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In a growth-fragmentation system, cells grow in size slowly and split
apart at random. Typically, the number of cells in the system grows expo-
nentially and the distribution of the sizes of cells settles into an equilibrium
“asymptotic profile”. In this work we introduce a new method to prove this
asymptotic behaviour for the growth-fragmentation equation, and show that
the convergence to the asymptotic profile occurs at exponential rate. We do
this by identifying an associated sub-Markov process and studying its quasi-
stationary behaviour via a Lyapunov function condition. By doing so, we are
able to simplify and generalise results in a number of common cases and
offer a unified framework for their study. In the course of this work we are
also able to prove the existence and uniqueness of solutions to the growth-
fragmentation equation in a wide range of situations.
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1. Introduction. Growth-fragmentation describes a system of objects which grow
slowly and deterministically, and split apart suddenly at random. It arises in biophysical
models of cell division (see [37], §4), cellular aggregates [2] and protein polymerisation [41].
We are concerned in this work with a mathematical model of a growth-fragmentation system
which describes its average behaviour over time. We will give general conditions for such a
model to make sense, and characterise its long-term behaviour, by showing that cell numbers
grow exponentially and the cell size distribution settles into an equilibrium, and that this
occurs at exponential rate.

In a growth-fragmentation system, each cell has a trait associated with it, called its size. As
time progresses, the size of the cell increases in a deterministic way, mathematically modelled
by an ordinary differential equation. At some random time, it undergoes fragmentation, and
splits its size, again at random, into a collection of descendant cells.

A common starting point for the study of these phenomena is the equation

o0
(D) o (x) + Bx(c(x)u;(x)) = / ur(Vk(y, x)dy — K(x)us(x),
X

where u;(x) represents the density of cells of size x at time #, ¢ and K are growth and
fragmentation rates respectively, and k represents the repartition of size between parent and
descendant cells.

This equation can be expressed in a more general form, without requiring densities, by
considering a semigroup 7" which solves the following equation:

a
2 WTif(x)=TAf(x), Af (x) = %(X) + f(o )f(y)k(x, dy) — K(x) f(x),

for suitable functions f. Here, s represents the growth term, K (x) is again the rate at which
a cell of size x experiences fragmentation, and k(x, dy) is the rate at which a cell of size
y appears as the result of the fragmentation of a cell of size x. We call (2) the growth-
fragmentation equation.

Speaking formally, if u; solves (1), then T; f (uo) := [ us(x) f(x)dx solves a version of

(2) integrated against uo(x) dx, with s(x) = [}’ %. On the other hand, if 7 solves (2) and

T; f (x) = [u;(y) f(y)dy, and once again s(x) = [} %, then u; satisfies (1) with ug =98,
the Dirac delta measure. However, it is not straightforward to make this connection rigorous
(see [23] for one possible approach for growth-fragmentation, and [21], Theorem 8.1, for a
related model). We take (2) as our main object of study.

Our standing assumptions on the coefficients of (2) will be given at the beginning of Sec-
tion 2. For the moment, we note that s should be continuous and strictly increasing, we define

(see, e.g., [39] and references therein)

of o St~ f()
g(x)_ im

§—0,6>0 s(x +8) —s(x) ’

and C® to be the set of continuous functions f: (0, +00) — (0, +00) such that 3f/ds is
well defined on (0, +00). We also write CC(.S) for functions f € C*) with compact support
and with df/ds bounded; and Cl((fc) the set of functions f € C) with 3f/ds locally bounded.

The purpose of this work is to give general conditions for the existence and uniqueness of
the semigroup solving the growth-fragmentation (2), and to describe its long-term behaviour
precisely.

For the first of our results, we require the following assumption on the existence of a
Lyapunov type function for A.



A QUASI-STATIONARY APPROACH TO THE GROWTH-FRAGMENTATION EQUATION 1235

ASSUMPTION 1. There exists a positive function i € C ) such that, for all M > 0,

loc
h
3) sup f &k(x dy) < 400
xe(0,M)J(0,x) h(x)
Ah(x) -

and such that (0, c0) 3 x > o) is bounded from above and locally bounded.

This assumption is quite abstract, but we will show shortly that it is verified for a wide class
of coefficients, covering many commonly studied cases in the literature. The main result of
this paper is the following statement on existence and uniqueness of solutions to the growth-
fragmentation equation. We consider semigroups acting on the Banach space

={f:(0,00) > R: f is Borel and f/h is bounded}

with associated norm || f|g = || f/ k|l L ((0,00)). We caution that our definition of semigroup
(which we defer to page 1239) does not impose any strong continuity requirement.

THEOREM 1. Assume that Assumption 1 holds true. There exists a unique semigroup
(T))i=0 on B such that, for all f € D(A) :=C U (h},

t t
4) /OTulAfl(x)du<oo and T,f(x):f(x)—i—/o T, Af (x)du.

We study the semigroup 7 by connecting it to that of a Markov process via an A-transform,
and this is a feature shared by other recent work such as [5, 11, 15, 17]. However, whereas
these previous works have been concerned with finding either a specific superhamonic func-
tion (in the first two cases) or an eigenfunction (in the latter two) connected to A, we are
quite free in our choice of the function /, provided that we verify Assumption 1. In turn, we
make use of the theory of sub-Markov processes and their quasi-stationary distributions. This
gives us a great deal of freedom and accounts for the flexibility of our approach. In particu-
lar, we do not require conservation of size at splitting events (i.e., K (x) = [ %k(x, dy)), and
both K (x) < [ %k(x, dy)and K (x) > [ %k(x, dy) are possible in our framework, modelling
respectively size creation and destruction; see Section 3.1.1 for a representative example.

Other approaches, which do not adapt well to our situation, have been proposed. An ap-
proach via Hille—Yosida theory may be found in [4, 7, 8], and further references therein; a
method using strongly continuous semigroups in L' spaces is contained in [17, 30, 33]; [35]
discusses perturbation results for Cp-semigroups in well chosen function spaces; an approach
from martingale theory can be found in [11]; and [6] uses a fixed point argument.

The second part of our work consists of describing the long-term behaviour of 7', the
unique solution of the growth-fragmentation equation. In order to do this, we leverage a
representation of 7 in terms of a sub-Markov process which is developed in the proof of
Theorem 1, and make use of the theory of quasi-stationary limits in weighted total variation
distance.

The following additional assumptions are required. These are discussed in more detail in
Section 3. The first can be regarded as a sufficient condition for irreducibility of the auxiliary
Markov process referred to above; see Proposition 4 in Section 3 for a proof of this.

ASSUMPTION 2. For all x € (0, +00), the Lebesgue measure of s({y € (x,+00) :
k(y, (0, x)) > 0}) is positive.

The second assumption implies a certain Doeblin condition for said Markov process, as
shown in Proposition 5 in Section 3.
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ASSUMPTION 3. One of the following holds true:
(a) There exist a positive constant a > 0, a nonempty, open, compactly contained interval

I C (0, 400), a function T : [0, 1] x (0, +00) — (0, +00) and a probability measure p on
[0, 1] such that, for all positive measurable function f on (0, +00),

[ rokednza[ frex)m@), xel,
(0,400) [0,1]

and such that for all 8 € [0, 1], s o T (0, -) is continuously differentiable with respect to s on
1, with

dsoT(,")
@) 8—( x)#1, xel.

(b) There exists a nonnegative nonzero kernel 8 from (0, +00) to (0, 400) such that, for
all x € (0, +00), k(x, dy) = B(x, dy) and such that, for all measurable A C (0, +00) and
x € (0, +00) with B(x, A) >0,

(6) liminf B(y, A) > 0.

y—=>XxX,y<x

With these in place, we can state the second main result. A more general version of this
appears, with proof, as Theorem 3 and Proposition 7 in Section 3.

THEOREM 2. Assume that Assumptions 1, 2 and 3 hold, and that there exist positive
functions ¥, & € Cloc’ constants A1 > Ay and cl, cz, C=>0,and a compact interval L C

(0, +00), such that c1§ < h < ¥, limy_0 100 1//()6) =0, SUP,¢(0, M) f(o X S(x)k(x dy) <
o0 for all M > 0, and

Ay (x) < =My (x) + Clp(x), x € (0,+00),
AE(x) > —AE(x), x €(0,400).

Then, there exist Ly < A, a unique positive measure m on (0, +00) and a unique function
¢ :(0,400) = (0, +00) such that m(¥) = 1 and ||@/V¥|lco = 1 and such that, for all t > 0,
mT, = e*'m and T,p = e*'¢. Moreover, for all f : (0, +00) — R such that | f| < ¥, we
have

A —
" T, f(x) — p(Im(f)] < ce " (x),
for some constants c,y > 0. If moreover % is not constant, then Ay < A3.

This result is exactly what one hopes for from a Lyapunov function approach, but the
reader may still wonder whether these conditions and assumptions can be verified in practice.
A representative case is the following, which appears later, with proof, as Proposition 9.

Consider the operator .4 given in the form

Af =c(0) f'(x) + K(X)(/(O N J(ux)p(du) — f(X)>,

where p is a finite measure on (0, 1) such that f(o,l) up(du) =1, K is right-continuous and
c: (0,+00) — (0, +00) is right-continuous and locally bounded. This means that p(du)
describes the rate of seeing children of relative size du at splitting, regardless of the size of
the parent (we say that k is “self-similar”); there is conservation of size at splitting events; and
that prior to splitting, the size x; of a cell follows the ordinary differential equation x; = c(x,)
To put this into the framework of (2), we may take s(x) = [{' L‘g) and k(x,) = K(x)pomy
where m, (1) = xu.
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PROPOSITION 1. Assume that sup,.c p) K (x) < 400 for each M > 0, that Assump-
tions 2 and 3 hold true, that

/ K(x)
dx < 400
0,1 c(x)

and that there exists o > 1 such that, for all u € (0, 1),
¥ K(x) —alnu

@) liminf ——dx > .
X—+00 ux C(x) 1—‘/.(071) Uap(dv)

Then, Assumption 1 holds, and the conclusions of Theorem 2 are valid, with Ao < 0.

In the case where p(du) = 2 du, which represents splitting into an average of two children
with uniform size repartition, Assumption 3(a) is satisfied provided K has some positive
lower bound on a compact interval (see Remark 4(i) in Section 3.1), and the inequality (7)
holds if

xK(x)

) liminf >34 22.

x—>+o00 ¢(x)

On the contrary, when p(du) = 268 ,2(du), representing equal mitosis, Assumption 3(a)
holds provided that K has some positive lower bound on a compact interval / and that
c(x) # 2c(x/2) for x € I (see Remark 4(ii) in Section 3.1). Moreover, the right-hand side
of (7) has minimum approximately —3.86Inu (with the exact expression involving an im-
plicit function). This implies that (7) holds if

. XK ()
®) }clin-il-rolg c(x)

> 3.86.

Proposition 1 and inequalities (8) and (9) give very concrete conditions for checking the
long-term behaviour in these common cases.

Comparison with the literature. We give here a brief overview of the literature and describe
how our results compare with the state of the art, without pretending to be comprehensive.

The situation in Proposition 1 was considered in Theorem 1.3 of [15] where, as discussed
earlier, the authors begin by finding an eigenfunction ¢ for .4, using functional analysis tech-
niques, and then use Lyapunov function criteria for the convergence of the resulting (conser-
vative) semigroup. Proposition 1 improves upon this by reducing the regularity assumptions
on ¢ and K and the requirements on the relative growth rates of these functions. Proposi-
tion 1 also recovers Theorem 4.3 in [6] while making slightly weaker assumptions on the
growth rate and balance between K and c. Both of these cases are discussed in more detail in
Section 3.1.2.

Bertoin [9], Section 3.6, considers the setting where c is a positive, continuous, approxi-
mately linear function and £ is self-similar, and develops moment conditions for convergence
at geometric rate. The method used in that work bears some similarity with our own: the au-
thors identify a particular superharmonic function and study an associated Markov process.
Section 6 of [12] applies the same idea in a more specific setting. Our approach is based on
the study of a sub-Markov process, which allows us to extend the geometric convergence to
a broader class of models. In particular, Proposition 11, whose conditions are similar to those
in the model studied in [9], gives a similar, but more general moment conditions for this to
occur. Cavalli [17] uses methods similar to those of [9] in a situation in which the fragmen-
tation rate is bounded and cells can grow to positive size starting from size 0. We reach the
same conclusion in Section 3.1.1, making weaker regularity assumptions than [17].
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In [1, 14, 27], K is comparable to a power law, c is either constant or linear, and f%(x))
is bounded both below and above. The authors prove geometric convergence in a weighted
L? norm. In the case of self-similar k, Propositions 9 and 10 offer the convergence in [14]
and [27] respectively, albeit in a weighted L°° space; the bounds on f}é‘(x)) can be replaced
with the weaker Assumption 3. When £ is not self-similar, our main result also applies under
weaker requirements, as detailed in Remark 5. We also note in this remark that our geometric
convergence result covers, under weaker assumptions, the setting of Debiec et al. [23], who
use a relative entropy method to prove convergence without geometric rate, and of Bernard
and Gabriel [8], where the authors prove geometric convergence rates by means of quasi-
compactness.

Maillard and Paquette [30] consider the particular case where c(x) = x, K(x) = xR(x)
and k(x, dy) = xR(x)% dy for some positive function R, so that there is no conserva-
tion of mass, but rather conservation of the number of fragments. They establish a con-
cise necessary and sufficient condition for existence of a stationary distribution and con-
vergence without geometric rates. Our results can be applied to this particular model to
provide sufficient conditions for convergence with a geometric rate. This is discussed in
Remark 5, where we emphasize the additional requirements of our conditions (which en-
sure geometric rates of convergence) to the ones from [30]. Bouguet [13] also studies the
situation where the solution to the growth fragmentation equation is the semigroup of a
(conservative) Markov process, under moment conditions on the fragmentation kernel and
asymptotic conditions on the growth and fragmentation rate, which also enter in our set-
ting.

Finally, we give some additional pointers to the (wide) literature. In [3] the authors con-
sider a growth-fragmentation model in a discrete state space; in [7], the authors study the non-
convergence of the growth fragmentation equation; in [16], the author obtains a sharp bound
for the coefficients of a critical growth-fragmentation equation (we actually recover this sharp
bound in Section 3.1.4); the two papers [12, 31] study the branching process representation
of the growth-fragmentation phenomenon and corresponding laws of large numbers; in [29],
the authors prove an explicit geometric rate of convergence under a specific monotonicity
condition on integrands of the kernel in the case where s(x) = x — 1 and we do recover under
weaker assumptions geometric convergence in the examples they consider, however it does
not seem that their assumptions imply the Doeblin condition required to apply our result; in
[35], the author studies a situation in which loss of mass occurs, either at division events or
directly by cell “death” and proves quasi-compactness properties. We also refer the reader
to the seminal works [24, 28] where dynamics in (0, 1] are studied; see also [5, 43] for an
extension of this model.

Discussion of the growth term. Besides giving general Lyapunov function criteria for so-
lutions of the growth-fragmentation and their long-term behaviour, the present work also
makes it possible to consider more general growth dynamics, since the growth term in A is
given by the general differential df/ds. As intimated in the previous example, the classical
situation, where df/ds is replaced by cf’ for some continuous positive function ¢, can be
recovered by setting s(x) = [} %. However, our setting allows us to handle, in particular,
situations where the drift ¢ vanishes and is not Lipschitz. Indeed, consider the case where
c(x) = 4/|x — 1]. Then the flow directed by the generator f +> cf’, acting on continuously
differentiable functions, has multiple solutions, whereas the flow directed by the generator
f — 9f/ds, acting on functions with bounded s derivatives, admits only one solution. It
also covers seamlessly the situation where the drift ¢ is not locally bounded. The fact that
the generator is not restricted to continuously differentiable functions is of course a central
component.
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Outline of the paper. In Section 2, we prove that the growth-fragmentation equation admits
a unique solution, by representing it as an A-transform of the semigroup of a sub-Markov
process. In Section 3, we state and prove a general result which implies Theorem 2, and
we provide several applications to different families of growth fragmentation equations, with
a comparison to the state of the art. Finally, in the Appendix, we give some extensions of
Davis’ work [22] on piecewise-deterministic Markov processes (PDMP) which are required
in Section 2, proving in particular that the martingale problem is well posed.

2. Existence of a unique solution to the growth-fragmentation equation. This sec-
tion is devoted to the proof of Theorem 1, which is to say, the existence and uniqueness of
a semigroup T solving the growth-fragmentation (2). Before discussing this in detail, we
should clarify our standing assumptions, notation and definitions.

The coefficients of (2) have the following standing assumptions in place. Let k be a
positive kernel from (0, +00) to itself such that k(x, [x, +00)) = 0 for all x € (0, +00),
let s: (0,400) — R be a strictly increasing continuous function such that s(1) = 0 and
limy_ 4 5o §(x) =400, and K : (0, +00) — R be a measurable locally bounded function.

Recall the definition given earlier of the derivative of f with respect to s,

af Jx+38)— fx)

—(x)=lim ,
as §—0,6>0 s(x +8) — s(x)

and the function spaces C*, Cés) and Cl((fg of s-differentiable functions. It is also useful at
this point to observe that, if a function f is s-differentiable on the right with locally bounded
derivatives in the above sense, then f is s-absolutely continuous (as defined in the Appendix)
and df/ds is its Radon—Nikodym derivative. On the other hand, if f is s-absolutely con-
tinuous, then the right-hand side above is equal to its Radon—Nikodym derivative almost
everywhere.

We say that T = (T;);>0 is a semigroup on a measurable space E if:

(1) foreacht >0, T; is a kernel from E to itself,
(i) foreacht,u >0, x € E and measurable A C E, T, (x, A) = [ T;(x, dy) T, (y, A),
(iii) To(x,-) =dy.

As is usual for kernels, we can regard 7; as acting on a measurable function f: E — R by
the definition 7; f (x) = [z T;(x, dy) f(y), and if p is a measure on E, we can also define
a measure uT; = [ u(dx)T;(x, -). If B is some space of functions on E with the property
that 7;(B) C B, we will refer to T; as a semigroup on B. Crucially, we do not make the
requirement that 7" is strongly continuous. In addition (see Corollary 2 below) the semigroup
T does not depend on the choice of # made in Assumption 1.

The proof of our first theorem is based on the study of an auxiliary sub-Markov process.
More precisely, setting

Ah(x)
(10) b:= su
xe(O,Eoo) h(x)

which is finite by assumption, we show that the action L f (x) = % — bf (x) on suitable
f uniquely characterises a sub-Markov process X, whose killing rate is given by
Ah(x)
h(x)
The auxiliary sub-Markov process X can be described informally as follows. The growth-
fragmentation equation (2) can be seen as characterising the expected behaviour of a system

q(x):=b— >0, Vxe(0,+00).
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of growing and dividing cells (see [12] for a precise description). We assign each cell a time-
dependent weight, with the property that at each time, the sum of weights of cells is less than
1. At time ¢, we treat the weights as a probability distribution and select a cell based on this
(with positive probability of selecting no cell). The size of the selected cell is equal in law
to X;, and this procedure can be iterated to obtain the law of a sub-Markov process X. This
process is characterised in the following result, which is proved in Section 2.1; however, for
our purposes, we do not need any system of cells, and work solely with semigroups and their
associated operators.

PROPOSITION 2. Assume that Assumption 1 holds true. Let E = (0, 00) U {0}, where 0
is an isolated point. Consider the operator L given by L f(3) =0 and

A(h
LfGx)= % —bf(x) +qx)f (),
_of
=3 (x)
h(y)
+ /(o,x)(f(y) - f(X))mk(x, dy) + g (f(®) — f(x)), x € (0, +00)

with domain
DL)={f: E—R: f(@) €Rand f|0.0 € CH}.

There exists a unique cadlag solution to the martingale problem (L, D(L)) for any initial
measure 8. Moreover, its semigroup Q satisfies: for allt > 0, all x € E and all f € D(L),

t t
(11) /0 OuLfI)du <400 and Qi f(¥) = f(x) + /0 QuLf (x)du.

Then we show that there is at most one Markov semigroup Q on L°°(E) and satisfying
(11). A semigroup Q on E is called Markov if Q;1g = 1 for all ¢ > 0. The following result
is proved in Section 2.2.

PROPOSITION 3. Assume that Assumption 1 holds true. Then there is at most one Markov
semigroup Q on L*°(E) satisfying: forallt >0, all x € E and all f € D(L),

t t
(12) /0 OuLfI)du <400 and Qi f(x) = f(x) + fo QuLf(x)du.

With these results on the auxiliary semigroup Q in place, we can conclude the proof of
Theorem 1 in Section 2.3, by representing Q as an h-transform of the semigroup 7" solving
the growth-fragmentation equation (4).

Representing T in terms of Q is very useful, and not only for existence and uniqueness:
our results on the spectral gap in Section 3 also rely on this technique.

We conclude with a few useful properties of 7. First, we note a simple bound on the
support of 8,7, and observe that (4) holds true on an extension of the domain of 4. This
result is proved in Section 2.4.

COROLLARY 1. Assume that Assumption 1 holds true. Then, for all x € (0, +00) and all
t > 0, the support of 6, T; is included in [0, s s(x) +1)]. Let fe ) such that | f1/|h] is

loc

bounded and such that inf % > —00 or sup % < 400. Then equality (4) holds true.

Second, we observe that the solution to (4) does not depend on the choice of 4. This is
proved in Section 2.5, ensuring that;
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COROLLARY 2. Let hy and h» satisfy Assumption 1. Then, the solution T! to (4) with hy
instead of h, and the solution T? to (4) with hy instead of h, are identical.

REMARK 1. In this paper, we assume that sizes take values in (0, +-00). However, when 0
is an entrance boundary for the growth component, that is, when s(0+) > —o0, it is straight-
forward to adapt the method and results of this paper to the case where the space (0, 4-00) is
replaced by [0, +00), with k(x, {0}) > O for all x € [0, +00).

REMARK 2. The primary difficulty in proving the results from this section is that we wish
to characterise 7 (and Q) in terms of analytic, rather than probabilistic conditions; that is, the
semigroup condition and the equations (4) and (12). Moreover, we want to avoid assumptions
such as the Feller property, which may not hold in the absence of similar conditions on the
kernel k.

Indeed, Proposition 2, concerning the probabilistic question of the well-posedness of the
martingale problem in the space of cadlag paths, is fairly straightforward to prove, and we
rely primarily on the work of Davis [22] (slightly extended in the Appendix) and standard
techniques of Ethier and Kurtz [26].

Proposition 3 is substantially more involved, but the techinque is essentially to show that
any semigroup solving (12) can be represented in terms of a cadlag Markov process, which
in turn is the unique solution of the martingale problem already addressed. The ideas in this
part, such as the study of upcrossings and regularisation of paths, are familiar, but typical
references (for instance, [42] under Feller-type (§1I1.7) or Ray (§1I1.36) conditions) have
sufficiently different hypotheses that we were not able to reduce the situation to one covered
by these results.

2.1. An auxiliary Markov process. This section is devoted to the proof of Proposition 2.
From now on, we set
h(y)
k . d == —k ) d 9
n(x, dy) ) (x, dy)
so that, by Assumption 1, x — kj(x, (0,x)) is bounded on (0, M), for all M > 0. Be-
fore proving Proposition 2, we start with a useful technical lemma. We define f_(x) =

max{— f(x), 0}.

LEMMA 1. Assume f € D(L), meaning that f|0,+o0) € CC(S), and that Assumption 1
holds true. Then:

(1) Lf islocally bounded,
(ii) if f is nonnegative, then L f is bounded below;
(iii) if f is nonnegative and f(3) =0, then, for all M > 0, sup, ¢ p) £ f (x) < +00.

PROOF. Since f € D(L), flo,00) € CC(S). Define F' = supp f|(0,00), @ compact subset of
(0, 00). We first note the following: for all x € (0, +00),

a
Lf()| < H%” 201 f ook (5. (0,)) + 211 f 100q (),

Ah
where g(x) =b — T)(c);)

proves the first point.

>0 and k;(x, (0, x)) are locally bounded by Assumption 1. This
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If f is nonnegative, then
af
Lfx)=—|=| — fkn(x,(0,x))—qx)f(x)
95 |l o
>[5
- as
which is bounded below since F is compact and g (x) and k; (x, (0, x)) are locally bounded.

This proves the second point of Lemma 1.
If f is nonnegative and f(d) = 0, then

(13)
— Leerll flloo (kn(x, (0, X)) + g (x))

.

i 5
LA ok an <[] ik 0.0)
S lloo 0,x) s 0

Lf(x)=<

which is bounded over x € (0, M), for all M > 0, according to Assumption 1. [J
We can now proceed to the proof of Proposition 2.

PROOF OF PROPOSITION 2. We first show that there exists a cadlag solution of the
(L, D(L)) martingale problem, and then prove that this solution is unique.

(1) There exists a cadlag solution of the (L, D(L)) martingale problem.

Since s is continuous and strictly increasing, there exists a unique flow ¢ : (0, +00) x
[0, +00) — (0, +00) such that ¢ (x,0) = x and

14 d =1, V
(14) g @@n)=1Vxu,

whichis givenby ¢ (x, t) = s (s(x)41) forall x € (0, +00) and t > 0. We also set ¢0,1)=
o for all r > 0. We observe that ¢ is not explosive since it satisfies s(¢(x, 1)) = s(x) + ¢ for
all t > 0 and x € (0, +00), while s(y) — +00 when y — +00. Moreover, for all f € D(L),
we have

f@G.t4+h) = fl9kx,0)

(;—:f(¢(x, 1)):= lim

h—>0,h>0 h
(15) - tim fG () +r+h>2 — Fs s (x) + 1))
_ lim JO) = flox,0) %(qb(x, o)

= 1 =
y=o(x.0),y>p(x.1) s(y) —s(P(x,t))  0ds

Let us consider the piecewise-deterministic Markov process (PDMP) X directed by the
flow ¢ between its jumps and with jump kernel k;, and killing rate g, constructed jump after
jump, similarly as in [22], with values on (0, +00) U {00, 0} and up to the time of explosion
of the number of jumps. Here oo is the point to which the process is sent after explosion of
the number of jumps and 9 is the cemetery point.

We prove now that the process X is nonexplosive, so that it defines a cadlag Markov
process on E. For all k > 2, we set tk+ =inf{t > 0, X; > kor X;_ >k} and 7, =inf{r >

k

0,X; < % or X;_ < %}. As pointed out above, we know that the flow ¢ does not explode.
Since the process only admits negative jumps, X; < ¢(Xy, t) almost surely, so that, for all
x € (0, 400) and all ¢ > 0, there exists k, ; > 2 such that

(16) Py(ty, <1)=0,

where P, denotes the law of X with initial distribution §, (as usual, we extend this notation
to initial distribution u by P, and denote E, and E,, the associated expectations).
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According to (3), the jump rate of X from (0, +00) to (0, +00), thatis, y — k,(y, (0, y)),
is uniformly bounded on (0, ky ;]. Since in addition 9 is an absorbing point, the process does
not undergo an infinity of negative jumps before time ¢ A rk " , Py-almost surely for all x € E.
Using the fact that the flow ¢ is increasing, we deduce that the process does not converge to
0 before time ¢ A rk“ P, -almost surely for all x € E, that is,

17 lim P.(r; <tAt] )=0, VxeE.

a7 k—ir—Poo X(T% - Tkx”) xe

Combining both (16) and (17), we deduce that, for all initial distribution v on (0, +00) U 9,
18 lim P,(r; AT <t)=0.

(18) (Jm Pu(ry A <)

This concludes the proof that X defines a nonexplosive cadlag Markov process on E.

Let us now remark that it satisfies the (£, D(L))-local martingale problem. Indeed, for
all f € D(L), f belongs to the domain of the extended generator of X, as proved in Theo-
rem 26.14 in [22], with the only difference being that, in our case, the flow ¢ is not determined
by a locally Lipschitz continuous vector field y, but instead by s. The only adaptation to be
made in the proof of Theorem 26.14 in [22] to obtain that f is an element of the domain of
the extended generator of X is as follows. Denote by J;_; and J; the i — 1th and ith jump
times of X; then, f(X,_) — f(X;_,) =0 when X, , =9, and otherwise,

Ji— 1d+

Ji—
S = fO = [ SRR n)dr
. Ji—Ji- laf J; f
/ C(@Xy ) d = /, la—(X,)dt

This replaces the expression fJJii_l X (X;)dt in [22]. The rest of the proof is identical.
Let us now prove that X satisfies the (£, D(L))-martingale problem. We have that, for

all x € E and under Py, M =f(Xy) - fx)— f(; L f(Xy) du is a cadlag local martingale.
Moreover, since f and £ f are locally bounded by Lemma 1 point (i), the sequence 1 =
T A r,:r is a localization sequence.

k
We initially focus on the case where f € D(L) is nonnegative, and set a = infg L f, which
is finite by Lemma 1 point (ii). We have, for any fixed ¢ > 0 and any k > 2,

t t
Mo <201 lloo +/ |Lf(Xu)|du <2|| flloo + lalt +f |Lf(Xu) —aldu,
0 0

where, by the monotone convergence theorem and the local martingale property for M/,
t tATE
Ex</ |£f(Xu)—a|du>:Ex(liminf/ /Ef(Xu)—a|du>
0 k——+00
IAT
— liminfE, (/ ILf (X)) — a|du>
k—+o00 0

= liminfE, </0th (Lf(Xy) —a) du)

k— 400

=liminfE, (f (X;nn) — £ (X) — M]\2) + lalt.
k— 400

<201 flloo + lalt.

Hence, for all T > 0, {|M,J:\,k| 1t <T, k> 2} is dominated by an integrable random variable.
We conclude by [40], Theorem 51, that, for all x € E, under P,,, M lisa martingale.
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Next, we remove the assumption that f is nonnegative, and permit any f € D(L). Let
¢ € D(L) such that ¢ > f,, where f(x) = max{f(x),0}. Then, according to the above
result, M is a martingale. Setting ¥/ = ¢ — f, we have ¥ > 0 and ¥ € D(L) and hence MY
is also a martingale. Since M/ = M% — MV, we deduce that M/ is a martingale.

Finally, we conclude that X defines a nonexplosive cadlag Markov process on E,
which satisfies the (L, D(L£))-martingale problem. In particular, we have shown that
fé Ex(|Lf(Xy))du < 400, and we observe that the semigroup of X satisfies (11).

(2) X is the unique cadlag solution of the (L, D(L)) martingale problem. For all n > 2,
we consider the operator £,, on D(L) defined, for all x € E and g € D(L), by

0
Log(x) = 1xe(o,+w>[£<x> + /( ) s, dy)],

where s, is a continuous increasing function on (0, +00) and Q, a kernel such that
sp(x)=s(x), x>1/n,

li = —00,
xli%sn(x)

On(x, dy) = lxe(%,n)[kh(x, dy) +q(x)8;(dy)].

According to Proposition 17 in the Appendix, the solution of the martingale problem for
(L,, D(L)) is unique. In particular, any two solutions of the Dg[0, +00) martingale problem
for £, have the same distribution on Dg[0, +00) (see Corollary 4.4.3 in [26]). This and
Theorem 4.6.1 in [26] imply that, for each n > 2 and all probability measures v on E, the
stopped martingale problem for (L, v, (%, n) U {0}) admits a unique solution with sample
paths in Dg[0, 400). Since, for all g € D(L), we have L, g(x) = Lg(x) forall x € (%, n) U
{0}, we deduce that the stopped martingale problem for (L, v, (%, n) U {d}) also admits a
unique solution with sample paths in Dg[0, +00). Since X stopped at time 7, := inf{t >
0,X;or X;_ ¢ (%, n) U {d}} is a cadlag solution to this stopped martingale problem, it gives
its unique solution in Dg[0, +00). Since it satisfies in addition

lim P,(r, <t)=0,
n—+00
we deduce from Theorem 4.6.3 in [26] that there is a unique solution to the Dg[0, +00)-
martingale problem associated to £ on D(£). [

2.2. Uniqueness of a Markov semigroup generated by L. This section is devoted to the
proof of Proposition 3, that is, to the uniqueness of a Markov semigroup Q satisfying (12).

In order to do so, we first prove useful technical lemmas. Then, we show that, given such
a Markov semigroup Q, one can construct a cadlag solution to the (£, D(L£))-martingale
problem with semigroup Q. The uniqueness of the solution to (12) then derives from the
uniqueness of this martingale problem, proved in Proposition 2.

2.2.1. Technical lemmas. Let Q be a Markov semigroup solution to (12). The following
lemmas will be useful to prove the nonexplosion of a process with semigroup Q.

Throughout this section, we will apply the operator £ to functions (such as W and fnﬁ‘
in the following Lemma) which do not lie in D(L£). We note that, under Assumption 1, L f
is well defined by its integro-differential action for any f € C® with f and 3f/ds locally
bounded, whereas D(L) represents the space on which the equation (12), defining Q, is valid.

LEMMA 2. Assume that Assumption 1 holds true. Let W : (0, +00) U {0} — [0, +00)
be such that W|,+oc) is a nondecreasing function in C l((fg with W (0) = 0 and such that

sup,-.o 9 (z) < +00. Then, [§ QuILW (x)|du < oo and

0, W(x) < W(x) +/0t Q. LW(x)du, t>0andx e (0,+00).
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PROOF OF LEMMA 2. For any A > 1, we consider the Cls) function W4 : (0, +00) —
[0, +00) defined by
W (x) ifx<A+1,

w =
a !W(A—I—l) ifx>A+1,

and also set W4(0) = 0. For any m > 3, we consider a CIO) function fA 0, +00) —
[0, 400) such that

fA(x)z WA+1) ifx<l1/m,
n Wa(x) if x >2/m,

such that f,{f which is nonincreasing on (1/m,2/m). In particular, %(x) < %(x) <
3%()6) for all x € (0, +00). We also set fn’f(a) =0.

Since gﬁ =WA+ D1 — fn‘;‘ € D(L£) and L1g = 0, we deduce from (12) that, for all
t >0andall x € (0, +00),

t t
08 (n) = g (x) + f 0uLgh () du = g (x) — / 0uLfA(x)du.
0 0

But Q;1g = 1f, and hence, subtracting W(A + 1)1g(x) on both sides of the equation, we
deduce that

t
(19) 0/ fA) = fA00) + fo 0. LfA ) du.

Set h,ﬁi(z) = f(O,z)[fn?(y) — f,{} (z))kpn (z, dy) for all z > 0. We observe that h,“,‘l(z) <0 for all

z> A+ 1 and that h,‘;‘l(z) <W(A+ Dsupyc atn kn(y, (0, y]) forall z < A+ 1, which is
finite according to Assumption 1. Using the fact that, for all z > 0,

ow
f'" B () — g0 A (@) < Cop 1= sup (),
s y=0 08

@)+ g (£ ) = £ () =

we deduce that

sup  sup L‘fn‘?(z) < +00.

m>1ze(0,4-00)
Hence, applying Fatou’s lemma in the integral part of (19), we deduce that

(20) lim sup Qtfm (x) <lim sup fm (x) + / Qu hm supL f,, )(x) du.

m—>—+00 m——+00 m——+00

We have limsup,, , | o, fm (x) = W4(x) and the left-hand side is equal to Q; W4 (x) by dom-
inated convergence (recall that f4 < W(A + 1)). Moreover, for any fixed z > 0, we deduce
from Fatou’s lemma (recall that, when m — +o0, fn‘;‘ (y)— fn‘;‘ (z) is uniformly bounded from
above in y and converges pointwise to W4 (y) — W4 (z), while kj, (z, dy) has finite mass) that

limsup [ [£A0) — £A@ Kz, dy) < / [WA() — Wa@kn(z, dy),
(0,z2) 0,z2)

m—400

while o fnﬁ‘ /ds(z) converges pointwisely toward d wA /9s(z), so that
limsup ££2(z) < LWA(2).

m—400

This and (20) thus entail that, for all A > 2,

t
O:Walx) < WA()C)+/0 QuLW4(x)du.



1246 D. VILLEMONAIS AND A. R. WATSON

Since LW4 < Cy, we can use again Fatou’s lemma, and deduce

t
limsup O, Wa (x) < limsup Wa(x) + [ Qu (nm sup L’WA>(x) du.
A—+00 A—+o0 0 A——+00

On the one hand, limsup,_, , ., Wa(x) = W(x) and, by monotone convergence, we obtain
thatlimsup, _, ., O:Wa(x) = Q; W (x). On the other hand, using the monotone convergence
theorem (note that W4 (y) is increasing in A, for any fixed y), we deduce that, for all z > 0,

lim sup [Wa(y) — Wa@)]kn(z, dy) = / [W(y) = W(2)]kn(z, dy)
A—+00 /(0,2) 0,2)

and hence that limsup,_, , . LW (z) = LW (z). This implies that

0 W(x) < W)+ fot 0, LW () du.

Since LW is bounded from above by Cy, this implies that fé 0, (LW)_(x)du < 400 and
hence that fé Q4| LW]|(x)du < +oo. This concludes the proof of Lemma 2. [J

LEMMA 3. We define the function p: E — [0, +00] by p(z) = kn(z, (0, 1)) and p(d) =
0. If Assumption 1 holds true, then p(E) C [0, +00) and, for all x € (0, +00),

/(;t Qupx)du < +oo.

PROOF OF LEMMA 3. We first observe that p(z) < +oo for all z € (0, +00) accord-
ing to (3). Let W be a Cl(gg nondecreasing function with W(d) = 0, such that Cy :=
sup,-q %(z) < +00 and

0 ifx<l,

W= {1 ifx > 2,

For all z > 0, we have
LW() <Cw + /( W) = WGk . dy)
52

0 ifz<2

=Cwt [—/ 1y<ikn(z, dy) ifz>2.
0,2)

Hence

LW)_(2) = 12 f( L LzikiG, dy) — Cw
,Z

=p(@)1;>2 — Cw > p(z) — sup kp(r, (0,r)) — Cw,
re(0,2)

where sup,.¢o.2) kn(r, (0,7r)) < +00 by Assumption 1. Hence

/t Qup(x)du < /t Qu(LW)_(x)du + t( sup kp(r, (0,r)) + CW>.
0 0 re(0,2)

According to Lemma 2, we have fé 0, (LW)_(x)du < +00. Hence we obtain

t
/(; Qupx)du < +oo. 0
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LEMMA 4. Assume that Assumption 1 holds true. Let W: E — [0, +00) be a C,(;g

nonincreasing function such that W(x) = 0 for all x > 1 and W(3) = 0. Assume that
pw (x) < +o00 and fé Oupwx)du < +oo forall t > 0 and x € (0, 400), where py(x) =
f(o’x) W)k (x, dy). Then fot OQulLIW (x)du < +o00 and

O Wkx)<Wkx)+ /Ot QuLW(x)du, Vxe(0,+o0)andt>0.

PROOF. Forall A >2,let Wy : (0, +00) — [0, +00) be the nonincreasing Clo) function
defined as

W(l/A) ifx <1/A,

Wato = {W(x) ifx > 1/A.

We also set W4 (9) = 0. For all m > 2, let m’ > 0 be such that s(m’) = s(m) + W(1/A) and
let £4: (0, +00) — [0, 4+00) be a Cl(osc) function such that

A | Walx) if x <m,
Jn )= {W(I/A) ifx>m',

o rA
such that fnf is nondecreasing on (1, +00) and such that %(x) <1 forall x € (0, +00). We
set fn? (0) = 0. Proceeding as in the proof of Lemma 2, we have

(21) O, fAx) = fA(x) + /t QuLfA(x)du, Vt=0andx € (0,+00).
0
Set h,ﬁ(z) = f(O’Z)[f,;;‘ (y) — f,;? (2))kn(z, dy) for all z > 0. We have, forall 0 < y < z,

FAD) = fA2) < W(1/A)1,

and hence

hin(z) < W(1/A) /(0 )1y<1kh(z, dy) = W(l/A)p(2),

A
where p is defined in the previous lemma. Since %(z) <1 for all z > 0, we deduce
that Lf3(z) <1+ W(1/A)p(z). Since [y Qu(l + W(1/A)p)(x)du < +oo according to
Lemma 3, we deduce using Fatou’s lemma in (21), that

lim sup Qtfm (x) <lim sup fm (x) + /t Ou hmsupﬁfm )(x) du.
0

m—>—+00 m——+00 m——+00

As in the proof of Lemma 2, this entails that

0 WA = W)+ [ QuEWa(x)du.
Now we observe that, for all z > 0, for all A > 2,
LA < [ WO 4 = pwE).
Since pw is integrable by assumption, we can apply again Fatou’s lemma to deduce that

limsup Q; Wa(x) <limsup Wa(x) + Qu (hm sup £WA) (x)du.
A—+00 A——+00 A—+00
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As in the proof of Lemma 2, this entails that
t
0W () =W+ [ Quewendu

In addition, fj Qu(LW)4(x)du < [5 Qupw (x) du < 400, and hence [§ Q,(LW)_(x)du <
400, which concludes the proof. [

2.2.2. Representation of the semigroup Q by a cadlag Markov process. 1In this section,
Q is a Markov semigroup satisfying (12). In Lemma 5, we prove the continuity and the
nonexplosion of any process (Z;);cr with semigroup Q, where F' C [0, +00) contains Q4 =
[0, +00) N Q and is countable.

LEMMA 5. Assume that Assumption 1 holds true. Let F D Q4 be a countable subset
of [0, +00) and let (Z;)ier be a Markov process on E with semigroup Q, defined on the
probability space Q = E¥. Then, almost surely (for any starting distribution), the process
(Zt)teF is continuous at any time t € F and, for all T > 0, SUP;eFN[0.T] 17,45/Z; < +00
and sup,c pro,71 12,9 Zt < +00.

PROOF. First note that the existence of (Z;);cF is guaranteed by the Kolmogorov exten-
sion theorem. In order to simplify the expressions, we consider the case F = Q. We denote
by IP’% (resp. Pg) the law of Z with initial measure 3, (resp. ©), with the associated expec-

tations Ef and Eg We first prove that Z is right-continuous almost surely, then that it is
left-continuous almost surely, and conclude by proving that, on any finite time horizon, the
trajectories of the process are almost surely bounded away from 0 and +o0.

(1) The process (Z;)ieq, is right-continuous almost surely.

Let x € (0, +00) and f : E — [0, +00) such that f|(0.400) € C with f(3) =0 and such

that f is maximal at x. Fix § > 0 a positive rational number. For all n > 1, let Mé") =0 and,
forall k >0,
M® M = £z _ _
e P = stk+y/n) — S (Zsk/n) A QuL f(Zsk/n) du.

The process M ™ is a discrete time martingale and, using Doob’s inequality, we deduce that,
for all ¢ > 0,

]EZ M(”)
(22) Pf( sup |M,§")| > 8) < M
kelo,....n} €

— k)
But M{" = f(Zsk/n) — £ x) = X520 [ QuL f (Zsi/n) du, s0 that

n—1 §/n
MO| < F0)— FZ)+ Y fo OulLf1(Zs1ym) dut,
=0

since the maximum of f is attained at x. Taking the expectation on both sides of the inequal-
ity, we obtain

n—1 8/n
EZ(M™)) < f(x) = Qs f()+ Y /0 Ousot/n| L.F1(x) du
[=0

)
< Q0f () — Qs f(x) +/0 QulLf1(x) du.
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‘We also obtain that
) o o
M| = | £ (Zsim) — £ Z/O QulLf1(Zs1yn) dut,
=0

where

n=l.s/n =Y
P(g/() Qu|£f|(zél/n)du > 8) = EE(lg()[) Qu|£f|(251/n)du>

1 o
< [ eulesieu.
£ Jo
Hence (22) implies that

PZ( sup | f(Zsiym) — F ()] > 2¢)
kef0,....n}

.....

< ]P’Z< sup

X
ke{o,...,

~Qof(x) = 0Qsf(x) +2J5 QulLfI(x)du
=< . :

Setting i, (§) = Qo f(x) — Qs f(x) + ZféS Qu|L f|(x) du, this implies in particular that, for
alln > 1,

n—1 §/n
}}M;ZI >¢) +Pf(2/0 Qul L f1(Zs1/n) du > s)
n =0

hy (8)

Pf( sup }|f(Zak/n!)—f(x)} >28) ==,

ke{o,....n!

But, almost surely,

sup | f(Zsk/m) — f(X)| < sup | f(Zsk/mt1y) — ()]
kef0,....n1) kef0,.... (n+1)1)

and hence we can take the limit when n — 400 in the penultimate inequality, which leads to

P7( sup |f(zak/nz>—f(x>|>2e)=IP§(U{ sup ‘}|f(ZSk/n!)—f(x)|>28})

L kef0,...,
ke{rz),z...,n!} n>1 kel
<1A hx(5).
g

Since {k/n!:n>1,0<k <n!} =[0, 11N Q, we deduce that

(23) ]P’f( sup | f(Zy) — f(x)] >2g) <1A =0
q<[0,61NQ €

Note that 4, (§) — 0 when § — 0, since Q; f(x) is continuous in ¢ by (12) and Q,|L f|(x)
is integrable over [0, t]. We deduce that

(24) ]Pf( sup | f(Zy) — f(x)] >2g) —0.
q€l0,81NQ 30

Since this is true for all functions f € CC(S) such that f is maximal at x, this implies that
(Z1)teq is (right)-continuous at time ¢ = 0, [Py -almost surely. In particular

I[Df( sup  |Zy — x| > g) — 50, Vxe(0,400).
q€l0,81NQ =0
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For x = 9, we have, for all ¢+ > 0, OQ;15(x) = Qoply(x) = 1, so that Z; = 0 Py-almost
surely, which of course implies the right-continuity of (Z);cq, Pj-almost surely. Hence
the last convergence also holds true under Py (taking for instance |y — d| = +oo for all
y € (0, 400)).

Now, for any probability measure  on E, integrating with respect to p(dx) the last con-
vergence and using the dominated convergence theorem, we deduce that

Pi( sup |Zy — Zo| > 8) — 0,
q€l0,5]NQ =0
which implies that Z is continuous at time 0, P, -almost surely.
Finally, fixing ¢ € Q4+ and using the Markov property at time ¢, we deduce that the process
is right continuous at time ¢ € Q4 almost surely. This implies that Z is right-continuous at
any time t € Q., PZ-almost surely for all x € E.

(2) The process (Z;);eq, is left-continuous almost surely.

Fix ¢ > 0. Foreach x € (2¢,1/¢),let fy . € Cc(ﬁv) be a function with support in (¢/2, 1/¢ +
2¢) such that fy ((y) < 1jy_xj<¢ and 0 < fy o (¥) < fre(x) =1 for y € (0, +00) U {d}. The
collection of functions f . can be chosen such that fy . and dfx ./ds are bounded uniformly

in x. Define Ay, ¢ (8) = Qo fr.e (¥) — Qs fr.e(¥) +2 J§ QulL fro|(x) du. By applying (23), we
obtain

PZ( sup 1Zg—xI> ) <PZ( sup |fie(Zg) = fre()] 2 1)
q€[0,81NQ q€[0,51NQ
(25)
<2 sup hy(9),
x€e,1/e)

for all x € (2¢,1/¢) U {d}. (The case x = 0 is immediate, since we observed in Step 1 that 0
is absorbing.)

Using the fact that fy . is maximal at x, we deduce that Qg fx ¢(x) — Qs fx.¢(x) is non-
negative, hence

)
.o (8) = Qo fr.e(X) — O fre () +2 [0 OulL fr.el () du
)
< 2(Q0fr.e () — Qs fre(x)) +2 fo 0ulL fr.el(x) du
) )
= _2/0 Quﬁfx,e(x)du +2/0 Qulﬁfx,8|(x) du

)
—4 / 0u(L fee)—(x)du,
0

where we used (12) for the penultimate equality. We observe that (L fy )—(z) is bounded
in z € (0, +00) U {3} according to Lemma 1 point (ii), uniformly in x € (2¢, 1/¢) according
to (13) in its proof (for this last claim, we simply observe that || fx ¢lloc and [|0fx.e/95 oo
are bounded in x by assumption and that the union of the supports of these functions is
included in a compact subset of (0, +00)). Hence C. () := ZSUPxe(zg,l/s) hy(8) goes to 0
when § — 0.

Fix x € E, a positive time t € Q4 and § € [0, t] N Q. Note that for ¢ € [0,5] N Q, |Z; —
Zi—gl <2y — Zi 5| + | Zi—s — Z;—4|. Taking we can conclude (using the preceding remark
in the first line, the Markov property in the second and (25) in the third) that, for x € (0, +00)
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and &’ € (0, ¢/2],

]P’f( sup  |Z; — Zi—4l > s) 51?%( sup | Zi—g — Zi—s| > 8/)
q<[0,81NQ q€[0,81NQ

(26) =E? (IF’%HS (qe[%tlgﬂ@ \Zs_y — Zo| > e/))
< Co(8) +P%(Z,_s ¢ (26/,1/¢') U{d)).
But
PZ(Z—s ¢ (2¢/,1/6") U{}) =1 — Qr—s(L2er.1/enuia) (X) < 1 — Q1586 (x),

where g,/ is any nonnegative function in D(L) bounded by 1, equal to 1 on (3¢’, %) U {d}
and vanishing outside (2¢’, 1/&") U {9}. Now, for all n > 0, there exists &’ > 0 such that 1 —
0:g-(x) < n/2 (by dominated convergence theorem and the fact that 1z > g.» — 1 point-
wisely, with Q;1g = 1g) and 8’ > 0 such that, for all § € (0, 8’), |Q;g+/(x) — Qr_sge (x)]| <
n/2 (by continuity of u — Q, g, at time 7). In particular, for all § € (0, §'),

PZ(Z,—5 ¢ (2¢',1/6') U(3}) <.
Hence, we deduce from (26) that

27) ]Pf( sup 1 Zi — Zi_g| > g) —0,
€[0,61NQ §—0

so that Z is PZ-almost surely left continuous at time ¢.
The extension to non-Dirac initial distribution can be done as in Step 1, and this concludes
the proof of the first part of Lemma 5.

(3) The trajectories of the process (Z;)¢0,11nQ, are bounded away from 0 and +o0.

Fix T > 0. We first show that, for all x € (0, +00) U {9}, Z is ]P’f -almost surely bounded

from above. In order to do so, fix x € (0, +00) (the result is trivial for x = 9). Let W be a Cl(gg

nondecreasing function such that Cy :=sup,_,dW;/0s(z) < +00 and lim,,, y o0 Wi(m) =
400 (such a function exists since lim,_, 400 5(z) = +00 by assumption) and set W (d) = 0.
According to Lemma 2 and using the fact that LW < C1, we obtain that, for all n > 1,

M = W\(Zri) — C1Tk/n
defines a super-martingale. Hence, for any m > 0, defining the stopping time o, =
inf{lT/n,l € Z, Z;7/n > m} and using the optional sampling theorem, we deduce that

EZ (Wi(Zopar)) < Wi(x) + CiT.
Since W1 (Zon A1) = W1(m) on the event o, < T, we deduce that
w C\T
PZ(o" <T) < O+ T
Wi(m)

Since (a,?f)n is almost surely nonincreasing and converges toward o, = inf{u € Q4, Z,, >
m}, we deduce that

w T
Wi(m)
Using now that (0,,),, is almost surely nondecreasing, we deduce that
Z Z( 1
(28) PZ( sup 1z,40Z,=+00) =PZ( lim o <T)=0.

uel0,T1NQ4
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We prove now that Z is almost surely bounded away from 0, starting from x € (0, +00).
We consider the nonnegative measure v on (0, 1) defined by

t
b(A) = fo Qupa(x)du,

where p4(z) = foz 14(y)kn(z, dy) for all measurable A subset of (0, 1). This is a finite

measure according to Lemma 3. Hence there exists a nonincreasing Cl((fg function W; :

(0, 4+00) — (0, 400) such that Wr(z) — +00 when z — 0 and W5(z) =0 for all z > 1,
and such that v(W,) < +00; see Lemma 6 below.

According to Lemma 4 and using the fact that fot QuLWydu < v(Wy) (with W1 (9) :=0),
we have that, forall n > 1,

N;E") = Wao(Zrik/n) —v(W2)Tk/n

defines a super-martingale. Defining the stopping time ol”/m =inf{iT/n:1l€Zy,ZiT/n <
1/m} and using the same method used to obtain (28), we deduce that

]Pf( sup lzﬂéa/zu = +OO) =0.
uel0, 7T1NQ+

This and equation (28) concludes the proof of Lemma 5. [J

(s)

LEMMA 6. Let v be a finite measure on (0, 1). Then, there exists a nonincreasing C,,.

function Wy such that W, (x) — oo when x — 0, Wa(x) =0 for x > 1 and v(W,) < +o0.

PROOF. Let y, =2""! —1 forn > 1. Let (x,) be a decreasing sequence of numbers in
(0, 1) such that v(0, x,) < 37" for n > 1, which exists because v((0, 1)) < +00. Then

A= Zyn+1v[xn+1,xn) < 22”3_” < 00.

n>1 n>1
Now let W, be defined by

$(x) — 5 (Xn+1)
Wo(x) = Yny1 + ——————n = Yut1), X € [Xny1, Xn),
$(Xn) — $(Xn41)
so that W»(x) € (yn, yn+1] When x € [x,41, x,). Let Wa(x) =0 for x > 1. Then W, is a
positive, nonincreasing, continuous and admits a right derivative with respect to s given by

AW —
TRy =27 0 e x),
s 5(xn) — s (Xn+1)

and, for all x > 1, by % (x) = 0. Moreover, we have

f( L WALV = 3 v, ) < oo,
’ neN

which proves the lemma. [J

We state now the uniqueness of the Markov semigroup, so that the proof of the following
lemma concludes the proof of Proposition 3. In order to do so, we show that (Z;);cq, (as in
the proof of the preceeding lemma) can be extended to a cadlag process (¥;)/e[0,+00) With
values in E, which appears to be the solution to the (£, D(L))-martingale problem. The
conclusion is then obtained from Proposition 2.
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LEMMA 7. Assume that Assumption 1 holds true and that Q is a semigroup satisfying
(12). Then Q; f(x) = Ex(f(X})) for all bounded measurable functions f on E, where X is
the unique cadlag solution to the martingale problem (L, D(L)). Moreover, Q;1(0,00)(x) =
1(0.00)(X) — [ Quq(x)du, for all x € E.

PROOF. Let (Z;);c, be as in the proof of Lemma 5. In a first step, we show that, for
any sufficiently regular function f, (f(Z;));cq, admits only finitely many upcrossings over
nonempty open intervals. In a second step, we use this to deduce that Z can be extended to a
cadlag Markov process (Y;);¢[0,+00) With semigroup Q and taking its values in the one point
compactification of E. Finally, we prove that Y takes its values in E and that it satisfies the
(L, D(L))-martingale problem.

(1) Finiteness of the number of upcrossings. Let x € (0, +00) and f be a nonnegative
function in Cc(-s), extended to o with f(d) = 0. Our aim is to prove that, for any a < b € R,
the number of upcrossings through (a, b) of (f(Z;) — f(x)):eq, is finite IP’% -almost surely
on any finite time horizon.

Fixa <beRand$ € (0, %) NQ, where ¢ := sup(L f)_ is finite according to Lemma 1
point (ii). For all n > 1, let M =0 and

§/n
Mlgr-:-)l - M/En) = f(Zs+1)/n) — [ (Zsk/n) — A OuL f(Zskn)du.

The process M ™ is a discrete time martingale. Hence, setting Né") =0and
(n) (n) _ cé
Ny — N7 = f(Zsryn) — f(Zskyn) + —

§/n cs
=M - M + /O 0uLf Zogja)du+ >

defines a sub-martingale. In particular, using Lemma 2.5 page 57 in [26], we have (here
U™ (a, b) denotes the number of upcrossings through the interval (a, b) during the n first
steps of the sub-martingale N ™):

EZ(Ni"” —a)4) _ flloo+ 8+ lal

EZ (U™ , b)) < ,
o (a,0)) = b—a - b—a

since N,E") = f(Zs) — f(x) 4 4. In addition, the number of up-crossing through (a, b) of

(f(Zskjn) — f(x))kefo,...,n)» denoted by V® (g, b,8) from now on, is bounded from above

.....

I flloo + 2¢8 + |al

b—a—2c8
Since, for all n > 1, (f(Zi/n) — f(x))kejo,ny 18 a sub-process of (f(Zi/m+1)1) —
S (X))ke(0,(n+1)1}, We have Vi(a, b,8) < VDY (g, b, §) almost surely and hence

Il £lloo + 2¢8 + |a|
EZ V™ (a, b,8)) < )
Fsupv @b = S =

EZ(V™(a,b,8)) <

But sup,,- V™ (a,b,8) is exactly the number of upcrossings through (a,b) of (f(Z;) —
S (X))te.n(o,5) and hence, denoting by V (a, b, §) this number, we have

Il £lloo + 2¢8 + |a|
b—a—28

EZ(V(a,b,8)) <
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Hence
Il flloo +2¢8 + |la — f(x)] - 2| flloo +2¢3 + |al
b—a—2cb - b—a—2cb
and, since the upcrossings through (@ — f(x),b — f(x)) by (f(Z;) — f(x))re,no,6] 18
exactly the number V'(a, b, §) of upcrossings of (a, b) by (f(Z)req,n(o,51, We deduce that
2|1 flloo + 2¢8 + |al
b—a—2cs '

EZ(V(a— f(x),b— f(x),8)) <

9

EZ(V'(a, b, 8)) <

We conclude that the number of upcrossings V' (a, b, §) is finite IP’XZ -almost surely. Since this
is true for all initial distribution, using the Markov property at times &, 26, ..., we obtain that,
for all T € Q, the number of upcrossings V’(a, b, T) is finite almost surely. Since this is
true for all a < b € R, this in turn implies that V (a, b, T) is finite IP’% -almost surely.

(2) Construction of a cadlag representation of (Q;):c[0,400) in E U {A}. Now, using

Problem 9(a), page 90 in [26], we deduce that, for all nonnegative functions f € CC(-S) (0, +00)
extended to d with f(d) =0, IP’% -almost surely, for all ¢ € [0, +00),
(29) lim f(Z,) and lim f(Zy)

ueQy,u>t,u—t ueQq,u<t,u—t
both exist. Moreover 9 is an absorbing point for Z, so that (15(Z;));cq, is increasing, taking
its values in {0, 1}, and hence the above limits also exist for f = 1;.

As a consequence, there exists a countable family H of continuous functions f that sepa-
rates points in £ and such that the above limits exist (recall that 1, is continuous since 9 is
an isolated point). We deduce that, IP’f-almost surely, for all ¢ € [0, +00),

lim Z, and lim Zy
ueQy,u>t,u—t ueQq,u<t,u—t

also exist in (0, +00) U {9, A}, where A is a compactification point for (0, +00) (and hence
for (0, +00) U {0}). Indeed, let Z;, and Z;+ be two accumulation points in (0, +00) U {9, A}
of (Zwueq,,u>r at t € [0,+00). On the one hand, if Z; € (0,+o0) U {9} and Z;+ €
(0, +00) U {9} are different, then there exists a function f € H such that f(Z;,) # f (Z;+).
Since f is continuous, then this contradicts (29). On the other hand, if Z;, € (0, +00) U {9}
and Zt/+ = A, then one chooses any function f € H such that f(Z,,) > 0 with compact sup-
port, and observe that f extended by O at A is continuous, so that f(Z;,) #0= f (Z;+) also
contradicts (29). This implies that, almost surely, for all € (0, +00), the accumulation point
in (0, +00) U {9, A} of (Z;4u)r+ue, att € (0, +00) is unique, which implies the existence
of the first limit. The existence of the second limit is proved similarly.

We deduce that Z satisfies almost surely the assumptions of Lemma 2.8, page 58 in [26]
and hence we can define the cadlag random process (¥;);cr, with values in E U {A} as

Y, = lim Zy, IP’f -almost surely.
ueQ,u>t,u—t
Since (Z;)req, 1s (right)-continuous according to Lemma 5, we deduce that Y; = Z; for all
t € Qy (in particular, ¥; € E PZ-almost surely, for all # € Q).
Let us now show that, for all + > 0, 8, Q; is the law of Y; under IP)f. We have, for all
f €D(L) extended to E U {A} by f(A)=0,
BZ(f(¥))=EZ( _lim  f(Z)

u>t,ucQ,u—t

= lim E/(f(Z))= lim  Q,f(x) =0 f(x),

u>t,ucQ,u—t u>t,ucQ,u—t
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since Q, f(x) is continuous in u for all f € D(L) by (12). Since CL(.S) CD(L) and 15 €
D(L), we deduce that IP)f(Yt € A) = 6,014 for all measurable A C (0, +00) U {9}. Since
8 0:1g = 1, we conclude that IP’%(YI € E) =1 and that §, Q; is the law of Y; under IP’f, for
all t € [0, +00).

Let us now prove that Y is a Markov process with respect to its natural filtration (F°),0.
Fix ug <t € [0, +00) and consider the Markov process (Z;);cq +Ulug,1o) With semigroup
(01)1eQ4 Uug,10)- Then (Z]),eq, under IP’E/ has the same law as (Z;);cq, under PZ. Since Z’
and Y are right-continuous at times u, fy almost-surely (according to Lemma 5 for Z’), we
deduce that (Z,;O, Zz/o» (Z))1eq, ) under }P’f/ and (Yy,, Yy, (Z1)1eq, ) under PPZ have the same
law, for all x € E. Hence, for all bounded measurable functions f: E — R and g: E —
R,

EY (f (Yu)g (V) = EZ (£(Z1,)8(Z1))
=EZ(f(Z,) Cry-u8(Z,,))
=EZ(f (Yup) Qig—uo& Yup)).

The same line of arguments applies for any finite family of times u; < --- < up <ugp < tp,
which implies that, for all 0 <u <t¢,

EZ(f(Y)|o (Yy, v <u))= Qi f(Yy), PZ-almost surely.

We conclude that Y is indeed a Markov process, with values in E U {A}.
(3) The cadlag representation is a solution to the martingale problem in E. We observe
that, for all t > u > 0 and all f € D(L), and setting L f(A) =0,

B2 (1o - [ £rorpanzy)

u t
= 0wt = [ erorpan—sZ( [ £ron anzp)
0 u
where F is the natural filtration of Y. But
—u
Or—uf(Yw)=fYu) + A OuLf(Y,)dv

and
s2([ cromanr) = [ owutroa

(using the fact that ful Ov—ulL f1(Y,)dv is finite, which allows the use of Fubini’s theorem).
Hence f(Y;) — foz L f(Yy)dv defines a martingale. We deduce that Y is a cadlag solution to
the martingale problem associated to £ on E U {A}.

But, according to Lemma 5, Z is bounded away from 0 and +o0o almost surely, so that Y
(whose values are in the adherence of the values taken by Z almost surely) is also bounded
away from 0 and +oo almost surely. This implies that ¥ never reaches A and hence that Y
takes its values in E, IP’f -almost surely for all x € E. This entails that Y is a cadlag solution
to the martingale problem in E.

We conclude the proof of the first part of Lemma 7 by observing that Proposition 2 states
that the cadlag solution to the martingale problem (£, D(L£)) is unique.
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In order to obtain the last claim of Lemma 7, observe that 15 € D(£) and that Q;1g =1,
so that

5x Qt1(0,+oo) = 8}6 QtlE - Bx Qt18

t
—1p(x0) — 1(x) — fo 0uL15(x) du

t
=~ 10.400(0) = [ Qua()du.

This concludes the proof of Lemma 7. [

2.3. Conclusion of the proof of Theorem 1. For the existence, we set T; f(x) =
e’ h(x) Q:(f/h)(x) for all f € D(A) with the convention f/h(d) := 0, where Q is the semi-
group of Proposition 3. For all f € D(A), the function g = f/h is in D(L) or g = 1(0,+o0)»
and hence, for all x € (0, +00), if g € D(L), then

T f(x) =3[ h(x)0:g(x)]
=be" h(x)Qrg(x) +e" h(x)Q: Lg(x)

A(h
=be" h(x)Q:8(x) + ebth(X)Qz( (h 9 _ bg) (x)

= ebth(X)Qz(%)(x) =T Af(x),

understanding differentiation here in the sense of density with respect to Lebesgue measure; if
g = 10, +00), then the same computation holds true according to the last property of Lemma 7.
The fact that 7; B C B is a straightforward consequence of the fact that Q; 10, +00) < 1(0,400)-

Let us now check the uniqueness. Assume that T is a semigroup which solves the above
equation for f € D(A). Then h € D(A) and hence the semigroup defined by §;R; :=

eI Ch) (¢ (0, 4+00)) satisfies, for all x € (0, 4+00),

h(x)
e P Tih(x)
Rz1(0,+oo)(x) = T;)
te~bur ! T, Ah
:1_;,/ e—()c)du+/ e*huﬂdu
0 h(x) 0 h(x)

t
=1 +/ Ru£1(07+oo)(x) du <1.
0

Hence (R;);>0 is a sub-Markov semigroup on the set of bounded measurable functions on
(0, +00). As usual, we extend R as a Markov semigroup on the set of bounded measurable
functions on E = (0, +00) U {0}, by setting R;15(x) =1 — R;1(0,4+-00) (x) for all x € (0, +-00)
and R, f(d) = f(9) for all bounded measurable functions f on E. For all f € C; (s) , fhe
D(A) and hence, for all x € (0, +00),

e DT, (fh)
Rif(x)=——FF—
h(x)
e T, (fh t T, A(fh
b [ TR g, [ AU,

= f0) + /0 RuLf(x)du,
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while R; f(0) = f(3) = f(9) + f(f R, L f(3)du. For all x € (0, +00), we have

t
R0 400 () =1 — fo Ruq(x)du
and hence
t t
Rely(x) = f Ruq(x)du = / RuL15(x) du,
0 0

while R;15(9) =15(9) =15(9) + fot R, L15(0) du. Using Lemma 7, we deduce that R, = Q;
and hence that T; f (x) = eP h(x) Q:(f/h)(x). This concludes the proof of Theorem 1.

2.4. Proof of Corollary 1. Fix x € (0, 400). Assume first that f > 0 and set ¢ = f/h

and let (¢,,)m>0 be a nondecreasing sequence of functions in Cfs) such that ¢, (x) = @(x) for
all x € (1/m, m). We also set ¢,,(3) = ¢(d) = 0. Then, for all m > k > 1, since ¢,, € D(L)
and 7 (defined in the first step of the proof of Proposition 2) is a stopping time, for all # > 0,
and all x € (1/k, k), we have

Ex (6m (Xene)) = om () + ( [ T Lom(X) du) = () +Ey ( [ N L om(Xa) du).

But, almost surely, for all u < t¢, we have X, € (1/k, k) C (1/m, m) and hence

I¢m
Lon(Xu) = 2 (X,)
+ /(O )@m(y)kh(xua dy) — (Pm(Xu)kh(Xu’ O, Xu)) —q(Xw)om(Xy)
dp
= 8_(Xu) +/ O (Wkp(Xy, dy) — (X )kn(Xy, (0, X)) — g(X,)e(X,)
s (0,x)

g
/! a_(Xu)+/ eWMkp(Xy, dy) — o (Xkn(Xu, (0, X)) — q(X)eo(Xy)
s 0,x)

=Lp(X,) whenm — +o0.

The monotone convergence theorem (taking into account E, ( f(; Nk |Lom(X,)|du) < +oo for

all m > 1), we deduce that

AT INTL
Ex(f E(pm(Xu)du) —>Ex(f ,C(p(Xu)du).
0 0

m——+00

Since ¢ = f/h is bounded, by the dominated convergence theorem, we also deduce that
E, (me (XtArk)) m E, ((P(Xt/\rk))
and hence
ATk
Eu(p(Xin) =0 + B ([ Lo du).

Assume first that A f/ h is lower bounded by —a, where a > 0. Then

IAT
Ex (0(Xing)) +aBx(t A7) = 9(x) + Ey ( [ o +a) du),

where Lo(X,) +a = Af(X,)/h(X,) + a > 0, so that, by dominated convergence on the
left-hand side, and by monotone convergence in the right-hand side, we obtain by letting
k — +oo

t
Ey(0(X2) + aEx (1) = p(x) + ( /0 (Co(X,) +a)du)
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and hence that
E IE d d E = E tﬁ d
60) E( [ 100Xl du) < +oo and Eufp(x) =g +E( [ Lo0t)du).

Assume now instead that A f/ & is upper bounded by a > 0. Then

IAT,
Ex(¢(Xine)) — aEx(t A7) = p(x) — Ex ( fo (—Lo(X,) +a) du),

where —Lo(X,)+a=—Af(X,)/h(X,)+a > 0. As above, this entails that (30) holds true.
In both cases, we deduce from Fubini’s theorem that

t t
/O 0ulLol(0) du < 400 and  Qrp(x) = (x) + /O 0uLo(x) du.

Replacing Q, £ and ¢ by their respective expressions of 7', A and f, this concludes the proof
of Corollary 1.

2.5. Proof of Corollary 2. 'We observe that Assumption 1 is clearly satisfied with & =
h1 4+ ho, and hence, according to Theorem 1, there exists T a solution to (4). In addition,
Ah1/h is upper bounded by Ak / k1 and hence is upper bounded. By Corollary 1, we deduce
that

t t
/TulAh1|du<+oo and Y}hl(x):hl(x)+/ T, Ah; du.
0 0

Since in addition (4) holds true for all f € CL(.S), we deduce from the uniqueness part of
Theorem 1 that 7 = T'!. Similarly, 7 = 7% which concludes the proof.

3. Long time asymptotics of the solution to the growth-fragmentation equation. In
this section, we focus on the existence of leading eigenelements and a spectral gap for the
semigroup 7 solution to (4) acting on the Banach space B. Our approach will be to leverage
the representation of 7" as the /-transform of the semigroup Q of an absorbed Markov process
evolving on E = (0, +00) U {9}, as given in Section 2. More precisely, we will make use of
the results developed in [20] for the study of quasi-stationary distributions.

At this stage, we require Assumptions 2 and 3, which appeared in the Introduction. These
can be interpreted, respectively, as an irreducibility and local Doeblin condition for the cadlag
Markov process with semigroup Q defined in Proposition 2.

Under Assumptions 1 and 2, the semigroup 7" from Theorem 1, the semigroup Q from
Proposition 3 and the Markov process X from Proposition 4 below are well defined, and we
have the following irreducibility result, which is proved in Section 3.2.

Denote by P, the law of X with initial distribution §, for x € (0, +00), and P, =
[ Py (dx) for a distribution x on (0, +00). Let F = (F;);>0 be the completion of the natural
filtration with respect to sets which are null for every P, (see [22], §25). Moreover, define
H, =inf{t > 0, X; = y}, the hitting time of y by X.

PROPOSITION 4. Assume that Assumption 1 holds true. Let X be the unique cadlag so-
lution of the martingale problem (L, D(L)). Then X is a strong Markov process with respect
to F. If in addition Assumption 2 holds, then X is irreducible in (0, +00), in the sense that,
foralll <r € (0,+00), there exists tg > 0 such that

inf P.(H, <ty > 0.
xoyell.r] x( y = 0)
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Some natural examples of growth-fragmentation models may not lead to a process irre-
ducible in (0, 4-00). For instance, if a cell can grow from small sizes to some critical m > 0,
and subsequent divisions always lead to cells of size at least m, then one may expect to fruit-
fully study a version of the process X above, restricted either to (m, +00) or to [m, +00),
and find a similar irreducibility result. Practically, this can be ensured by replacing the role
of 0 with m throughout our assumptions, but we will not discuss this in detail.

We turn next to Assumption 3. This is sufficient to obtain a local Doeblin condition for
X. Assumption 3(a) is adapted from a general, multi-dimensional result developed in [38],
Proposition 1. Its application leverages a simple change of variable argument, as detailed in
Section 3.3. Assumption 3(b) places regularity conditions on a lower bound of the division
kernel, inspired by the concept of T'-chain, as introduced in [32], Chapter 6. Its application
use irreducibility arguments, as detailed in Section 3.4.

Other approaches to the local Doeblin condition typically revolve around coupling; for
instance, see [18] for an approach to the TCP process and [15] for results applied to the
mitosis kernel k(x, dy) = 2K (x)d,/2(dy). The equal mitosis kernel is also considered in
Section 6.3.3 of [44], using a similar approach to us; see Remark 4(ii) in Section 3.1 below.

PROPOSITION 5.  Assume that Assumptions 1,2 and 3 hold true. Then there exists a prob-
ability measure v on (0, +00) such that, for any compactly contained interval L C (0, +00),
there exists t; > 0 such that, for allt > t; and all x € L,

(€29) Pr(Xi €) zcrv(),

where cr ; > 0 only depends on L and t and is nonincreasing in t.

If Assumptions 1, 2 and the Doeblin condition (31) hold true, we can introduce the growth
coefficient of 7', defined by

ho:=inf{2 €R, liminfe* 7,1, (x) = +oo},

with arbitrary x € (0, 4-00) and nonempty, open, compactly contained interval L C (0, +-00).
One easily checks, using the relationship between T and the semigroup of X, that Ag =
2§ — b, where

(32) Ay =int[n € R, liminf P, (X, € L) = +oo}.
f——+00

The fact that )»8( (and hence X() does not depend on x nor L is a well-known consequence of
the irreducibility property and the Doeblin condition (31).

Our aim is to apply Theorem 3.5 in [20] to X. This requires a Foster—Lyapunov type con-
dition, which will be obtained using the following assumption, where we recall that C 1(02 de-
notes the set of functions with a locally bounded derivative with respect to s. (In fact, one may
consider situations where v is only s-absolutely continuous, as defined in the Appendix).

ASSUMPTION 4. There exist a positive function ¥ € Cl(gg, a constant A1 > Ag and a
compact interval L C (0, +00) such that infy¢ (9, +00) ¥/ h > 0 and

Ay (x) < =1y (x) + Clp(x), Vx e (0, 4+00),
for some constant C > 0.
We emphasis that, in most cases, taking # = ¢ is the most natural choice, in which case

the requirement infy¢ (0, +-00) ¥/ h > 0 of the last assumption is trivial.
We can now state the main result of this section. It is proved in Section 3.5.
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THEOREM 3. Assume that Assumptions 1,2, 3 and 4 hold true. Then there exist a unique
positive measure m on (0, 400) and a unique function ¢ : (0, +00) — (0, 400) such that
m() =1 and ¢/ V¥ |loo < +00 and such that, for all t > 0, mT; = e*'m and T,;p = €0 .
Moreover, for all f : (0, +00) — R such that | f| < ¥, we have

M T, £ (x) — p(x)m(f)] < Ce V' (x),

for some constants C,y > 0.

We call A¢ the growth coefficient of T. Theorem 3 entails the existence of a spectral
gap for the semigroup of (7});>0 acting on the Banach space L*°(y) := {f : (0, +00) —
R, | f/¥lloo < +00}, endowed with the norm f +— || f/v||o. Conversely, if the convergence
of Theorem 3 holds true, then (7;);>¢ also satisfies Lyapunov type conditions and Doeblin
type conditions (we refer the reader to [6] and [19] for such converse properties) and it is thus
expected that Theorem 3 covers most situations where a spectral gap exists in some L ().
However it is clear that our result does not apply in situations with no spectral gap. While a
similar approach may be used in this situation, the main limitation is that the theory of quasi-
stationary distributions for sub-Markov semigroup without spectral gap is limited and is still
as of this day an active area of research.

In practice, checking Assumption 4 requires to find an upper bound on Ag and to find a
Lyapunov function 1. We first relate A to an apparently lower quantity. This result is proved
in Section 3.6.

PROPOSITION 6. If Assumptions 1,2 and 3 hold true, then
o0
Ao = inf{k eR, / M1 (x)dr = —I—oo}
0
for any x € (0, 400) and any nonempty open compactly embedded subset L C (0, +00).

Making use of a second Lyapunov-type function &, the following result provides a criterion
to find upper bounds for 1¢, proved in Section 3.7 (the proof adapts easily to situations where
£ is only s-absolutely continuous). Theorem 3 together with part (b) of this result provides
Theorem 2 in the Introduction.

PROPOSITION 7.  Assume that Assumptions 1, 2 and 3 hold true, and that:

(1) There exist a positive function ¥ € ct loc, a constant A1 € R and a compact interval
L C (0, 4+00) such that infye(0,+00) ¥/ h > 0 and

(33) Ay (x) < =AM (x) + Clp(x), Vx € (0,+00),
for some constant C > 0.

(i1) There exists a positive function & € Cl(;g such that ||/ hl|leo < 400, d/(x)) m 0,

and such that there exists Ay € R such that
(34) AE(x) > —A2€(x), Vx € (0, +00).
The following hold.

(@) if A2 <Ay, then Lo < A2;
(b) if A2 < A1 and sup,c o fo.) ggik(x dy) < +oo forall M > 0, then Ay < Aa, with

strict inequality if x € (0, +00) > “f((’;) is not constant.
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While finding Lyapunov functions can be tricky, we show in the next section that expo-
nentials of s or of [; K(y)s(dy) cover several situations and allow to recover and improve on
several results in the literature.

REMARK 3. We emphasize that 1o may be characterized by other means than its defini-
tion. For instance, in [10], Proposition 3.3, it is shown that .o = —inf{g € R, L, x,(q) < 1},
where L,, x, is defined in terms of a multiplicative functional of an auxiliary Markov pro-
cess evaluated at the return time to x¢. In particular, [10], Proposition 3.4, provides a upper
bound for Ay. We also refer the reader to [17], Section 2.2, for a situation where the mass
conservation does not hold.

3.1. Applications. In this section, we apply the results of Sections 2 and 3 to different
situations, focusing on Assumptions 1 and 4, since Assumptions 2 and 3 are already explicit
(see also Remark 4 below). In Section 3.1.1, we provide a sufficient criterion for Assumptions
1 and 4 in the situation where s(0+) > —o0. In Section 3.1.2, we consider the situation where
f(o, 1 K (y)s(dy) < +o00 and where mass conservation holds true. The last two subsections are
dedicated to the study of near-critical cases, the critical case being when K is constant and
s(x) = Inx, in which case it is well known that the conclusions of Theorem 3 do not hold
true. In Section 3.1.3, we study the case s(x) &~ Inx and K is not constant. In Section 3.1.4,
we study the case s(x) # Inx and K approximately constant.

REMARK 4. Assumption 3 holds in the following situations.

(i) Assume that there exists a positive constant a > 0, a nonempty open interval I C
(0, +00) and a probability measure « on (0, 4-00), such that

k(x,dy) >ax(dy) xel.

Then Assumption 3(a) and 3(b) both hold true. The fact that 3(b) holds true is imme-
diate. For 3(a), let u be the Lebesgue measure on [0, 1] and T (0, x) = FK_l(Q), where
F; I'is the generalized inverse of the cumulative distribution function of «. Then «x (dy) =
f[(),l] 37(0,x)(dy) e (d6), so that (5) holds true. Since 7' (6, x) does not depend on x, the rest of
the assumption holds true.

(i) Assume that k is locally lower bounded by the equal mitosis kernel, that is, there

exists a nonempty open interval I C (0, +-00) and a > 0 such that
k(x, dy) > ady2(dy), xel,

and moreover assume that s(x) = [ 1/c(y)dy for some positive function ¢: (0, +00) —
(0 + 00), continuous on I, such that c¢(x) # 2c(x/2) for all x € I. Then, Assumption 3(a)
holds by taking 7 (x) = x /2. Clearly, Assumption 3(b) does not hold in this situation.

(iii) More generally, consider the situation where k(x, -) = K (x)p om;1 withm, (u) = xu
and p is a finite measure on (0, 1), with s(x) = [, lx 1/c(y)dy for some positive function
c: (0, 400) — (0 + o0) continuous on some sub-interval /. Assume in addition K is lower
bounded away from O on / by a constant a > 0 and that there exists measurable A C (0, 1)
such that p(A) > 0 and for all 6 € A,

35) fc(x) #c(@x), xel.

Then, Assumption 3 holds by setting 7' (6, x) = 6x and u(d8) = p(do)/p((0, 1)).

(iv) Consider the situation where k(x,-) = K(x)p o m;l with m,(u) = xu and p is
a finite nonzero measure on (0, 1), with s(x) = flx 1/c(y)dy for some positive function
c: (0,400) — (0 + oo) continuous on (0, +00). Assume in addition that K is locally lower
bounded away from 0. If s(0+4) < +o00, then Assumption 3(a) holds. Indeed, let 6y € [0, 1]
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such that p(U) > 0 for all neighborhood U of 6p. Then, since 1/c is summable in a neigh-
borhood of 0, there exists xg € (0, +00) such that 8yc(xg) # c(fpxg), which then holds true
for all (6,x) € A x I, where A and I are neighborhoods 6y and x respectively. This shows
that (35) holds true for all @ € A and x € I, with p(A) > 0.

(v) Finally, assume that k(x, ) = K(x)p o m;l with m, (#) = xu and p is a finite mea-
sure on (0, 1) which is not singular with respect to the Lebesgue measure. Assume in addi-
tion that K is lower bounded away from O on an open subset of (0, +00). Then Assump-
tion 3(b) holds true. Indeed, let K be a nonzero continuous function such that 0 < K < K.
Then k(x, ) > K(x)p) o m;l, where p; is the absolutely continuous part of p, and it only
remains to prove that p; om ! defines a lower semi-continuous kernel. Let g be the density
of p, with respect to the Lebesgue measure and let g, be a sequence of continuous functions
which converge to g in L' (dx). Then, for all measurable A C (0, +00) and all x € (0, +00),

prom>(A) = / Tuxeag () du
o,1)

> / | uxeagn (=g =l

©,
dy

= Lycagn(y/x)— —lIg — &gnllL,-
(0,%) x

The first term in the last line is continuous in x, while the second term goes to O when
n — +00, so that, for all x € (0, +00),

lim inf p; o m; 1 (A) = prom;'(A).
This shows that Assumption 3(b) holds true. Note that in this particular case, p) o m;l (A)is
actually continuous with respect to x.

3.1.1. Entrance boundary. In this section, we provide a simple criterion for processes
with an entrance boundary at O (i.e., s(0+) > —o00) and with a locally bounded fragmentation
rate, inspired by the main result of [17]. As in this reference, and contrarily to the following
sections, the result depends on Ag.

PROPOSITION 8. Assume that s(0+) > —00, that sup, oy k(x, (0, x)) < +o0 for all
M > 0, that K is nonnegative and that
(36) limsupk(x, (0, x)) — K (x) < 400.
X—+00
Then Assumption 1 holds true. If in addition Assumptions 2 and 3 hold true, and if
(37) limsupk(x, (0, x)) — K(x) < —Ao,

xX—>+00

then Assumption 4 holds true.

Before proceeding with the proof of Proposition 8, we remark on the strong similarities
with Theorem 1.1 of [17]. There, the author reaches the conclusion of Theorem 3, making
some additional regularity and further assumptions on s, k and K ; these ensure in particular
that T is a strongly continuous Feller semigroup on the space of bounded functions vanishing
at infinity, which is not in general true for us.

PROOF OF PROPOSITION 8. Leta < —limsup,_,k(x, (0, x)) — Ao such thata < 0. Let
x0 > 1 be such that exp(—as(0+)) + s(xg) = 1 and set, for all x € (0, +00),

h(x) =exp(a(s(x) —s(0+)))1r<i + 1 A (exp(—as(0+)) + s(x))1y>1.
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Then, for all x € (0, 1),

< a + expla(s(0+) — sN(x, 0, ),

which is uniformly bounded from above on x € (0, 1) by assumption. For x € [1, xg), we
have

Ah(x) 1 +/( eXp(a(S(y)—S(OJr)))k(x, dy)

h(x) — h(x)  Jo exp(—as(0+)) + s(x)
/ exp(—as(0H) +5(y)
[1.x) exp(—as(0+)) + s(x)

< exp(as(04)) + exp(as(0+))k(x, (0, 1)) + k(x, [1, x)),

(x, dy) — K(x)

which is uniformly bounded from above on x € [1, x¢) by assumption. For x > x¢, we have

Ah(x) _
h(x)

/( . explals() = sOD)kr. dy)

+ /[1 )(exp(—as(O—l—)) +s())k(x, dy) + k(x, [x0, x)) — K (x)
X0

<k(x,(0,x)) — K(x),

which is locally bounded from above and is bounded when x — +o00 by (36). This entails

that “‘}fég) is bounded from above on (0, +00). It is clearly locally bounded, and, in addition,
for all M > 0,
sup kp(x, (0,x)) < sup exp(as(0+))k(x, dy)
xe(0,M) xe(0,M) 7 (0,x)

which is finite by assumption. We conclude that Assumption 1 holds true.
We now work under the additional assumptions and set ¢y = h. We have s(x) — s(0+)
when x — 0, and hence

limsup ( *) <limsup[a + exp(a(s(0+) — s(x)))k(x, (0, x))]
x—0 X x—0

=a + limsupk(x, (0, x)) < —Xo.

x—0

Using (37), we also obtain

lim sup ) <limsup[k(x, (0,x)) — K (x)] < —Ao.

x——+00 X x——+00

This concludes the proof of Proposition 8. [

3.1.2. Pseudo-entrance boundary and mass conservation. In this section, we consider
the situation where f(o,l) K (x)s(dx) < 4+o00. Informally, this means that a PDMP with drift
determined by s and jump rate K has a positive, lower bounded probability to reach 1 before
its first jump when starting from any x € (0, 1).

For simplicity, we consider the situation k(x,-) = K(x)p o m;l where m, (u) = xu, p is
a measure on (0, 1) such that f(o,l) up(du) = 1. We also assume that K is right-continuous.
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PROPOSITION 9. Assume that sup, ¢ ) K (x) < +00 for each M > 0. Assume in addi-
tion that Assumptions 2 and 3 hold true, that p is a finite measure, that

/ K(x)s(dx) < +o0
0,1)

and that there exists a > 1 such that, for all u € (0, 1),
—alnu
1= fo.n v p(dv)’
Then, Assumptions 1 and 4 hold, Lo < 0 and the conclusions of Theorem 3 hold true.

(38) liminf | K(y)s(dy) >
xX—>+00 Jyx

Suppose moreover that, for all x € (0, +00), s(x) = flx le)dy where ¢ : (0, 4+00) —
(0, +00) is a right-continuous and locally bounded function. In the case of uniform mass
repartition, where p(du) = 2du, the right-hand term in (38) reaches its minimal value
(—Inu)(3 +2+/2) at o = 1 + +/2. In particular, (38) holds true if

K
liminf 2X &)

>3 +4242.
y—>+o0o c(y)

Before turning to the proof of this proposition, it is interesting to compare it with the
findings of [15]. In this recent paper, the authors use advanced methods from functional
analysis to derive the existence of an eigenfunction /. This gives them access to a (conserva-
tive) Markov process using an A-transform (see also [34, 36], where similar approaches were
used to study nonconservative semigroups). This allows them to study the growth fragmen-
tation equation under mild conditions. The main drawback of this approach is that it requires
the preliminary proof of the existence and fine properties of a positive right eigenfunction
h, which typically requires additional assumptions on regularity and asymptotic behaviour
of the coefficients. On the contrary, our approach, based on the study of nonconservative
Markov processes, only requires the existence of a Lyapunov function %, and the existence of
an eigenfunction is then a consequence of our theorem, instead of a preliminary step in the
proof. This lets us consider more general situations.

More precisely, in the case where p is the uniform measure over (0, 1) (where Assump-
tion 3 is clearly satisfied by Remark 4(i)), Theorem 1.3 in [15] states that the conclusions
of our Theorem 3 hold true, assuming in addition (compared to Proposition 9) that c is lo-
cally Lipschitz, that limsup, _, | ., c(x—x) < 400, that c¢(x) = o(x~P) when x — 0 for some
p = 0, that K is continuous on [0, +00), that xK (x)/c(x) — 0 when x — 0 and that
xK (x)/c(x) = +00 when x — +o00. Similarly, the mitosis kernel case considered in [15] is
a special case of Proposition 9 (using this time Remark 4(ii) instead of Remark 4(i)).

Our result also covers and extends the setting considered in [8], where the authors assume
either (1) that c(x) = x and p is absolutely continuous with respect to the Lebesgue measure
(this is a particular case of Remark 4(iv), our result shows in particular that it is sufficient for
p to have a nonzero absolute continuous part with respect to the Lebesgue measure) or (2)
that c =1 and p has compact support in (0, 1) (this is a particular case of Remark 4(iii), and
we show that the condition on p can be dispensed of entirely).

We can also compare Proposition 9 with Theorem 4.3 in the recent paper [6], where
the authors consider the special case where ¢ = 1 (which means that s(x) = x — 1) and
K is a continuously differentiable increasing function, and under the additional assumption
that p is lower bounded by a uniform measure over a subinterval of [0, 1] or by a Dirac
measure (these situations clearly satisfy Assumption 3(a) via Remarks 4(iv) and 4(ii) re-
spectively). In this situation, both assumptions of Proposition 9 are clearly satisfied, with
liminf,_, 4 f,fx K (y)s(dy) = +oo for all u € (0, 1) and Theorem 4.3 in [6] is thus a special
case of Proposition 9.
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REMARK 5. In the proof, we make use of the functions ¥ and 4 defined by

() = h(x) =exp(/( l)aoK(y)S(dy))1x<1 +exp</(1 )aoomy)s(dy))lle,

where ag, as € R, so that, forall x < 1,

AP o
. —K(x)</(0’1)exp<ao f(ux,x>’((y)s(dy)>p(d”) I ao)

and similarly for x > 1 (see (42) for the exact expression). Our assumptions are then used to
derive asymptotics on “?f(g) when x — 0 and x — +o00. In this situation, the main point of
the mass conservation assumption is to ensure that x € (0, +00) + x is a natural candidate
for £ in Proposition 7, and is thus used to derive a lower bound for A¢. The strategy developed
in the proof, and in particular the use of i with this form, is relevant even outside of the
structure for k£ assumed in Proposition 9.

For example, let us assume that Assumptions 2 and 3 hold, and let us make the following

assumptions: K is locally bounded, sup, . % < +o0, [ )Xck(x, dy) = K (x) (conserva-
tion of mass), there exists « > 1 such that m, := limsup,_, o, [(y/x)%k(x, dy)/K(x) < 1,
c is right continuous, f(o,l) %;‘))dx < +o0o (pseudo-entrance boundary), and there exists

dso € (0, my) such that, for all x > y > 1 with y large enough,

(39) exp(—ax fy K@) < (%)

We emphasize that this implies that ﬁ /; lx K (z)s(dz) goes to +00 when x — +o00. Then,

using the same 1 as in the proof, we obtain for all x > 1,
Ay (x)
¥ (x)

= K(x)(/(o,l) exp(a()/; K (2)s(dz) — axo /lx K(z)s(dz))ﬁk(x, dy)

* 1
+/[1’x) CXP<_aoo/y K(z)s(dz))mk(x, dy) — 1 +aoo).

The first term in the parenthesis goes to 0 when x — +o00 since fol K (z)s(dz) < +o0,
flxK(z)s(dz) — 400 when x — 400 and the total mass of ﬁk(x, -) is uniformly

bounded. For the other terms, we obtain using (39) that, for all x > y > 1 with y large enough,

x 1
lim sup exp(—aoo/- K(z)s(dz)) ——k(x,dy) =1+ a0 <myg — 14+ ax <0.
x—+00 J[1.x) y K (x)

This entails that

. Ay (x)
m
x— 400 w(x)

<

Choosing ag > sup, . %(2;{) and proceeding as in the proof, we deduce that A9 < 0 and

the conclusions of Theorem 3 hold true.

In particular, this recovers and improve the convergence of the model in [23], where the au-
thors prove the (a priori nongeometric) convergence for a more specific model under stronger
assumptions inherited from [25] (in order to obtain the leading eigenelements) and additional
regularity assumptions (see (2.5)—(2.7) in [23] and (2.1)—(2.9) in [25]). We emphasize that,
although we proved that there is actually a spectral gap under the assumptions of [23] and
[25], the authors of the former use the latter to obtain the existence, uniqueness and additional
properties on the eigenelements of the adjoint operator, so their methods may apply to situa-
tions where there is no spectral gap and thus where our result does not hold true. Similarly,
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we also cover the setting of [14], where the authors prove a convergence with geometric rate
for two specific models under additional regularity assumptions (see Hypotheses 1.1 to 1.7
therein), some of which are also derived from their use of [25].

To conclude this remark, we consider the sharp and quite explicit result of [30], where
the authors consider the special case where s(x) = Inx, K(x) = xR(x) and k(x, du) =
xR(x) i—’; du. There is no mass conservation in this case, but instead conservation of the num-
ber of fragments (A1l = 0). The authors show that the condition

/Oooyexp<—/1x R(y)dy)dx < 400

holds true if and only if ||6x Ty — m||Tv goes to 0 when ¢t — +o00 (without a geometric rate).
In order to ensure that Theorem 3 applies to this case (and thus to ensure geometric conver-
gence), and using the same Lyapunov function as above (observing that Ag = 0), we require
that there exists aso € (0, 1) such that

. x 2ydy
R(y)dy <+o00 and limsup exp(—aoo/ R(2) dz) 5 — 1+as <O.
) (1,x) y X

0,1 X—400

The last property holds true for instance if fyx R(z)dz>(2+¢) ln% for some ¢ > 0 and all
x >y with y large enough. In this case, it is clear that the condition of [30] holds true. It is
also the case that their condition (and of course ours) does not hold true if |, yx R(z)dz <2In f—c

for all x > y with y large enough.

PROOF OF PROPOSITION 9. For all a € R, we set p, := [(0’1) u® p(du).
(1) Identification of h = . For all u € (0, 1), we define
Jix KO)sdy) o

&, ;= liminf

X——+00 —Inu 1 — py
and set
o €
£:= Ly
1— py 2
Note that ¢, > 0 by assumption and hence «/¢ < 1 — p, and
lim ua(au“"a/(l_pa))p(du) — / u(l_pa)8u+ap(du) < Pa-
a—1-pa J(0,1) 0,0

In particular, there exists aqo € (%, 1 — pg) such that
(40) f uuoo(8u+0f/(1—l’a))p(du) < Pa.
(0,1
We also fix agp > po — 1 and define the function
X
exp(—ao [ K(s@n) ifx <1,
1

V(x)= x
exp(aoo/1 K(y)s(dy)) if x>1.

We have, forall x <1,

Ap@) x L
o —K(x)(f(oyl)exp(ao me(y)s(dy))p(du) I ao).

Since exp(ao [, K (y)s(dy)) < exp(ag fy K (y)s(dy)), with

1 1
/ exp(ao [ K(y)s(dy))p(du)=exp(ao Ji K(y)s(dy))po<+oo
©,1) 0 0
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and since f;x K(y)s(dy) — 0 as x — 0, we deduce from the dominated convergence theorem
that

X
lim exp(a()/ K(y)s(dy))p(du) —1l—ay=po—1—ag<0.
x—=>0J,1) ux

Hence there exists xg > 0 such that

Ay (x) <0, forallx e (0,xp).
¥ (x)

(41)

For all x > 1, we have

“tp(g) = K(x)</(0’l/x) exp<a0 /ul K (y)s(dy) — aco /;x K(y)s(dy))p(du)

+ /[l/x,l) exp(—aOo /uz K(y)s(dy))p(du) -1+ aoo>.

On the one hand, we have (noting that a > 0)

(42)

1 x
/ exp(ao [ K@ —ax [ K(y)s(dy))p(du)
(0,1/x) ux 1

1
- exp(ao | K(y)s(dy))p((o, 1/%)) —— 0,

On the other hand, for all u € (0, 1),
X
lim sup luen/x,nexp(—aoo / K(y)s(dy)) = yooCute/(1=pe))
x——400 ux
and hence, by Fatou’s lemma and using (40),
X
lim sup exp(—aoo/ K(y)s(dy))p(du) — 1400 < pe —1+as <O.
x—+o0 J[1/x,1) ux

‘We deduce that there exists xoo > 1 such that, for all x > x4,

Ay _,

e
@) v

Taking h = yr, we observe that x € (0, +00) > “‘,\fzg) is locally bounded, and we deduce

from (41) and (43) that it is bounded from above. Moreover, the above calculations show
that, for all M > 0,

h(y)

sup ——k(x, dy) < +o0.
xe(0,M)J0,x) h(x)

We conclude that Assumption 1 holds true.

(2) Identification of & and conclusion. We choose & (x) := x for all x € (0, +00). We first
prove that £(x) = x = o(¥(x)) close to 0 and +o0. Since ¥ is bounded away from O in a
vicinity of 0, this is immediate for x close to 0. Now, according to our assumptions and the
definition of £, there exists x; > 1 (which is fixed from now on) such that, for all x > x1,

/x K(y)s(dy) > £In2.
x/2
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For any x > x1,letn > O such that27"x > x| > 2=+ (in particular nIn2 > Inx —Inx; —
In2). Then
2 (=1

[ kosan= [ T K (s(dy) + |

>nlIn2>LClnx — £1In(2x;).

KOs+ [ Koy

—I‘lx

Since as, > a /¢, we deduce that, for all x > x,

X
aOO/ Ky)s(dy) = alnx — asofIn(2x7).
1

This shows that liminf,_, ;- ¥ (x)/x% > 0 and hence, since @ > 1 by assumption, that x =
o(y¥(x)) when x — +o0.
We also observe that, for all M > 0, sup,.¢ o, ) Jo.x) %k(x, dy) =sup,¢.a) K(x) <
400, by assumption. Finally, for all x € (0, 400),
Ag(x)  10& c(x)

F) xas 0T

Since c(x)/x is not zero, we deduce that it is either lower bounded by a positive constant or
that it is not constant. Using Proposition 7 together with (41) and (43), we deduce that A9 < 0.
This also entails that Assumption 4 holds true, which concludes the proof. [

3.1.3. Critical case, s comparable to Inx. It is well known that, when K is constant and
s(x) = Inx, the results of Theorem 3 do not hold true in general (see, for instance, [25], end
of §2). In this section, we consider first the situation where s(x) = Inx and K is not constant,
and then the situation where s(x)/Inx has positive limit inferior when x — 0 and x — +o00
and finite limit superior when x — +o0.

As in the previous section, we consider for simplicity the situation where k(x,-) =
K(x)po m;l, with p a positive measure on (0, 1) such that f(o,l) up(du) = 1; we do not
assume that p is a finite measure. We assume that K is right-continuous and nonnegative.

PROPOSITION 10. Assume that Assumptions 2 and 3 hold true. Assume in addition that
s(x) =Inx for all x € (0, 4+00) and that there exist o < 1 < B such that f(o,l) u®p(du) < oo
and

1— —1
i and liminfK (x) > p .
X—00 1 — /(0,1) uﬂp(du)

(44) limsup K (x) <
x—0 f(o’l) u“p(du) —1

Then Assumptions 1 and 4 hold true.

We note that in the case of uniform mass repartition, that is, p(du) = 2 du, condition (44)
reduces to
limsup K (x) <2 < liminf K (x).
x—0 X—> 00
This may be compared with the conditions in Section 6 of [12], whose effectiveness in this
setting relies on [9], Theorem 1.2. Similar conditions can be found in [9], Section 3.6. We
leave as an open problem to check whether this condition is sharp; one natural approach to
this question would be to follow the strategy developed in [16].

Proposition 10 is actually a particular case of the following result, which applies when
the drift c(x) is only approximately linear in x. We assume here that, for all x € (0, +00),
s(x) =/, lx le) dy, where c : (0, +00) — (0, +00) is a right-continuous and locally bounded
function.
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PROPOSITION 11. Assume that Assumptiosn 2 and 3 hold true. Assume in addition that
there exist o, § > 0 such that

(45) o« <inf S and u® M1 TS p(du) < 400
x>0 Xx 0,1)
and
: c(x) Binfemy -
(46) B > limsup—— and u” e p(du) < 4o00.
x—4oo X ©,1)
If
) inf, W _ g
47) limsup K (x) < — r
x=0 Jonyu™ T p(du) — 1
and

N p — infy
(48) liminf K (x) > Bliminf A ’
X—> 400 1— f(o’l) u x—+00 c(x)p(du)

then Assumptions 1 and 4 hold true.

PROOF. Forall a € R, we set p, := [ 1) u p(du).
Note that limsup, _, o K (x) < +oc and hence, since K is locally bounded, K is bounded
on (0, M), for all M > 0. We define, for all x € (0, +00),

Y (x) =h(x) =exp(as(x))Li<; +exp(Bs(x))1y>1 and &(x)=x.
In particular, for all x € (0, 4-00),

As(x) _ ()
E  x

We first prove that /& — 400 when x — 0 and +00. According to (45), there exists xg €
(0, 1) and & > 0 such that, for all y € (0, x9), &/c(y) < (1 —¢)/y, so that, for all x € (0, xp),

Y —Inx = (—_oz l)d
ast nx_/m) o y)?

1 — 1
33/ —dy+/ (—a+—)dy——>—|—oo.
(x,x0) ¥ o, D\c(y) Yy x—0

This shows that ¥r/§ — +o0o0 when x — 0. Similarly, (46) implies that there exists xo > 1
and & > 0 such that, for all y > x, 8/c(y) > (1 +¢&)/y, so that, for all x > xo,

Bs(x) —Inx = /(l’x)<% — %) dy

1 1
Z/ (i——>+e/ —dy —— +o0.
(Lxso) \C(¥) Yy (Xoesx) ¥~ X+

This shows that /& — +00 when x — 4-00.

(49)
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We observe that, for all x € (0, 1),

Ahx) _ h(y) _
hxy /(o,xm(x)k(x’dy) K@)

=a+ K(x)(/(o 1)exp(oz(s(ux) —s(x)))p(du) — 1).

We have, for all u € (0, 1) and x € (0, 1),
: y *1 : y
s(ux) —sx) < —( inf —)/ —dy= ( inf —) Inu,
ye@.1) c(y)/ Jux'y ye©.1) c(y)

so that exp(a(s(ux) — s(x))) < u® e % which does not depend on x and is integrable
with respect to p(du) by Assumption (45). We conclude that

h
(50) sup / ﬂk(x, dy) < +o0.
xe(0,1) 7 (0,x) h(x)

In addition, for all u € (0, 1),

. . . y .. X
lim sup(s(ux) — s(x)) < limsu ( inf —) Inu =liminf —— Inu.
x—)Op( ) x—>0p ye0,x) c(y) x—=0 c(x)

Using Fatou’s lemma, we deduce that
h imi 2
lim sup ﬂk(x, dy) — K(x) <limsup K(x)(/ @ liminfy—o 755 p(du) — 1).
x>0 J(O.x) h(x) x—0 0.1)

We conclude, using in addition (47) and the fact that « liminf,_, ¢ C(x—x) < 1, that

Ah iminf. o
lim sup *x) <a + limsup K (x) </ @ liminy—o 775y p(du) — 1)
h(x) ©.1)

(51) x—0 X x—0
. JAE()
< inf .
x E(x)
For all x > 1, we have
ARG R,
1) P fow e FO W)~ K
(52) =8+ K(x)(/ exp(as(ux) — Bs(x))p(du)
0,1/x)

" /(l/x,l) exp(B (s (ux) — 5(x))) p(du) — 1).

According to (49), there exists x,, > 1 such that, for all x € (x, +00), Bs(x) > Inx, so that,
for all x € (x/, +00) and u € (0, 1/x),
. y . y
as(ux) — Bs(x) <ol inf —) Inu+Inx) —Inx 504( inf —)lnu,

(wx) = Ps(x) (yE(O,l) c(y) ( : ye©0,1) c(y)
c(yﬁ < 1 by (45). Since, by (45), 00 5§ integrable with respect to
p(du), we deduce by dominated convergence that

since o infy €(0,1)

/ exp(as(ux) — Bs(x)) p(du) —— 0.
(0,1/)6) xX—> 400
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Forall x > 1 and u € (1/x, 1), we have
s(ux) —sx) < (inf L) Inu,
y>1c(y)
so that exp(B(s(ux) — s(x))) < M L<}7, which does not depend on x and is integrable
with respect to p(du) by (46). We conclude that

h
(53) sup / Qk(x, dy) < +o00, VM >1.
xe[1,M) 7 0,x) h(x)

Similarly as above, we have in addition, for all # € (0, 1),

x
li — = liminf — Inu.
;Eilgg(s(ux) s(x)) lim inf o) nu
Using again Fatou’s lemma, we obtain
lim sup exp(B(s(ux) — s(x))) p(du) < / yPliminfx— oo c(%p(du)-
x—+o0 J(1/x,1) O,
Using (52), we deduce that

Ah imi x_
lim sup *) < B+ limsup K(x)(/(.o Y Pt oo 505 () — 1)

(54) x— 400 h(x x— 400
. AE(x)
< inf ,
X E(x)

where we used (48) and the fact that 8 liminf,_, ;o ﬁ > 1 for the last inequality.

By (50) and (53), we deduce that the first part of Assumption 1 holds true. Since Ah/h is
locally bounded, we deduce from (51) and (54) that it is bounded from above. We conclude
that Assumption 1 holds true.

Finally, using Proposition 7, we deduce from (51) and (54) that Assumption 4 holds true.

]

To once again give an explicit example, we offer:

COROLLARY 3. Assume that Assumptions 2 and 3 hold true. Let p(du) =2du and

. L x < X,
c(x) =
CooX X > Xc,

for some x. > 0 and 0 < ¢ < co < 00. Assume that

(55) limsup K (x) < 3co — coo — 2v/2co(co — Coxo)

x—0

and liminf,_, o K(x) > 2¢s. Then, the conditions of Proposition 11 are satisfied.

PROOF. With this particular choice of ¢, the conditions of Proposition 11 are that there
exist @ € [0, coo) and B > ¢, such that

(56) limsup K (x) < Coo & _ (@t+co)eo —a)
x—0 f(O,l) I,{a/cozdu — 1 CO —

and

(57) liminfK(x) > — P _ g
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The maximum of o — w on the domain o € [0, c) is given by the right-hand
side of (55), which shows that the condition given suffices for (56) to hold.

Since liminfy_, o K(x) > 2cs0, One can find § > co such that (57) holds, which con-
cludes the proof. [

3.1.4. Critical case, K comparable to a constant. We consider now the situation where
K is the constant function 1, and then the situation when K is bounded away from 0 and
bounded from above by 1.

As in the previous section, we consider for simplicity the situation where k(x,-) =
K(x)po m;l, with p a positive measure on (0, 1) such that f(o,l) up(du) = 1. We also as-
sume that, for all x € (0, +00), s(x) = flx ﬁ dy where ¢ : (0, +00) — (0, +00) is a right-
continuous and locally bounded function.

PROPOSITION 12. Assume that Assumptions 2 and 3 hold true, and that K = 1. Assume
in addition that there exists § > 0 such that f(o,l) u%p(du) < +o0. If s(0+) = —o0 and
c(x) c(x)

(58) limsup S < —/ Inup(du) < liminf &2
x—=4o00 X ©0,1) x—0 X

then Assumptions 1 and 4 hold true.

In [16], the author considers the case where p(du) is absolutely continuous with respect
to the Lebesgue measure and where there exist positive constants a_ and a4 such that

a_x ifx <1,
c(x) = .
azx ifx>1.

In this case, our assumption reads
ay < —/ Inup(du) <a—,
0,1)

which is sharp, according to [16], in the sense that, if one of the inequalities fails, then M, f
does not converge (for some bounded, compactly supported function f). Additional proper-
ties, and in particular fine estimates on the limiting profile of ¢*’ T;, can be found in the above
reference.

The previous result is a particular case of the following proposition, where we do not
assume any more that K is constant. Here K is a locally bounded right-continuous function.

PROPOSITION 13. Assume that Assumptions 2 and 3 holds true. Assume in addition that
there exists 6 > 0 such that f(o,l) u_‘sp(du) < 400,and 0 <inf K < 1. Ifs(0+) = —o0,

(59) inf K = limsup K (x) = limsup K (x)
x—0 x——+00
and
(60) timsup < < —/ Inup(du) < Timinf <2
x—>4o00 X 0,1 x—0 x

then Assumptions 1 and 4 hold true.

We start with a simple technical lemma, whose proof is standard and thus omitted.
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LEMMA 8. If there exists 6 > 0 such that f(o,l) u=% p(du) < 400 and constants ag, a;
such that

ag < —/ Inup(du) < ay,
(0,1)
then there exists eg > 0 such that, for all € € (0, &9),

e+ | (u/% —1)p(du) <0 and / u” p(du) < e + p((0, 1)).
O, O,

PROOF OF PROPOSITION 13. Let &(x) =1 for all x € (0, +00) and set

Y (x) = h(x) = exp(—as(x))1i<1 + exp(Bs(x))1x>1,

where o > 0 and 8 > 0 are (small enough) constant which will be chosen later. We already
observe that, by assumption, ¥ (x)/&(x) — +o00 when x — 0 and when x — 4o00. In addi-
tion,

A§(x)

1) o) K(x)</(0’1) p(du) — 1) > 1an/(0’1)(1 — ) p(du).

For all x < 1, we have

h(y) _ - B
f(o,x> n(o =K f(o’l)exp( o(s(ux) = 5(x))) p(du),

where
exp(—a(s(ux) —s(x))) <u **Pre0n @,

On the one hand, choosing & < 8/sup (o, 1) 73y We deduce that

h
(©2) [ 8%k an = swp KO [ wp,
©.x) h(x) ve(O,1) ©,1)
and, on the other hand, letting x — 0 and using Fatou’s lemma, we deduce that

(x) h(y)

lim su = —o + limsu ——k(x, dy) — K(x)
x%Op h(x) x»Op ©0,x) h(x) Y
<—a+ limsupK(x)</ 0~ SUP0 5 1 gy — 1)
x—0 ©,1)

=—o+ ian(] % MU0 ﬁP(du) - 1).
0,1

According to Lemma 8 and the second inequality in (60), there exists «g > O such that, for
all o < «,

/ y e imsup, o ﬁp(du) <a+p(0, ).
0. 1)

This implies, choosing a < ap A (8/supye(q 1) c(y?) (which we will assume from now on)
and using in addition (61), that

. Ah(x)
© st o)

Ag(x)
E(x)

<—a(l —infK)+infK (p(0,1) — 1) < i&lf
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For all x > 1, we have

h(y) _ o
/«),x) n(o =K /«),1 1y P(as () = Bs(0) p(du)

+K() f( oy SR =5 p(d) — K (o),

where
exp(—ars (ux) — Bs(x)) < (ux) " HPre0un @ <y
and
exp(B(s(ux) —s(x))) < P ifyequen c(‘T)

On the one hand, we deduce that

h
(64) | " dy < sup KO [ up(du)
0.x) h(x) ye(0,M) ©.1)

and, on the other hand, choosing B < 1/infy> c(yﬁ’ letting x — +o0o and using Fatou’s
lemma, we deduce that

h h
imsup 'Y g timsup [ "% dy) — K (o)
x—+oo h(x) x—+00 J(0,x) h(x)
< B+ limsup K (x) </ y A iminfy— o0 %v)p(du) — 1)
x— 400 0,1)

= p+infK (/(0 I o ﬁP(du) - 1)'

According to Lemma 8 and the first inequality in (60), there exists So > 0 such that, for all
B < Po,

f uP M= 55 p(du) < —B + p((0, D).
0,1)
Choosing 8 < fo A (1/infy= ﬁ), we deduce that

) Ah(x)
lim sup

x—+00 X

< B(1 —infK) +inf K (p(0,1) — 1)

and hence, choosing 8 small enough and using (61),

(65) lim sup ArX) < inf A (x).
x—>+oo h(x) x &)

By (62) and (64), and observing that our assumptions imply that K is uniformly bounded, we
deduce that the first part of Assumption 1 holds true. In addition, A%/ h is locally bounded
and, by (63) and (65), it is thus bounded from above. We conclude that Assumption 1 is
verified.

Finally, (63) and (65) in combination with Proposition 7 entail that Assumption 4 holds
true. This concludes the proof of Proposition 13. [
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3.2. Proof of Proposition 4. Since the process X is a PDMP, it is a strong Markov process
with respect to its completed natural filtration according to Theorem 25.5 in [22] (its proof
remains correct under our assumptions).

Let us now prove the irreduciblity of X. Fix xo € (0, +00) and set

A= {x € (0, +00), Px(Hy, < +00) > 0}.

We first note that A is nonempty since xg € A. Our strategy is to prove that A is open and
closed in (0, +00), so that A = (0, +00) since (0, +00) is connected.

(1) AN (0, xo) is open. For all x < xo € (0, +00), my = SUp [, v, kn(z, (0, 2)) is finite
according to Assumption 1. Setting 7, = s(xg) — s(x), we deduce from the construction of
the process (see Step 1 in the proof of Proposition 2) that

Py(Hyy <tc) > Py (the process X does not jump during the time interval [0, tx])
> e Malx 5 ().

In particular, (0, xg) C A so that A N (0, x¢) is open.

(2) A contains a neighbourhood of xg. According to the previous step, for all € € (0, xp),
(xo — &,x0] C A. It remains to prove that there exists € > 0 such that (xg,xo + ¢) C A.
According to Assumption 2, the Lebesgue measure of s({y € (xg, +00), k(y, (0, xg)) > 0})
is positive. Since

{y € (x0, +00), k(y, (0, x0)) > 0} = U {y € (x0,n), k(. (0, x0)) > 1/m},
n>1,m>1

we deduce that there exists a bounded Iy C (xg, +00) such that

Xi(s(lp)) >0 and inf k(y, (0, x0)) > O.
yely

Choosing ¢ > 0 small enough, we deduce that, for all x € (xg, xo+¢), A1 (s(loN (x, +00))) >
0.

We also have, denoting by o the first jump time of X and using the strong Markov property
at time o,

(66) Py (Hyy < +00) > Ey (10<+00PXU (Hy, < +OO))

Since Py (H,y, < +00) > Oforall y € (0, xo), itis sufficient to prove that P(c < +00 and X, €
(0, x0)) > 0 to conclude that P, (H,, < +00) > 0. By construction of the process X, we have

Py(0 < 400 and X, € (0, x0))
(67) > P, (0 <+ooand X,_ € Ip and X, € (0, xq))

infyelo kh (ya (09 xO))

1
> P (s (s(x) + o) € Io) supy e, kn (v, (0, ) + ()

since s ' (s(x) + 1) is the position of the process X;_ under Py, conditionally to t < o. We
also have

P (s~ (s(x) +0) € Ip) =Py (0 € s(lp) — s(x))
1
a -/s‘(lo)—S(X) [kn +q1(s~ (s (x) +1))

X CXP<— /Ot[kh +ql(s () + u))du) dt > 0.

(68)
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Using (66), (67) and (68), we deduce that, for all x € (xg, xg + €),
Py (Hy, < +00) > 0.

This concludes the second step of the proof.
3) AN (xg,+00) is open. Fix x € A N (xg, +00). Then, for all ¢ € (0, x), for all y €
(x — &, x), we have using the strong Markov property at time H,,

Py (Hy, < +00) > Py(Hy < +00)Py (Hy, < +00) > 0,
since y < x and x € A. In particular, (x — &, x) C A. Moreover, since X is right-continuous,
lim P.(Hy < Hy) =1.

VX, y>X
Hence there exists ¢ > 0 such that, for all y € (x, x + ¢),
Py (Hy < Hyy) > 1 — Py (Hy, <+00)/2.
This implies that
Py (Hy < Hy, and H,, < +00) > 0.
Since, by the strong Markov property applied at time Hy, we have Py (Hy, < H,, and H,, <
+00) =Py (Hy < Hy))Py(Hy, < +00), we deduce that, for all y € (x, x + &),
Py(Hy, < +00) > 0.

This concludes the third step of the proof.

(4) A is closed in (0, +00). We prove that A is sequentially closed in (0, +00). Let
(Xn)neN € AZ+ bea sequence converging to a point x € (0, +00).

If there exists n € Z4 such that x < x,, then P, (H,, < +00) > 0 and hence, using the
Markov property at time H,,, we deduce that P, (Hy, < +00) > 0 and hence that x € A.

Assume now that x, < x for all n € Z;. Without loss of generality, we assume that

(Xn)nez, 1s nondecreasing. According to Assumption 2, the Lebesgue measure of s({y €
(x, +00), ki (y, (0, x)) > 0}) is positive. Since

{ye @ +00). kn(y. (0.0) >0} = | {ye@& p)ku(y.(0.xp))>1/m},

n>1,m>1,p>1
we deduce that there exists a bounded /1 C (x, +00) and n € Z such that
Xi(s(11)) and inlf kn(y, (0, x,)) > 0.
YEi]
Using the same procedure as in Step 2 above, we deduce that Py (H,, < +00) > 0. Using
the strong Markov property at time H,, and the fact that x,, € A, we deduce that P, (Hy, <
+00) > 0, so that x € A.

(5) Conclusion. Steps 1, 2, 3 and 4 above imply that A is both open and closed in the
connected set (0, +00), so that A = (0, +00) and, for all x, y € (0, +00)

Py (Hy < +00) > 0.
Now let/ <r € (0,400) and set #; , = s(r) — s(l). Then, forall x <y e[l, r],
IP)x([_ly < tl,r) >Pi(o = i) > 0.

Moreover, since P, (H; < +00) > 0, we deduce that there exists tll,r > 0 such that P, (H; <
tl/, ) > 0. Using the strong Markov property, we deduce that, for all x > y € [/, r],

Py (Hy <fir+ t]/’r + tl,r) > Py (H, < tl,r)IPr(Hl < tl/,r)]P)l(Hy <)
>P(o > 1,,)P(H <1],)Pi(c >1,)>0.
Setting fo =1, + tl”, + 11, this concludes the proof of Proposition 4.
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3.3. Proof of Proposition 5 under Assumption 3(a). This proof is a direct adaptation of
the proof of Proposition 1 in [38], where the problem is already solved when s is of the form
fi' 1/¢(y)dy, with ¢ continuous and positive, and the measure y is a Dirac measure.

Let I = (a,b) and fix #; > 0 small enough so that ¢(a t)y el forall t € (0,11). Let us
denote by r(x) = kp(x, (0, x))+qg(x) =b+ K(x) — h(lx) 55 (X) the jump rate of X at position
x € (0, 400); recall the definition of » in (10). Restricting to the event where the process
jumps only one time in the time interval (0, #1), we deduce that, for all ¢ € (0, ) and all
positive measurable function f vanishing on the cemetery point 9,

0, f(a) >/ / T(0, 6 (a, 1)), 1 — u))ae~ 3 TO@0) = [ rGT@@u).1-w)do
h(T 0, ¢(a,u)))
do)d
@@y M
— _ Jo (@ (a,u))dv —fo r(@(T (¢(a,u)),t—u))dv
/[0 1]/ T(O,¢(a,u),t—u)ae”
h(T 0, ¢(a,u)))
X @) dup(do).

By assumption, / is upper bounded on [/ and r is uniformly bounded away from oo on
compact subsets of (0, +00), so that there exists a constant a; > 0 such that

0 f(@) = ar / / T(0, ¢ (a, ), 1 — u))h(T (0, $(a, 1)) dure(dh)

> aj /[071]/0 fos sop(T(0,(a,u)),t —u))dumgu(do),

where mg = infy¢0,,1h(T (0, ¢ (a,u))) > 0, where we used the fact that, for any fixed
0, u— h(T@,¢(a,u))) is positive and continuous. We observe that, for all 6 € [0, 1],
sop(T O, p(a,u)),t —u)=s(TO,¢(a,un))) +1t—u, so that (recall (15)) for all 8 € [0, 1],

ds 0 §(T(O. p(a,w), 1 —u) dsoT (8, $(au) 8soT(9 N

with the left-hand side continuous in # and in particular bounded away from 0 and oo for u €
(0, t1). We are now in position to use the change of variable y = s(¢ (T (6, ¢ (a, u)), t — u)),
and deduce that, for all 8 € [0, 1], there exists a positive constant a;(6) > 0 such that, for all
1€(0,n),

s(T (0,6 (a,1))) 4
os™ (y)dy|.

t
fe) -1 (@] T -
/0 fos (sop(T(O,¢(a,u),t —u)) s(@(T(6,a),1))

We have ¢ (T (0, a),t1) # T (0, ¢(a,t;)) and hence, by continuity of both terms at ¢, there
exist two values s1(6) < s2(0) and a fixed time t{ (0) € (0, t1) such that, for all r € (t{ ), 1),

52(0)

t
fofos—l(so¢(T(6,¢(a,u)),t—u))duzaz(H)mef ” fos ty)dy

51

and hence

52(0)
0 f@= [ a@moliegn [ fosT (dyuds).
, s1

Let ¢ € (0, #1) such that

52(6)

[ a@@milyeqon [ FosT 0)dvu@d) >0
[0,1] 51(6)
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for all positive continuous f, and define the positive measure v" on (0, +00) by

52(0)
VD= [ eOmliegom [ F o 0 ayu@)

S1

1.
azv’

(69) Eo(f (X)) = Q1 f (@) = a2u(f).

Now, since v is a nonzero measure on (0, c0), we have, by the irreducibility property
proved in Proposition 4,

so that, for all r € (ti, t1), setting a, = v'((0, +00)) and v =

Py(Hq < +00) = |

(0,400

v(dy)Py(Hq < 00) >0,
)

where Hy = inf{r > 0 : X; = a}. In particular, there exists f, > 0 such that
az = PU(Ha € [12, 1+ (t1 — t{)/Z]) > 0.

Hence, using the strong Markov property at time Hy, we deduce that forall t € [ro +1], 1>+
(1 +1)/2],

(70) Ey,(f (X)) > Eu[lHae[zz,zz+(;1_z;)/z]Ea[f(Xt—u)]|Ha] > azapv(f).

Iterating the above inequality (i.e., applying the Markov property successively at times tk/n,
k=1,...,n—1) we deduce that

(71) Ey(f (X)) = (@a)"'v(f), te[n(ta+1).n(+ (1 +1)/2)].

20 |+ 1 (so that (1 + D12 + 1) <02 + (1] +11)/2) forall n > ny), and
1

define t3 = n1 () + t{). For any t > t3, the integer n = LZQ-Z;—I/J satisfies € [n(t, + t{), (n+
1

D)(r2 + )] and n > ny, so that 1 € [n(t2 + 3t1/2), n(t> + (1] +11)/2)]. Hence, setting

We setny = |

—
B = (@3a2) ™" >0, t>13,

we deduce from (71) that

E,(f (X)) = Bv(f), t=>m.

Using again the irreducibility property stated in Proposition 4, we know that, for any com-
pactly contained interval L C (0, +00) containing a, there exists a constant #4(L) > 0 such
that

as(L) := ;Iel{ Px(Ha < t4(L)) > 0.

Hence Markov’s property applied at time H, and the above inequalities gives, for t > t| +
t3+1t4(L)and x € L,

Ex(f(Xt)) >E, [lHa§t4(L)Ea[f(Xt7u)]|u:Hu]
> Ey[1a,<u)@Bo [ f (Xi—t—i) | lu=H, ]
> Ex[1h,<u)@2Bi—n—n 0 (f)
>crv(f),

where ¢y, ; :=a4(L)az B+ —1,(1)- This concludes the proof of Proposition 5 under Assump-
tion 3(a).
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3.4. Proof of Proposition 5 under Assumption 3(b). (1) We find a lower bound for Q by
a simpler semigroup S.

Let I = (a, b) such that B(x, (0, x)) is positive for all x € I and fix #; > 0 small enough
so that ¢ (a,t) € I for all ¢ € (0, t1). Without loss of generality, we assume that there exists
a compact set A C (0, a) such that 8(x, A) =0 for all x € (0, +00), and that 8(x,-) =0
for all x > 2b. Let (S;);>0 be the semigroup of a PDMP on [min A, +00), with jump kernel
B(x, dy) and flow directed by ¢. Then, using the fact that 4, ¢ and kj(x, (0, x)) are locally
bounded, we deduce that, for all ¢+ > 0, there exists a constant a;(¢) > 0 such that, for all
nonnegative function f with support in (min 4, 2b),

Qi1 f(x) Za1(1)S; f(x)  Vx € (a,b).

(2) We prove a Feller-type property for S.

Let 7o > 0 be such that ¢ (min A, tp) > 2b, so that the process with semi-group S has
jumped at least once before time 79 or remains outside [min A, 2b]. Then for all ¢ > 19, all
measurable B C [min A, 2b] and all x € [min A, +00),

t u
Si1p(x) = /0 f( oy Sl = w))e= S0 BN g (1) dy) du

with rg(z) := B(z, (0, +00)). Using the property (6) for 8, one deduces that it also holds for
Sy forall t > t, for all xg € [min A, 2b]
(72) Si1p(x0) > 0 implies that liminf S;1g(x) > 0.

X—>X0,X <X(

(3) We find a recurrent set. To be more specific, in this part, we obtain a set C of arbitrarily
small radius with the property that S;1¢(x) > O for all ¢ sufficiently large and x € C. We
begin with a useful inequality, before making a case distinction.

Restricting to the event where the process jumps exactly once, and does so in the time
interval [0, ¢1], we deduce that, for all positive measurable function f and all x € I, for all
t > 11, there exists a constant a»(¢) > 0 such that

1
S; f(x)>ax(t)6xR' f, where §;R' f ::/O /;0 o) fl@O.t —u)B(p(x,u), dy)du.

We set ¢ = %b. The term §.R" defines a measure such that ;R ((0, a)) > 0, and hence

there exists f, > t; such that §. R2((¢ — &,¢]) > 0 for all ¢ > 0. Let ¢’ € (a, ¢) be such that
¢(¢/,tn — t1) > ¢. Then there exists a constant az > 0 such that, for all x € (¢, ¢) and all
positive function f : (0, 4+00) — [0, +00),
(73) 8:R"”f > a38 R"™'™ ,
where #(x) € (0, — t1) is such that ¢ (x, #(x)) = c. In particular, for all x € (¢/, ¢), noting
that ¢ (¢, £(x)) < ¢(x,7(x)) = ¢, we have
8xS1, (¢, ¢]) = aa(12)8, R ((¢', ¢])
> ax(t)azs R ((¢, ¢])
= ar(t2)azd R ((p(¢', 1(x)), p(c. 1(x))])

> ar()azd. R ((¢ (¢, 1(x)), ¢]) > 0,
where (here and later) we define the measure §,S;(A) = S;14(x).

Case (a): 6:5:,({c}) > 0. When this is true, we can prove Proposition 5 in a straightfor-
ward way. If this holds then, using (72), we deduce that there exists ¢ € (¢/, ¢) such that
infy ¢ (¢, 8x S, ({¢}) > 0. Fixing 3 € (11, 12) such that

inf  8:8,((c", ¢]) >0,

telns,n]

(74)
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we deduce that there exists a constant a4 > 0 such that, for all ¢ € [t3 + 12, 217],
8( S[ Z a48c.

We can now follow the same strategy as in the previous section, since the equation above is
essentially (70) with v = §,. This allows us deduce that Q satisfies (31), which completes the
proof of Proposition 5 in this case.

Case (b): 8.S,({c}) = 0. Take ¢” € (¢, ¢) such that ¢ (¢, #(c”)) = ¢”. Then there exists
& > 0 such that §. R2((¢”, ¢ — ¢)) > 0. According to (74), we have

SxR2((¢/, c—€)) = a38. R2TTD((¢, ¢ — £))
=a38. R ((¢(c', 1 (x)), p(c — &,1(x))])-
If x € (¢/, "], then ¢ (¢/, 1 (x)) < cand ¢ (c — &, (x)) > ¢ (c”, 1(x)) > ¢ so that
8xR2((¢, e —€)) > a38. R ((¢(¢, 1 (x)), ¢)) > 0.
If x € (¢",¢), then ¢ (¢, 1(x)) <p(/,t(¢")) =¢" and ¢ (c — &, t(x)) > ¢ — &, hence
8xR™2((¢/, ¢ —€)) = a38.R?*((¢", c — ¢)) > 0.
Choosing #4 > to such that ¢ (¢ — ¢, t4 — t2) = ¢, we deduce that
8xSe((c', e]) = ar ()8, R ((¢/, ¢]) > aa(t)8, R2((¢/, c —€]) > 0, Vx € (¢, c], Vt € [t2, ta].
Hence there exists 75 > 0 such that, for all 7 > s,
Si((¢,e])(x) >0, Vxe (¢l

Since ¢’ can be replaced in this argument by any point arbitrarily close to ¢ and since S is
irreducible on (¢, ¢), we deduce that, for all € > 0, there exists 7 (¢) such that, for all # > 7 (¢),

(75) Si((c—e,cl)(x) >0, Vxe(d,cl

(4) Conclusion. In this part, we give an adaptation of [32], Proposition 6.2.1, in order to
conclude.

Define the measures 8,5, := L, ()85 Sur, (- N (¢, ¢]) for x € (0, +00) and n € N. For
all measurable B C (¢/, ¢] such that §.5; (B) > 0, we deduce from (72) that there exists & > 0
such that inf, ¢ ¢ 8x S1(B) > 0 and hence from (75) that, for any ng > 1 such that not; >

1(€),
axsno-H (B) > 0.

This shows that (S,),en is Y-irreducible with ¢ = 8.51. In particular, by [32], Theo-
rem 5.2.2, and its proof, (S)nen admits a “small set” C C (¢/, ¢] such that 8.5;(C) > 0;
this means that there exists m > 1, a constant > 0 and a probability measure v on (¢, ¢]
such that 8, S, > nu for all x € C. Since 8:51(C) > 0, we deduce from (72) that there exists
a neighborhood U of ¢ in (¢,”, ¢] such that inf, ¢y 8 S (C) > 0. In particular,

8x Qm+1yry = ar((m 4 1)t)8x St 1)
> ay((m + 1)t)8, Sps1 >  inf 8:S1(C)v, VxeU.

Since there exists 6 > t7 such that inf;¢[4 1,1 . ;U > 0, we deduce as above that (31) holds
true. This concludes the proof of Proposition 5.
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3.5. Proof of Theorem 3. Our aim is to prove that Assumptions 1, 2, 3 and 4 together
imply that Assumption F of [20] is satisfied for the Markov semigroup (Q;)se[0,+00)- Let us
recall this assumption.

ASSUMPTION (F). There exist positive real constants yi, y», c1, ¢2 and c3, t1,t) €
[0, +00), a measurable function v : (0, 4+00) — [1, +00), and a probability measure v on a
measurable subset L C (0, +o00) such that:

(FO) (A strong Markov property). Defining
(76) Hp :=inf{r >0, X; € L},

assume that for all x € (0, 400), X, € L, P, -almost surely on the event { H;, < oo} and for
all ¢ > 0 and all measurable f : (0, +00) U {0} —> R4,

Eu[f (X)L, <r<¢] = Ex[Li <oncExy, [F Xrmi)limuse iz, ]
(F1) (Local Dobrushin coefficient). Vx € L,
Py (X, €)= civ(-NL).
(F2) (Global Lyapunov criterion). We have y; < y» and
Ex(Y1(Xo)lp<mag) < v¥1(x), Vxe (0, +00)
Ec(v1(X)li<¢) < ¢, VxeL,Vtel0,n],

5 'Py(X; € L) —> 400, Vxel.
t—>+00

(F3) (Local Harnack inequality). We have

supyer, Py (r < ¢)
sup - <cs3.
t>0 lnfyeL ]P)y(t < é')

We prove in the following subsections that FO, F1, F2 and F3 are satisfied, in this order,
with the aim to apply the following result, which is Theorem 3.5 in [20] combined with the
continuous time adaptation of Theorem 1.7 in [20].

THEOREM 4 ([20]). Under Assumption (F), (X;);e[0,+00) admits a quasi-stationary dis-
tribution vgs on (0, +00), which is the unique one satisfying vos(Yr1) < oo and IP’VQS (X; €
L) > 0 for some t € [0, +00). In addition, there exists a constant )»g > 0 such that A())( <
log(1/y2) < log(1/y1) and Pyys(t < &) = et for all t > 0, and there exists a function
n: (0, 4+00) — [0, +00) lower bounded away from 0 on L and such that
(77 100) — Pyt < £)| < Ce "' (x),  ¥x € (0, +00)

and such that Ex(n(X)1,<¢) = e_kgtn(x) for all x € (0,400) and t > 0. Finally, setting
E' ={x € (0, 400), n(x) > 0}, we have, for all f : E' — R such that || fn/V1]lco < 400,

M Y1)
_ yr 712
(78) n(x)Ex(n(Xr)f(Xz)lz<;) vos(nf)| = Ce 00

for some constants y > 0 and C > 0.

Ifn/¥ille, V¥x €E,

Note that, in the above result, it is clear that )Lé( is the same as the one defined in (32). We
conclude by proving that the property obtained from this result entails Theorem 3.

In what follows, we only consider functions f vanishing on the cemetery point, so that
O f(x) =Ex(f(X)1;<r) =Ex(f(X;)) for all x € E, where ¢ is the first hitting time of 9.
Moreover, b and h are the objects defined in Section 2.1.
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3.5.1. Proof of FO and F1. The completed natural filtration of X is right continuous
(see Theorem 25.3 in [22]). Hence the Début Theorem (see, for instance, Lemma 75.1 in
[42]) implies that Hy, is a stopping time with respect to this filtration. By Proposition 4, we
deduce that FO holds true for any compact interval L C (0, +00) (this set shall be chosen in
Section 3.5.2).

According to Proposition 5, the condition F1 holds true for L, assuming in addition (and
without loss of generality) that L large enough so that v(L) > 1/2.

3.5.2. Proof of F2. Take ¥| =1/ h (we assume without loss of generality that ¥ > h),
extended to d by the value 0. We deduce from Assumption 4 that there exists A{( > )L())( and a
compact interval L C (0, +00) such that

Ly (x) < =A%y (x) + Clp(x), Vx € (0, +00).

Let (fi)x>2 be a nondecreasing sequence of nonnegative functions in Cgs) such that, for all
k>2, fr(x) =11 (x) forall x € (1/k, k). We deduce that, for all x € (1/k, k),

0
L fi(x) = %(X) +kn(x, fi) = fiCokn(x, (0,x)) — g (x) fie (x)

0
- %(’“) +kn(x, fo — Y1k (x, 0,x)) — g ()P (x)

< Ly (x) < —Af 1 (x) + C1p(x) = =25 fi(x) + C1p(x).

Since fi, extended by the value 0 on 9, belongs to the domain of the extended infinitesimal
generator of X, we deduce that

X rox
ME = M) = S = [+ LA) du
is a local martingale. Since ek{(”(kf + L fi(X,)) is uniformly bounded on [0, #] (where we
used Lemma 1(iii)), we deduce that it is a martingale. In particular, for any 2 < k’ < k, denot-
ing by 1y = inf{t > 0, X; or X,_ ¢ (1/k’, k)}, we have, using the optional stopping theorem,
X
E(eM MANAL (X pengony)) < i), Yx € (1/KK).
Letting k — 400, we deduce that

B(eM Ay (X pynmy)) S Y1), Vx € (17K K).
Using Fatou’s lemma and the nonexplosion of the process X, we conclude by letting k' —
400 that
E(eM MMy (Xonenmy)) S Y1), V€ (0, +00).
This entails that

E(eM Yy (X)li<enm, ) < Y1(x),  Vax € (0, +00),

which implies the first line of F2 for any 7, > 0 and y| = e_kf.
The same procedure, but replacing )»{( by —C, stopping the process at time t A { A Ty
instead of t A ¢ A Ty A Hp, and using the fact that £ f; < C for all x € (1/k, k), one deduces

that, for all r > 0.
E(Y1(X)1,<¢) <e“'y1(x),  Vx € (0, +00).

This implies the second line of F2.

Finally, choosing any y, € (e_)‘f, e ), the last line of F2 is a direct consequence of the
definition of Aé{ .
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3.5.3. Proof of F3. The irreducibility property of Proposition 4 implies that there exists
tr > 0 such that infy ye; Py (Hy < t7) > 0. Moreover, for any fixed xo € L, Py (t, <¢) >0,
hence

c3:= inf Py(Hy <t)Py(tL <¢)>0.
x,yeL
For all + >t and all x, y € L, we obtain, using the fact that P, (¢ < ¢) is decreasing with
respect to ¢ and the strong Markov property at time Hy,
Px(t < é‘) = Ex(lHyfth(t —u< ;)lu:Hy)
>Py(Hy < tL)Py(t <{) = C3]P>y(t <?).
For t < t;, we observe that, for all x, y € L, using the strong Markov property at time Hy,,
Pt <) > Px(on < +00)Pxo(tL < on) =3 > C3]P)y(t <{).
Hence,
su P,(t < 1
79) sup - PyeL ye<4) <— <o0.
>0 Infre, Pr(t <) ~ c3
This concludes the proof of F3.

3.5.4. Conclusion of the proof of Theorem 3. We proved in the above subsections that
the semigroup Q satisfies the conditions of Theorem 4. The Doeblin property obtained in
Proposition 5 entails that 7 is positive on (0, +00) (and in particular E’ = (0, +00)). Hence,
forall f € L (1) and all ¢ > 0, applying (78) to f/n, we deduce that

! i)
_ yt ¥V
n(x)MQtf vos(f)| < Ce 00

Since 6, Q; f = e_b’ﬁ(Sth(fh), we obtain, taking f = g/h with g € L () = L*® (Y1 h),

|40 D5, Ty g — vas(g/ M ()h(x)| < Ce 'y ()h(x)| g/ (hy) |

=Ce 'Y g/V oo

Finally, using that A9 = )L())( — b and setting m(g) := vgs(g/h) and ¢(x) = n(x)h(x) we
deduce that, for all g € L (),

€778, Tig —m(g)p(x)| < Ce™"" ().
Integrating with respect to & such that @ () < +oo concludes the proof.

If/¥1lloo,  Vx € E

3.6. Proof of Proposition 6. Let Ay = inf{1 € R, [§° e T, 11 (x) dt = +o0}, where x €
(0, +00) is fixed and L C (0, +00) is a nonempty, compactly embedded open interval. We
clearly have Ao > A;,. Let us prove the converse inequality.

Fix A > )»6, so that fooo e T,11 (x) dt = 400 for some x € (0, +00) and some compactly
embedded nonempty interval L C (0, +00). In particular, setting A% = A + b, we have
fooo eXX’]Px (Xy € L)dt = +o0. For any y € (0, +00), there exists, according to Proposition 4,
ug > 0 such that Py (H, < ug) > 0, and hence, using the strong Markov property at time H,,

o Xy o Xy
/ e ]P’y(XteL)dtz/ MMy (1, <uoPrx (Xi— € L)lups,) dt
u u

0 0

X
=Ey(1HX§uof P (X e L) dt)
uo u=Hx

o0
>E, (1Hx§u0/ MUPL(X, € L)dt) = +00.
u

0
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In particular, [;° P Py (X; € L)dt = +o0 for all y € (0, +00). This implies that the proba-
bility measure v from Proposition 5 satisfies

x L x
(80) / " "P,(X; € L)dt = +o0.
0

Consider t7,, v and c¢p ; from Proposition 5. Then, for all 7 > ¢; 4+ 1 and all x € L, we
have, applying the Markov property at time ¢z + u for all u € [0, 1],

P,(XrelL)> CL,IL+MPU(XT*IL*M elL)> CL,ILJrlPU(XTfthu eL)

and hence

1
X X
TR (Xr D) z ey e T [ Pu(Xroy-ue Ldu
! AX(T =1 —
> Lt /0 TP (Xp € L)du

T=t sx,
:CL,;L+]/ e PU(X[ EL)dt

T—t;—1

Now, according to (80), for any fixed ¢ > 0, there exists T, € {0, 1, ...} such that T, >t + 1
and

Te—tr, ()\X_’_ Y
f e Py (X, € L)dr >
Te—t1—1 CL,t1+1

and hence such that
(81) eV HOTP (X7 e L) > 1.
We define the function w, : (0, +00) — [0, +00) by
T-1 T—1
we(x) = Y M TP (XieL)= ) M1, (x),
i=0 i=0
where we recall that Q is the semigroup associated to the Markov process X. We thus have

T:—1

Qrwe(x)= 3 #0911, (x)

i=0

— (o) ie(x’ﬁrs)i 0:1; (x)
i=1

= O (1, (1) + e O O 1, (x) — 1, (x)).

But, by (81), "+ Q1,1 (x) > 1 forall x € L, and hence we obtain, for all x € (0, +00),
Qrwe(x) = e * 9w, (x)
and hence, by iteration,
Onwe(x) > e_()‘x+8)"w€(x), Yne{0,1,...).

Since w,(x) > 0 for all x € L, we deduce that

(82) e~ MO g w(x) —— 400, Vxel.
n——4o00
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Proposition 4 and 5 entail that there exists 79 > 0 such that
co:=Py(X,€eL)>0.

We can assume without loss of generality that 7, > t7 + 9. Hence, for all y € L, we have
according to the Markov property and by Proposition 5, for all u > ¢ such thatu —t > to+ 17,

Py(Xy—r€L)>E, (PXLH,,O (Xy € L)) > cru—1—1gPu(Xsy € L) > €L u—1—15C0-

Using again the Markov property, we thus observe that, for all u > 1y + 77, all x € (0, +00)
andallr € [0,u —tg — 1],

Py(Xy € L) > E,(1x,e.Px, (Xy—r € L))
>Py(X; € L)er u—r—1yCo-
In particular, for all u > fo+ 1t + T, and all k € {0, 1, ..., T, — 1},
Py(Xy € L) > Pu(X|u|-To4k € L)CL u—u)+To—k—10€0 = Px (X |u) =T, 4% € L)CL 14T, —15C0-
Hence, setting §, = Z,{;Bl e(kx+8)k, we have

e(kx+28)u T:—1

X X
M TP (X e L) =—— ) M TP (X, e L)
Se k=0
e(AX+28)u T:—1 KXok
> ———CL1+T.—15C0 Z WP (X |uj—1 1k € L)
Se k=0
e(XX+2£)u T:—1 Kok
= ———CL 14T, —19C0 Z MR 1L (x)
Se k=0
e +26)(lu]=Tp)
> 8—CL,1+TS—t0COQ|_uJ—Tg We (X).
&

By (82), this shows that e(AXJFZS)”IP’x (X, € L) goes to infinity when u — 4o00. In particular,
X 426> Ag. Since this is true for all ¢ > 0, we deduce that AX > Agf and hence A > Ag.
Since this is true for all A > )»6, we deduce that )»6 > Ao, which concludes the proof of the
proposition.

3.7. Proof of Proposition 7. (1) Proof of (a) We set 1 = ¢/ h and ¥, = &(x)/h, both
extended by the value O at point 3. We observe that (up to a change in the constant C > 0)

LYy <=1 +b)Y1+C1lp and Ly > —(A2 + D).

Since v, is continuous and positive, it is lower bounded on the compact interval L, and
hence we have Ly; < —(A1 + b)yr; + C'4rp, for some constant C’ > 0. Hence setting F =
Y — Mcﬁlﬂz, we obtain

(A2 +b)C’

LF <—1+b)y1+C'yn+ ﬁlﬁz =—(A1+D)F.
1 — A2

Fix x € (0, 400). Using the same approach as in Section 3.5.2 (note that F is lower bounded
on (0, +00) and positive in a neighbourhood of {0, +00}), we deduce that, for all r > 0,

Ey[eMT F(X,)] < F(x).
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In particular, for all # > 0,

/

Ey(v1(Xy)) < M]Ex (V2(Xy)) + e~ 1D p ().

Al —

For all M > 0, there exists a compact interval Lj; C (0, 400) such that i1 > My, on the set
E \ Ly . Hence, for all t > 0,

/

ME, (2(X)1x,¢1,,) < Eyx (¥2(X))) + e~ * D F(x),

T AL — A

- __Cc
so that, choosing M = o, T 1

/

Ex (V2(X)1x,¢1,) < Ex(V2(X)1x,er,) + e AT F (),

T A — A2

which entails
/

M —Db

Ex (¥2(X))) < <1 - )Ex(wz(xt)lx,eLM) + e~ M E(x)

(83)

C/
< <1 + 5 b)[@x(x, € Ly) +e Mt p(y),
=

In addition, by Corollary 1 (and more precisely its proof), we have, for all ¢ > 0,

t t
Ex (¥2(X1)) = ¥2(x) +/O Ex (L¥2(Xy)) du > 2 (x) — (A2 + b)/o Ey (¥2(Xy)) du
and hence, by Gronwall’s lemma,

Yo (x) < e TOE (Y (X))).

The last inequality and (83) and the fact that A, + b < A1 4+ b imply that, for any fixed
A e (A2, A1),

e<)‘/+b)TIPx(X, € Ly) —— +o0.
t——+00

In particular )»é( <M\ + b, so that A\g < )\’ for any A" € (A2, A1), which concludes the proof of
Proposition 7 (a).

(2) Proof of (b) The intuition for this part is that we wish to consider a semigroup gen-
erated by the operator f > @
d(Yy)ds

, represent this in terms of a Markov process Y together

with a potential term ef8 , and use [11] to bound its growth coefficient. However, we
must be cautious: £ cannot be used in place of & in Assumption 1, so we cannot use our
established existence and uniqueness results, and moreover, the potential term we would get
from the calculation above is not bounded. Instead, we first define a process Y with the de-
sired properties, and then consider introducing a truncated potential (™ below) to allow us
to apply [11]. Once this is done, we relate this back to the original semigroup T by applying
Theorem 1 to a truncated version of A, and this allows us to bound Ag.

We consider the right-continuous PDMP Y with drift s and jump kernel k(x, dy) =

Mk(x, dy). The function V = /£ satisfies

£(x)
aV _
a_(x) + (V) — V(x))k(x, dy)
N 0,x)
- oy 1 o v E
—V(x)( TR Fe e R M7 (O k(x,<o,x>))
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< V(x)(—)»l + C1.(x) +)\.2)
< —-AV(x)+ CrnLax V1p(x),

where A = X —A2> 0. Since in addition V (x) — +oo when x — 0 or x — 400, and since
the jump rate k(x, (0, x)) is locally bounded, this entails that Y is nonexplosive and recurrent.

Its extended infinitesimal generator, denoted by £Y, satisfies, for all f € CL(-S),
0 _
£ 10 =T+ [ (F0) = Fkes, ), e 0.400)
X

Let M > inf,-o.A&(x)/&(x) and define d™ : x € (0, +00) — d(x) A M. Consider the
semigroup

SMf(x) :=E, (exp(/ot dM(Ys)ds)f(Yt)), vt >0, x € (0, +00).

According to Proposition 2.1 in [17] (see also Proposition 3.4 in [11]), if Y is recurrent,
then —o(SM) > inf,~(d(x), with strict inequality if d is not constant, where o(S¥) is the
growth coefficient of S™ (beware of the difference of sign convention in the definition of the
growth coefficient in the cited works).

We therefore need to prove that Ag < Ag(S M For all f € cé” and for f =1, we have

t u
S,Mf(x)=f(X)+Ex< [0 exp( fo dM<Ys)ds)(dM<Yu>f<Yu)+£Yf<Yu))du)

=f(x)+/0t SM(@M 1 4 ¥ £)(o) du.
Let
KM(x) =k(x, (0, x)) —d™ (x)

and
9 _
B fxy=aMx) f(x)+ LY fx) = %(x) + f( oo FOk(x, dy) — KM(x) f (x).

The operator BY is a growth-fragmentation operator just like .4, and indeed, it satisfies As-
sumption 1 with 4’ = 1 instead of &. In particular, according to Theorem 1, S¥ is the unique

semigroup such that, for all f € Cf.s) and for f =1, forall > 0 and all x € (0, +00),
t
SM = £+ [ SHB" )0 du.
We now define, for all f € D(A) and all x € (0, +00),
AMF () = Af(x) = (d(x) —d™ (x)) f (x).

Then

Ah(x) AMp(x)  Ah(x)
e 2T S m

with d locally bounded, since £ is locally lower bounded away from O and since % and

f(o, v §(Wk(x, dy) are locally bounded by assumption. Hence one easily checks that AM



1288 D. VILLEMONAIS AND A. R. WATSON
satisfies Assumption 1. Let TM be the associated semigroup (whose existence and uniqueness

is ensured by Theorem 1). Since & € L°°(h) and A&/h > —A2&/ h is lower bounded, we
deduce from Corollary 1 that

t
TME(x) = £(x) + fo TM (AME) (x) du.
In particular, the semigroup TM defined, for all fe Cc(s) and for f =1, by
M fe) = E(—)TM(Sf)(x) ¥i 2 0,Vx € (0, +00),

satisfies, for all such f, x and ¢,

tN ~
M f () = £0) + / L oMM e ) oy du= f o) + /0 TM(AM ) (x) du,

E)
where
. AM(£8)(x)
M _
AN ="
_of : 1 9¢
==+ /(O’X)f(y)k(x, a) = K0 f )+ 5 50 f ()
—(d(x) —a™(x)) f (x)
_of _ As(x) - "
=L+ /(O’x)f(y)k(x, dy)+(—§( 2 —E(x. 0.0) — )+ (x))f(x)

=BM 7 (x).

This entails that, for all nonnegative measurable function f : (0, +00) — [0, +00), all x €
(0, +o0) and all t > 0,

~ 1
SHf@=TM f@) = =T"ENHW).
£(x)
But, according to the representation of 7Y as the 1/ transform of a sub-Markov process
(see Proposition 2 and the conclusion of the proof of Theorem 1 in Section 2.3), we have

EXM) )

1y h(x)eb"!
—T7Ef)x) = (X XMy )

— E, M
) £ (f (X:5)

where X¥ is a (0, 400) U {d}-valued PDMP with drift determined by s, jump kernel

%k(x, dy) and killing rate (i.e., jump rate toward 9)

Mp Mp
M — A (x)’ with b = sup ATh() <b
h(x) x€(0,4+00) h(x)

" (x) =

M
Moreover, bM — gM (x) = Ah(})‘c()x) < “‘}llzg) =b—q(x), so

1
SMf(x) = o )TM(Sf)(x)

= ol [ " zos) i)
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ol i)

T (6 ) (x),

T E()

where Z is a (conservative) PDMP with drift determined by s and jump kernel Zg—igk(x, dy).

We hence obtain, immediately from the definition, that Aq(S My > 30, which is what we
needed to prove.

APPENDIX

Let s be continuous (strictly) increasing function from (0, +o0) to R such that s(4+o00) =
~+o00, let O be a nonnegative kernel from (0, 400) U {9} to (0,+o00) U {3} such that
0(d, (0,400) U {0}) =0 and Q(x, [x, +00)) =0 for all x > 0, where 9 ¢ (0, +00) is an
isolated point. From now on, we set £ = (0, +00) U {d}. We consider the PDMP X with state
space E, directed by the flow ¢ defined by (14) (with ¢ (9, t) = 9 for all # > 0) between its
jumps and with jump kernel Q (note that 9 is an absorption point for X).

In the following results, Cp (E) denotes the set of bounded real valued continuous functions
on E and Co(E) the set of bounded continuous function vanishing at infinity. We emphasize
that its statement and proof can be easily adapted to the case where X takes its values in
[0, +00) or R.

The first part of the following proposition is proved by Davis in [22], Theorem 27.6, when
¢ is generated by a Lipschitz vector field and x — Q(x, (0, +00) U {9}) is continuous and
bounded. In our case, we do not assume this regularity, but use instead the fact that our state
space is one dimensional.

PROPOSITION 14.  Assume that sup,.¢ g pr) Q(x, E) < 400 forall M > 0. Then the semi-
group T of X maps Cp(E) to itself.

If in addition s(0+) = —o0, sup,.g Q(x, E) < 400 and, for all M > 0, we also have
limsup, _, o, Q(x, (0, M) U {9}) = limsup, .o Q(x,{d}) = 0, then the semigroup of X is
Feller, meaning that it maps Co(E) to itself and is strongly continuous on Co(E).

PROOF. We start by showing the first part, and then the second part of Proposition 14.

(1) T maps Cp(E) to itself. Our proof is a simple adaptation of the proof of [22], Theo-
rem 27.6, to our particular one-dimensional setting. Since s(+00) = +00, the explosion time
of ¢ (x, -) (denoted by ¢, (x) in the cited reference) is equal to infinity for all x € E. Moreover,
since sup,.¢ (o, ) Q(x, E) < 400, the process X is nonexplosive (as detailed in the first step
of the proof of Proposition 2) and well defined for all time ¢ > 0, for any initial distribution.
Finally, Q(x, E) is uniformly bounded over x € E.

The only difference with the proof of [22], Theorem 27.6, is that, in our case, it is not
immediate that, for any ¢ € C, (R4 x E) and f € Cp(E), the term

t
Gy(x,t):= f(¢(X, t))e_l\(t,x) +/0 /‘Ew(t —u, y)Q(qb(x, u), dy)e—A(x,u) du,

where

t
A(x, 1) := /(; Q(¢(x,u), E)du,

is continuous in (¢, x) € [0, +00) x E and bounded. The rest of the proof is identical to
the one of [22], Theorem 27.6, and we thus only need to prove that Gy € Cp(Ry X E) to
conclude.
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First note that |G ||co < || fllco + ¥ |lco, SO that it is bounded. It only remains to prove
that G is continuous. Since Q(d, dy) = 0 and since ¢ (d,¢) = d for all + > 0, we have
Gy (0,t) = f(0) for all t+ > 0 and hence G is continuous on {9} x [0, +00). Now let
(x,1) € (0, 400) x [0, +00) and (g, h) € Rx R such that (x +¢, t+h) € (0, +00) x [0, +00).

We have, for all u > 0, denoting 8y ¢ :=s(x + &) — s(x)
d(x+e,u)=s""(s(x +&)+u)

(84) .
=5 (s)+w+sx+e)—s(x)) =¢x,u+8xe).

In particular,

t+h
A(x+e,t+h)=/0 O(¢p(x +e,u), E)du

t+h
=/0 O u+8:.0), E)du

t+h+0y ¢

= Q(¢(x,u), E)du,

Ox.e

so that A is continuous and more precisely

(85) [A(x +e,t+h) — Ax, )| < (285 +h) sup 00, E).
ve(0,¢ (x,t+h+5y ¢))

Using again (84), we also obtain
t+h
/ / W(t —u, y)Q(¢(x+8,u)’ dy)e_A(x+57u) du
0 E

t+h
= / / Yt —u, ) Q(p(x, u+ 8y e), dy)e "0 du
0 E

t4+h+0y ¢ A+ 50 e)
— . /Ex//(t—u—vas,y)Q@)(x,u), dy)e” AFTEUTx) dy,

By dominated convergence, continuity of ¥ and of A, we deduce that the last term converges
to fé Je vt —u,y)0(@(x,u), dy)e=2™® dy when (g, h) — 0. In particular, using this and
the continuity of ¢, of f and of A, we deduce that G/ (x, t) is indeed continuous in (x,t),
which concludes the proof of the first part of Proposition 14.

(2) T maps Co(E) to itself. We assume that s(0+) = —oo, that sup, . Q(x, E) < 4+00
and that, for all M > 0, limsup,_, , o, Q(x, (0, M) U {d}) =limsup, _,, O(x, {3}) =0.

Let f € Co(E), fix € > 0, and let ng be large enough that Sup,.¢ o, 1 /ny)ung,+o0) f (X) < €.

Denoting by 71 < 75 < - - - the successive jump times of X, we deduce from the bounded-
ness of Q(-, E), that, for all > 0,

sup P(T,, <t|Xg=x) —— 0.
x€E n——+0o
Fix ny such that sup, . P(T,,, <t|Xo = x) < e. Since the process X is almost-surely nonde-
creasing between the jumps, its law at time ¢ on the event 7, <t < T4 stochastically domi-
nates the nth iterate of Q, denoted by Q" (consider that 9 is below 0). By assumption we have
limsup, ., ,, Q(x, (0,n9) U {3}) =0, so that, for all n > 0, limsup,_, , ,, Q" (x, (0, ng) U
{0}) =0, and hence there exists np > 1 such that, forall n € {0, ..., n},

sup P(X; <noT, <t <Tpt1|Xo=x) <e/(n1 +1).

xX=ny
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In particular,

ni

sup P(X; < nolXo=x) < sup D P(X; <noTy <t < Tpy11Xo =x)

> >
X>np x=na 7,

+ sup P(T,,, <t|Xo=x) <2e.

x=np

As a consequence,

sup E(f (X,)|Xo = x) < 26 flloc + &

x=nj
Since the existence of n; is true for any fixed & > 0, we deduce that

Now, since s(x) ——0> —00, we deduce that ¢ (x, 1) — 0 when x — 0. Since X; < ¢ (x, 1) or

N
X; = 0 almost suﬁely when it starts from x at time 0, we deduce that, if f vanishes at 0, then
sodoes T; f(x) = E(f(X;)1x,25| X0 = x) when x — 0. Moreover, the jumping rate from y
to d goes to 0 when y — 0, so that P(X; = 9| X¢ = x) — 0 when x — 0. Finally, we deduce
that T; f (x) — 0 when x — 0 or x — +o0.

We conclude that 7; maps the space of continuous functions vanishing at 0 and infinity to
itself.

(3) T is strongly continuous. We proceed under the same assumptions as in step (2). Let f
be in the space of continuous functions vanishing at 0 and infinity. Fix ¢ > 0. Since Q(-, E)
is uniformly bounded, say by a constant C, then the probability that the process has no jumps
between times 0 and ¢ is larger than e '€, for any ¢ > 0. Hence

(86) T f(x) = f(@0r, D) < 1= flloo-

Since f vanishes at infinity, there exists n3 large enough so that f(x) < ¢ for all x > n3 or
x < 1/n3. Since we have ¢ (x,t) > x for all starting position x > n3 and ¢t > 0, we deduce
that

(87) sup | f(p(x, 1)) — f(x)] <2sup|f(x)| <2e.
x>n' x>n'
Similarly, ¢ (x, t) < ¢(1/(n3+1), t) for all starting position x < 1/(n3+1). Since ¢ (1/(n3+
1),t) > 1/(n3 + 1) when t — 0, there exists fy > 0 such that ¢(x,t) < 1/n3 for all x <
1/(n3+ 1) and ¢ € [0, #p]. We deduce that
(88) sup | f(¢(x, 1) — f(x)| < 2e.
x=1/(n3+1)
Finally, ¢ (x,t) converges to x when t — 0, uniformly on compact sets and f is uniformly
continuous on [1/(n3 + 1), n3], so that there exists #; > 0 such that
sup | f(p(x,0) — f()]<e, Vr=m.
x€[1/(n3+1),n3]
Using the last equation and inequalities (86), (87) and (88), we deduce that there exists f, > 0
such that, for all # < #p, (note that the case x = 9 is trivial)

sug|T,f(x) — f(x)] < 3e.

Since this is true for any € > 0, we deduce that 7; f converges to f in the uniform topology.
This means that T is a strongly continuous semigroup on Co(E) and concludes the proof of
Proposition 14. [
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In the following result, we characterize the infinitesimal generator of X when its semi-
group is Feller. We recall that, if sl (=00, 4+00) = (0, +00), then, given a function
f:(0,400) — R such that f o s~! is absolutely continuous, the function f o s~! is A-
almost everywhere differentiable and that, for any function g equals to this derivative Ap-
almost everywhere, we have

fos_l(t)—fos_l(u)=/tg(v)dv, Yu <t € (—00, +00).

One easily checks that, as a consequence, f is differentiable with respect to s, A1 o s-almost
everywhere, with derivative 7 = g o s, and that

f)—=rfx)= fyh(z)dS(Z), Vx <y € (0, +00).

In this case, we will say that f is s-absolutely continuous and that / is a s-derivative of f. We
consider the domain D({{), defined as the set functions f : E — R such that f|,+o0) is an s-
absolutely continuous function admitting a s-derivative 4 such that x > h(x) + [, 0.0 () —
f(x))Q(x, dy) is an element of Cy(E), where we set % (0) = 0. We also define the operator
U:DU) — Co(E) by

9
Uf(x)za—];(x)Jr/(O )(f(y)—f(x))Q(x, dy), VxekE,

where & is the s-derivative of f extended with %(8) =0 and such that x € E — %(x) +

N

3
Jo.0(f ) = f(x)Q(x, dy) € Co(E).

PROPOSITION 15. Assumes that s(04+) = —o0, that sup,.g Q(x, E) < 400 and that,
forall M > 0, we have limsup,_, , ,, Q(x, (0, M) U {3}) =limsup, _,, Q(x, {0}) =0. Then
the infinitesimal generator of the semigroup T of X acting on Co(E) is given by (U, DU)).
Moreover, for all bounded f : E — R suchthat f|,+o0) is s-absolutely continuous, denoting
by 0f/0ds any s-derivative of f(0,+oc) extended with %(B) =0,

f gy
Ml = f) = f@) = [ 0ullr X as,
with
Ty O _
dre=50+ [ (F0 = e, vy,
defines a local martingale under Py, for any x € E.

PROOF. Let us denote by G the infinitesimal generator of 7 and by D(G) its domain. Our
aim is to prove that (G, D(G)) = U, DUL)).

We make use of the fact that the proof of Theorem 26.14 in [22] adapts directly to our
situation where the flow ¢ is generated by s on (0, +-00) and by 0 on 9, instead of a Lipschitz
flow X on R?. The only adaptation lies in the fact that, between two successive jumps, say at
times 7; 1 and 7;, and for any function f such that f|, 1) is s-absolutely continuous, we
have (for the second equality, recall that %(qb(y, u)) = %((ﬁ (v, u)) as soon as the derivative
is well defined) if X7, , € (0, +-00)

Ti—T;— df

F(X1_)— f(X7_) = /O T (@(X7yw) du

_ Ti—T— of
_/0 a(qﬁ(XTH,u))du
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T 9
= _f(XU)dvv
Ti—1 0§

instead of f(X7,—) — f(X71,_,) = ffi"_l X f(Xy)dvin [22], while f(X;) — f(X7,_,) =0 for
allt > T,y if X7, , =0.

In particular, this result implies that any bounded f : E — R such that | +o0) 15 -
absolutely continuous is in the domain of the extended infinitesimal generator of X, say U/,
and that U’ f (x) = %(x) + f(o’x)(f(y) — f(x))Q(x, dy), for any s-derivative df/ds of s
(note that Conditions 2. and 3. of Theorem 26.14 in [22] are trivially satisfied in our case,
respectively because the boundary of the domain is not reached and because the number
of jumps is finite in any finite time horizon almost surely). This proves that M7 is a local
martingale under Py, forall x € E.

In particular, given f € D(U), the stochastic process defined, for all + > 0, by

t
M = f(X)— fx) - / Uf(X,) du
0

is a local martingale under P, for all x € E. Since f and I/ f are bounded and M fis cadlag,
we deduce that it is a martingale and thus, taking the expectation, we obtain

T — 1 rt
L=/ _ —f T,Uf(x)du, Vx€ekE.
t tJo
Moreover, since T is strongly continuous on Co(E) by Proposition 14 and since U/ f € Co(E)
by assumption, for all x € E,

1 ! 1 1t
‘;/0 TS () du US| < [ITUS U S lodn —> 0.

We conclude that, for any f € D(U), we have f e D(G) and Gf =Uf.

Reciprocally, assume that f € D(G). Then f is in the domain of the extended infinites-
imal generator of X, so that, according to Theorem 26.14 in [22], f](0,400) 1S s-absolutely
continuous and

To
Mt:f(Xt)_f(x)_/O [%(XM)JF/(OX )(f(y)_f(Xu))Q(Xm dy)] du

is a local martingale under P, for all x € E, where % is an s-derivative of (0, +0) extended

by %(8) = 0. Moreover, denoting by G the infinitesimal generator of X, we have that

t
M = (X)) — fx)— /0 G f(X,)du

is a martingale under PPy In particular, M; — M/ is a continuous local martingale with bounded
total variation and hence it is constant P, -almost surely. We deduce that, P, -almost surely,

%(Xu) +/ (FO) — f(XW)0(Xy, dy) =G f(X,), A1(du)-almost everywhere.
as 0,Xy)

Since the jump rate Q is bounded, we know that, for any ¢ > 0, with positive probabil-
ity, X, = ¢(x,u) for all u € [0,¢]. This and the previous equality entails that %(z) +
f(o’z)(f(y) — f(2))Q(z, dy) equals G f(z) for A; o s-almost every z > x. Since this is
true for all x > 0, we deduce that, up to a modification of df/ds on a A; o s-negligible
set, 7 > %(z) + f<0’z>(f(y) — f(2)0(z,dy) =G f(z) € Co(E), so that f € D(U) and
Ggf=uyf. 0O
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We conclude this appendix by two results on the uniqueness of the martingale problem
for compactly supported and/or regular functions. Here uniqueness refers to the uniqueness
of the finite-dimensional distributions. In particular, it entails that two cadlag solutions to the
martingale problem are indistinguishable.

PROPOSITION 16. Take the assumptions of the previous proposition. Let D be the space
of compactly supported functions f : E — R such that f|,+o00) is s-absolutely continuous

and such that of/ds is bounded, with the extension %(8) = 0. Then the (U, D) martingale
problem is well posed, and its unique solution is the Markov process X .

PROOF. Note that X is a solution to the ({4, D) martingale problem, so that the problem
admits at least one solution.

Assume now that Y is a solution to the ({/, D) martingale problem. Then, for all 7 € D
andall x € E,

IToh
) = hvo) — | [£<Yu)+/(oy)h<y>Q<Yu, dy)—h(YwQ(Yu,E)} du

is a P,-martingale. Let f € D(U) such that f(1) = 0. Note that df/9ds is bounded. For all
n > 2, let h; be the s-absolutely continuous compactly supported function defined by

f(8) ifx=29,
. 1
f 2 sty 1fxe<—,n),
n
f(n)—s(x)+s(n)) if x >nand f(n) >0,
hn(X) =3 —(f () +s(x) —s(n))_ if x >nand f(n) <0,

(f(%) + 5(x) _s<%))+ ifx < % and f(%) >0,

—| fl=)+s(r) —sx) ifx <—and f|-) <0.
() ). ix=gmar(])

Then h,, is bounded by || f|lco and %, (x) converges toward f(x) for all x € E. Moreover,
dhy/ds is bounded by [|df/ds|lcc V 1 and 9dh,/ds(x) converges toward df/ds(x) for all
x € E, with the extension dh,/ds(d) = 0. Finally, since Q(x, -) is a bounded measure and 4,,
is uniformly bounded in n, Q(-, h,) — h,(-)Q(-, E) is bounded and, by dominated conver-
gence, Q(x, h,) — h,(x)Q(x, E) converges toward Q(x, f) — f(x)Q(x, E) forall x € E.
We deduce that (h,,Uh,) converges toward (f,U ) in the bounded point-wise sense, and
hence that f(Y;) — f(x) — fé U f(Y,)du is a martingale. If f(1) # 0, then one derives the
same result by considering the function f — f(1).

Since this is true for all f € D(U), we deduce that Y satisfies the (U, D)) martin-
gale problem (see, for instance, Proposition 4.3.1 in [26]). But (4, D(I{)) is the infinitesimal
generator of the strongly continuous semigroup 7', and hence its martingale problem is well-
posed (this is a consequence of Hille—Yosida Theorem 1.2.6 and Theorem 4.4.1 in [26]). As a
consequence the finite dimensional laws of X and Y are the same, which concludes the proof
of Proposition 16. [

PROPOSITION 17.  Take the assumptions of the previous proposition. Let D' be the space
of functions f € D, such that 3f/ds is continuous," with the extension 3f/ds(d) = 0. Then
the (U, D") martingale problem is well posed, and its unique solution is the Markov process
X.

I The proof still holds true under stronger regularity conditions on df/ds.
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PROOF. Similar to the proof of the previous proposition, we know that X is a solution to
the (U, D’) martingale problem, and our aim is to show the uniqueness of the solution by a
density argument.

Assume that Y is a solution to the (i/, D") martingale problem and let S be its semigroup,
so that, forall h € D,

t 8h t
S,h(x):h(x)—i—/(; Sua(x)dLH—/o S, O, h)(x)du

— h(x) /Ot S, 0, E)(x)du, VxeE.

Let f € D (where D is defined in Proposition 16) and denote by [a, b] C (0, +00), a < b,
a compact interval containing the support of f|(0,+o00). Fix # > 0 and let g, be a bounded
sequence of continuous functions with support in [a/2, 2b] U {0} such that g, — df/ds in
L'(us + A1), where

t
ui(A) = / S,14du, for all measurable set A C (0, +00) U {9}.
0

Defining h,(x) = f; gn(y)dy, we observe that (h,),cy is a bounded sequence in D’ such
that 4, (x) — f(x) when n — +o0, for all x > 0. In particular, using the fact that A —
fé S, O(-, A)(x) du defines a bounded measure and by dominated convergence,

t t
/SMQ(-,hn>(x)du—>f $,0(. f)(x)du.
0 n—+oo Jo

Similarly, S;h,(x) — S; f(x) when n — 400, for all x > 0. Moreover, fot A\ aahs" (x)du =

fé Sugn(x)du = ;Lt(g”) converges to u;(3f/ds) = fé Su%(x) du when n — +o00. Finally,
we proved that S satisfies

t 8 t
Stf<x)=f(x)+/0 S%(x)dwr/o $.0(. f)(x) du

t
—f(X)/O SuOC, E)(x)du, VYfeD.

This implies that Y satisfies the ({4, D) martingale problem, and hence, according to Propo-
sition 16, that the finite-dimensional laws of Y and X are the same. This concludes the proof
of Proposition 17. [
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