is such that v*(z, T) x,7), for all

v
0<r<uz.

It is clear that, the admissible set of strategies II in is much larger than the
one considered in (5.1)). Furthermore, we point out here to the relation between the
work in [57], and our work, which is taken from our published paper [1], as follows.
Denote by v* the function + € Il which maximises , if it exists. In [57, Theorem

3.1], Wang and Hu state that «* should satisfy the equation

Y(Xy) =1 <:E+/ t(l—v*(y))dy> — (T, ),
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for some function 7 which they call the optimal decision rule. On the other hand, let
0 be a function satisfying the assumptions of Theorem [3.2.3hi| with = = Z, and define

7% as in that result. If we write & = 42, then, by the definition of 42 together with

(3.10) and (3.11)), we have the relation
J— Yt _é‘
§(X4) =0 <$+/ (1 —S(y))dy) = o(Uy).

It follows from Theorem [3.2.3], that the relationship between Wang and Hu’s optimal
decision rule n and optimal tax rate v*, is nothing other than the relationship between
a particular natural tax rate § and the equivalent latent tax rate 2. Our results clarify
that this connection is a sensible one even outside of the optimal control context, and
make clear under exactly which conditions this connection is valid. Wang and Hu go
on to show that 1 must be piecewise constant, and in particular n = f°, as defined
in , where b is specified in terms of scale functions of the Lévy process but is
independent of x; see section 4 and equation (5.15) in their work (in which b is denoted
). Combining this with our result, we see that Wang and Hu’s solution of the optimal
control problem is actually a tax process with the piecewise constant natural tax
rate f°, or equivalently the piecewise constant latent tax rate f B(“”), where E(x) depends
on x as in . Moreover, our work shows this optimality directly without going
through the latent tax process.

Before we give an overview for the current chapter, we recall some definitions as
given in [45] p. 4]. The tail of the Lévy measure is the function z — v(z, 00), where
z € (0,00), and we say that a function f: (0,00) — (0,00) is log-convex if logof is
convex on (0, 00).

Our main result is Theorem 5.2.7, which states that, under the assumption that
the tail of the Lévy measure is log-convex, the solution of the optimal control problem
(5.4]) is piecewise constant, and characterises the switching point.

The structure of this chapter is presented as follows. In Section 5.2, we find the
tax value function for a piecewise constant natural tax rate. We state and prove
the verification lemma that we need to verify, at the end of the section, optimality
for the solution of . Comparing our method in the proof with the one given in
[57, Proposition 2.1], the latter proof depends on deriving a Hamilton-Jacobi-Bellman

equation, which is a first order ODE, that is satisfied by the optimal tax value function,
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while our proof starts with an Ito expansion for a tax value function that satisfies some
conditions, and continue by using these assumptions to prove that this value function
agrees with . Moreover, to reach the final stage of the proof of optimality, we need
to prove some lemmas under the condition that the tail of the Lévy measure is log-
convex. Note that, the assumption in [57] was that each scale function is three times
differentiable and its first derivative is a strictly convex function, which is fulfilled if
the tail of the Lévy measure is log-convex. In Section 5.3, we explain the relation

between our solution for (5.4) in the case x = z and the one for (5.1 in [57].

5.2 Optimal control problem

We start this section by defining a piecewise constant natural tax rate function §°,

which we can call in other words an (a — )-tax strategy at level b:
§(2) = (5.5)

where b > . = Xy and 0 < a < 8 < 1. In the next result, we find the corresponding

. b
tax value function v° .

Proposition 5.2.1 Suppose we have the natural tax process

t
V=X~ [ o0 ax,, v =u V) =z

0+

Then, for any 0 < x < Z and g > 0, we have

U(Sb(fb,f)
= Em’j /TO €_qr(5b(Vib)dXT]
o+
( W@z .
wa@ = [ | laal®) -] f 0=t
W(q)( )
- W (z) ) (56)
\vﬁﬁq(f) if T>0,

where for any 0 < v <1 and x > 0,

v (@) == ﬁ / N <gz—18)1/(1_w ds. (5.7)
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PROOF Since ¢ is an increasing measurable function, then by Example we know
that ODE (3.4) with respect to this given function §° has a unique solution. Moreover,
it is clear from (3.4) and as & € [a, 3] that 32 (c0) = co. Thus, we can use now

Corollary to get

To st —
/ eV )dX,
o+

:%g/ eXp{ [ W(ql—w >>dr}1fb%2y>dy'

For the case, 0 < x < b, we have

W (r 2 (y)
[ o= o) s
o« b 1 yW(q)/(r)d d
—1—a/xeXp{_1—oz/x W@ (r) r} "
6 00 1 b W(Q)’(T- Y W(tz)/ (r)
+1—5/1, exp{_{l—a/f W) ¢ 1—6/ (r) de

o« b W(q)<j) 1/(1-c) 6 W(q)<i’> 1/(1-a) .00 W(q)(b) 1/(1-8)
- é{ } ®+1—ﬁ{W@@1 lA [ } dy

Ex,i

(@ (7)1
W )] [0g() — v34(D)].

= Vaq(T) — {W(q—)(b)

where to get the last equality, we add and subtract

a /oo W(q)(fi') 1/(1_0‘)(1
l—aj, |[WW@(y) .

and use ([5.7)).
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For the case, z > 0,

[ e {‘ A o0 (<1)<— )5%)) dr} i fbfi?y)dy
S A Sy L

= 6/ exp {log {%Z)Ey;]ﬂ/u—m} N

2 71/0-8)
_1—5/ { y] d

= vp,4(7).

Hence, the statement is proved.[]
We can rewrite ((5.6]) in the following way

o (2, 2) = WO (2) W@ )]/ 0 [L /W[W(q)(s)]—l/(l—a)ds +COMbVT)l,

1l—a /;
(5.8)
where
_ B w@pnua-s-va-a [ @ e-1/0-9)
C) = 5 W) | e
- O‘a / (W@ (5)] 71/ 0=, (5.9)
- b

The next lemma gives the conditions we need for having the solution of the optimal

control problem ([5.4]).

Lemma 5.2.2 (The verification lemma) Let V¥ be the tax process given in
for any H. Let w(z, %) = vg(x, T) be the value function defined in (5.3)), where H is
an admissible policy. Suppose that w(x,T) € Spjnnx/nn) for eachn € N, x = w(x, )
is right-continuous at x = 0 for every & > 0, x — w(x, x) is right-continuous at x = 0,

and w satisfies the following conditions for all 0 < x < Z:

() (A= qw(z,z) =0,
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(II) There exist Radon-Nikodym densities g—w and g—w such that
z
‘gi’@:« )+ (H — 1)2‘:( 7)—H >0, foral HEla,f,

then w(x,z) = v*(x,z) for all x < Z.

PrRoOOF We start the proof with the case, 0 < x < z. By Lemma [3.2.1] we have
V, =X, — H,dX,.
0+

H —H H

We recall the notations: AX, = X,—X,_ and Aw(VE, V) =w(VE,V )—w(VE, V).
Thus, clearly we find that

Z e 15 {Aw(\/;H’Vf) — g—w(‘/ﬁ,Vf)AXs]
0<s<t X

=) e [Aw(vﬁ +AX, V) — a—w(vH Vf)AXS] : (5.10)

0<s<t Oz
Let 7, =inf{t > 0 VH <1/n}, 75 =inf{t >0: V;H > n}, K1), = nf{t >0 Vf <
1/n}, and &} = inf{t > 0: Vf > n}. This implies that, x,,, = oo as v s increasing
and we assumed starting with case where 0 < x < z. Also, clearly 7 = 7,7. Let
T, =T A 7F. Since V# and V' are semi- martingales, 7 is a continuous process of
bounded variation and w € S} /npn)x[1/nn], then we can use Corollary to get the

expansion

@_q(an)w(Vti{TnavﬁT) —w(z,7)

tATy, o tA\Ty, a o
= [t vhass [ en e vhave
o+ 0+ Ox

tNTn Gw —H. —g 1 ["In 62 —H

VE V. )dV - - VE vV d[vE vHE
+ A+ e a ( s ) s + 2 /0+ € 81/.2 ( ) |: }
H ow

+ > e [Aw(VSH,VS ) — —(VHE VT AVSH} : (5.11)

ox
0<s<tATy,
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Use that [VH, VHK = o%s, AVH = AX,, and by (5.10]), with some calculations, we

can rewrite ([5.11)) as,

w(z, T)
ATy

—H —qs v
—¢ —q(tN\Ty) (‘/t/\T’ Vt/\Tn) — / e a (A - q>w(‘/s€7 vs ) ds
0

+

tAT,
- / e Oy 7 g
0 O

+

X, — s — Z AXU1{|AXM>1}]

O0<u<s

_ _ 0 _
N { Yo [w(vﬁ FAX, VI —w(VE TV - %(Vﬁ,vf) AX, 1{|Ms|<1}}
0<s<tATy,

tAT,
/ / { WV — 0, 7T w7 )+eg—w(vff Vf)1{0<9§1}} V(d@)ds}
0+ 0+
tA\Ty,
+/ e [gw(vh’ V, )H—g—w(VH viha - o dx,. (5.12)
0+

On the right hand side of , by the Lévy-Ito decomposition , the second
integral is a zero-mean martingale, and by Theorem [2.1.5] the expression between the
curly-brackets is also a zero-mean martingale. Let M., represents the sum of the
two martingales, which is also a zero-mean martingale. In the last integral, since the
integrand is only counted when X = X, and by Lemma , this happens at the same
times as V¥ and V' are equal, then we can use condition (II). Since w(x,z) > 0 for

any (z,z) and by conditions () and (II)), we get
AT, o
w(z,z) > / e ¥ HydX, + My, .
o+

Take expectation, let t and n go to infinity, and since the tax revenue is monotone in

t, then we can use the monotone convergence theorem to find that

Ty .
/ e H, dXS] ,
0+

for any admissible strategy H. Hence w(z,z) > v*(z, ), for all 0 < z < Z. Since from

w(x,z) > E, 5

the definition of v*, w(z,z) < v*(x, T), therefore, we get that w(x,z) = v*(z, Z) for all
O<z <z
For the case x = 0 and & > 0, since v* is an increasing function in the initial

capital, we have the following:

v*(0,z) <v*(z,z) < w(z,T),
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then by taking lim, |y and as w is right-continuous by the assumptions we have that
v*(0,7) < w(0, ).

For the case (0,0), in the unbounded variation case the process get ruined imme-
diately and thus v*(0,0) = 0 < w(0,0) as w > 0. In the bounded variation case, for
some ¢ > 0 and any admissible strategy H at (0,0), that is under Py, there is an
admissible strategy H at (g,€), that is under P.., such that V7 under Py, has the
same law as V7 — ¢ under P. .. In other words, with H at (0,0) and H at (e, ¢), taxes
are collected at the same rate and at the same times. Since, ¢ > 0, when starting at

(¢,¢€), ruin happens later and therefore we get the inequality

sup v(0,0) < sup v (g, ¢),
Hell Hell

that is,
v*(0,0) < v*(e,e),

which justifies the first inequality in the following

v*(0,0) < liﬁ)w*(e,e) < liﬁ)lw(e,s) = w(0,0),

where the second inequality follows from the first part of the proof and the last equality

from the right-continuity of w. Hence, the proof is complete.[]

We recall Theorem 1.2 in [45], which we will use to find the solution of the optimal
control problem ([5.4]).

Theorem 5.2.3 Suppose the tail of the Lévy measure is log-conver. Then, for all

q >0, W9 has a log-convex first derivative.

In order to prove the optimality for our solution of (5.4)), we need the following results.

Lemma 5.2.4 Let
a* =sup {a>0: W) < W (2) for all x >0},

and for any x > 0

(@ (g a 00
Q) = [W@ ()]0 VVVV(Q),((Q) - / (W@ ()] 71/ 1) gs, (5.13)

Suppose the tail of the Lévy measure is log-conver. Then Q) is strictly increasing on

(0,a*) and strictly decreasing on (a*,0).
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ProoF By (2.9), lim, W@ (z) = oo, which implies that a* < oo and it is the
unique point that W@’ attains its minimum. Also, by the assumption and Theorem
, for all ¢ > 0, W@’ is log-convex. That is, the second derivative exists and W (9’
is convex. Therefore, W@ is strictly decreasing on (0,a*) and strictly increasing on
(a*,00). Consequently, W@" is strictly negative on (0,a*) and strictly positive on
(a*,00). Since for any = > 0,

W@ (/e
YO =TT eEp

[/[/(Q)"(x)7
then @ is strictly increasing on (0, a*) and strictly decreasing on (a*, 00).0]

Lemma 5.2.5 Let C be defined as in (5.9) and b* = sup{b > 0:C(b) > C(x) for all x >
0}. Suppose the tail of the Lévy measure is log-convex. Then, b* < oo, C' is strictly
increasing on (0,0%) and strictly decreasing on (b*,00), and therefore, it follows that

b* is the only point where C has a local/global maximum.

PROOF To show that b* < oo, it is enough to prove that lim,_,., C'(b) = 0. Given that

lim [W(@ (p)]~1/0=2) =, (5.14)
b—oo
and
lim [ [W@(s)] V1%ds =0, (5.15)
b—00 b

we can find the next limit by using LL’Hopital’s rule

o [0 EIO0
i [ ) =t wnl
W(q)(b)
= Jlim (1 — 5) W@ (b)
_1-5
SR TOR (5.16)

where ®(q) is finite as defined in (2.4). Since

o) = - b e LA O / W@ (5)] /0

/ Wq) -1/(1— ad
l—a

then by - and (/5.15) , it is clearly that lim, ., C'(b) = 0. The derivative of
C' can be calculated easily and get that
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where (@ is the function given by (5.13)) and f is given by

(1 1\ W@ ()
fb)= <1—ﬁ_ 1—a) W@ (b)

This implies that

C'(b) > 0(< 0,=0) iff C(b) > Q(b) (< Qb),=Q(D)), (5.17)
and we have the following cases:

Case I Suppose that C(0) < Q(0), then by (5.17), C'(0) < 0, that is, C' is strictly
decreasing after the starting point until it crosses (). On the other hand, by Lemma
5.2.4) @ is strictly decreasing on (a*,00). Suppose on the contrary that C' and @
intersect, say at b, then, C'(b) = Q(b), but C’(b) = 0 while Q'(b) < 0. Thus, there
exists sufficiently small € > 0 such that C(b) > Q(b) for b € (b,b+ ¢). By (6.17] (6-17), this
means that C' strictly increases until it crosses () again. Since () is strictly decreasing
on (a*,00), C' and @ will not intersect again. This implies that C' increases ultimately,
which is a contradiction to that lim, o, C(b) = 0. Therefore, C' and @) can not intersect
in this case. Hence, C' is strictly decreasing on (0,00), and in this case b* = 0.

Case II Suppose that C(0) > Q(0), then by (5.17), C’(0) > 0, that is, C strictly
increases after the starting point until it crosses ) and so b* > 0. Note that, in
this case, a* > 0, as if a* = 0, C will increase ultimately, which contradicts that
limy_,, C(b) = 0. Thus, C' can not increase ultimately and should intersects ) at
some point. At the point of intersection, say b, C'(b) = Q(b), we will have two cases:
()If b < a*, then C’(b) = 0 while Q’(b) > 0, which implies that there exists sufficiently
small € > 0 such that C(b) < Q(b) for b € (b,b+ ¢). By (5.17] (5-17), this means that C
is strictly decreasing in this interval until it crosses () again. In a similar argument
to case I, we can see that b is the only intersection point. That is, b = b*, where
C(b) > Q(b) for b < b*, and C(b) < Q(b) for b > b*.

(i) If b = a*, then C’(b) = 0 and Q'(b) = 0, and also in a similar argument to case I,
C' can not increase after the intersection point b. So, C strictly decreases after b, and
hence, there is only one intersection point b = b* = a*, where C(b) > Q(b) for b < b*
and C'(b) < Q(b) for b > b*.

Case IIT Suppose that C(0) = Q(0). If a* > 0, then either C' decreases after the

starting point and hence we have a similar argument to case I, or C' increases after
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the starting point and hence we have a similar argument to case II. If a* = 0, then C
decreases after the starting point and the case is similar to case I, hence, b* = 0.
So, we conclude that either C intersects () at exactly one point b* < a*, or C

decreases strictly on (0, 00), and hence, the statement is proved.(]

Now, we are ready to give the solution of (5.4) and prove its optimality. Before we
do that, we recall some results in order to use them in the proof. The next result

combines Theorems A and B in [55 pp.9-11].

Theorem 5.2.6 A function f: (a,b) — R is convez if and only if it is absolutely

continuous with an increasing density.

Recall the operator A defined in (4.8)),

B a0 f
b 0
i / + [f@ 0.2~ f(g,2) + 98—5@, Lgpeaery | v(d6).

Also, we will need computations in the following remark to complete the proof of

optimality.

Remark 11 We compute the partial derivatives of the value function given by (|5.8)

for any b > 0.
5b _ o0
o’ (z,7) _ W(q)/(x)[w(q)@)]a/(ka) [L/ [W(q)(s)]f(l/(lfa))ds +C(bV7)
ox l—a/z
(5.18)
and
Ki(z,z) if 0<z2<)b
o' (z, )
= 5.19
= (5.19)
Ky(x,z) if >0,
where
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and

—1}.

Theorem 5.2.7 Suppose the tail of the Lévy measure is log-convex, then an (o —

B)-tax strategy at level b* is an optimal tax rate policy.

PrROOF We need to prove that v satisfies the conditions of the verification lemma
(5.2.2) in order for §* to be an optimal strategy. First, we have to prove that the
value function v*" (2,7) € Sji/nmix[/nn for each n € N. Recall from (5.8) that,

o (z,2) = W@ ()W (z)]o/(1-) [1&/ (W@ (s)]"Y0=0ds + C(b* v 2)|
“a ).
(5.20)
where
C) = Lﬁ[W@)(b)]l/(l—ﬁ)—l/(l—a) / W@ (5) /09 g
1-— b
Y [T gy /a-e
—a), W9 (s)] ds
Let g(z) = W@ (z) and
h(z) = [W@(z))e/a-) L @ / (W@ (s)] /0= ds + C(b" v 7) |,
“a ).
then by ,
o (2,7) = g(z) h(Z). (5.21)

By the assumption that the tail of the Lévy measure is log-convex and Theorem [5.2.3],
W@ is convex. Thus, by Theorem , we see clearly that ¢ satisfies condition
I of Definition of Sp1/nmx(1/nm for each n € N. For condition II of Definition
4.1.1], choose A = n so that # > A = n > s and thus s — 6§ < 0. This implies that
W@(s — ) = 0, and hence the condition is satisfied for all s € (1/n,n). For the
function h, it has a density and we denote it by h’, which is bounded and integrable
on [1/n,n| for each n € N, and such that for any z € [1/n,n| and for each n € N,

h(E) — h(1/n) = / " Wt

1/n
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where b/, when z < b*, is given by

a W@ (z) a
1—a WW(z)
a 1

T 1o W(z)

h'(z) =

[W(q)@)]a/(lfa) [ /M[W(q)(s)]l/(la)ds +C(b")

11—«

and similarly for the case z > b*. This implies that h satisfies condition III of Definition

4.1.1 of Sp1/nnx[1/nn) for each n € N. Therefore, v (@, T) belongs to Sp /nn)x[1/nn) for

each n € N.
For any 0 < z < z, we use ([5.21]), then by the martingale property (2.13) and from
[19, p. 136], we get that

(A— g (2,2) = h(z)(A — )W D(z) = 0.

Hence, condition [[]is verified.
For condition [T, we have two cases:

Case I For 0 < z < b*, the condition is satisfied for i (z,z) if for any H € [a, ],

o o o
V(@) + (1)

(i‘? ‘@) - H > 07
but this happens if and only if

81}51)*(:15 T) H—-«
D S N > (.
[ ox o=z = 1 {1—04}_0

Since H € [a, ], it is always true that

{H—a} >0,
l—a| —

therefore, in order to satisfy the condition, we should have that

a 5b* _
%m 51
X

Since 0 < < b*, and by Lemma [5.2.5] C’ > 0 on (0,b*]. By (5.17), C'(z) > 0 is
satisfied if and only if C(z) > Q(Z), but as C(b*) > C(z), then we get that C(b*) >

Q(z). By (5.13), we have
c(*) = Qz)

) > (@) (7)1~ 1/(1=a) _ (@) (o)1~ 1/(1-a)
= C) 2 WOV T - [T )0
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but this happens if and only if

(0%

11—«

+ W) WD (7)Y =9C(b*) > 1.

By (5.18]), we can write the last inequality as

That is, o (x,7) satisfies Il in the first case.
Case II For z > b*, condition [II] in the verification lemma is satisfied for v (x,7) if

for any H € [a, ],

b* b*
o° ov°

H o (z,Z)+ (H — 1) %

(f,.f)—HZO,

but in this case, it happens if and only if

2| [1=5] 20

Since H < f3, the last inequality is satisfied if and only if

o (x,7)

o=z < 1.
ox |

By Lemma and as T > b*, we have that C'(z) < 0. By (5.17)), this is equivalent

to C(Z) < Q(Z). By a similar argument to case I, we can have that

C(7) < Q) +—= W!x:x <1,

that is, v (x, ) satisfies I in the second case. Hence, §° is an optimal strategy.[]

5.3 Relation with Wang and Hu’s work

As the title of this section indicates, we explain the relation between our results and

the one given by authors in [57].

Proposition 5.3.1 The two cases considered in Sections 4 and 5 in [57] for the op-

timal strateqy, and the corresponding optimal value function, agrees with our solution

of (5.4) in the case x = .
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PrROOF We recall first [57, Equation (4.5)], which is

i @, \-1/0-8) _ [W (@) (y)]1=(1/(A=5) '_ (W@ ()1~ A=B @ (4))
1— 6[W (y)] - ( W(q)/<y> ) [W(q)/(y)]2 .

(5.22)

To find b*, by Lemma [5.2.5] we know that either 6* = 0 or b* > 0 is such that
C(b*) = Q(b*), which implies by (5.9) and ((5.13)) that

o0 i W@ (p*)|1-(1/1-8))

By (5.22)), we have that
ﬁ o0 (@) —1/(1-8) B [W(Q) (b*)]l_(l/(l_ﬁ))
-5 ), W76 & =

> W@ (5)]1 -/ O-BI @ ()
- /b (Wi (s)]2

ds.

Therefore, by ((5.23)), we find that b* is the solution to
00 (@) (\1-1/ Q- (@
/ V()] W () gs — o, (5.24)
b [Whar(s)]?

which agrees with [57), (5.15)]. Note that, from the proof of Lemma we know that

W(@" changes its sign from negative to positive only once. Therefore, the existence of

a unique solution b* > 0 of (5.24)) is guaranteed by the condition

0 (W@ (s)]1=(1/(1=5) w@” (s)
/ W@ (s)P

ds < 0.

This implies that in the case

> [W(@) ()] =/ A=A (@ ()
/o W@ (s)P

ds >0,

then b* = 0 and the optimal strategy is to pay tax at the maximum rate . These
conditions agrees with [57].

In order to show that our optimal value function i (x,z) for any = > 0 equals
the corresponding one in [57, (5.7)], we use the tax value function given by (5.8)),
and (5.13)). Also, recall that when b* > 0, as C'(b*) = 0, and by (5.17)), C(b*) = Q(b),

then we can use () instead of C' at b*. That is, for x < b*, we have that

. o (@) ()]
o (@) = / [W Q>Es)] ds + [W ()]0 0")

)
o a W (@) (SL‘) 1/(1-a) [W(q)<b*)]1—(1/(1—a)) “ .
e / |: (S):| ds + W(Q)’(b*) (W ()] )
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which agrees with the optimal value function for the first case, as given in [57, Equation

5.7).
For x > b*, we have that
o r 11/(-a)
& _ o« Wi () (@ ()]1/(1=)
v (z,x) = T /x @(s) ds + [W'9(x)] C(x)
W) ()]0

ds

a=A

@(s) |
-5 a2 ) e

Then, we use (5.23) in (5.25)), and see that the optimal tax value function in the case

ds. (5.25)

:|1/(1 B)

x > b*, is given by

. WO

z 1/(1-8)
o (2,2) = s P {W(q) W} ds,

W) ) 15 ), |Wa(s)
which agrees with the corresponding optimal tax value for the second case in [57,

(5.7)].0



Chapter 6

Natural Taxation with forced

bail-out

6.1 Introduction

It is natural to consider the case when a tax authority supports an insurance company
by bail-out loans to continue its businesses. These are the capital injections made by
the government to keep the insurance company solvent. Then it would be important
for the government to know what is the net tax profit (tax value) and to look at
the maximum value and find the optimal strategy that can achieves this. We are
thinking about the case where bail-out is unlimited, so no ruin occurs. In the context
of dividends, many authors studied this problem. For example, [21] and [48] looked
at the problem in the setting of a Cramér-Lundberg process. Similarly, [40] studied
the problem but with a Brownian motion risk process model. In [10], the problem is
generalised into a spectrally negative Lévy risk process. In this chapter, we study tax
processes with the addition of a bail-out process K. This type of taxation has been
investigated recently in many articles, such as [3], [4] and [64]. We recall first the tax
process defined in Chapter p] Given a spectrally negative Lévy process X, we define

a tax process by

t
VH=X,—- | H,dX,, t>0,
o+

where (Hy)i>o is a left-continuous adapted process such that 0 < o < H; < 5 < 1.

Since tax contributions are made whenever V¥ reaches a new maximum, this taxation

92
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structure is of loss-carry-forward type. In a similar way, with the addition of a bail-out

process K, we define the tax process as,

t —_—

Vi=(X+K)— | HdX+K), t>0. (6.1)

o+

We say that 7 := (H, K) is an admissible policy if both (H;);>0 and (K3)i>o are left-
continuous adapted processes such that for each t > 0, 0 < a < H; < 8 < 1, and the
bail-out process K is an increasing process that represents the injection to the capital
such that m is continuous and VT > 0. Similarly, the tax contributions in (6.1
are made whenever the process (X + K) reaches a new maximum, which is whenever
V7™ reaches a new maximum; see Lemma below. As a result, the taxation in
can be seen as of loss-carry-forward type. In this model, ruin is not allowed.
Therefore, we call K in this case, forced bail-out and the process V™ is the tax process
with forced bail-out.

For x < Z such that > 0, the net profit (or the value function) of taxation in this

model is given by
VT (2,2) =B,z {/ e "Hy (X +K), — 77/ e % dKS} :
0 0

where 77 > 1 is a bail-out cost factor.
Our aim in this chapter, is to solve the optimal control problem
v*(x,7) = supv”(z,T), (6.2)
7ell

where II is the set of all admissible policies. An optimal tax policy #* = (H*, K*) € 1T
is such that v*(x, ) = v™ (x,Z) for all x < 7 such that Z > 0. Note that, recently, [64]
studied an optimal control problem for a tax process with capital injections, but in the
case where there is a delay in tax. That is, they optimise over the class of (o — [)-tax
strategies, see (5.5)), when o = 0 only. Also, they optimise over the bail-out process K
where the injection to the capital is only made whenever the surplus is below zero. In
contrast, here we solve and prove optimality among a larger class of admissible
strategies. Note that, from an intuitive point of view, the optimal bail-out strategy
would be when capital injections are made only if necessary. This is when the surplus
of the insurance company becomes negative, and the government injects the capital

back to the level zero in order for the company to operate again. This bail-out strategy



CHAPTER 6. NATURAL TAXATION WITH FORCED BAIL-OUT 94

is intuitively optimal. This is because when the bail-out happens earlier than needed,
that is to say to a strictly positive level, the government can get more taxes. However,
the taxes will be paid-out later, so this tax income will be more highly discounted than
the capital injections that has been made earlier. Clearly, this would make a loss for

the government and hence is not an optimal strategy.

Remark 12 We exclude the case = 0 and leave it for further study, as it is not
clear how to construct the tax process with bail-out in the case z = 0, when taxation

and injections happen simultaneously.

Our main results in this chapter are, Theorem [6.2.4] which gives an explicit ex-
pression for the net present value of taxation of the natural tax process with forced
bail-out, V%>, which will be defined rigorously below. Also, Theorem m gives an
explicit expression for the net present value of capital injections of V. Our results
agree with some results in literature for special cases, when ¢ is constant or zero.
Then, Theorem , states that the solution of the optimal control problem
is piecewise constant tax together with the minimal capital injections, which is the
injections back to zero whenever the surplus becomes strictly negative. Note that,
in Theorem [6.3.4] a condition for the Lévy measure is not needed, compared to the
optimal control tax problem considered in Chapter [5

This chapter is organised as follows. In Section 6.2, we define the process V%>,
through an algorithm and show it is well-defined. Then, we derive the net profit of

taxation for V. In Section 6.3, we solve our optimal control problem ([6.2)).

6.2 Value function

Let Xo =2, Xo =2 >0, where x < 7 and §: [Z,00) — [0, 1) be a measurable function
such that there exists a unique solution g2 to . In this section, we study a natural
tax process with a forced bail-out and we call it V%>, The process V%> is a process
refracted from above with rate 6 and reflected from below at zero. Such a process can
be defined by using a one-sided refraction from above and a one-sided reflection from
below locally, and then gluing segments of paths together. The corresponding bail-out

process, K?, is the injection to the capital whenever the process becomes negative.
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We define the process V> rigorously through the following algorithm and Proposi-
tion 10.2.11

Algorithm

Initialization, (n = 0):
o Fort>0,let V' = X, — infocser(X, A 0), (K =0, 20 =7 and Tj) = 0.
o Lot Ag=T! :inf{tzo 1O >:z=}.
Step (nton +1):
o Let X" = V"V 4 Xg 0 — Xg, for t >0 and n > 1.
o If X\ = 2™ then for t >0, (K°){™ =0, and
e N}
v = x5 ax?,
0+

(n)

where Vin) = SUPg<s<y Vs - Put

An:inf{tZO:Vt(n)<0}.

Note that, X ™ is continuous since X ™ does not have upward jumps. Therefore,

by Theorem V™ is well defined.

— If A, < oo, then let T,py = T, + A, 2D = VA(Z) and go to step

(nton + 1), otherwise stop.
o If X\ <0, then for t >0

(KO = —x = inf {(x( - x{”) Ao}

0<s<t
and

V= X 4 (1

Put
A, = inf {t >0: Vt(n) > z(")} .

— If A, < oo, then let T, = T, + A, , 2™ = (") and go to step (n to

n+1), otherwise stop.
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Finally, for t € (T,,, T,,41], we set:

n—1
Ve =y and K=Y (KW + (KO (6.3)
1=0

Proposition 6.2.1 For almost every sample path of X, the pair of processes (Vf’oo, K?)
defined in ([6.3) is the unique solution of the following integral equation:

t

VP = (X + K, — / S(V™) d(X + K?),, >0, (6.4)

S
o+

such that Vti’oo > 0.

PROOF We show that (V;>*°, K?) given by (6.3) is well defined for all + > 0. Since
Ty < Ty < Ty < ..., then it is enough to show that lim,, ., 7, = oo almost surely.
Note that,

n—1
T, = A;.

)

Il
o

From the algorithm, for n > 1, the up-crossings 75,1 times are when
Ay, = inf {t >0: Vt(%) > 2(2”)} )

Since, for any n > 1, 2 is increasing, then
Ay = inf {t >0: Vt(Q) > 2(2)} > 0.

From the strong Markov property of (V‘;’OO,VE’OO), (Ag,)n>1 is a sequence of indepen-
dent random variables. Note that, for n > 1, Ay, is bigger in stochastic order than
A,. That is,

Py (Do > 1) > Pys (Ay > 1).

Therefore, by taking independent identically distributed copies of Ay, we get that

n>1 n>1
where the last equality follows from the fact that the sum of independent identi-
cally distributed positive random variables converges to infinity. This implies that
lim,, .o, 15, = oo almost surely.

Note that, from the algorithm construction, (X + K?) is continuous. This is be-

cause X is a spectrally negative Lévy process, thus the upward jumps in (X + K?)
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come from K°. So, when there is a bail-out, the surplus process V%> follows the
maximum that it has previously. Moreover, since the tax is paid whenever the process
(X + K?°) reaches its maximum, then K° does not increase in that case, which implies
that (X + K9) does not increase. Therefore, (X + K9) satisfies the assumptions of
Theorem [3.2.3 which proves uniqueness of the solution.

Now we show by induction, that (V;>>°, K?9) defined in satisfies (6.4). First
step is to prove that the statement is true for n = 0,1. Since VA(? = VTE?) = je
tax starts in intervals with odd index, so on (0, T}] there is no tax, and for ¢t € (T}, 1],

there is no injection, so

Kp = (K)Y, = 0. (6.5)
Also,
Xt(i)Tl == VA(?)) + XT1+t—T1 - XT1 = Xt7 (66)

because Ag = T and VT(IO) = Xrp,. Therefore,

t—T1

Ve =V = X0 - / 5(V)) ax{)

t
=X, [ 57y aX,
0

+

X, K- / 5(V™) d(X + K9,
0

n
where we use in the second and third equality, and also in the third equality we
use that there is no tax in (0, 73]. The fourth equality comes from (6.5)).

For the second step in the proof, we suppose that for all m < n and ¢t € (T, Tyni1],
the pair of processes (pro, K?) defined by

m—1
v =y and K =) (KOR + (K0, (6.7)
1=0

satisfies (6.4]).
The third step is to prove that (6.3) satisfies (6.4) for n + 1, that is, for ¢ €
(Thi1, Ty2] the pair of processes (‘/t(s,oo’ K?) defined by

n

VP = v and K=Y (KO 4+ (KD

t_Tn+1 )
=0
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satisfies (6.4). We first recall that, for ¢ € (T},41, Tha2],

(n+1)
Xt T, n+1 VA + XTn+1+t_Tn+1 - XTTH»I

= VT(:irTn + X — X1y (6.8)

Let us suppose that we are in the case X(()”H) = z(®*1) then for t > 0, (K‘S)E"H) =0

and hence for ¢t € (Tp, 41, Th12]

(K% -~ (6.9)

t Tn+1

Then, use (6.7) with m = n and t = T,,41 to get that

n—1 n
Ve =V poand K =Y (KR + (KO =Y ()Y (6.10)
1=0 1=0

satisfies ((6.4). Thus, becomes

n+1 8,00
Xt(*TnJ)rl - VTn-H + X — XTn+1

Tat1 oo
= Xr,,., + K3, — / S(V™) d(X + K9), + X, — X1, .,
o+
Tn+1 —§.00 -
=X, + Z (K%Y / (V™) d(X + K9),
T, s o
—&+ZK” s, - [ ) dTE R,

(6.11)

S
+

Tn+1 500
— X, + K} — / S(V0™) d(X + K9)
0

where in the second equality we use that (Vq‘f Ofl, K .,) given by (6.10) satisfies (6.4
and in the fourth equality, we use . For s € (T},41,t], we have that

(n+1)
S_,Tn#»l

= sup XY = sup (X, + K)) = (X + K9),. (6.12)

Th+1<s'<s Th+1<s'<s
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Therefore,

+

V&,oo o V(n—i—l) o X(n+1) t=Tnt1 S V(nJrl) dX(n+1)
t - t—Tn+1 - t—Tn+1 - 0 ( S ) S

Tn+1 — §.00
:&+M—/ S(V) d(X + K9,
0+

¢ -
_/ 5(V(n+1) )dX(n+1)

s—=Th+t1 s—Tnt1
Tn+1

Tn+1 Y
:&+@—/ S(Vo°) d(X + K9),
0

. s
t ——
—/ (V) d(X + K,

Tn+1
t

0+

5,00

) d(X + K?),,

)
S

where we use (6.11)) and (6.12]).

Now suppose that we are in the case Xénﬂ) <0, so

‘/;6’00 o V(n-i—l) _ X(n+1) + (K(S)(n-H)

T t=Tha t—Tht1 t—Tp41
o, n+1
= X, + Vi = Xy + (KO0
Tn+1 —d,00 —
= X+ Xp 4 K, — [ SVI) dTET RO
o+

n+1
- XTn+1 + (K(s)z(t—Tnll
n t
i n+1 7000\ 1Tv T 5N
=X; + Z(Ké)(&_ + (Kcs)g_;n)ﬂ — /0+ (V) d(X + K9),
i=0
t
X+ k- [ BV AR, (6.13)
o+
where we use and (6.10]) in the second equality, and in the third equality that
(Vﬁ’:ol, K%H .) given by (6.10) satisfies (6.4). In the fourth equality of (6.13]), we use
again (6.10) and that th » 5(7;5’00) d(X + K%, = 0 as in the interval (Tp,41, Tp12),
injections only that happens.
The last part of the proof is to show that for n > 1 and t € (T},, Tp,11], V;‘_S;OO >0,

which is clear from the construction of the algorithm. Hence, the statement is proved.[]

In the next two subsections, we find the analytic expression of the net present tax

value function for the process (6.4), which is defined for any z < Z and z > 0 by

(2, 7) = 022, 7) — nod®(z, T), (6.14)
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where n > 1 a bail-out cost factor,

o0

o (0,7) = By { ey ay K%} ,
0

+

and
e - [ ]
0

Recall that for f € Spq)xjcq ¥ € [b,a] and 2z € [c, d],

I (0,2) = 5 F10:2) 0() = 5 F1,2)(1 = 5(2) (6.15)

6.2.1 The tax value function

As the title explain, we find separately in this subsection the expected accumulated
discounted tax payments for the natural tax process with forced bail-out, V. First,

we note that, since the tax starts when x = z, then by using the strong Markov

property of (V‘S’OO,V(S’OO),

+

ie,d) =By [ [ e o) d R
0

+
— —qTz
- Em,i’ € v Ea:,:i

e / e~ §(V0) d(X+K5)S|]-"T;”

+
x

—E, ¢ | Eap [ / e SV d(X + K‘S)S}
- 0

Z(q)(l') 0,00/~ —
= Z(T(j)vtax (I,l’), (616)

where in the last equality we use Lemma since the process before reaching level
is just the reflected process at zero. For convenience of calculations, we consider first

that x <z < a and find the expression of

Uggsa(xa f) = Eaz,i

T . -
/ et 5(VO) d(X + K°), |, (6.17)
0

+

then we can take the limit as a goes to oo in order to get the required expression in
(6.14). To find (6.17)), we will use our approach explained in Section . Before we
do that, we state and prove an important result which will be used in the proofs of

some of the next results.

Lemma 6.2.2 For the process

t —_—

Vi=(X+K);— H, d( X+ K), t>0,

0+
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we have that

t —_—

Vi=(X+K),— | HdX+K),

o+

Moreover, {t > 0: V7 =V} agree precisely with {t > 0: (X + K), = (X + K),}.
PROOF The proof is similar to the one for Lemma [3.2.1]0J

The next lemma gives the conditions under which a function is the tax value function

given by (6.17).

Lemma 6.2.3 Let V> be the natural tax process with forced bail-out given in (6.4).
For fized a > 0, suppose f is a function with domain Dy = (—o0,a] x (0,a] and

satisfying the following conditions:

(I) Foreachn > 1, f € §_,, 1«1 4 Such that f is of the form, f(z,7) = g(z) h(Z),
where g and h satisfy the conditions of Definition [4.1.1]

(II) Forz <0, f(z,7) = £(0,%).
(III) f(a,a)=0.

(IV) (A—q)f(z,2) =0 for 0 <z <7z <a.

(V) (A= q)f(0,7) =0 for 0<z < a.

(VI) There exists a locally bounded density for h such that

I°f(z,2) = 6(z) forall 0<Z<a,

where T'? is given by (6.15). Then,

flx,z) =002 (2,%), for ©<Z<a and Z > 0.

taz,a
PROOF Let \7, K be the right-continuous modifications of V%> and K°. Define
T__n::inf{tEO:\Z<—n}, T.r ::inf{tZO:XZ>a}
and

= 1
KT :—inf{tZO:Vt<—}.
n

3=
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Since V is greater or equal to zero, then T'=7_, A 7,7 A k] 1= =7 A /<al By condition

M, r e S na)x[L a) and since V and V are semi-martingales and as V is a continuous

process of bounded variation, then we can use Corollary and get that
e f(Vinr, Vinr) = £(V, Vo)

tAT . — tAT af . — .
[ e e Vo ds s [ e L@ T v,
0

+ 0+ Ox
tAT af P — — 1 tNT 82f Y = - ~7cC
+/0+ = == (Vi ,V)dvs+§/0+ et = 5 (Ve ,V)d[V,VL
_ of = }
+ = [ Af(V.,V, Voo, V) AV, |
pop 10T - ST

where we use the notations: AV, = V, — V,- and for a stochastic process Z, (Zj)c =

Z, — > cucs AZ,.

Note that,

AF(VL V) = f(Veo + AX, + AR, V) — f(Ve V)
= f(Vo + AX,, V) = f(Ve, V)
b (Ve + AX, + AR, V) — f(Vee + AX,, V).

Also, note that

[‘N/, ‘N/} o, (6.18)
Now using definition of the operator A in (4.8)), (6.4) and (6.18]), we get
efq(t/\T)f(Vt/\T, Vt/\T) - f(%a ‘70)

tAT I tAT of ~ = ~
= Minr + / e (A—q) f(Vso,Vy)ds + / e =V, V,)dK
o+ o0t Ox
+ Y e*qS{f(f/sf +AX, + AR V) — f(Vee + AX, V) — ngZ V. )Af(s}
0<s<tAT

b [ e [T Tn a0 - T a0 R, o)

where Myar is the sum of the two zero mean martingales M}, and M2 given re-

spectively by

tAT af~ —
M1 - —qS_‘/S_’VS d
b= | e

X, — ps — Z AXu]-{AXu|>1}] ;

O0<u<s
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and

s ~ =~ ~ = a ~ =~
ME/\T = Z e 1 {f(‘/s— + AXS7 Vs) - f(‘/s—a Vs) - a_i(‘/s—a Vs) AXS 1{|AXS|§1}}

0<s<tAT
tAT

/0+ e*qS{f(V, V) — [V, V) +0 g—i(fis, V) 1{0<9§1}}u(d0) ds.

_ N
Since the last integral in (6.19) is counted only when X + K = (X + K), which is
by Lemma [6.2.2, when V= ‘7, and by (6.15)), then we can rewrite the expansion in

) s

€_q(tAT)f(‘N/tAT7 ‘7t/\T> - f(‘N/m ‘70)

tAT . — tNT af " — "
M+ / e (A — q)f (Voo V) ds + / =9 T)dR,
0 0

+ + ox
B ~ ~ = ~ = af ~ = ~
v Z:ewP@;+A&+Amww—fmr+mayg—%ﬁ@J@Am
0<s<tAT
_ / e [P0A(V. V)] d(x + ), (6.20)
o+

On the right hand side of ([6.20]), by conditions and ([V]), the first integral term
vanishes. Use condition (VI)), and combine the second integral term together with the
last term of the summation term in (6.20) and use that (I?S)C = K, — > 0<us<s Af?u,

we get
€7q(tAT)f(‘ZAT7 ‘7t/\T) - f(‘707 ‘70>

tAT af ~ = ~
= Mnr + / e = (Vi V)d(K,)°
o+ ox

£ Y e [f AKX ARLT) — ST+ AXLT)

0<s<tAT

- / R 5(Vs) d(X + K).. (6.21)

+

Since (X + K) = (X + K9), then V = 7™ We define Vo- = V™ = z, therefore,
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(6.21)) can be rewritten as

6_q(t/\T)f(‘7t/\T; ‘7t/\T) — f(‘~/0> ‘70)

= Mt/\T +/ e_qs (Vg ,V )d(K )C
o © O

+ oy e [f(VSf +AX, + AR V) — f(Vi + AX,, V)

0<s<IAT
— 1%, V0) = £(To-, Vo)

_ / " e 5T dX T &) .. (6.22)

+

Since f(%f,io) = f(z,z), then (6.22)) becomes

1) £V, Vinr) — f<:c 7)

= Mt/\T +/ 67(18 (‘/:9 ,V )d(K )c
v or

+ Y e[V + AX AR V) - (T + AX, V)

0<s<tAT

_ / M e 57 A T R, (6.23)

+

Note first that, if AK, > 0, by the mean value theorem, 3(: {2 — R such that
¢ € (Vi + AX,, Ve + AX, + AK,) C (—00,0) and

HTo + AX. 1 ARLT) — T+ X, T = Ty AR 620

3}
By condition (L)), a—f
T

we are in the bounded variation case, then (I?S)C = 0. In the unbounded variation

(x,y) = 0, for x < 0, this implies that (6.24]) becomes zero. If

case, (K,)¢ changes when V,- = 0, but since for each n > 1, g € C'[—n,a], then
gi (2, Y)]2s=0 = limyto %(m, y) = 0, and hence this term equals zero.

Take expectation in . Note that, since V is greater or equal zero and by
conditions on f, ¢ is bounded on [0, a] and V can not go below zero, then we can use
bounded convergence theorem on the left hand side of . So, by letting ¢ and n

go to infinity and using the monotone convergence theorem on the right hand side of

(6.23)), after taking expectation, and by condition that f(a,a) =0, we find that

f(2,8) = vt (2, 7). (6.25)
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The next point is to guess the candidate expression of vf;f:a (z,Z). We use Lemma

. First, by ,

flo,7) =02 (z, 1) =

tax,a

Z(q) (1’) 4,00

7(q) (ZZ’) Utax,a(j7j)- (626)

Then, we use (6.26) and that f satisfies conditions and (), so we get the
following ODE

g 6,00 1 Z(q)/(‘i‘) 8,00

Voo alT o@)
)Z(q)<f) tax,a )

1—4(z)

T)=—

&I

with the condition
b (a,a) = 0.

Utax,a

Thus, solving this ODE by integrating factor method, we can find that

Vi (T, 7) = X { / 1 —1(5(3) ?(Z)),(f; ds}
z Y @) (g
X {—/a exp {—/a 1 —15(3) i(q)((s))ds} 1 f(gzy)dy + C’},

where C' is a constant. To find it, we use the initial condition and find that C' = 0.

Therefore, we get that the candidate expression should be

oo oy Z0a) [t 1 29 Y5
Utax,a( ) ) - Z(q)(f) /:1: p{ \/x 1— 5(8) Z(q)(S) d } 1_ 5(y) dy (627)

In the next theorem, we prove that (6.27]) is the correct expression.

Theorem 6.2.4 For &z > 0, let § : [Z,00) — [0,1) be a natural tax rate function
such that 1/(1 —6(s)), for all s € [T, 00), is locally bounded. The net present value of

tazation for the process V&>, for all x < T, is given by

Boo( s oy _ Z(q)(x) Ooex B Y 1 Z(q)’(s) ) 5(y)
Vtaz ( ) ) - Z(Q)([f‘) /z p{ /:E 1— 5(8) Z(q)(s) d } 1_ 5(y) dy (628)

PRrRoOOF Let

N 1 Z9(s) oy)
@) = Z<q>(a:)/z eXp{_/z L—d(s) 29)(s) ds} = d) "
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which can be written as

h@):ﬁ@)e}‘p{‘/jl—l(>Z<q/<<j>) }
a y ZW@ (s
x/x eXP{_/a 1_1() ((s))ds} 5<yz )dy.

We only need to show that f satisfies the conditions in Lemma |6.2.3, then by (/6.25))

and taking the limit as a goes to infinity, the statement is proved. By assumption on
1/(1—4(s)), and the properties of the scale functions mentioned below Theorem [2.2.1]
it is clear that for each n > 1, g and h satisfy the first and third conditions in Definition
4.1.1] on [—n,a] and [, a] respectively. For the second condition of Definition m,
it is true that there exists A > 0 such that s — [ Z@(s — 6) v(df) is bounded on
(—n, a) for each n > 1. This is because, by choosing A = a, then § > A = a > s. Thus,
s — 0 < 0 which implies that Z@ (s — ) = 1, and from the definition of Lévy measure
(see [9, p.29]), v(e,00) < oo for all e > 0, the condition is satisfied. So, condition
is verified. Since g(x) = 1 for z < 0, then (II)) is satisfied. Also, as h(a) = 0, then
f(a,a) = 0, this satisfies condition (III). By the martingale property and [50
p.193], we have that for x > 0

(A—q)f(z,7) = h(z) (A~ 9) 2"V (2) =0, (6.29)

which verifies condition ([V]). By continuity of Z @ right-continuity of Z@’" and Z(@”
at 0,
(A= q)f(0,7) = h(z) (A~ ¢)Z'?(0) =0,

which verifies condition ([V]). For the last condition in Lemma [6.2.3] since

IT)|_, — 20 (@) (s, (6.30)
and
L)), = 20 K3, (6.31)
where
1 d(x)

o C 29\ 29
' eXp{_L 1—8(s) ZW@(s) ds} [Z(q)(f)PA(x), (6.32)
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A@»:mep{—lfl_g@)ﬁgg}m}lf%@fw

By (6.30), (6.31)) and (6.32) we find that I’ f(z,2) = §(z) for all 0 < Z < a.[]

and

6.2.2 The injection value function

As the title explained, we find in this subsection the expected accumulated discounted

capital injections for the natural tax process with forced bail-out, V. It is given by

T%L o0
/ e 4 dK? / e e dKf] :
0 T;

vi‘i’l?o(x, T)=E,z

+ ]E:r,i"

From [10, p.12], we find that

T | s, W0 Z9@) [, (07
/0 e dKS]_ 2w - S e [z @+, ] (6.33)

Em,f

where Z'% (z) = [ Z9(r)dr. Then, similar to (6.16),

/ et 4K
o+

E:L‘,CE - (O

therefore,

7(a) (7)

T Zo@)

VS (T, 7). (6.34)

For convenience of calculations, we consider first that + < z < a and find the expression

of
T
/ e dK? |,
0

then we can take the limit as a goes to oo in order to get the required expression in

00 (2, %) = Eg s

inj,a

(6.14). With similar steps to the previous section, we can find the net present value

. . . 5700
of injections, v;

inj » as follows.

Lemma 6.2.5 Let V> be the natural tax process with forced bail-out given in (6.4).
For fized a > 0, suppose f is a function with domain Dy = (—oo,a] x (0,a] and

satisfying the following conditions:
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(I) Foreachn > 1, f € 8, yx1 4 Such that f is of the form, f(z,Z) = fi(z,Z) +
fo(z, ), where for eachi = 1,2, fi(x,Z) = g;(x) hi(Z), and each g; and h; satisfy
the conditions of Definition [{.1.1]

(II) For z <0, let f(z,2) = —x + f(0,).
(111) f(a,a)=0.
(IV) (A—q)f(z,z) =0 for 0 <z <z <a.
(V) (A—q)f(0,2) =0 for 0<z <a.
(VI) There exists a locally bounded density for each h; such that
I°f(z,2) =0 foral 0<2z<a,
where T'? is given by . Then,

flz,z) = vf;{fa(x, z), forx <z <a andz > 0. (6.35)

PrOOF We follow the same steps as in the proof of Lemma up to (6.20]). Use
that (I?S)C - K, — Zo<ugs Af?u, we get

e_q(tAT)f(‘ZAT, ‘7t/\T) — f(%> ‘70)

tAT = tAT af =
Myt [ et Ao Voas+ [ e @ Ty
0 0

+ + x

+ oy e [f(f/sf +AX, + AR, V,) — f(Vi + AX,, V)

0<s<tAT

[ e [T T i R

+

Use conditions ([[V)), and (VI), and that f(%f,§o) = f(x,7) to get
e_q(tAT)f(‘ZATa ‘7t/\T) - f(xv i)

tA\T 8f . — .
—Murt [ e STV oaEy
0

+ Xz

+ Y e [ F(Vie + AX, + AR, V) — f(Vie + AXs,ﬁ)] , (6.36)

0<s<tAT

where AI?O = I?O — [?07 such that I?Of := 0. Note first that, if A[?s > 0, by the mean
value theorem, 3¢: Q — R such that { € (‘75_ + AX,, Ve + AX, + Af(s) C (—00,0)
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and

F(Vee + AX, + AK,, V) — f(Ve +AX,, V) = g—i(g,ﬁ) AK,. (6.37)

0
By condition , for any = < 0, a—f(x,:v) = —1, this implies that the summation
x
term in (6.36) becomes —> . ,.p e PAK,. Then the summation term becomes
— Y 0<s<inT e~ AK, — K. If we are in the bounded variation case, then (K,)° = 0,

that is, K, = ZO<u§s Al?u, and hence, in the right hand side of (6.36|), we have the

tAT _
— / e  *dK,.
o0+

In the unbounded variation case, ([?s)c changes when ‘757 = 0, but since for each

integral term

0 0
n> 1,910 € Clomyal, 92 (a9)]acy = gy 52 (2,y)]eco = —1, and therefore, we
A xT

tAT _
. / e~ d(K,)".
o+

Add this term to the one resulted from (6.37)), then also in this case, we have the

tAT _
- [ ek,
o+

tAT " tAT
/ e dK, = / e dK? — K,
0 0

+

get the term

integral term

Since

then (/6.36)) becomes

¢ 1D f(Vinr, Vinr) — f (. )
tAT _
= Miar — / e K + K, — K.
0
Since Kg+ = I?O, then by taking expectation, letting ¢ and n go to infinity, using the

bounded convergence theorem on the left hand side and the monotone convergence

theorem on the right hand side, and by condition that f(a,a) =0, we find that
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The next point is to guess the candidate expression of v . For that, we use (6.35)

and , so that

) o =@ P07 | Z9() [, , ¥'(0F)
o) = gt = -2 - PO 4 T 70 4 )

Now we find that

@ (7 [_ ! (@) (7
gvfigo (.T,f”;c:g-; _ —Z(q)<i’ + Z (37) |:Z(Q) i‘) + ¢ (O_{_)} Z ($) 6,00 [ =

Ox "™ Z@)(z) q + 2@ (7) Uinj,a(xvx)7
(6.39)
and
0 g0 293 [ow,,  V(04) e
a— mJa(x 33)| — Z()(E) |:Z (:B)—l—T +Z (ZB)
ZD(E) 500 - v O 5o, _
N 7(a) (j;) Uinj’a(x’ I) + %Uinj,a(xu J]) (640)

Then, we use (6.38)), (6.39), (6.40) and that f satisfies conditions (VI) and (III), so
we get the following ODE

8 6,00 (= = 1 Z(Q)/(‘f) 6,00 (= =

%Uinj,a(xax)_l —5(z) Z@(z) Uinj,a( )
1 g L Z9@) [Lw,, , ¥(0+)
i@l W T zew |2 O |

with the condition
v (a,a) = 0.

inj,a

Thus, solving this ODE by integrating method, we can get the solution

v (2,3) = /x ) : _15(y) [Z(Q)(y) q)),((y)) <_(q (y) + W(q)ﬂ)]
) eXp{_/: : _1( 7 q)’((:’)) ds} (6.41)
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We consider as the first expression of va > (Z,Z). Then, we can write (6.41)) as

vfr’gz(:i, T)= /: 1_;5@)201)@) exp {— /: ] —15(3) 2((2))/((38)) ds} dy
a (q) Yy (@1

[ = 7o - i gty

% (7(q)<y) i ¢'(0

)

L

- [ v - [ ?<)><(>) dsf
i (7@@) " @) op {‘ / I _15<3> ?<)><(>) ds}'

[ omlf )

where we use integration by parts in the second integral of the first equality to get a

<
Il

ISIRst

second expression of va > (z,7),

vﬁﬁ(naﬁzz{Zwka)+zﬂaHﬁ}eXp{—léal_} Z@yfﬂds}-{zwkx)+-w%0+q

q 3(s) Z@(s) .
a 5(y) (q) ox B Y 1 Z(q)/(s) .
+/x o) @) p{ /x 1= 6(s) Z0(s) " } dy. (6.42)
Since
L )
[ o(s) 1-0(s) "
then

oo {- [ i o)

o= [ izt [ e

@

AU voo§(s) ZW(s)
= ds ;. 6.43
7o / = CEand (049
So, we can use ([6.43]) to rewrite and get a third expression of vlma(:i',f),

which we consider it as the candidate expression.
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That is, the candidate expression for 02

inj, a(:z:, j) is given by
o (3,7) = — {7«1) () + ¢'<0+>}

inj,a

In the next theorem, we prove that (6.44]) is the correct expression.

Theorem 6.2.6 Let ¢'(0+) > —oo and for & > 0, let 0 : [T,00) — [0,1) be a natural
taz rate function such that 1/(1—4(s)), for all s € [Z,00), is locally bounded. The net

present value of capital injections for the process V¥, for all x < Z, is given by

(0, 7) = - {7(‘” () + Wf”]

+ 29 [“ew{- ['125 é <(§>d bl
EAUCI {_/:O : 5(8 Z(q } (6.45)

@) (o an — ’ 5(8) Z(q),<8) S 5(y)
+ Z'9( )/x p{ /x 1_5(3)Z(q)(5)d}1—5(y)dy
o {POH 1 7% "_d(s) Z(s)
+ 2 )(x){ ¢ Z@(a)  ZW(a )}eXp{_/gE 1—0(s) ZW(s) ds}'

We only need to show that f satisfies the conditions in Lemma [6.2.5] which implies

that

and hence,

v (x,Z) = lim vé’oo (x, ).

inj

Note that f can be written as
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where
Y’ (0+)
q

[ ) 2 8w)
%“”‘A p{ A r—&ﬂzwwfi}l—&wdy
V+) 1 270 “§(s) Z@(s)
*{ g zmm>+2@&o}“p{‘é r—&@zwwfb}’
which can be written as

- 2

- [l [ 2

vy 1 7%

mmw{7%@+ },m@z—mezzww,

and

where

113

Now, following the same argument as in the proof of Lemma ([6.2.4), we find that

for each n > 1, each g; and h; for « = 1,2 satisfies the first and third conditions
of Definition on [—n,a] and [, a], respectively. For the second condition of
Definition |4.1.1} we should verify that there exists A > 0 such that s — | /\OO 7(Q)(s —

) v(dh) is bounded on (—n, a) for each n > 1. We choose A = max{a,1},s00 > XA > s

for all s € (—n,a) and hence s — 0 < 0. Since
7(q)(x) = / Z9D(2)dz =z + q/ / W (w)dwdz,
0 o Jo
SO E(q)(x) =z for x < 0. Therefore, we find that

/:07(’”(3—9) v(do) :/:0@—9) v(df) = —/:O(e—s) v(do)

< /:09 v(d6)
< /1009 v(dh),

where the last integral is finite because the assumption ¢'(0+) > —oo is equivalent to

[0 v(df) < co. Since [ Z¥(s — 0) v(df) is bounded below by 0, then we proved

that for s € (—n,a),
‘ / 79 — ) v(d8)] < 0.
by
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For condition ([I)), it is clear that f(a,a) = 0. Since for z < 0, 7(q)(:c) = x and
Z@(x) =1, then condition (TI) is satisfied.

For any = € (0, 00), by (6.29)), we have that

and from Lemma ([2.2.8)) and [I3, p.367 (Step 2)], we also have

Therefore, condition (TV]) is satisfied. Also, by right-continuity of Z(@ and 7z (x),

=0.

and their first and second derivatives, at 0, we see that condition is satisfied.
For condition (VI)), we first find

8f§§§; Z o=z = [91 (%) h1(Z) + gh(x) ha(Z)] |o=z
= —29(@) + 27 () ho(a), (6.46)
and
af(;j; 2 o=z = [01(%) P\ (Z) + ga() ho(T)] |o=s
= Z'9(z) hy(1), (6.47)
where

oy ZW(3) 6(x) © a(s) Z9(s) . o(z)
%) = Zam T o) P {_ / 1= 5(s) Z@(s) ds} A@) - 15 64)
Then, by (6.46)), (6.47) and (6.48) we find that I'° f(z,z) = 0.0J

We conclude this section with the net present value of profit for the process (6.4)),
for any x <z and z > 0,

- ggég /:o eXp{_ /: 1 —15(3) ?(?)((j)) ds} sy
_ TI{— [Z(Q)(I) I M}

q
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Remark 13 Note that, for d(s) =~ € (0,1), and with x =z > 0, (6.49) equals

e 2 [ [ g
_n{— [Z(q)(x) + @Z"(C(]H-)} X Z(Q)(a:)ﬁ/xm {?Z;Ez”mlﬂ) dy}'

(6.50)

We found that agrees with the result of [4, Theorem 2], which can be shown
by a long tedious computations when taking the limit as § — 0 in [4, Theorem 2].
Moreover, also agrees with a recent study in [64, p.14], when we use the first
candidate expression with a constant tax rate ~.

Lemma 6.2.7 Fory € (0,1) and x > 0,

W 1=~ J, [Z9(y) ®(q)

PROOF Let —'— = o and fly) = —Z(q) (z) then f is decreasing and f(x) = 1. Then
1-— y 7(a) (y) ’
[f(y)]® = e @108 /W) Let U = —log f(y), then as
d !/
w_ I,
dy fw)

U has an inverse say y = g(U) so that g(0) = x and g(co) = oo. So, substituting this
and using integral by parts we get that

lim —— / ) [%] " e / RO

70 1 —7y al0
= lim h —oze_“UM
—, o)
_ 1im{ f(g(U)) ool U=

oo\ fg(U)) 770
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Remark 14 From Lemma [6.2.6] Remark [13| and Lemma [6.2.7] the net present value

of capital injections without taxation when x =z > 0 is given by

000, oy _ |7, Y'(0+) AUE
inj(v)_ Z ()+ q (I)(q)

We note that (6.51]) agrees with the result in [4, Remark in p.4]. Also, by using (2.10)),
it agrees with [10 (4.4)].

(6.51)

(Y

6.3 Optimal control problem

In this section, we solve the optimal control problem that we introduced in (6.2)).

Lemma 6.3.1 (The verification lemma)
Let V™ be a tax process with forced bail-out as given by (6.1). Let # := (H,K)
be an admissible policy such that, for each n > 1, v* € Sienpx[Ln)- duppose that vt

satisfies the following conditions:
(I) v*(z,z) = nz +v7(0,7), for x <0,
(II) (A—q)v™(z,2) =0, forall 0 <z <z,

(IIT) (A—q)v™(0,z) =0, forall 0<z,

(IV) There exist Radon-Nikodym derivatives %L and a—v_ such that
T T
o™ o' _
H—y(z,z) — (1 — H)%(x,x) > H, forall H€[a,B] and all > 0.

O

(V) %(w,x) <mn, foral 0<z<7Z.
Then, v™(x,z) = v*(z,7) for all x < Z and T > 0.

PROOF Fix 7 := (H,K) to be an admissible strategy. We let V and K to be the

right-continuous modifications of V™ and K, respectively. Define
T__n::inf{tZO:‘N/t<—n}, T: ::inf{tZ():‘N/t>n}
and

1
n n

= 1
K7 ::inf{tZO:Vt<—}.
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Let T = 72, A77 A /il =75 A /il, as V always greater or equal to zero. Since
V™ € Sonlx [ ) V and V are semi-martingales, and as V is a continuous process of

bounded variation, then we can use Corollary to get that,

€_Q(MT) Uﬁ(vt/\T» §tAT) - Uﬁ(?/o, 50)

tAT tAT a,U
:/ —ge v (T, V)ds+/ e L (W V)t
o+ o+ 81’

tAT Nt ~ = = 1 [INT o2t ~ = ~ ~7c¢
—qs Ve, V)dVy+ = E—(V,_,V)d |V, V
+/0+ c (%( ) +2/0+ ‘ 8x2( ) [ L
L~ = W'~ =~
+ e B IAV(V,, V) — —(V,_, Vi) AV, | .
5 e [T - G T T

since

AV (V, V) = 0™ (Ve + AX, + AK,, V) — 0™ (Ve V)
— Uﬁa/;;— + AXS,ﬁs) - v’%(‘N/&q;S)
+ 0" (Ve + AX, + AR, V) — o (Ve + AX,, V).
Also, note that
v, ﬂ = o%s. (6.52)
Now using the operator A definition in , and , we get
1D (T, Vinr) = v (Va, Vo)

tAT L = tAT ot o~ =
= Mnr + / e (A—q)v™(Vs_,Vs)ds+ / e —(V,_, V) dK,
0+ 0+ Ox

e = avﬁ' ~ == ~
+ 3 e { (V- + AX, + AR, V,) — (VSerAXS,VS)—%(VS_,VS)AKS}
0<s<tAT
[ e [ Vom0 Vo0 - a0 R,
o+ (9 al’ s

where Myar is the sum of the two zero mean martingales M}, and M? . given re-

spectively by

) tAT s avfr . —
M, r = i e %(Vs_,vs)d X, — s — Z AX 1yax,>13 ] >

+

0<u<s
and
—gs [ 717 b2 vV W'~ =
MtQ/\T = Z e ! {U (‘/s— + AXsa Vs) —-v (‘/8_7 Vs) - a_x(‘/sfa Vs) AX; 1{|AX5\§1}}

0<s<tAT

tAT =~ o~ = 31}7} ~ =~
/ / e Lo (Ve = 0,.V,) 0 (Vi V) 40 (Ve V) Lgcpny J(0) ds,
o Jor ox -
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where we used the Lévy-1to6 decomposition (2.3) and the compensation formula in

2.1.5| respectively. Then, use that (IN(S)C =K, — Y 0cu<s AK,, and get that

e_q(t/\T)Uﬁ (‘Z/\Ty it/\T) — 7 (‘707 §0)

tAT = tAT ot ~ = N
— Mo+ / e (A — q) v (Vie, ) ds + / e T VAR
0+ o+ Ox
£ e [+ AX ARV — (T + AX, T

0<s<tA\T
— [" (Vo Vo) = 0" (Vo V)|

_/OiATe—qs B_f(v v )HS—%(V ?9(1—1{9] dX +K),. (6.53)

Since v’}(%f,ﬁo) = v™(x,Z) and by Lemma |6.2.2] the last integral in (6.53)) is counted
only when V =V, then we can rewrite (6.53) as

tAT —

v (2,3) = —Mong + e 9D o7 (Vo Vorr) — / e (A—q)v"(Vi_,Vy)ds
0

+

tAT avﬁ— . — .
- —qS_V;_,VS szC
[ USSP

-y e [m(?;f FAX, + AR, V) — vt (Ve + Axs,i)}

0<s<IAT

tAT o™ = == 81}7% = = —_—

VS,VH —(Vs_,Vo)(1 —Hy) | d(X + K)..

b [ e | T Tt - ST T - )| aX ),

Use that v™ > 0, conditions , and , then we get
. tAT avfr . — "
v (x,T) > —Mar —/ e ¥ —(Vio, V) d(Ky)°
o0+ 6x

— Z e [vﬁ(f/sf +AX, + Af?a?s) — v (Ve + AX87§8)]

0<s<tAT

tAT -
+/ e " Hd(X + K),.
0

+

Note first that, if AK, > 0, by the mean value theorem,

wr —

(Ve + AX, + AR, V) — 0" (Ve + AX,, V) = %(g, V,) AK,, (6.54)

) s
where ¢: Q — R. If ¢ < 0, then by condition (f]), we have that ai(g“,y) =7, and if
x
¢ > 0, then we can use condition . In both cases, this implies that the summation
term becomes

Y AR =y Y AR, -k,

0<s<tAT 0<s<tA\T
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If we are in the bounded variation case, then (I?s)C =0, that is, K, = Y 0<cu<s AK,,
and hence, in the right hand side we get the term

tAT _ ~ tAT
-n {/ e PdK, + KO} = —n/ e PdK,,
0 0

+

and this is because Ko+ = K. In the unbounded variation case, (IN(S)C changes when

1757 = 0, but since for each n > 1, from the conditions on v™ as it belongs to the

, then it is a finite sum of multiple functions g(x)h(Z) such that
o™ o™

g € C'[—n,n], then %(:p,y)]xzo = limg4o a—$(a:,y) = 1, and therefore, we get the

¢AT _
—77/ e Pd(Ky)°.
0

+

space S|

—n,n|x [% ,n]

term

Add this term to the one resulted from ((6.54)), similarly we get the term

tAT
—n / e  PdKs,.
0

Then, take the expectation, let t and n go to infinity, and by monotone convergence
theorem we get that

v (2,7) > B,z {/ e PHAX + K)s — 77/ eqdesl :
0 0

+

That is, we proved that for any 7@ € II, and for all 0 < = < z, v™(2,z) > v (2, 7).
Hence,

v (z,7) > supv™(x,Z) = v*(z, 7).
#rell

Since from the definition of v*, we have that v™(x,z) < v*(x, ), therefore, v™(z,z) =
v¥(z,z) forall 0 < z < 7.

For the case (0,z), where z > 0, since v* is an increasing function in the initial
capital and as v™ is right-continuous at (0, Z) by the assumptions, we have the following:

* 7) < 1 * 7\ < 1 s 7) — o7 7).
v*(0,7) _I;E)w (x,Z) _1351011) (x,2) =v"(0,2)

Hence, the proof is complete.[]
Next, we find the expression for the net present value of profit for the process V>,

when the tax is given by the piecewise constant function (the (o — [)-tax strategy

at level b) defined in (j5.5)).
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Case 1: a=0and >0

By (6.49)), we find that for the case 0 < z < b, the value function o™ (x,Z), where
= (6*, K%"), is given by

b Z(q (x) Z'\D(b) /4=
T T d
)= o 17 lz ol

77{ 79 () - 0") 70 1_5/ {Z(Q)Zr/( )dy}’

and for the case 7 > b

”W(x’j)zzq z) iﬁ/ [ ﬂ - B)dy
(q)( - W (0 )+Z(Q)( )% /;O {?q)(j)r/(lﬁ) dy},

<

|
3
/—’H
N

@ (y)
That is,
v (2,7) = Z9 () O(bV 7) + 1 {Z(q) (z) + Wsw : (6.55)
where
cw) = 15 [290) " / T 1z90)] Y - 29)) dy.

Note that, since > 1 and Z(@ (y) > 1, C(b) <0, moreover, we have that

i _
pm C0) = -3
Indeed,
B _[Z(q)(b)]—l/(l—ﬂ) +77[z(q)(b)]—ﬂ/(1—,8)
e ey VAT DIl VATH 1)
y 1 Z9(b)
T e | 2@ () " 7@ (b
_
®(q)

This means that if we never reach the level b, then we only have bail-out and hence
the value function (6.55)) agrees with the net present value of injections in a previous

literature as we mentioned in Remark [14] Also, we can find that

: B Z9()
®) = 1"5700)

C(b) — Q)]
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1 —nZ9D(b)

where Q(b) = 70 ()

Case 2: a > 0.
By (6.49)), we find that for the case 0 < z < b, the value function is given by
) (@) b z@ (7)Y 0
Uﬁb@’j) _Z (9:") o / Z\D(x) dy
Z(Q)(;p) 1—o /- Z(Q)(y)
Z(q) RN O IAR RS
Iy 01"
15 b Z@(y)
o 0+ b1z (1-a)
_n{_z@(@_w >+Z { a [ () 1 "
T y)
e 6 b Z@ (y) Iy
For the case > b,
/(1-8)
L )
—_— d
—p () /

—77{—7(‘1)(@ ) | zoa 1_5/ { er/(l ﬂ)dy}'

By some easy calculations, we can rewrite the value function as

H

(0% 1

v (e,7) = [290()] 1 20 <x>{ el A (R A

+ OV z)} +1 {7“1)(3:) + W;w , (6.56)
where
C) =12 [200) " [T 200)] 0 1= 20 dy
e fa) /boo [29()] " 1= nZ9(y)] dy. (6.57)

Remark 15 If we let o | 0 in (6.56)), then we can see that the value functions in

(6.56)) and (6.55)) are equal.

Also, we can find that

(¢)
0’<b>:( Lo )Z ®) 10t - Quy, (6.59)
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where
(9) o
Q(b) = §<q>'((lz)))) (209 (b)] /(1) [1—nZ@(®)]
_ q iza> /boo [Z(Q) (y)}—l/l—a {1 _ nZ(Q)(y)} dy. (6.59)

Lemma 6.3.2 Let ¢ > 0,
a* = inf {a > 0: G(a) == [nZ9(a) — YW (a) — ng[W'?(a)]* < 0}, (6.60)

and let Q) be given as in (6.59)). Then, a* < oo and Q is strictly increasing on (0,a*)
and strictly decreasing on (a*,00). Furthermore, forn > 1, if v(0,00) < q¢/(n—1) and

o =0, then a* = 0; otherwise a* > 0.
PrROOF First, note that

z (q)"(“)Q [1—nz@w)] [29w)] " (6.61)

, 0/ \1—a/(i-a)
Q'(u) = —n [Z9(u)] T 2@ W)

which can be simplified as

Q' (u) =

G(u), (6.62)

where G is defined as in . We are going to use the same argument as in [10] pp.
15 and 16]. Let 7, := inf {t >0: X, — X, > a} and

. g[W'9 (a)]?
A(CL) = ]Eo[e a4 ] = Z(Q)(a) — WT’(@)’
where the last equality is given by (3.10) in [I0] with y = 0. Then, as a +— 7, is
increasing with lim, ,,, 7, = oo almost surely, then A(a) decreases to zero almost

surely as a — oo, and hence [nA(a) — 1] decreases to —1 almost surely as a — oo. We

can rewrite G(a) as

G(a) = [nA(a) — WP (a).

Note that, W@ (a) > 0 for all a > 0, therefore, if G(0%) < 0, then [nA(0%) — 1] <0,
which implies that [nA(a) — 1] < 0 for all @ > 0, and hence G(a) < 0 for all a > 0.
If G(0%) > 0, as G is continuous and lim, ,,, G(a) = —oo, then by the intermediate
value theorem, G(a) = 0 has a root in (0, c0), which proves the existence of a*. Since
A is decreasing, this implies that G(a) < 0 for @ > a*. If a* > 0, then G(a*) = 0,
and by the definition of a*, G(a) > 0 for 0 < a < a*. Consequently, from (6.62),
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the statement of the lemma is proved. Furthermore, since both W@ (0*) > 0 and
W@(0%) < oo hold true if (0, 00) < oo and ¢ = 0, then by easy calculations we find
that G(07) < 0 if and only if both 0 = 0 and v(0,00) < ¢/(n —1).0

Lemma 6.3.3 Let b* = sup{b>0:C(b) > C(s) foralls>0}. Then b* < co and

C' is strictly increasing on (0,0*) and strictly decreasing on (b*,00).
PROOF First, b* < oo since we have that

e =

Indeed,

)] I = nz@(y)] dy

lim C'(b) = lim b /

btoo btoo 1 — (b)]l/(l—a)—l/(l—ﬁ)
1 W@ (b)
= Cnjim {[z(q)(b)]a/u—m} {W(qy(b)]

=0,
where C' is some constant. From (6.58]), we have that
C'(b) > 0(< 0,=0) if and only if C(b) > Q(b) (< Q(b),= Q(b)), (6.63)
and hence, the rest of the proof is like the proof of Lemma [5.2.5.[]

Remark 16 We can prove by simple calculations that

1 fﬁ[Z(q)( )]~/ A=8) [1 — UZ(q)(y)} + [ 2D (y)] /=)

- (2@ (y)]~#/(1=8) s ’_[Z(q)(y)]fﬁ/(lfﬁ) [1—1nZ9D(y)] Z@" ()
- (g o) 2P

(6.64)

For b* > 0, we have that C'(b*) = 0, then by (6.63)), C'(b*) = Q(b*), which implies that

B[ @y -(1/(1-5) A .
m/b (20(s)] [1—nZ9D(s)]ds = AOI(D) [1—nZ90").

(6.65)




CHAPTER 6. NATURAL TAXATION WITH FORCED BAIL-OUT 124

By (6.64)), we have that

B [T i@ VD @ eyds
s [ 206 - gz

*

[Z(9) (b)) A/0=5)) o)/ % (29 (5)]B/0-A)[1 — Z(q)(s)]Z(q)”(s)
=gy 02w 2 -

_ n/m[z(Q)(s)]—ﬁ/(l—B)ds_
b

5

By (6.65)), we get that b* is the unique solution to

/b*oo{[z(q)(s)]ﬁ/(lﬂ)[l _ nz@(s)]% n W[Z@(S)]—ﬁ/(l—ﬁ)}ds ~0. (6.66)

We can see by Lemma (/6.3.2)), and by finding the derivative and using (6.61)) for the
left hand side of , we can see it is a strictly increasing function in b*. Then, the

existence of a unique solution b* > 0 is guaranteed by the condition

/OOO {[Z(q)(s)]fﬁ/(lfﬁ)[l — nZ(Q)(s)]% + n[z(q)(sﬂfﬁ/(lfﬁ)}ds < 0.

Since b* < a*, then a* = 0 implies that b* = 0. Therefore, we find that b* = 0 if either

a* = 0 or the following condition is satisfied:
oo Z(q)”( s)
(D ()78/A-8)1 _ 7@\ 2\ (@) (&)1—B/(1=5)
| {1z =0z ) S a2 ) s >
Remark 17 We find the partial derivatives of v™ (z, Z), given by (6.56) as we will use
it in the proof of the next Theorem.

o™
ox

«

(2.3) = 2(@) (20 @)/ {2 T2 )00z )y

l—«

+C(bv yz-)} +nZ9D ().

4
Fi(z,z) if 0<z<b
™
" 0,) =
Fy(x,z) if 7> b,
\
where
. o " Z9) i@ mara-ay [ 1@y —1/0—a) @
R = (12) ZoBaw@izo@) o [T zow oo - o)
a ZW9(x)

[Z(q)’(j)[Z(‘J) (2)] A= (b) + 2D (7) — 1} ,
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and

Fy(z, 7) B Z(q)ga?){ B Z(Q)’(j)[Z(‘ﬁ(j)](ﬁ/(l_ﬁ))/M[Z(Q)(S)]_(l/(l_ﬂ))[l_T]Z(Q)(S)]ds

T 1-pz@@@\1-5 2
+Z9(7) — 1}.

Theorem 6.3.4 Let ¢'(07) > —oo, 6° as defined in (5.5) and b* as given in Lemma

then 7 = (5b*,K‘5b*) is an optimal strateqy and v™ s the optimal solution
for ).

PRrROOF We need to prove that o (z, ) satisfies all the conditions of Lemma m
First, using , and by similar arguments to the proofs in Lemma and
Lemma , with using n instead of a, we can show that for each n > 1, €
Slenalx[ ol

Condition /. By , we can verify this condition easily.

Conditions /] and III. For 0 < = < Z, we show that (A — q)v’rb* (z,z) = 0.

Recall that, for any x € (0,00), by (6.29)), we have that
(A—q)Z29(x) =0, (6.67)

and from Lemma ([2.2.8)) and [13, p.367 (Step 2)], we also have

(A—q) | Z9) + @ ~ 0. (6.68)

Also, we use right-continuity of Z(@ and 7 (x), and their first and second derivatives,
at 0, to have (6.67)) and (6.68|) valid at x = 0. Therefore, by the definition of A and
(6.56)), for (z,z) with x > 0 and such that z > 0, we have that

~ (A-9)2() { Z0@p {2 [T O] -2 )y
+ (b v;z)}} + {(A— 9) [Z‘%) + w/(sﬂ] } =

Condition V. Show that
o (z,7) + (H — 1)8“6* (z,2) > H, forall H € [a,5] and all 7 > 0.

ox T
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For 0 < Z < b*, this condition is satisfied for v™" (x,z) and for H € [a, 8] when

—b* —b*
ov™ ov™

H e (z,z)+ (H —1) o

(z,z)— H >0,

which by some calculations is satisfied if and only if

[amb* (@3, 1] [H - a] -

ox l—a| —

Since H € [a, ], it is always true that

H—«
1l—«

K

so in order to have the condition satisfied, we should have that

o™ (x,7)

Ox
For 0 < Z < b*, and by Lemma C’(z) > 0 on (0,0*]. By , C'(z) > 0is
satisfied if and only if C(z) > Q(z), but as C(b*) > C(z), then we get that C(b*) >
Q(z). By (6.59), we have that

|x:i Z 1

C(*) = Qz)

—

{Z(q)’(x)[Z(‘I) (j)]a/(l—a){ o /m[z(q)(s)]—l/(l—a)[l —nZ9D(s)]ds + C(b*)}

1—Oé T

+n2<q>(x)} > 1,

where the last inequality is
o™ (z,)
Ox
That is, v™" (x,7) satisfies [IV|for 0 < z < b*.

|x:a_c 2 ]-

Similarly, for z > b*, condition [[V|in the verification lemma is satisfied for v™" (x,7)
and for H € [a, 5] when

* *
b b

ov
0T

H(%

mﬁ&@+@—n

(z,z) — H >0,

which by some calculations is satisfied if and only if

oy, [122]50

ox 1—-6 ]~
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Since H < f3, the last inequality is satisfied if and only if

*

o™ (x,T)

5 lo=z < 1.

Now, by Lemma and as > b*, we have that C'(z) < 0. By (6.63)), this is

equivalent to C(z) < Q(z). By a similar argument to the first case above, we can do

*

o™ (z, 1)

the calculations and prove that C(zZ) < Q(z) if and only if 5
T

o™ (x,Z) satisfies [IV|for z > b*.

l.=z < 1. Hence,

Condition V. For 0 < z < z, show that

o™
<
pe (z,7) <7

Recall that, for 0 < z < 7,

o™ «
7\ — 7(q) (@) (7\10/(1=a) ) =
V(o) = 29()[29(2) {1_a

/ 129 ()01~ 20 )]y

+C(b* v x)} +nZ9(x).

o™

We fix z and show that

(x,Z), in the  variable, is strictly increasing on (0, b*)
and strictly decreasing on (b*,00), and hence has it’s maximum at z = b*. For that,
we compute the derivative, use and , and by some easy calculations we
find that for z € (0,b%):

—o v @' (3
= T (8393 W”) — i 2@ ) - Q). (069

From Lemma and (6.63]), we have that C'(b*) > C(z) > Q(z). This implies that
_p*

o™
is greater than zero and hence v
x

(x, ), is strictly increasing on (0,*). For

T € (b*,00),

- o @) (7
R = (aaa: (“”"f)) ) Z(q)((x)) ZD@) @) - @), (6.70)

so from Lemma [6.3.3, we know that C'(Z) < 0, which is by (6.63)) if and only if
o™
C(z) < Q(z). This implies that (6.70]) is less than zero and hence v

(x,Z) is

strictly decreasing on (b*, 00).
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Now for b* > 0, recall by Remark [16] that

0 _1/(1— (@) (p*)]—8/(1-8)
2 [ 1) 1z egas = EEE S - gz,
(6.71)
Then,
) - n] WO ) < [ag; () - ’7] WoE)
(@) (p*
= W) W) 200 ) 1= 20w

+ 29 (z) — WD)

<0, (6.72)

where to get the second equality, we used , and in last inequality, we used that
n > 1 and Lemma As W@ (b*) > 0, we conclude that condition is satisfied
when b* > 0.

If b* = 0, that is for x > x > 0, recall first that

o™

ox

(67

l—«

(w,2) = Z29'(2)[29 ()] (1‘“){ / "2 ()0 = 2 (y)ay

+C(0vV f)} +nZ9(x)

— 7@ ()[7@ (x)]a/u—a){i

1—a /:O[Z(Q) ()]~ =02 (y)ldy

+ (J(:p)} +1Z9D ()

(07

< Z(Q)’(x)[Z(Q) (x)]a/(l—a){ T

[ 29w - gz )y

+ Q(ﬂf)} +nZ' ()
[

1—nZ9 ()]

= 2(2) 7 (z)

+0Z9(x),

where in the third inequality, we used (6.63), C' is strictly decreasing on (0, 00) and
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(6.59). Therefore, as W@ (z) > 0, then similar to (6.72]) we have

which completes the proof.[]



Chapter 7

Natural Taxation with a limited

bail-out

7.1 Introduction

In some situations, the tax authority may decide to stop providing bail-outs to a
financially distressed company. One of the reasons is that, it could be a huge expense
for the tax authority to continue bail-outs without a promise of having a solid return in
tax revenue. This may bring large amount of losses for that tax authority, and which
makes the best solution is to stop bailing out the company and declare its bankruptcy.
The tax authority would want to know, in that situation, what is the value of its net
profit. In the context of dividends, a recent article studied this problem, which is
[22], and found the maximum firm value in that case under the setting of a spectrally
negative Lévy process. In this chapter, for the first time in literature, we study the
natural tax process V%> with a limited bail-out at a parameter ¢ < 0.

Recall first the process V> given in Chapter 6 satisfying

t E—
VI = (X4 K- [ 87T X R, ez 0

s
0+

Also, recall that 7,7 = inf {t >0: Vté’Oo > a} for @ > 0 and for ¢ < 0, let 77 :=
inf {t >0: Vt‘;’oo < c}. We study here the process V¢, which is the natural tax

process V%> with a limited bail-out at a parameter ¢ and denoted by:

Vo= v (7.1)

- tATe

130
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Note that, even though Vt‘ioo, the right-continuous version, is always greater or equal
zero, the process V%> actually attains its overshoots and therefore the time at which
it drops below c is actually observable from its path. So, for V%~¢, bail-outs or capital
injections are only allowed if the amount of ruin is above or at level ¢. Once the
ruin level is below ¢, then the government stops bailing-out, which incurs some ruin-
dependent loss in the revenue and which we call penalty. Define a penalty function,
P: R — R, and we assume throughout this chapter that P is bounded. The net profit

value function of the process (7.1) is given by
'U(S’_C@j?i) = Ufé;c(.f, f) -1 v&_c(x?i) - Eﬂﬁ@ [e_qT;P(Vfioo)]‘{Tc_<oo}:| ) (72)

inj

where > 1 is a bail-out cost factor,

V2 (2, 7) = Bps

| e ate s m)s] ,
0

+
|emans].
0

Note that, in this chapter, we derive new fluctuation identities which will be used

and

vp (2, 7) = Bu g

inj

through the steps of finding the net profit value function for the process V%~¢, while
in Chapter 6, we used the corresponding available results from [I0]. Our main results
are as follows. For the reflected Lévy process in [c,Z| and Z > 0, we state and prove
Proposition which we call the two sided exit problem. Further, Proposition

gives the expression of the expected accumulated discounted amount of capital

injections before taxation starts in the model. Theorems [7.3.5] and [7.3.8, under the

assumption that X has a positive Gaussian coefficient in the unbounded variation case,
give explicit expressions for the net present value of taxation and capital injections,
respectively, for the process V%~¢. Also, under the same assumption with the addition
that P is a bounded function, Theorem [7.3.11] gives the net present value of penalty
for Ve,

This chapter is organised as follows. In Section 7.2, we prove our new results
for the reflected Lévy process from below at zero, provided that the crossing-down
level is above or equal c¢. In Section 7.3, we find by our approach each term of
separately. We also verify that when we take the limit of ¢ | —oo, they agree with

the forced bail-out results in the previous chapter. Moreover, we show in this section



CHAPTER 7. NATURAL TAXATION WITH A LIMITED BAIL-OUT 132

through Corollaries|7.3.6{and [7.3.9] the advantage of our approach in finding the value

functions. Our approach leads us to prove that our new results in the second section
are also valid in the unbounded variation case without the need of an approximation

scheme, like for example the work done in [49].

7.2 Reflected Lévy processes

In this section, we give some results for the Lévy process reflected at its infimum,
defined as, for t > 0, V; = X; — I; where [; = info<s<;(X5 A 0). We will use these

results in the next section. Define

T, :=inf{t>0:Y, <c},
and

TH=inf{t>0:Y, >a}.

Recall p; :=inf{t > 0: X; < ¢} and p} :=inf {t > 0: X; > a}, then [4I, Theorem 2]
gives the analytic expression of the overshoot for the process X by choosing a suitable

extension f,

where we recall (4.10)),
! 0-2 "
Af(y) = nf'(y) + 5 ()
4 [ 1= 0) = )+ 07 () Lococ] w(d6).
0
Also, we recall the functions [ and [’ that we introduced in Chapter 4. Let [ :
(0,00) — R be given by

l(z) = (A—q)f(z), where f(z) = 2150},
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then we can prove that,
l'(z) = (A —q)g(z), where g(x) = 1{z>0)- (7.4)
Indeed, for x > 0,
(z) = (A= g)f(x)
= pulsop + /[:’ [(z — 0) o501 — 2 Lizm0p + 0 LiasoyLioco<1y] v(d)

—dq xl{zZO}

=+ / [(w — 9) 1{5,;_920} —xz+0 1{0<9§1}} V(de) —qx. (75)
0

+

Then by ([7.5)), for x > 0,

l'(z) = /+ [Les0y — Les0y] ¥(d0) — ¢ Liasgy
0

——/:Oy(dQ)—q

= —V(Z', oo) —q, (7.6)

where we get the last equality because x > 0. Now, the right hand side of (7.4]), for

x >0 is,

(A-q)g(z) = /+ (1m0 — 1oy v(d8) — ¢ 1oy
0

:—/:oy(dG)—q

= —v(x,00) —q,

hence, (7.4) is satisfied. Also, for ¢ < 0, let f.(2) = 2 1{.>¢, and ge(2) = 1>}, then

for z > ¢,

(A—=q)fe(z) = (A= q)fe(2) — c(A—q) ge(2) + c(A = q) ge(2)
A—q)[fe —cge] (2) + (A —q) gc(2)

=l(z—c)+cl(z—0),

(
(

where we use ((7.5)) and ((7.6) such that the last line follows from spatial homogeneity
of A. That is, for z € R, where f,(2) = f(x + 2), we have that Af,(z) = Af(z + 2).
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Remark 18 For z € R such that z > ¢,

lim [I(z —¢) +cl'(z — ¢)] = lim {u (z—¢) /:O v(de) —/:Cey(de) —q(z—2¢)

cl—00 cl- e

| |

|
Q

N
—~
=
\]
~—

Proposition 7.2.1 (The two sided exit problem)

Forc <0< a, z <a, and when X s of bounded variation,

B, [ 1 ey | = & EZ; (7.8)
where J. : R — R is defined by,
Jo(z) = {1 - /Oac I'(z—c)W@(x — z)dz} 1o>a)- (7.9)

PROOF Since we look at the reflected process Y when X is in [¢, a] for ¢ < 0 < a, we

have that

Ex [e_qT;_].{T;r<Tc—}i| — Ea:

— g0~ —q T
T ey | Bl
Poi
+E, [e—qpi 1 {pi<pa}] . (7.10)

For x < a, and by ([7.3)),

E;

1{X ) Lo }]

—E, [e—q/)S gC(XPE) 1{p0 <pF }]

(@ (g
— 0:0) = ) 949
@ (@ (g
+ /0 (A —q)gc(2) [%W(Q)(a —2) = WD(x —2)|dz
(D (g
L CO Y (7.11)
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Use (2.7)), (7.11) and substitute in ([7.10)),

+ (a) X T+
E, [e—qTa 1 {T;<T;}} - [Jc(az) - %”Ea; Jc(a)} E, [e—q 1 {:r;a;}]
W(q)(x)
T W)

Put # = 0 in both sides and use (2.11)), that is W@ (0+) = 1/d in the bounded

variation case,

Bo | gy )

1/d 1/d “ ’ q —qTLf
) {1 T WWa) " Wa) /o (e mamie - Z)dz} . [e Yo erry
1/d
T W)

then,

—q T 1
Bo [ Uy ] = Ty

Therefore, ([7.10) equals,

i (@ (2
By [ 1 e ey | = {JC(CE) Vv[[i@—)Ea; JC(a)] (@) T W@(a)
_ Je(z)

: (7.12)

1 W@ ()

Je(a)

which completes the proof.[]

Remark 19 Note that, by (7.6, taking the limit as ¢ | —oo of I'(z — ¢) gives —q.
Therefore, if we take the limit as ¢ |, —oo for (7.12)), we get the same result as in (2.2.7))

E, [e—qﬁ } - g:i Eg . (7.13)

Proposition 7.2.2 Forc <0 < a, v < a, and when X is of bounded variation,

Ey

Je(a)

TATS

/ e dg] — 0u(x) — P 0 (). (7.14)
0

where Q. : R — R s defined by,

Q.(z) := {x — /Ox[l(z — ) +cl(z—)WD(z - 2)dz| Lizse- (7.15)



CHAPTER 7. NATURAL TAXATION WITH A LIMITED BAIL-OUT 136

PROOF Since we look at the process X when it is in [¢,a] for ¢ < 0 < a, and as

I; = info<s<:(Xs A 0), we have that

T AT
/ e 1% dlI,
0

Ez - ]Ez

—apy
e o ngl{Xp_>c}1{p0 <t}
0

B R S [ ‘”8] '
(7.16)
To find the value of , we use . That is, for x < a,
E e*qan -1
x Po {X >C} {po <pa }]
=E, [6_‘1/’5 fe (Xp—) 1{,00 <ot }}
W@ (z
— ) = i £
+ (4= 080) [redw o —2) - W - 2)
W D (g
= Qulo) = o) Q0 (1.17)

Substitute ((7.17) and (7.11]) in ((7.16)), put = 0, use that in the bounded variation
case W@ (0+) = 1/d, and find by some calculations that,

T AT s _—a+ foa[l(z —c)+cl(z—c)|W@D(a—2)dz
o /0 ‘ dls] - 1— [ U(z—c)W@(a— z)dz
_ —Qc(a)
= e (7.18)

Then, put (7.17)), (7.11)) and (7.18)) in (7.16)) to get the required statement.[]

7.3 Value function

In this section, we find the net present value of profit for the process V*~¢. Moreover,

Propositions[7.2.1]and [7.2.2] are verified for the unbounded variation case in Corollaries

7.3.6{ and [7.3.9, respectively.

For convenience, we will first find the value function ([7.2)) up to some level a > 0,

and then we can take the limit as a 7 co. That is, we will first find

0 (e, 7) = vl (@, 8) = o 2) — Bag [ POV ]
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where

vii;;,ca(xa f) = ECB@ )

TC_/\T;— .
/ 5T d(X + K9),
0

+
Te /\T;_
[ e ar]
0

and

Ui(sr;j_,;(xv 'T) = Ew,a’c

7.3.1 The tax value function

Since the tax starts when x = Z, then by using the strong Markov property of

(Voo Vé’oo), the tax value,

TC_/\T;— -
Vo (,7) = By / e 5(VI) d(X + K°),
0

+

o AT o
177 / e B5(V2®) d(X + K5)S|J-"T_+”
T ‘

T

+
| e9Tz _
Emvl’ € ® 1{T§—<TC—}Ex,a;

I

=
8
8l

TC_/\T;'
/ 5T d(X + K9),
0

+

" g ey B

[ g1t d,—¢C (= =
E%f _6 ats 1{T§'<Tc_}} Utax,a(zax)v (719)

where we used that the process V%>, in the region between level z and level ¢, is just
the reflected process Y.
Recall that for f € Spajxjeq, ¥ € [b,a] and 2z € [c, d],

P 0.) = 5 £(0:2) 8:) = 3£ 2)(1 = () (7.20)

Lemma 7.3.1 Let V"¢ := V:j(io,, for all t > 0, be the natural tax process V> with
a limited bail-out at a parameter ¢ < 0. For fized a > 0, suppose f is a function with

domain Dy = (—00,a] x (0,a], n > 1, and satisfying the following conditions:

(1) f is bounded on Dy, and f € S 4y (L > for each n > 1, such that it is of the
form f(x,z) = g(z) h(Z), where g and h satisfy the conditions of Definition

G.L1
(1)

7a];

0, T <c.
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(III) f(a,a) = 0.
(IV) (A—q)f(x,2) =0 for 0 <x<7Z<a.
(V) (A—q)f(0,z2) =0 for 0<z <a.
(VI) There exists a locally bounded density for h such that
I°f(z,2) = 6(z), foral 0<z<a,

where T is defined in (7.20)).

Then,

flz,z) = 5’776(1,'@), forx <z <a, z>0.

138

(7.21)

PROOF Let (x,Z) be fixed, where + < & < a and z > 0. For ¢t > 0, let Kf’_c =

K% . Let V and K be the right-continuous modifications of V¢ and K%~¢. Let

tATe

TC_:inf{t>0217t<c},7'j:inf{t>0:\~/t>a},and/ﬁ:inf{t>0:§t<%}. Let

T=1 A1 Akr:. By (), f € Siea)x[L,q+ SO We can use Corollary |4.1.3/and follow the

same steps of the proof for Lemma until ((6.20)),

eiq(t/\T)f(‘N/t/\Ty ‘7t/\T) - f(% f)

tAT I tAT of ~ =
“Mupt [ et A= @f T Tods+ [ e ToaRy
0 0

+ +

+ Yy e [f(f/sf +AX, + AR, V) — f(Vie + AXs,i)]

0<s<tAT

[ e [T e R,
0

+

where M is a zero mean martingale. Since (X + K) = (X + K%), then V=

Also, by conditions , and ,

e_q(t/\T)f(‘Z/\Ta ‘7t/\T) - f(xa j)

tAT af - —
- Mt/\T +/ e—qs_(‘/s_’ Vs)d<Ks)C
0 Ox

+

+ Y e [f + AX, + ARV - (Ve +AX,, V)

0<s<tAT

tAT —s
— / e~ 5(VIT) d(X + K°).,
0

S
+

—0,00

1%

(7.22)
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By condition ([I), f(z,z) = f(0,Z) for ¢ < z < 0, then the summation term on the
RHS of (7.22) becomes zero as for each s <t AT,

F(Vee + AXy + AR V) — f(Vee + AX,, V) = £(0,V) — £(0,V,) = 0.

For the first integral term on the RHS of (7.22)), if we are in the bounded variation

case, then (K,)¢ = 0. In the unbounded variation case, (K,)¢ changes when V,- = 0,
0 0
but by condition (II) and since g € C'[c,al, a—f(x,j)LCo = limg4o a—f(x,j) =0, as
T T

f(0,Z) is constant in z, and hence this term also becomes zero.

After that, we take the expectation and get,

tAT
—0,00

Evx [ [ (T, Vi) — F(0.2) = —Eu [ [ e axE .
" (7.23)
Finally, we let ¢t and n go to infinity. By condition , f is bounded. So, on the LHS of
(7.23), we use the bounded convergence theorem and condition that f(a,a) =0
together with that f(z,z) = 0 for x < ¢. That is, this term vanishes. The term
on the RHS of , is the tax revenue, which is monotone in ¢, and therefore, by

using the monotone convergence theorem we get,

f (@, @) = v (2, 7).
U

Remark 20 We are going to attempt to guess an expression for f, by assuming
it satisfies conditions (I — VI) in Lemma [7.3.1] and we will later verify that these
conditions hold in Theorem [7.3.5] In order to guess the candidate expression, we use
and , for x < x < a, so we have that,

Fa,0) = ofihon) = 3 i (.3, (724

where J. as given in (7.9). After that, we use (7.24) and that f satisfies conditions

and , so we get the following ODE,

0 6,—C [~ = 1 Jé('f) 6,—C (= =\ __ 5(‘T)
afvtax,a(xvx) 1 — 5(27:) Jc(f)vtax,a<x7x) - 1— 5(37:)7

such that the boundary condition is

¢ (a,a) = 0.

vtax,a
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Thus, solving this ODE by integrating factor method, we can find that

§,—c [~ =
Utax,ca(x7 'T)

ol [t ] e o}

where C'is a constant. To find it, we use the boundary condition and find that C' = 0.

Therefore, we get that the candidate expression should be

e = oo [ =700

We give here the meaning for a notation before we present some result,

L (RY) = {f : R" — Rmeasurable, for any z > 0,/ |f(y)|dy < oo} . (7.25)
0

Lemma 7.3.2 [17, Lemma 2.4] Let f : R™ — R be absolutely continuous on R™ and
g € L, .(RT). Assume that f' € L}, .(RT), where f’ denotes a version of the density of

loc loc

f, and further assume that f(0+) = limyo f(y) € R. Then the convolution

hy) = / " iy — ) g(r)dr

has a density on R and a version of it is given, for any y > 0, by

Wy) = / "y — ) o) dr + £(01) g().

Lemma 7.3.3 Let 7 > 0 and g(x) be a function on R such that the overshoot expres-

sion ([7.3)) is,
Eva [0 f(X, )11,y | = 9(), (7.26)
for some function f on (—o00,0]. Then,

o~ 4(tApE Nog) g(X

tAp;{ApO—)a t=>0,

15 a martingale.

PROOF We use identity (7.26) with the same argument given in [50, p.192] to prove
that

—q(tApE rpg)
€ 0 g(Xt/\pgApg)

is a martingale.[]
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Lemma 7.3.4 Let g be a function on R such that g € Sjoz, for any T > 0, where the

first and the second derivatives of g are right-continuous on [0, Z]. Suppose that

—q(tAp3 Apg)
e K Q(Xt/\p;/\pg )

is a martingale. Then, for x € (0,00),

(A—q)g(z) =0.

PROOF We use the same argument of proof in [I4]. By assumption that g € Sy,
then g satisfies the first and second conditions of Definition on [0,z]. That
implies, we can apply the extant second derivative Meyer-1t6 formula [52], Theorem
71] to e~ g(X;) in the unbounded variation case and [52, Theorem 78] in the bounded

variation case. Therefore, we have the expansion, for x € (0, z),

_ +Ap
e—a(tAp Ny ) Q(X(tAp;Apg)) —g(x)

tAp Aoy tApE NP
= [ e gas e [ er g ax,

o+ o+

0,2 t/\p%‘/\pa
+ ?/ e *¢"(X,_)d[X, X]]
0
-2

e [9(Xs) — 9(Xs-) — ¢'(Xsm)AX,].

0<s§(t/\p%‘/\pa)
This expansion can be rewritten using ([2.3)) as
—a(trot Ap=
e~ 4Nz Npy) Q(X(t/\p;/\pg)) — g(z)
tApE Apy
= M; + / e ¥ (A—q)g(Xs)ds, (7.27)
0

+

where

tADE Aoy
M, :/ e g (X, )d[ X, — ps — Z AXu1gax,>1]
0

+ 0<u<s

+ { Y e ®[g(X + AX,) — ¢ (X)) AX I ax, <1y]
0<s<tApE Apy

thpE Aoy

— /. /+ e [g(Xso — 0) — g(Xso) + 0 ¢'(Xy-)1oco<1y | v(dO) ds}
0 0
is a martingale. Since the left hand side of ([7.27)) is a martingale by assumptions, then

tApT Aoy
/ e (A—q)g(X,-)ds = 0.
0+
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Therefore, by the right-continuity assumptions, for = € (0, z),

(A=q)g(x) =0,
which is valid also for any x > 0 as £ > 0 is arbitrary here.lJ

Theorem 7.3.5 Forz >0, let 0 : [Z,00) — [0,1) be a natural tax rate function such
that the function 1/(1—0(s)) is locally bounded. Suppose that X has positive Gaussian
coefficient in the unbounded variation case. Then, the net present value of taxation

for the process V¢, for x < & and & > 0, is given by

0 N oy Y O W P W 0)
deten) =55 [ ool [ i g 0

where J. as given in (7.9).

PRrOOF For fixed a > 0, let f: (—o0,a] x (0,a] — R be given by,

[z, ) = g(x) h(T),

where the function g : (—oo, a] — R is,

g(z) = Ju(z) = {1 - /0 (e — W (g — z)dz} Lo, (7.29)

The function h : (0,a] — R is given by,

o) = g e {‘ [ 5 jgid} i % W

which can be written as

0= el - [ et [ oon- [ el T

We only need to show that f satisfies the conditions in Lemma , then by
and taking the limit as a goes to infinity, the statement is proved. Note first that,
from (7.6), I'(z — ¢) is finite and the integral term in is finite. Also, as l'(z —¢)
is negative, then J.(z) > 1 and bounded on (—o0,a]. As by assumption 1/(1—0d(s)) is
bounded, then this implies that f is bounded on (—o0, a] x (0, a]. Next, we prove that
fe S[c,a]x[%’a], for each n > 1. For that, we verify that g and h satisfy the conditions
in Definition on [c, a], and on [%, al, for each n > 1, respectively. By definition, g

Y.
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equals 0 on (—oo,¢) and 1 on [¢,0]. Accordingly, ¢’ is zero on (—o0,0), and on (0, co)
is
d(x) = —l'(x —c) WD (0+) — /x U(z—c) WDz — 2)dz. (7.30)
0
Therefore, in the bounded variation case, g is absolutely continuous with locally
bounded density ¢’ on [c,a]. This is clear on (—o0,¢) or [c, 0], as explained above.
On (0, 00), since W@ is absolutely continuous with density W@’ € L] (R*), and as

loc

I'(z—c) € L}, (RT), then we use Lemma and see that g has a density on RT given
by , which is bounded on (0,00). In the unbounded variation case, on (0, c0),
clearly g is continuous, and as W@ (0+) = 0, ¢'(z) = — [ I'(z — o) W@ (2 — z) d=.
Since X has positive Gaussian component, then by Theorem , W@ is twice con-
tinuously differentiable. Since W (@’ is absolutely continuous with density W@ ¢

L. (RY), and as I'(z — ¢) € L},.(RT), then again we use Lemma (7.3.2)), and see that

loc loc

¢’ is an absolutely continuous with a density ¢”,
§"(z) = =U'(x — ) WD (0+) — / U(z—c) WDz - 2)dz,
0

which is clearly bounded on (0,00). For the function h, it is absolutely continuous

with locally bounded density on [%, a|, for each n > 1, since we have that
1 S
ha) ~ () = [ W
n 1

for all s € [+, a], for each n > 1, where /' is given by

- a0 [ )

RS S O S/ VR NP ) S SR WY ()
p{ /xl—5<s>Jc<s>d}A( V7@ 1 0@ @) 1@’

(7.31)

where

4@ = [ ew {_ [ ) jgid} i f“éim -

For the second condition of Definition 4.1.1, we need to show that there exists A > 0

such that s — [° g(s — ) v(df) is bounded on (c,a). Since we have that

s—0
g(s —0) = [1 - / V(z—c)WD(s—0— z)dz} 10>,
0

so if we choose A = a, then # > A\ = a > s which implies that s — # < 0. Therefore,

either s — 0 < ¢ and thus, g(s — ) = 0, or s — 6 > ¢ which implies that g(s — 6) = 1,
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and thus, by the definition of Lévy measure (see [9, p.29]), v(\, 00) < 0o. So, in either
cases, the condition is satisfied. Hence, f satisfies condition .

Since h(a) = 0, then f(a,a) = 0. From (7.29), it is clear that g(z) = ¢(0) for
¢ <x<0,and g(z) =0 for z < ¢. Hence, conditions and are satisfied.

By (7.11),

B W@ (z)
- 4P = —_ T
E.z € 1{Xp zc} 1{PE<P¥} 9(x) W@ (z) 9(7),

then by Lemma [7.3.3] (2.13)), and taking linear combination,

—ag(thpT ApT
e~ 4(tApz Apy) 9<XtAp;Apg)
is a martingale. Since g satisfies the assumptions of Lemma then

which is condition (IV])). By continuity of g, right-continuity of ¢’ and ¢”,

(A—q)g(0) =0,
which is condition .
For condition , we have,
I L) (7.32)
where J' is given by ((7.30) and
D)~ o) (o). (7.3)

where b/ is given by (7.31]). By (7.32)), (7.33) and (7.31)) we find that I’ f(z,z) = §(z)

forall 0 <z < a.lJ

Remark 21 Note that, when we take limit of ¢ | —oo in ([7.28), and using that

lim. o I'(z — ¢) = —q, we get the same result as in (6.28)).

Corollary 7.3.6 For x <z, the two sided exit formula given in (7.8|) is correct even

if X is in the unbounded variation case.

PROOF By Lemma we verified that the expression ([7.28) is the correct one in
all cases of X. Hence, by ([7.19)) the statement is proved.[]
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7.3.2 The injection value function
We have that,
4,—c

v (2, 7)) =Ky g

inj

T;/\T;
—qs d
/ e P dK]| +E,z
0

For the first term in (7.34)), we use Proposition [7.2.2]

T ATe T AT
/ e 9 dKﬁ] — _Ex,i / e 48 dIS] — _Qc<$) + Jc<1') Qc<f>,
0 0

Jo(T)
where Q). is given by ([7.15]) and J. is given by ([7.9)).

;/\TC_

/ e dKj] : (7.34)

Em,i

(7.35)

Remark 22 By (7.7) and Remark [19] one can show that when ¢ | —oo, (7.35)) be-

comes,

]Ew,i

/Of; a5 g K;s] _ {Z(q) (o) + @//(;)*)] N g:zgg {7@) @)+ @/J’(;*)} |

which agrees with the previous expression in the forced bail-out case, (6.33)).

For the second term in (7.34)), by the strong Markov property of (V%> V(S’oo),

Te
/ e dK?
T ATe

T

Ea:,i

Tt S—c/- -
= E:l‘,f |:€ qu‘ 1{T;,<TC,}:| Uan C(I7.T>-

Therefore, the injection value function for the process (7.1)), for z <z < a,

Jo(z)
J(Z)

Vi@, 7) = =Qu(@) + =2 [Qul@) + v i(@,7)] (7.36)

Lemma 7.3.7 Let V> := Vtiio_, for all t > 0, be the natural taz process V> with
a limited bail-out at a parameter ¢ < 0. For fived a > 0, suppose [ is a function with

domain Dy = (—o0,a] x (0,a] and satisfying the following conditions:

(1) [ is bounded on Dy and [ € S 442 4
form f(l',f) = fl(xa j) —|—f2(l’,£i'>, where fOT‘ each i = 1: 2; fz(l',ﬂ_?) = gl(x) hz(i);
and each g; and h; satisfies the conditions of Definition[4.1.1].

for each n > 1, such that it is of the
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(1)

f($’f) =

(11I) f(a,a) = 0.

(IV) (A=q)f(z,z) =0 for 0<z<z<a

(V) (A—q)f(0,z2) =0 for 0<z <a.

(VI) There exists a locally bounded density for each h; such that
If(z,z) =0 forall 0<z<a,
where T° is defined in ([7.20)).
Then,

flz, @) =002, 7), forz<z<a, T>0. (7.37)

nj,a
PROOF Let (z,%) be fixed, where x < 7 < a and £ > 0. For ¢t > 0, let Kf’_c =

K5 _. Let V and K be the right-continuous modifications of V%~¢ and K®~¢. Let

tATS

7'_:1nf{t>0:‘7t<c},7'j:inf{t>():17t>a},and/ﬁ:inf{t>0:§t<%}.

C

Let T'= 1, A7 A k7. By condition (I, f € Sea)x[L,q» for each n > 1, so we can use
Corollary and follow the same steps of the proof for Lemma until (6.20]),

7q(tAT)f(‘7;t/\T7 ‘N/t/\T) - f(xa f)

tA\T . — tAT af
M+ / e (A— q)f (Vi V) ds + / e TR
o+ o+ Ox

+ Y e [ F(Vie + AX, + AR, V) — f(Vie + AX,, V, ]
0<s<tAT
- / e—qs [Fdf(vsavs)] d(X + K)s?
o+

where M is a zero mean martingale, and Al?o = I?O — l?of such that l?of := 0. Since

(X + K) = (X + K?), then V=7 Also, by conditions ([V), (V), and (VI),

e tATf(WATthAT) f(x z)

= Mt/\T +/ e—qs (‘/; ,V )d(K )C
ot oz

+ Y e [f(Vs— +AX, + ARV, — f(Vee + AXS,ﬁ)] : (7.38)

0<s<tA\T



CHAPTER 7. NATURAL TAXATION WITH A LIMITED BAIL-OUT 147
By condition (II)), since for any s < ¢t AT, Vi + AX,, V- + AX, 4+ AK, € [c, 0], then
f(Ver + AX, + AR, V) = f(Ve + AX,, V) = ~AK,.

This implies that the summation term of becomes

— Y e "AK, - K, (7.39)

0<s<tAT

For the integral term on the RHS of ((7.38)), if we are in the bounded variation case,
then (I?S)C = 0, that is, K, = > 0<u<s AK,, and hence, by (7.39) this integral term
becomes,

AT N N
- / e #dK, — K. (7.40)
0

+

If we are in the unbounded variation case, for the first integral term on the RHS
of (7.3§), (l?s)c changes when V,- = 0. Since gi € Clle,al, for i = 1,2, then
g—i(x,xﬂxo = lim,q g—i(x,x) = —1, and hence, by using (7.39), also this integral
term becomes . Since

tAT _ tAT
/ e K, = / e AR — K,
0+ 0

where Kg+ = K,. Therefore, ([7.38]) becomes,
- tAT
e D) F(Vipr, Virr) — f(2,8) = Myr — / e PdK.
0
Next, we take expectations,
- tAT
E.z [e*q@m f(VMT,VMT)] — f(2,7) = ~Eyz [ / equKf} : (7.41)
0

Finally, we let ¢t and n go to infinity. For the LHS of , since f is bounded by
condition , we use the bounded convergence theorem together with conditions
that f(a,a) = 0, and condition that f(z,z) = 0 for x < ¢, hence, in either
cases the first term on the LHS vanishes. The term on the RHS is the accumulate of
capital injections K°, which is monotone in ¢, and therefore, by using the monotone

convergence theorem, we get,

fz,7) = vy (2, ).
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Remark 23 We are going to attempt to guess an expression for f, by assuming

it satisfies conditions (/ — VI) in Lemma [7.3.7, and we will later verify that these

conditions hold in Theorem m In order to guess the candidate expression for vﬁ’lj_,; :

we use ([7.36) and (7.37)) for x <z < a,

J.(z)
J(Z)

F(@,) = vi(@,2) = —Qule) + £ Q@) +vls(@ )| . (T42)

We use (7.42) and that f satisfies conditions and (VI), so we get the following
ODE,

D e L@ e 1 [ IE)
St ) — T @) ) - 0 o)

with the boundary condition

= {_ /ax 1 _15(1/) exp {— /ay : _15(3) jégz;ds} [Q/c(y) - jigz; Qc(y):| dy} X

ol [ i)

Therefore, we get the expression,

[ el e oo e

d,—c

This implies that the final candidate expression for vinj,a(x, T), x < I, is given by,

,—C =\ JC(I) = ,—C(~— =
tga(0:7) = ~Qel0) + S o | Qula) + el )]
B Jo(x) _
=TT G {QC@

g e {‘ |5 jgid} [Q;(y) - Q“(y)] dy}'

(7.43)
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Remark 24 Note that, when we take limit of (7.43)) as ¢ | —oo by using Remark
and by following the steps starting from (6.42)), we get expression (|6.44]). Then by

taking the limit as a T oo, we get the same value of injections as in the forced bail-out

case (6.45]).

Theorem 7.3.8 For &z > 0, let § : [Z,00) — [0,1) be a natural tax rate function
such that the function 1/(1 — 6(s)) is locally bounded. Suppose that X has positive
Gaussian coefficient in the unbounded variation case. Then, the net present value of

capital injections for the process VO=¢, for x < T and T > 0, is given by

Vg, 7)
= —Q.(x) jg; {Qc( )
A e (R L T

where J. and Q. are given by (7.9) and (7.15)), respectively.

PRroOOF For fixed a > 0, let f: (—o0,a] x (0,a] — R be given by,

f(2,2) = gi(x) hi(Z) + ga2(x) ha(Z).

The functions g; : (—o00,a] = R, for i = 1,2, are

g1(x) = Qc(z) = {x — /Ox[l(z — )4 cl'(z— WD (z - z)dz] 1o>e)s (7.45)

and
g2(z) = Jo(z) = [1 - /ff I(z—c)WD(z — z)dz} 1>q- (7.46)
The functions h; : (0,a] — R, for i = i, 2, are hy(z) = —1 and
() = - {@c@)
Je(Z)

[ i e[ e (e - e dy}’

which can be written as

(o) = 773 {QC@) oo - [ a7
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We only need to show that f satisfies the conditions in Lemma , then by
and taking the limit as a goes to infinity, the statement is proved. From the proof of
Theorem (7.3.5)), J.(z) > 1 is bounded on (—oco,a]. Moreover, by the expansion in
Remark [18] I(z — ¢) 4+ ¢ I'(z — ¢) is finite and the integral term in (7.45)) is finite, and
x is bounded by a, that is, Q.(z) is bounded on its domain. Also, as by assumption
1/(1—0(s)) is bounded, then this implies that f is bounded on (—o0, a] x (0, a]. Next,
we prove that f € S[cya]x[#a}, for each n > 1. For that, we should verify that each g;
and h;, for i = 1, 2, satisfy the conditions in Definition on [c,al, and on [%, a), for
each n > 1, respectively. For condition ([), by definition, g;(z) equals 0 on (—oo, c)
and x on [c,0]. Accordingly, ¢ is zero on (—o0,¢), and 1 on (¢,0). On (0,00), it is

given by

gi(x) =1—[l(x—c)+cl'(z— )| WD(0+) — /x[l(z —c) 4 cl'(z— )Wz - 2)dz.

' (7.47)
Therefore, in the bounded variation case, g; is absolutely continuous with locally
bounded density ¢ on [c,a]. This is clear on (—oo,¢) or [¢,0], as explained above.
On (0, 00), since W@ is absolutely continuous with density W@ € L} (R*), and as
[(z—c)+cl'(z—c)] € L, (R*), then we use Lemma[7.3.2)and see that g; has a density
on R given by (7.47), which is bounded on (0,00). In the unbounded variation case,
on (0,00), clearly g; is continuous, and as W@ (0+) = 0, gi(z) = 1 — [J[l(z — ¢) +
cl'(z—c)] W@ (x—2)dz. Since X has positive Gaussian component, then by Theorem
, W@ is twice continuously differentiable. Since W@’ is absolutely continuous
with density W@” € LL (R*), and as [I(z —¢) + cl'(z — ¢)] € LL.(RT), then again we

use Lemma [7.3.2] and see that ¢} is an absolutely continuous with a density ¢/,
glx)=~[l(z —c) +cl'(z — )| WD (0+) — / [(z—c)+cl'(z =)Wz — 2)dz,
0

which is clearly bounded on (0, 00). For the functions h;, i = 1,2, each one is absolutely

continuous with locally bounded density on [+, a], for each n > 1. This is because hy
is constant, and for h, since we have that,

h(F) — M%) _ / By () dr,

[

n
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for all s € [+, a], for each n > 1, where h} is given by

T C) Ly
hy(z) = 7. o )+JC@) Q.(z)
Jé(‘%) 1 @ 1 ) 1 J(’:(s)
T I@r 1= 6@) / 1—dy) P {_/ 1= 6(s) JC(S)dS} Aly) dy
1 1 )
T (@) 1-0(2) A7), (7.48)
such that
Aly) = Quly) — % Qc(y).

For the second condition of Definition 4.1.1, we need to show that there exists A > 0
such that s — [° g1(s — 0) v(df) is bounded on (c,a). Now, we have that

5—0
g1(s—0) = {(s —0)— /0 ((z—=c)+cl'(z—c)|WD(s -0 — z)dz] 1gs_p>cp, (7.49)

so if we choose A = a, then # > A = a > s and hence s — # < 0. Therefore, either
s — 0 < ¢ which implies that g;(s — ) = 0, or 0 > s — 6 > ¢ which implies that
g1(s —0) = s — 0, but then g, is bounded by @ and thus

’/:Ogl(s —0) y(d@)‘ < a/:o v(db),

where the last integral is a bounded integral for all s € (¢,a). So, in either cases,
the condition is satisfied. For g, see the proof of Lemma [7.3.5l Hence, f satisfies
condition .

Clearly, f(a,a) = —Qc(a) + Q.(a) = 0. From and (7.46)), it is clear that
g1(z) =x and go(x) =1 for ¢ < x < 0. Also, g1(x) = 0 and go(x) = 0 for z < ¢. Thus,
f(z,z) = —x+ f(0,Z) for c <z <0 and f(z,z) = 0 for z < c¢. Hence, conditions
and (L) are satisfied.

By (7.17),
B W@ (x)
_ —qp — — S T
Bz e (Xpal{xpogc}> 1{po<p$}] = g1(z) W@ (z) 9(7),

then by Lemma [7.3.3] (2.13)), and taking linear combination,

—q(tApE Apg)
e T gl(Xt/\p%L/\pa)

is a martingale. Since g; satisfies the assumptions of Lemma then

(A-q)gi(z) =0, x>0,
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which is condition (V). By continuity of g;, right-continuity of g; and g7,
(A—q)g:1(0) =0,

which is condition .
For condition (VI)),

Now,
of g; D\ e = —QUE) + (@) ha(a),
and
Of (z, ) Nl (=
Tb:i Jc( )hQ(‘r)’

where hl, is given by ((7.48)
Then, by (7.50)), (7.51)) and (7.48), we find that I’ f(7,z) = 0.0

152

(7.50)

(7.51)

Corollary 7.3.9 For x < &, the identity in (7.14) is correct even if X is in the

unbounded variation case.

PrOOF By Lemma we verified that the expression ([7.44]) is the correct one in

all cases of X. Hence, by ([7.36]) the statement is proved.[]

7.3.3 The penalty value function

Recall that P: R — R is a penalty function which is a bounded function.

Lemma 7.3.10 Let V> ° := Vtif’,, for allt >0, be the natural tax process V> with

a limited bail-out at a parameter ¢ < 0. For fized a > 0, suppose f is a function with

domain Dy = (—00,a] x (0,a] and satisfying the following conditions:

(1) f is bounded on Dy, and f € S 4,2

7a]7

for each n > 1, such that it is of the

form f(x,z) = fi(z,2)+ fa(x, T), where for each i = 1,2, fi(x,Z) = g;i(x) hi(Z),

and each g; and h; satisfies the conditions of Definition[4.1.1].

(1)
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(III) f(a,a) = 0.
(IV) (A—q)f(z,z) =0 for 0 <z <Z<a.
(V) (A—q)f(0,2) =0 for 0<z <a.
(VI) There exists a locally bounded density for each h; such that
I°f(z,2) =0 forall 0<2z<a,
where T'? is defined in .
Then,
f(x,7) =E;z [e_qip(vi;oo)l{%—qj}] , Jorz<z<a, z>0. (7.52)

PROOF Let (,Z) be fixed, where £ < Z < a and & > 0. For t > 0, let K} ¢ :=
Kfm" Let V and K be the right-continuous modifications of V¢ and K®~¢. Let
m=if{t>0:V,<c}, 7 =inf{t >0:V, > a}, and :inf{t>0:§t<%}.

C

S|=

Let T'= 7, A7/ AK1 = 7,. By condition (I), f € Siea)x[L,qs for each n > 1, so we
can use Corollary [4.1.3[ and follow the same steps of the proof for Lemma [6.2.3| until

(620),

e_q(t/\T)f(f//;f/\Ta Vt/\T) - f(xv j)

tAT - — tAT a]c - — .
“ Myt [ et A-f T Vo ds s [ e S Vo
o0+ o+ ox
Y e[V AKX+ AR V) - [+ AX, V)|
0<s<tAT
—/ et [Péf(vs,vs)] d(X + K).,
0

+

where M is a zero mean martingale. By conditions , , and ,

e 1D f (Vg Vinr) — f (2, 7)

tAT af . — -
- Mt/\T + / e—qs_(‘/s_7 Vs)d(Ks)C
0 Ox

+

+ Y e [f + AX AR V) - [V +AX, V)]

0<s<tAT
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which can be written as,

e~ 1T f(Vt/\T, Vt/\T) f(z,7)

tAT af . — .
= Mt/\T + / equ_(‘/&gi, Vs)d(Ks)c
0+ 81’

+ Y T fV + AX 4 AR V) — [V + AKX, V)]
0<s<tAT

4 e 1UAT) [f(v(t,\Ty + AXiar + AI?t/\Ty vt/\T) - f(‘7(t/\T + AXiar, % )] .
(7.53)

Since ‘A//v(t/\T)7 + AXt/\T = ‘/;(3\7310 and ‘A//(t/\T)7 + AXt/\T + AIA{VU\T = ‘Z/\T, then 753

becomes,
e D F(VRF Vinr) = f(2.7)

+ X

tAT af . — .
Mgt [ e STV oaEy
0
+ Y e [ F(Vie + AX, + AR, V,) — f(Vie + AX,, ?s)] . (754)
0<s<tAT
By condition (II), f(z,Z) = f(0,Z) for ¢ < x < 0, then the summation term on the
RHS of ((7.54)) becomes zero as for each s <t AT,

f(‘ﬂ//vs* + AXS + AI’E&?s) - f(‘Z* + AX&?s) = f(07 Vs) - f(07 Vs) = O

For the integral term on the RHS of ((7.54)), if we are in the bounded variation case,
(K,)* = 0. If we are in the unbounded variation case, (K,)° changes only when

V,- =0, but as for each i, g; € C'[¢, a], == (2, T)|p—o = limgo g—f(x, z) = 0. Therefore,
T

ox
all terms on the RHS of ([7.54) becomes zero except the martingale. After that, we

take the expectation on both sides and get,
f(o,7) =E,. [e—qW) Fvoee, mﬂ . (7.55)

Finally, we n go to infinity and ¢ go to infinity. By condition , f is bounded. So, on
the RHS of ((7.55]), we use the bounded convergence theorem and get,

f(l",if) =

8
Kl

e—Q(TZ/\Ta f(‘/:i O;\)‘ﬁ, 1% ;/\Tj)]

[ T, ,00 — TJ ,O0 B2
e e f(VT(S, ’VT;)]'{TC_<T:}:| + Eaz,i |:€ 1 f(‘/:} 7VTJ)]‘{T:<TC_}]

o _ —lITc P(Véoo)l{ﬂ'c <T+}}

|

B =B =
8
&l
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where the last equality comes from condition that f(a,a) = 0 together with ([[I))
that f(z,z) = P(x) for z < c.OJ

Remark 25 In order to guess the candidate expression of the penalty function, we

have to consider some facts. First we know that for x < z < a,

f(l‘, i) = Ex:f eiqT;P<VTiLOO)1{TZ<TJ}

where
R(w,) = g(2,2) + By | ¢ 1o | f(2,2),

such that, for ¢ <z <0,

So, we find R(x,z) for 0 < 2 < z. To do so, we need first to find g(z,z) and then we

continue to find the guessing candidate of f(x,Z).

g(l‘,f) - ]Ex,f

e~ 9P P(Xpo_)l{X _<C}1{P0<Pi}]
o

+ ]Ea:,i

e_qpol{X _Zc}l{p5<p:}] g(O, ZZ‘) (757)

We are going to use the overshoot formula, ([7.3]), for each term separately in ((7.57)).
So, for the first term, our f : (—o0,0] — R is given by,

f(.CE) = P<x) 1{x<c}7
and the extension is f : (—o0, ] — R is given by,
f(@) = P(#) 1ipcey

By definition of f, the creeping term in (7.3)) vanishes and the first term in (7.57),
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for 0 < z < T is given by,

E;z eiqpaP<Xﬂo) {X <C} {ro <pw}]

T - @ (g
- [[-0ie) [ Ejiw@ (22~ WO~ )]

— W z) 7 (q y— Q) (z — 2)dz
= A Af(2)W z)d /Af )d
)

/0 E [ / io Pz — e)y(de)} W@ (z — 2)dz

_ /0 T TP 9)y<d9)} W@z - 2)dz, (7.58)

zZ—C

where as f(z —0) = P(z — 0)1{.—9<c} and P is a bounded function, then

Af(z) = /oo P(z — 0)(df) < oo

—C

The second term in ((7.57) has been found before in ([7.11)) and we recall it here, so for

O<z <7,

_ | p— P
E,z |e I{Xp_zc}l{po <pt }]
W@ (z) z W@ ()
=4 "(z — @D (75 _ Y _ WD (0 _
So,

glz,7) = %Z (g /0 { / P(z— ) (d@)} W (z — 2)dz

{ / )} W@ (z — 2)dz

+9(0,2) [1 - x(z Eg + /0 (o) WZ; g;W(q) (T —2) =W (z — z)] dz} .

(7.59)

Now, put z = 0 in (7.59) and use that in the bounded variation case W@ (0+) = 1 to

find i
Jy [, Pz = 0)w(d0)| W (@ - 2)az

900,7) = 1-— foj I'(z—c)WW@(z — z)dz . (7.60)
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Substitute ([7.60]) in (7.59)) and then use that in (7.56)) to get,
f(z,z)
W@D(x) [* oo -
=Puﬂ@@y+u@d{5@%%[:L[_mx—mwmﬂvW®@—sz

z—cC

_/OI [/:ip( e (d@)]W (z — 2)dz

f [fz Pz — )V(dﬁ)} W@(z — 2)dz
" 1— [TU(z = c)W@ (7 — 2)dz

(Q) ( T T
[1 a %( )E ; + g(a)g ; /0 Iz =W D(z - 2)dz _/0 I'(z— )W (z — 2)dz

11— [51( (z — )W (z — 2)dz o
+1_f0jl,(z_c) Dz ) f(z, )},

which is,

q)

fe.®
~ P o~ Lo [ | [ PG00 W - 20

—C

L[ re-wen] -]

zZ—C

Now, to derive the ODE for f(Z, ) we use that I’ f(z,Z) = 0, that is,

of (z, 2) of(z, )
ox 0T

|x:i(5<f> |a: z(l - 5( )) =0,

which after some simple calculations, we get the following ODE,

of(z,z) 1 JU
0z 1—0(z) Jo(

_ /OI Uio Pz — G)V(dﬁ)} W@ (z — z)dz}, (7.61)
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The solution of the ODE ([7.61]) is given by
o o1 Jl(s) S| o1 Js)
= < d - - d
rea=eo{ [ i T} [ e - [ o )

{ ?EZ; /Oy Ujo P(z - e)y(de)} W@ (y — 2)dz

[e.9]

— W9D(04) / Py — 0)v(dh)

y—c

That is,

flz,z) = — /: : —15(y) exp {_ /: 1 —15(3) j/Ez;ds} x
{ jﬁéz; /Oy {/:i P(z — Q)V(de)} W@ (y — 2)d=

— W9(04) / P(y — 6)v(dh)

Yy—c

— /Oy [/oo Pz — 0)1/((;19)} W@ (y — z)dz}dy.

Therefore, the candidate expression for the penalty term equals

) = P0) ey = Lo [ | [ PG = 000(a0)] W0 — 20z

—C

j(a:; { / { /°° Pz — Q)y(d@)] WO 2
[ {— [t 00

Jé(y z—0)v @ (y — 2)dz
{ 20 1 pe = owtan| wo -

— W@ )/ P(y — 0)v(do)

/ [/ — O (d@)} W(q)'(y — z)dz}dy}. (7.62)

Remark 26 It is clear that when ¢ | —oo, the penalty term (7.62)) equals zero.

Theorem 7.3.11 For z > 0, let 0 : [Z,00) — [0,1) be a natural tax rate function
such that the function 1/(1 — §(s)) is locally bounded. Suppose that X has positive

Gaussian coefficient in the unbounded variation case, and P: R — R is a bounded
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function. Then, the net present value of penalty for the process V=<, for v < z and

x >0, is given by

F(@,7) = P(2) Lipee) — Loy /0 ’ { / T Pz — o) (d&)} W (2 — 2)ds

—C

jjﬂ {/ f Um Ple= 9>V<d9>] WOz - 2)dz
/x 5) exp{ /xy 1 —15(3) jzgz;ds} X

{ i z Z ) P(Z - Q)I/(d@)] W@ (y — 2)dz

0(0+) / Py - 0@

L1}

Proor For fixed a > 0, let f : (—o0,a] x (0,a] — R be given by, f(z,z) =
91(x) hi(Z) + g2(x) ha(Z), where

P x), x Cy
gi(x) = ) - (7.63)

— [ = Pz — e)y(de)} W@ (z —2)dz, = >e

>
~—~
~—
I
—_
KQ
[\
~—~
~—
I

Je(z), and

ha(z) = Jix) { /0 ' { / OO Pz — e)y(de)} W@ (& — 2)dz
[ = e[ )

{ % /Oy { /io Pz — e)u(de)} W@ (y — 2)dz

o0

—W@D(04) / P(y — 6)v(df)

y—c

N /oy [/i" Pz = e)y(de)] W (y — Z)dZ}dy}. (7.64)

We only need to show that f satisfies the conditions in Lemma [7.3.10], then by ((7.52)

and taking the limit as a goes to infinity, the statement is proved. Recall that, since
P is bounded, [ [fzo_oc P(z — Q)V(dﬁ)] W@ (z — 2)dz is finite. So, ¢; is bounded on
(—o00,al. Also, as J.(Z) > 1, and as by assumption 1/(1 — §(s)) is bounded, then this

implies that f is bounded on (—o0,a] x (0, a.
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for each n > 1. For that, we should verify that

70']’

each g; and h;, for i = 1,2, satisfy the conditions in Definition on [¢,al, and on

Next, we prove that f € S| ;.2

[%,a], for each n > 1, respectively. We prove first condition for ¢g;, i = 1,2. By

definition, ¢g; equals 0 on [c, 0], and on (0, a], g; is

g () = —WD(04) / " Pla — 0)w(dd) — / ' [ / T p(e— e)y(de)] W@ (g — 2)ds.
z—c 0 L/a—c (765)
In the bounded variation case, we need to prove that g¢; is absolutely continuous
with locally bounded density ¢} on [c,a]. This is clear on [c,0], as g; is zero. On
(0,a], since W@ is absolutely continuous with density W@’ € LI (R*), and as
[2.P(z—0)v(dd) € L}, (RT), then we use Lemma and see that g; has a den-
sity on R* given by , which is bounded on (0,a]. In the unbounded varia-
tion case, on (0,al, clearly g; is continuous on [c, a], and as W@ (0+) = 0, ¢}(z) =
-y [f:c P(z — Q)V(dg)} W@ (z — 2)dz. Since X has positive Gaussian component,
then by Theorem , W@ is twice continuously differentiable. Since W@’ is abso-
lutely continuous with density W(@” € L} (R¥), and as [~ P(z—0)v(df) € L}, (R),
then again we use Lemma , and see that g] is an absolutely continuous with a
density ¢/,
J(z) = — W@ (04) / " Plr— 0)u(dd) — / ’ [ / T p(s— e)u(de)} W@ (5 — 2)dz,
z—c 0 L/
which is clearly bounded on (0, a]. For the functions h;, ¢ = 1,2, it is clear that each
1

one is absolutely continuous with locally bounded density on [, a], for each n > 1.

This is because hy is constant, and for A, since we have that,
_ 1 ®
ha(z) = hao(=) = [ hy(r)dr,
for all s € [1,a], for each n > 1, where K} is given by

By(F) = —jQL(I)) [/0 {/io P(s— e)y(de)] WO (3 — 2)dz + A(%)

+ [—91(z) + A'(2)], (7.66)

Jo(Z)
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such that,
A(z) = —/: ] —15(y) exp {—/my 1 _15(5) jﬁggds} X
{% /oy [/m Ple = 9)”(d9>] W (y - z)dz
— W@ (0+) /OC; P(y — 0)v(dh)
N /Oy {/:i Pz — 9)’/<d9)] W@ (y — z)dz}dy, (7.67)
and
Al(z) = L) A(Z)

+

R

For the second condition of Definition [4.1.1] we need to show that there exists
A > 0 such that s — [° gi(s — ) v(df) is bounded on (c,a). For that, we choose
A = a, so that 6 > \ = a > s which implies s — # < 0. Therefore, either c < s—6 <0
which implies that g;(s —0) = 0, or s — 0 < ¢ which implies that g;(s —0) = P(s —0),
which is bounded by assumptions. Therefore, in either cases, the condition is satisfied.
For g5, see the proof of Lemma . Hence, f satisfies condition .

Clearly, from (7.63) and (7.64)), f(a,a) = 0. By definitions, it is clear that g, (z) =
91(0) and go(x) = ¢2(0) = 1 for ¢ < z < 0. Also, gi1(z) = P(z) and go(z) = 0 for

x < c¢. Thus, by the construction of f above, we can see that f(z,z) = f(0,z) for
c<xz<0and f(x,z) = P(z) for < ¢. Hence, conditions and are satisfied.

On [0, z], by (7.58),

E:c,a?

e_quP(Xpo)l{Xpo 20}1{P5<PI}]
= /Ox [/ZOO P(z— H)V(dﬁ)l W@ (x — 2)dz

—C

A [ ([ v

W(‘J)(x)

= q1(z) + ngl(@a

then by Lemma [7.3.3] (2.13)), and taking linear combination,

—q(tApEnpg)
€ * g1 (Xt/\p%'/\pg)
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is a martingale. Since g; satisfies the assumptions of Lemma then
(A—=q)gi(x) =0, = >0,
which is condition (V). By continuity of g;, right-continuity of g; and g7,
(A—q)g:1(0) =0,

which is condition .

For the last condition in Lemma [7.3.10, we have that

Of (z, )
ox

where ¢g; as given by ([7.63)) and hy by ((7.64). Also,

o=z = 91(2) + Ji(Z) ha(2), (7.69)

AT, 1 ma), (7.70)

0z

where h), is given by ((7.66)).
By (7.69), (7.70)), (7.66)), (7.67) and (7.68)), we see that I’ f(z, Z) = 0 is verified for

all 0 < z < a. Hence, the proof is complete.[]



Chapter 8

Further literature review

We recall that dividends of an insurance company can be modelled by reflecting the
paths of the risk process X at a given barrier. In a series of papers, many authors
studied dividend barrier models and the problem of finding the optimal dividend strat-
egy that maximises the net present value of dividends paid out until ruin time. For
example, [38, [70, 23] in the Cramér-Lundberg setting, and [10, [42] for a general spec-
trally negative Lévy process. Further, we recall that also X can be modified to model
the case where dividends are paid out at a certain fixed rate, whenever the capital is
above the level by ‘refracting’ the paths of X at a given level and with a given angle, as
given in [31I]. The class of modified risk processes between the reflected and refracted
processes, we call it loss-carry-forward tax processes. As we mentioned in the introduc-
tion of this thesis, it was introduced in [2], in the case where X is a Cramér—Lundberg
process and with a constant tax rate v € (0,1). In that study, authors studied the
ruin probabilities, proving a strikingly simple relation between ruin probabilities with
and without tax, the so-called tax identity. Moreover, they derived the expression for
the expected accumulated discounted tax payments, and obtained the optimal surplus
threshold for starting taxation such that the tax value is maximized. It was also com-
mented in [2], that when the tax rate v = 1, the risk process with tax payments is
the same as the risk process with horizontal dividend barrier strategy, with the barrier
equals to the initial surplus. In [7], the tax identity is generalised to arbitrary surplus-
dependent tax rate in the Cramér-Lundberg model. After that, Wei in [68] derived the
tax identity for the Cramér—Lundberg risk model with a surplus-dependant premium

rate, surplus-dependant tax rate and in the presence of a constant force of interest.

163
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The same model is studied in [56], such that an explicit expression for the tax value
is obtained and the optimal surplus threshold for starting taxation is characterized
when the tax rate is constant. In the context of the latter model, [I§] extended the
tax identity to a generalised Gerber-Shiu function (the quantity that relates ruin time,
surplus prior to ruin and the deficit at ruin) in which the maximum surplus preceding
ruin is involved. Authors in [47] considered the Cramér—Lundberg risk model with
debit interest and tax payments. That is, when the insurer is in deficit and borrows
some amount of money with a debit interest say p > 0 to continue his business and
meanwhile repay continuously the debt from his premium income, say the premium
rate is ¢ > 0. In the setting of this model, when the surplus reaches or below the level
—c/p, then the surplus is no longer to recover and the time at that moment is called
the absolute ruin time. In that article, some important quantities are obtained, such
as the expected discounted total sum of tax payments until the absolute time and the
Laplace-Stieltjes transform of the total duration of negative surplus. In [61], consid-
ering the generalised Cramér-Lundberg risk model with tax payments, the expression
of the expected discounted penalty due at ruin is derived together with some other
ruin-related quantities, such as the discounted joint probability density function of the
surplus immediately before ruin and the deficit at ruin. In [66], the tax value function
is found for the the Cramér-Lundberg risk model, including a constant force of interest
and with surplus-dependent tax rate. For the same model, a recent research [40] is
made regarding the problem of finding an optimal policy that maximises the tax value
function.

The previous results are extended to general spectrally negative Lévy process. For
instance, the work in [2] was extended in [6] to the case where X is a general spectrally
negative Lévy process, with the tax rate still constant. In [33], authors extend the tax
rate v to be a function, and studied problems related to the two-sided exit problem
and the net present value of the taxes paid before ruin. In the same setting in [53],
a formula for arbitrary moments of the discounted tax payments until ruin time is
derived. Also, [57] studied an optimal control problem for the tax process given in
[33], where one seeks to maximise the net present value of the taxes paid before ruin.
Lately, [63] obtained representations of joint Laplace transforms of occupation times

of intervals for this tax process. We point out that, a study of this tax process where
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the tax rate function could exceeds the value 1 can be found in [32].

In the same loss-carry-forward tax structure, specific cases are investigated in some
articles such as the following. In [67], the results in [2] are extended into the Markov-
modulated Lundberg risk model, which is an extension of the Lundberg process such
that the claim inter-arrivals and claim sizes are influenced by an external environment
process, assumed to be a homogenous continuous-time Markov chain. It was mentioned
in [67], that this type of model could be useful in a way to capture the advantage that
insurance policies may need to change when the political or economical environment
changes. This Markov-modulated Lundberg risk model is a special case of spectrally
negative Markov additive risk processes (spectrally negative MAPs) that is defined in
[8]. The tax identity is obtained in both [67] and [8]. On the other hand, the results of
[2] were also extended in [5] to a more complicated model called the dual risk model.
This model is relevant for companies whose business requires a constant outflow of
expenses whilst arrival of revenues happens at random as a result of some probable
events such as sales or discoveries; e.g. petroleum or pharmaceutical companies. Note
that, in the dual risk model without tax, the aggregate revenue process is added to
the initial surplus, while the expenses are subtracted (paid out) at a constant rate. In
the setting of a time-homogenous diffusion risk process, [36] addressed the two sided
exit problem and obtained an expression of the expected present value of taxation.
In [I2], a Brownian motion risk model with interest rate collection and tax payments
is investigated and an approximation for the ruin probability in the model when the
initial capital is very large is obtained. For a spectrally negative Lévy process X,
some research like [60] and [? | studied problems related to a draw-down time. In
loss-carry-forward taxation, some recent articles studied the case of stopping the tax
process at its draw-down time instead of the classical ruin time such as [11] and [59].
In [I1], for a constant tax rate, the two sided exit problem is solved, the expression
of the tax value is derived and choosing the optimal delay point to start taxation is
investigated. For a general tax rate function, authors in [59] obtained a solution to the
two sided exit problem and found the expression of tax value function. Moreover, they
studied the optimal control problem introduced in [57] but until the draw-down time.
The interesting point in the draw-down time is that, studying optimality until this

time could give some balance between the taxation optimisation for the tax authority
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and solvency of the insurance company. Authors in [65], Section 4.1] explained how
draw-down problems in models without tax is related to loss-carry-forward tax ruin
problems. This relation has been used in [64], where an implementation delay of
tax is investigated for two cases, one when there is a termination value incurred to
the insurance company at the termination time of business, and the other case when
adding capital injections to the risk process. The loss-carry-forward tax with capital
injections is studied first in [3], then in [4] and in Chapters 6 and 7 of this thesis. While
[64] obtained the net present tax value for the tax process with capital injections for
a constant tax rate, our work in Chapter 6 found it for general tax rate function.
Moreover, in Chapter 6 we found the optimal solution that maximises the net present
value of tax payments over larger class of strategies than the one considered in [64].
In the literature, some curious topics were also discussed such as the periodic
taxation. For a spectrally negative Lévy process with loss-carry-forward tax, [69)
studied the case when the observation of the insurer’s surplus level is made only at
a sequence of Poisson arrival times. This comes from the idea that tax payments are
collected periodically(e.g. monthly, quarterly or annually) and which was commented
first in [25]. The analytic expression for the tax value function and the expected
discounted penalty function are obtained. Furthermore, in the literature, the idea of
considering tax payments and dividends together is studied in some recent articles

such as [62] 39, [5].



Bibliography

1]

D. Al Ghanim, R. Loeffen, and A. R. Watson. The equivalence of
two tax processes. Insurance Math. FEconom., 90:1-6, 2020. ISSN 0167-
6687. doi:10.1016/j.insmatheco.2019.10.002. URL https://doi.org/10.1016/
j.insmatheco.2019.10.002,

H. Albrecher and C. Hipp. Lundberg’s risk process with tax. Bl. DGVFM, 28
(1):13-28, 2007. ISSN 1864-0281. doi:10.1007/s11857-007-0004-4. URL https:
//doi.org/10.1007/s11857-007-0004-4.

H. Albrecher and J. Ivanovs. Power identities for Lévy risk models under tax-
ation and capital injections. Stoch. Syst., 4(1):157-172, 2014. ISSN 1946-5238.
doi:10.1214/12-SSY079. URL https://doi.org/10.1214/12-SSY079.

H. Albrecher and J. Ivanovs. On the joint distribution of tax payments and
capital injections for a Lévy risk model. Probab. Math. Statist., 37(2):219-227,
2017. ISSN 0208-4147. doi:10.19195/0208-4147.37.2.1. URL https://doi-org.
manchester.idm.oclc.org/10.19195/0208-4147.37.2.1.

H. Albrecher, A. Badescu, and D. Landriault. On the dual risk model
with tax payments. Insurance Math. Econom., 42(3):1086-1094, 2008. ISSN
0167-6687.  doi:10.1016/j.insmatheco.2008.02.001.  URL https://doi-org.

manchester.idm.oclc.org/10.1016/j.insmatheco.2008.02.001.

H. Albrecher, J.-F. Renaud, and X. Zhou. A Lévy insurance risk pro-
cess with tax. J. Appl. Probab., 45(2):363-375, 2008. ISSN 0021-
9002.  doi:10.1239/jap/1214950353. URL https://doi.org/10.1239/jap/
1214950353.

167


https://doi.org/10.1016/j.insmatheco.2019.10.002
https://doi.org/10.1016/j.insmatheco.2019.10.002
https://doi.org/10.1016/j.insmatheco.2019.10.002
https://doi.org/10.1007/s11857-007-0004-4
https://doi.org/10.1007/s11857-007-0004-4
https://doi.org/10.1007/s11857-007-0004-4
https://doi.org/10.1214/12-SSY079
https://doi.org/10.1214/12-SSY079
https://doi.org/10.19195/0208-4147.37.2.1
https://doi-org.manchester.idm.oclc.org/10.19195/0208-4147.37.2.1
https://doi-org.manchester.idm.oclc.org/10.19195/0208-4147.37.2.1
https://doi.org/10.1016/j.insmatheco.2008.02.001
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2008.02.001
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2008.02.001
https://doi.org/10.1239/jap/1214950353
https://doi.org/10.1239/jap/1214950353
https://doi.org/10.1239/jap/1214950353

BIBLIOGRAPHY 168

[7]

[10]

[11]

[14]

H. Albrecher, S. Borst, O. Boxma, and J. Resing. The tax identity in risk theory—
a simple proof and an extension. Insurance Math. Econom., 44(2):304-306, 2009.
ISSN 0167-6687. URL https://doi.org/10.1016/j.insmatheco.2008.05.001.

H. Albrecher, F. Avram, C. Constantinescu, and J. Ivanovs. The tax identity
for Markov additive risk processes. Methodol. Comput. Appl. Probab., 16(1):
245-258, 2014. ISSN 1387-5841. doi:10.1007/s11009-012-9310-y. URL https:
//doi-org.manchester.idm.oclc.org/10.1007/s11009-012-9310-y.

D. Applebaum. Lévy processes and stochastic calculus, volume 116
of Cambridge Studies in Advanced Mathematics. Cambridge Univer-
sity Press, Cambridge, second edition, 2009. ISBN 978-0-521-73865-1.
do0i:10.1017/CBO9780511809781.  URL https://doi-org.manchester.idm.
oclc.org/10.1017/CB09780511809781

F. Avram, Z. Palmowski, and M. R. Pistorius. On the optimal dividend problem
for a spectrally negative Lévy process. Ann. Appl. Probab., 17(1):156-180, 2007.
ISSN 1050-5164. doi:10.1214/105051606000000709. URL https://doi.org/10.
1214/105051606000000709.

F. Avram, N. L. Vu, and X. Zhou. On taxed spectrally negative Lévy pro-
cesses with draw-down stopping. Insurance Math. Econom., 76:69-74, 2017.
ISSN 0167-6687. doi:10.1016/j.insmatheco.2017.06.005. URL https://doi-org.
manchester.idm.oclc.org/10.1016/j.insmatheco.2017.06.005.

L. Bai and P. Liu. Ruin problem for Brownian motion risk model with interest

rate and tax payment. arXiv preprint arXiv:1806.04889, 2018.

E. Bayraktar, A. E. Kyprianou, and K. Yamazaki. On optimal dividends
in the dual model.  Astin Bull., 43(3):359-373, 2013. ISSN 0515-0361.
doi:10.1017/asb.2013.17. URL https://doi-org.manchester.idm.oclc.org/
10.1017/asb.2013.17.

E. Biffis and A. E. Kyprianou. A note on scale functions and the time value


https://doi.org/10.1016/j.insmatheco.2008.05.001
https://doi.org/10.1007/s11009-012-9310-y
https://doi-org.manchester.idm.oclc.org/10.1007/s11009-012-9310-y
https://doi-org.manchester.idm.oclc.org/10.1007/s11009-012-9310-y
https://doi.org/10.1017/CBO9780511809781
https://doi-org.manchester.idm.oclc.org/10.1017/CBO9780511809781
https://doi-org.manchester.idm.oclc.org/10.1017/CBO9780511809781
https://doi.org/10.1214/105051606000000709
https://doi.org/10.1214/105051606000000709
https://doi.org/10.1214/105051606000000709
https://doi.org/10.1016/j.insmatheco.2017.06.005
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2017.06.005
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2017.06.005
https://doi.org/10.1017/asb.2013.17
https://doi-org.manchester.idm.oclc.org/10.1017/asb.2013.17
https://doi-org.manchester.idm.oclc.org/10.1017/asb.2013.17

BIBLIOGRAPHY 169

[15]

[16]

[18]

[19]

[20]

[21]

of ruin for Lévy insurance risk processes. Insurance Math. Econom., 46(1):85—
91, 2010. ISSN 0167-6687. doi:10.1016/j.insmatheco.2009.04.005. URL https:
//doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2009.04.005.

V. 1. Bogachev. Measure theory. Vol. I, II. Springer-Verlag, Berlin, 2007.
ISBN 978-3-540-34513-8; 3-540-34513-2. URL https://doi.org/10.1007/
978-3-540-34514-5|

T. Chan, A. E. Kyprianou, and M. Savov. Smoothness of scale functions for
spectrally negative Lévy processes. Probab. Theory Related Fields, 150(3-4):
691-708, 2011. ISSN 0178-8051. doi:10.1007/s00440-010-0289-4. URL https:
//doi-org.manchester.idm.oclc.org/10.1007/s00440-010-0289-4.

M. Chazal, R. Loeffen, and P. Patie. Smoothness of continuous state branch-
ing with immigration semigroups. J. Math. Anal. Appl., 459(2):619-660, 2018.
ISSN 0022-247X.  doi:10.1016/j.jmaa.2017.10.071.  URL https://doi-org.
manchester.idm.oclc.org/10.1016/j.jmaa.2017.10.071.

E. C. K. Cheung and D. Landriault. On a risk model with surplus-dependent
premium and tax rates. Methodol. Comput. Appl. Probab., 14(2):233-251,
2012. ISSN 1387-5841. doi:10.1007/s11009-010-9197-4. URL https://doi-org.
manchester.idm.oclc.org/10.1007/s11009-010-9197-4.

S. Cohen, A. Kuznetsov, A. E. Kyprianou, and V. Rivero. Lévy matters II, volume
2061 of Lecture Notes in Mathematics. Springer, Heidelberg, 2012. ISBN 978-
3-642-31406-3; 978-3-642-31407-0. Recent progress in theory and applications:
fractional Lévy fields, and scale functions, With a short biography of Paul Lévy
by Jean Jacod, Edited by Ole E. Barndorff-Nielsen, Jean Bertoin, Jacod and
Claudia Kiippelberg, Lévy Matters.

B. De Finetti. Su un’impostazione alternativa della teoria collettiva del rischio.

In Transactions of the XVth international congress of Actuaries, volume 2, pages

433-443. New York, 1957.

D. C. M. Dickson and H. R. Waters. Some optimal dividends problems. Astin


https://doi.org/10.1016/j.insmatheco.2009.04.005
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2009.04.005
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2009.04.005
https://doi.org/10.1007/978-3-540-34514-5
https://doi.org/10.1007/978-3-540-34514-5
https://doi.org/10.1007/s00440-010-0289-4
https://doi-org.manchester.idm.oclc.org/10.1007/s00440-010-0289-4
https://doi-org.manchester.idm.oclc.org/10.1007/s00440-010-0289-4
https://doi.org/10.1016/j.jmaa.2017.10.071
https://doi-org.manchester.idm.oclc.org/10.1016/j.jmaa.2017.10.071
https://doi-org.manchester.idm.oclc.org/10.1016/j.jmaa.2017.10.071
https://doi.org/10.1007/s11009-010-9197-4
https://doi-org.manchester.idm.oclc.org/10.1007/s11009-010-9197-4
https://doi-org.manchester.idm.oclc.org/10.1007/s11009-010-9197-4

BIBLIOGRAPHY 170

[22]

[23]

[25]

[26]

[27]

[28]

Bull., 34(1):49-74, 2004. ISSN 0515-0361. doi:10.2143/AST.34.1.504954. URL
https://doi-org.manchester.idm.oclc.org/10.2143/AST.34.1.504954.

L. Gajek and L. Kucinski. Complete discounted cash flow valua-
tion. Insurance Math. FEconom., 73:1-19, 2017. ISSN 0167-6687.
doii10.1016/j.insmatheco.2016.12.004. ~ URL https://doi-org.manchester.
idm.oclc.org/10.1016/j.insmatheco.2016.12.004.

H. U. Gerber and E. S. W. Shiu. On optimal dividend strategies in the com-
pound Poisson model. N. Am. Actuar. J., 10(2):76-93, 2006. ISSN 1092-0277.
do0i:10.1080,/10920277.2006.10596249. URL https://doi-org.manchester.idm.
oclc.org/10.1080/10920277.2006.10596249.

R. Ghomrasni and G. Peskir. Local time-space calculus and extensions of [to’s
formula. In High dimensional probability, III (Sandjberg, 2002), volume 55 of
Progr. Probab., pages 177-192. Birkhauser, Basel, 2003.

X. Hao and Q. Tang. Asymptotic ruin probabilities of the Lévy insurance model
under periodic taxation. Astin Bull., 39(2):479-494, 2009. ISSN 0515-0361.
doii10.2143/AST.39.2.2044644. URL https://doi-org.manchester.idm.oclc.
org/10.2143/AST.39.2.2044644.

F. Hubalek and E. Kyprianou. Old and new examples of scale functions
for spectrally negative Lévy processes. In Seminar on Stochastic Analy-
sis, Random Fields and Applications VI, volume 63 of Progr. Probab., pages
119-145. Birkh&user/Springer Basel AG, Basel, 2011.  doi:10.1007/978-3-
0348-0021-1 8. URL https://doi-org.manchester.idm.oclc.org/10.1007/
978-3-0348-0021-1_8.

7. Jackiewicz. General linear methods for ordinary differential equations. John
Wiley & Sons, Inc., Hoboken, NJ, 2009. ISBN 978-0-470-40855-1. URL https:
//doi.org/10.1002/9780470522165.

A. Kuznetsov, A. E. Kyprianou, and V. Rivero. The theory of scale functions


https://doi.org/10.2143/AST.34.1.504954
https://doi-org.manchester.idm.oclc.org/10.2143/AST.34.1.504954
https://doi.org/10.1016/j.insmatheco.2016.12.004
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2016.12.004
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2016.12.004
https://doi.org/10.1080/10920277.2006.10596249
https://doi-org.manchester.idm.oclc.org/10.1080/10920277.2006.10596249
https://doi-org.manchester.idm.oclc.org/10.1080/10920277.2006.10596249
https://doi.org/10.2143/AST.39.2.2044644
https://doi-org.manchester.idm.oclc.org/10.2143/AST.39.2.2044644
https://doi-org.manchester.idm.oclc.org/10.2143/AST.39.2.2044644
https://doi.org/10.1007/978-3-0348-0021-1_8
https://doi.org/10.1007/978-3-0348-0021-1_8
https://doi-org.manchester.idm.oclc.org/10.1007/978-3-0348-0021-1_8
https://doi-org.manchester.idm.oclc.org/10.1007/978-3-0348-0021-1_8
https://doi.org/10.1002/9780470522165
https://doi.org/10.1002/9780470522165

BIBLIOGRAPHY 171

[29]

[30]

[31]

[32]

[34]

[35]

for spectrally negative Lévy processes. In Lévy matters II, volume 2061 of Lec-
ture Notes in Math., pages 97-186. Springer, Heidelberg, 2012. doi:10.1007/978-
3-642-31407-0_2. URL https://doi-org.manchester.idm.oclc.org/10.1007/
978-3-642-31407-0_2.

A. E. Kyprianou. Gerber-Shiu risk theory. European Actuarial Academy
(EAA) Series. Springer, Cham, 2013. ISBN 978-3-319-02302-1; 978-3-319-02303-8.
doi:10.1007/978-3-319-02303-8. URL https://doi-org.manchester.idm.oclc.
org/10.1007/978-3-319-02303-8.

A. E. Kyprianou. Fluctuations of Lévy processes with applications. Universitext.
Springer, Heidelberg, second edition, 2014. ISBN 978-3-642-37631-3; 978-3-642-
37632-0. URL https://doi.org/10.1007/978-3-642-37632-0. Introductory

lectures.

A. E. Kyprianou and R. L. Loeffen. Refracted Lévy processes.  Ann.
Inst. Henri Poincaré Probab. Stat., 46(1):24-44, 2010. ISSN 0246-0203.
doii10.1214/08-AIHP307. URL https://doi-org.manchester.idm.oclc.org/
10.1214/08-AIHP307.

A. E. Kyprianou and C. Ott. Spectrally negative Lévy processes perturbed
by functionals of their running supremum. J. Appl. Probab., 49(4):1005-1014,
2012. ISSN 0021-9002. doii10.1017/s0021900200012845. URL https://doi-org.
manchester.idm.oclc.org/10.1017/s0021900200012845.

A. E. Kyprianou and X. Zhou. General tax structures and the Lévy insurance
risk model. J. Appl. Probab., 46(4):1146-1156, 2009. ISSN 0021-9002. URL
https://doi.org/10.1239/jap/1261670694.

A. E. Kyprianou, V. Rivero, and R. Song. Convexity and smoothness of scale
functions and de Finetti’s control problem. J. Theoret. Probab., 23(2):547-564,
2010. ISSN 0894-9840. doi:10.1007/s10959-009-0220-z. URL https://doi-org.
manchester.idm.oclc.org/10.1007/s10959-009-0220-z.

A. E. Kyprianou, R. Loeffen, and J.-L. Pérez. Optimal control with absolutely

continuous strategies for spectrally negative Lévy processes. J. Appl. Probab.,


https://doi.org/10.1007/978-3-642-31407-0_2
https://doi.org/10.1007/978-3-642-31407-0_2
https://doi-org.manchester.idm.oclc.org/10.1007/978-3-642-31407-0_2
https://doi-org.manchester.idm.oclc.org/10.1007/978-3-642-31407-0_2
https://doi.org/10.1007/978-3-319-02303-8
https://doi-org.manchester.idm.oclc.org/10.1007/978-3-319-02303-8
https://doi-org.manchester.idm.oclc.org/10.1007/978-3-319-02303-8
https://doi.org/10.1007/978-3-642-37632-0
https://doi.org/10.1214/08-AIHP307
https://doi-org.manchester.idm.oclc.org/10.1214/08-AIHP307
https://doi-org.manchester.idm.oclc.org/10.1214/08-AIHP307
https://doi.org/10.1017/s0021900200012845
https://doi-org.manchester.idm.oclc.org/10.1017/s0021900200012845
https://doi-org.manchester.idm.oclc.org/10.1017/s0021900200012845
https://doi.org/10.1239/jap/1261670694
https://doi.org/10.1007/s10959-009-0220-z
https://doi-org.manchester.idm.oclc.org/10.1007/s10959-009-0220-z
https://doi-org.manchester.idm.oclc.org/10.1007/s10959-009-0220-z

BIBLIOGRAPHY 172

[3]

[39]

[40]

[41]

[42]

49(1):150-166, 2012. ISSN 0021-9002. URL https://doi.org/10.1239/jap/
1331216839.

B. Li, Q. Tang, and X. Zhou. A time-homogeneous diffusion model
with tax. J. Appl. Probab., 50(1):195-207, 2013. ISSN  0021-9002.
doii10.1239/jap/1363784433. URL https://doi-org.manchester.idm.oclc.
org/10.1239/jap/1363784433.

B. Li, N. L. Vu, and X. Zhou. Exit problems for general draw-down times of
spectrally negative Lévy processes. J. Appl. Probab., 56(2):441-457, 2019. ISSN
0021-9002. doi:10.1017/jpr.2019.31. URL https://doi-org.manchester.idm.
oclc.org/10.1017/jpr.2019.31.

X. S. Lin, G. E. Willmot, and S. Drekic. The classical risk model with
a constant dividend barrier: analysis of the Gerber-Shiu discounted penalty
function.  Insurance Math. Econom., 33(3):551-566, 2003. ISSN 0167-6687.
doi:10.1016/j.insmatheco.2003.08.004. ~ URL https://doi-org.manchester.
idm.oclc.org/10.1016/j.insmatheco.2003.08.004.

Z. Liu and W. Wang. The threshold dividend strategy on a class of dual model
with tax payments. J. Univ. Sci. Technol. China, 44(3):181-187, 2014. ISSN
0253-2778.

A. Lg kka and M. Zervos. Optimal dividend and issuance of equity policies in the
presence of proportional costs. Insurance Math. Econom., 42(3):954-961, 2008.
ISSN 0167-6687. doi:10.1016/j.insmatheco.2007.10.013. URL https://doi-org.

manchester.idm.oclc.org/10.1016/j.insmatheco.2007.10.013.

R. Loeffen. On obtaining simple identities for overshoots of spectrally negative

Lévy processes. arXiv preprint arXiv:1410.5341, 2014.

R. L. Loeffen. On optimality of the barrier strategy in de Finetti’s dividend
problem for spectrally negative Lévy processes. Ann. Appl. Probab., 18(5):1669—
1680, 2008. ISSN 1050-5164. doii10.1214/07-AAP504. URL https://doi.org/
10.1214/07-AAP504.


https://doi.org/10.1239/jap/1331216839
https://doi.org/10.1239/jap/1331216839
https://doi.org/10.1239/jap/1363784433
https://doi-org.manchester.idm.oclc.org/10.1239/jap/1363784433
https://doi-org.manchester.idm.oclc.org/10.1239/jap/1363784433
https://doi.org/10.1017/jpr.2019.31
https://doi-org.manchester.idm.oclc.org/10.1017/jpr.2019.31
https://doi-org.manchester.idm.oclc.org/10.1017/jpr.2019.31
https://doi.org/10.1016/j.insmatheco.2003.08.004
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2003.08.004
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2003.08.004
https://doi.org/10.1016/j.insmatheco.2007.10.013
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2007.10.013
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2007.10.013
https://doi.org/10.1214/07-AAP504
https://doi.org/10.1214/07-AAP504
https://doi.org/10.1214/07-AAP504

BIBLIOGRAPHY 173

[43]

[45]

[46]

[47]

[49]

[50]

R. L. Loeffen. An optimal dividends problem with a terminal value for spectrally
negative Lévy processes with a completely monotone jump density. J. Appl.
Probab., 46(1):85-98, 2009. ISSN 0021-9002. URL https://doi.org/10.1239/
jap/1238592118.

R. L. Loeffen. An optimal dividends problem with a terminal value for spectrally
negative Lévy processes with a completely monotone jump density. J. Appl.
Probab., 46(1):85-98, 2009. ISSN 0021-9002. doi:10.1239/jap/1238592118. URL
https://doi.org/10.1239/jap/1238592118.

R. L. Loeffen and J.-F. Renaud. De Finetti’s optimal dividends problem with an
affine penalty function at ruin. Insurance Math. Econom., 46(1):98-108, 2010.
ISSN 0167-6687. doi:10.1016/j.insmatheco.2009.09.006. URL https://doi.org/
10.1016/j.1insmatheco.2009.09.006.

R. Ming, W. Wang, and Y. Hu. On maximizing expected discounted taxation
in a risk process with interest. Statist. Probab. Lett., 122:128-140, 2017. ISSN
0167-7152. doi:10.1016/j.spl.2016.11.004. URL https://doi-org.manchester.
idm.oclc.org/10.1016/j.spl.2016.11.004.

R.-X. Ming, W.-Y. Wang, and L.-Q. Xiao. On the time value of abso-
lute ruin with tax. Insurance Math. Econom., 46(1):67-84, 2010. ISSN
0167-6687.  doi:10.1016/j.insmatheco.2009.09.004.  URL https://doi-org.
manchester.idm.oclc.org/10.1016/j.insmatheco.2009.09.004.

H. S. Natalie Kulenko. Optimal dividend strategies in a Cramér-Lundberg model
with capital injections. Insurance Math. Econom., 43(2):270-278, 2008. ISSN
0167-6687. URL https://doi.org/10.1016/j.insmatheco.2008.05.013.

J.-L. Pérez and K. Yamazaki. On the refracted-reflected spectrally negative Lévy
processes. Stochastic Process. Appl., 128(1):306-331, 2018. ISSN 0304-4149.
doi:10.1016/j.spa.2017.03.024. URL https://doi-org.manchester.idm.oclc.
org/10.1016/7.spa.2017.03.024.

M. R. Pistorius. On exit and ergodicity of the spectrally one-sided Lévy pro-
cess reflected at its infimum. J. Theoret. Probab., 17(1):183-220, 2004. ISSN


https://doi.org/10.1239/jap/1238592118
https://doi.org/10.1239/jap/1238592118
https://doi.org/10.1239/jap/1238592118
https://doi.org/10.1239/jap/1238592118
https://doi.org/10.1016/j.insmatheco.2009.09.006
https://doi.org/10.1016/j.insmatheco.2009.09.006
https://doi.org/10.1016/j.insmatheco.2009.09.006
https://doi.org/10.1016/j.spl.2016.11.004
https://doi-org.manchester.idm.oclc.org/10.1016/j.spl.2016.11.004
https://doi-org.manchester.idm.oclc.org/10.1016/j.spl.2016.11.004
https://doi.org/10.1016/j.insmatheco.2009.09.004
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2009.09.004
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2009.09.004
https://doi.org/10.1016/j.insmatheco.2008.05.013
https://doi.org/10.1016/j.spa.2017.03.024
https://doi-org.manchester.idm.oclc.org/10.1016/j.spa.2017.03.024
https://doi-org.manchester.idm.oclc.org/10.1016/j.spa.2017.03.024

BIBLIOGRAPHY 174

[55]

[56]

0894-9840. doi:10.1023/B:JOTP.0000020481.14371.37. URL https://doi-org.
manchester.idm.oclc.org/10.1023/B:JOTP.0000020481.14371.37.

G. B. Price. Multivariable analysis. Springer-Verlag, New York, 1984. ISBN
0-387-90934-6. URL https://doi.org/10.1007/978-1-4612-5228-3.

P. E. Protter. Stochastic integration and differential equations, volume 21 of
Stochastic Modelling and Applied Probability. Springer-Verlag, Berlin, 2005.
ISBN 3-540-00313-4. do0i:10.1007/978-3-662-10061-5. URL https://doi.org/10.
1007/978-3-662-10061-5. Second edition. Version 2.1, Corrected third printing.

J.-F. Renaud. The distribution of tax payments in a Lévy insurance risk
model with a surplus-dependent taxation structure. Insurance Math. Econom.,
45(2):242-246, 2009. ISSN 0167-6687. URL https://doi.org/10.1016/j.
insmatheco.2009.07.004.

D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293
of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, third edition, 1999. ISBN 3-540-
64325-7. doi:10.1007/978-3-662-06400-9. URL https://doi-org.manchester.
idm.oclc.org/10.1007/978-3-662-06400-9.

A. W. Roberts and D. E. Varberg. Convex functions. Academic Press [A sub-
sidiary of Harcourt Brace Jovanovich, Publishers|, New York-London, 1973. Pure

and Applied Mathematics, Vol. 57.

S. Wang, C. Zhang, and G. Wang. A constant interest risk model
with tax payments. Stoch. Models, 26(3):384-398, 2010. ISSN 1532-6349.
doi:10.1080/15326349.2010.498316. URL https://doi-org.manchester.idm.
oclc.org/10.1080/15326349.2010.498316.

W. Wang and Y. Hu. Optimal loss-carry-forward taxation for the Lévy risk
model. Insurance Math. Econom., 50(1):121-130, 2012. ISSN 0167-6687. URL
https://doi.org/10.1016/j.insmatheco.2011.10.011.


https://doi.org/10.1023/B:JOTP.0000020481.14371.37
https://doi-org.manchester.idm.oclc.org/10.1023/B:JOTP.0000020481.14371.37
https://doi-org.manchester.idm.oclc.org/10.1023/B:JOTP.0000020481.14371.37
https://doi.org/10.1007/978-1-4612-5228-3
https://doi.org/10.1007/978-3-662-10061-5
https://doi.org/10.1007/978-3-662-10061-5
https://doi.org/10.1007/978-3-662-10061-5
https://doi.org/10.1016/j.insmatheco.2009.07.004
https://doi.org/10.1016/j.insmatheco.2009.07.004
https://doi.org/10.1007/978-3-662-06400-9
https://doi-org.manchester.idm.oclc.org/10.1007/978-3-662-06400-9
https://doi-org.manchester.idm.oclc.org/10.1007/978-3-662-06400-9
https://doi.org/10.1080/15326349.2010.498316
https://doi-org.manchester.idm.oclc.org/10.1080/15326349.2010.498316
https://doi-org.manchester.idm.oclc.org/10.1080/15326349.2010.498316
https://doi.org/10.1016/j.insmatheco.2011.10.011

BIBLIOGRAPHY 175

[58]

[59]

[62]

[63]

W. Wang and Z. Liu. The expected discounted penalty function under the com-
pound Poisson risk model with tax payments and a threshold dividend strategy.

J. Univ. Sci. Technol. China, 46(2):87-94, 2016. ISSN 0253-2778.

W. Wang and Z. Zhang. Optimal loss-carry-forward taxation for Lévy risk pro-
cesses stopped at general draw-down time. Adv. in Appl. Probab., 51(3):865—
897, 2019. ISSN 0001-8678. doi:10.1017/apr.2019.33. URL https://doi-org.
manchester.idm.oclc.org/10.1017/apr.2019.33.

W. Wang and X. Zhou. A draw-down reflected spectrally negative Lévy process,
2018.

W. Wang, R. Ming, and Y. Hu. On the expected discounted penalty function
for risk process with tax. Statist. Probab. Lett., 81(4):489-501, 2011. ISSN 0167-
7152. doii10.1016/.spl.2010.12.012. URL https://doi-org.manchester.idm.
oclc.org/10.1016/j.sp1.2010.12.012.

W. Wang, L. Xiao, R. Ming, and Y. Hu. On two actuarial quantities for
the compound Poisson risk model with tax and a threshold dividend strat-
egy. Appl. Math. J. Chinese Univ. Ser. B, 28(1):27-39, 2013. ISSN 1005-1031.
doi:10.1007/s11766-013-2811-9. URL https://doi-org.manchester.idm.oclc.
org/10.1007/s11766-013-2811-9.

W. Wang, X. Wu, X. Peng, and K. C. Yuen. A note on joint occupation times of
spectrally negative Lévy risk processes with tax. Statist. Probab. Lett., 140:13-22,
2018. ISSN 0167-7152. doi:10.1016/;.spl.2018.04.016. URL https://doi-org.
manchester.idm.oclc.org/10.1016/j.spl.2018.04.016.

W. Wang, X. Wu, and C. Chi. Optimal implementation delay of taxation with
trade-off for Lévy risk processes. arXiv preprint arXiv:1910.08158, 2019.

W. Wang, P. Chen, and S. Li. Generalized expected discounted
penalty function at general drawdown for Lévy risk processes. Insur-
ance:  Mathematics and FEconomics, 91:12 — 25, 2020. ISSN 0167-
6687. doi:https://doi.org/10.1016/j.insmatheco.2019.12.002. URL http://wuw.
sciencedirect.com/science/article/pii/S0167668719304238.


https://doi.org/10.1017/apr.2019.33
https://doi-org.manchester.idm.oclc.org/10.1017/apr.2019.33
https://doi-org.manchester.idm.oclc.org/10.1017/apr.2019.33
https://doi.org/10.1016/j.spl.2010.12.012
https://doi-org.manchester.idm.oclc.org/10.1016/j.spl.2010.12.012
https://doi-org.manchester.idm.oclc.org/10.1016/j.spl.2010.12.012
https://doi.org/10.1007/s11766-013-2811-9
https://doi-org.manchester.idm.oclc.org/10.1007/s11766-013-2811-9
https://doi-org.manchester.idm.oclc.org/10.1007/s11766-013-2811-9
https://doi.org/10.1016/j.spl.2018.04.016
https://doi-org.manchester.idm.oclc.org/10.1016/j.spl.2018.04.016
https://doi-org.manchester.idm.oclc.org/10.1016/j.spl.2018.04.016
https://doi.org/https://doi.org/10.1016/j.insmatheco.2019.12.002
http://www.sciencedirect.com/science/article/pii/S0167668719304238
http://www.sciencedirect.com/science/article/pii/S0167668719304238

BIBLIOGRAPHY 176

[66]

[67]

[69]

[70]

W.-y. Wang, A.-l. Zhang, Q.-y. Wang, and Y .-j. Hu. On the Cramér-Lundberg risk
model with a constant force of interest and surplus-dependent loss-carry-forward

tax structure. J. Math. (Wuhan), 32(3):447-454, 2012. ISSN 0255-7797.

J. Wei, H. Yang, and R. Wang. On the Markov-modulated insurance
risk model with tax. Bl. DGVFM, 31(1):65-78, 2010. ISSN 1864-0281.
d0i:10.1007/s11857-010-0104-4. URL https://doi-org.manchester.idm.oclc.
org/10.1007/s11857-010-0104-4.

L. Wei. Ruin probability in the presence of interest earnings and tax pay-
ments.  Insurance Math. Econom., 45(1):133-138, 2009. ISSN 0167-6687.
doii10.1016/j.insmatheco.2009.05.004. ~ URL https://doi-org.manchester.
idm.oclc.org/10.1016/j.insmatheco.2009.05.004.

Z. Zhang, E. C. K. Cheung, and H. Yang. Lévy insurance risk process with
Poissonian taxation. Scand. Actuar. J., (1):51-87, 2017. ISSN 0346-1238.
doi:10.1080/03461238.2015.1062042. URL https://doi-org.manchester.idm.
oclc.org/10.1080/03461238.2015.1062042.

X. Zhou. On a classical risk model with a constant dividend bar-
rier. N. Am. Actuar. J., 9(4):95-108, 2005. ISSN  1092-0277.
doi:10.1080,/10920277.2005.10596228. URL https://doi-org.manchester.idm.
oclc.org/10.1080/10920277.2005.10596228.


https://doi.org/10.1007/s11857-010-0104-4
https://doi-org.manchester.idm.oclc.org/10.1007/s11857-010-0104-4
https://doi-org.manchester.idm.oclc.org/10.1007/s11857-010-0104-4
https://doi.org/10.1016/j.insmatheco.2009.05.004
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2009.05.004
https://doi-org.manchester.idm.oclc.org/10.1016/j.insmatheco.2009.05.004
https://doi.org/10.1080/03461238.2015.1062042
https://doi-org.manchester.idm.oclc.org/10.1080/03461238.2015.1062042
https://doi-org.manchester.idm.oclc.org/10.1080/03461238.2015.1062042
https://doi.org/10.1080/10920277.2005.10596228
https://doi-org.manchester.idm.oclc.org/10.1080/10920277.2005.10596228
https://doi-org.manchester.idm.oclc.org/10.1080/10920277.2005.10596228

	Abstract
	Declaration
	Copyright Statement
	Acknowledgements
	Introduction
	Preliminaries
	Lévy processes
	Scale functions

	Tax processes
	Introduction
	The equivalence of two tax processes
	Examples

	Identities for natural tax processes
	Deficit at and maximum surplus prior to ruin
	Applications
	The approach

	Optimal taxation for natural tax processes
	Introduction
	Optimal control problem
	Relation with Wang and Hu's work

	Natural Taxation with forced bail-out
	Introduction
	Value function
	The tax value function
	The injection value function

	Optimal control problem

	Natural Taxation with a limited bail-out
	Introduction
	Reflected Lévy processes
	Value function
	The tax value function
	The injection value function
	The penalty value function


	Further literature review
	Bibliography

