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ISOTONIC REGRESSION IN GENERAL DIMENSIONS

By QivANG HAN*, TENGYAO WANG', SABYASACHI
CHATTERJEEH® AND RICHARD J. SAMWORTH'

University of Washington®, University of Cambridge, University of
Chicagot and University of Illinois at Urbana-Champaign’

We study the least squares regression function estimator over the
class of real-valued functions on [0,1]% that are increasing in each
coordinate. For uniformly bounded signals and with a fixed, cubic
lattice design, we establish that the estimator achieves the minimax
rate of order n~ ™in{2/(d+2),1/d} i1y the empirical Lo loss, up to poly-
logarithmic factors. Further, we prove a sharp oracle inequality, which
reveals in particular that when the true regression function is piece-
wise constant on k hyperrectangles, the least squares estimator en-
joys a faster, adaptive rate of convergence of (k/n)™"12/d  again
up to poly-logarithmic factors. Previous results are confined to the
case d < 2. Finally, we establish corresponding bounds (which are
new even in the case d = 2) in the more challenging random design
setting. There are two surprising features of these results: first, they
demonstrate that it is possible for a global empirical risk minimi-
sation procedure to be rate optimal up to poly-logarithmic factors
even when the corresponding entropy integral for the function class
diverges rapidly; second, they indicate that the adaptation rate for
shape-constrained estimators can be strictly worse than the paramet-
ric rate.

1. Introduction. Isotonic regression is perhaps the simplest form of
shape-constrained estimation problem, and has wide applications in a num-
ber of fields. For instance, in medicine, the expression of a leukaemia antigen
has been modelled as a monotone function of white blood cell count and
DNA index (Schell and Singh, 1997), while in education, isotonic regression
has been used to investigate the dependence of college grade point average
on high school ranking and standardised test results (Dykstra and Robert-
son, 1982). A further application area for isotonic regression approaches
has recently emerged in genetic heritability studies, where it is often gen-
erally accepted that phenotypes such as height, fitness or disease depend
in a monotone way on genetic factors (Mani et al., 2008; Roth, Lipshitz
and Andrews, 2009; Luss, Rosset and Shahar, 2012). In these latter con-
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texts, as an initial simplifying structure, it is natural to ignore potential
genetic interactions and consider additive isotonic regression models; how-
ever, these have been found to be inadequate in several instances (Shao et
al., 2008; Goldstein, 2009; Eichler et al., 2010). Alternative simplifying inter-
action structures have also been explored, including those based on products
(Elena and Lenski, 1997), logarithms (Sanjuan and Elena, 2006) and min-
ima (Tong et al., 2001), but the form of genetic interaction between factors
is not always clear and may vary between phenotypes (Mani et al., 2008;
Luss, Rosset and Shahar, 2012).

Motivated by these considerations, we note that a general class of isotonic
functions, which includes all of the above structures as special cases, is the
class of block increasing functions

Fq:i= {f : [O,l]d—HR, flxr,.. . xq) < f(2), ..., 2h)
when z; Sa:; forjzl,...,d}.

In this paper, we suppose that we observe data (X1,Y7),...,(X,,Y,), with
n > 2, satisfying

(1) YZ:fO(XZ)+EZ7 7’:1)7”7

where fp : [0,1]¢ — R is Borel measurable, €1, . . ., €, are independent N (0, 1)
noise, and the covariates X1,...,X,, which take values in the set [0,1]%,
can either be fixed or random (independent of €1,...,€,). Our goal is to
study the performance of the least squares isotonic regression estimator fn €
argminc z > {Y; — f(X;)}? in terms of its empirical risk

. 1S . )
@ Ru(fun fo) = E [n S ) — o)),

i=1

Note that this loss function only considers the errors made at the design
points X1, ..., X,, and these points naturally induce a directed acyclic graph
Gx = (V(Gx),E(Gx)) with V(Gx) = {1,...,n} and E(Gx) = {(i,7) :
(X3); < (Xir); Vj=1,...,d}. It is therefore natural to restate the problem
in terms of isotonic vector estimation on directed acyclic graphs. Recall that
given a directed acyclic graph G = (V(G), E(G)), we may define a partially
ordered set (V(G), <), where v < v if and only if there exists a directed
path from u to v. We define the class of isotonic vectors on G by

M(G) :={0 RV .9, <8, for all u<v}.

Hence, for a signal vector 0y = ((60)i)i=; := (fo(Xi))iL, € M(Gx), the least
squares estimator 0, = ((0,):)1_, = (fn(X;))?_; can be seen as the projec-
tion of (Y;)!_; onto the polyhedral convex cone M(Gx). Such a geometric
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interpretation means that least squares estimators for isotonic regression, in
general dimensions or on generic directed acyclic graphs, can be efficiently
computed using convex optimisation algorithms (see, e.g., Dykstra (1983);
Kyng, Rao and Sachdeva (2015); Stout (2015)).

In the special case where d = 1, model (1) reduces to the univariate
isotonic regression problem that has a long history (e.g. Brunk, 1955; van
Eeden, 1958; Barlow et al., 1972; van de Geer, 1990, 1993; Donoho, 1991;
Birgé and Massart, 1993; Meyer and Woodroofe, 2000; Durot, 2007, 2008;
Yang and Barber, 2017). See Groeneboom and Jongbloed (2014) for a gen-
eral introduction. Since the risk only depends on the ordering of the de-
sign points in the univariate case, fixed and random designs are equivalent
for d = 1 under the empirical risk function (2). It is customary to write
Ry(0,,00) in place of Ry(fn, fo) for model (1) with fixed design points.
When (6p); < --- < (6p)n (ie. X1 <--- < X,,), Zhang (2002) proved that
for d = 1 there exists a universal constant C' > 0 such that

Ro(l,,00) < 0 (wm;%h)“ o,

n

which shows in particular that the risk of the least squares estimator is no
worse than O(n~2/3) for signals 6 of bounded uniform norm. In recent years,
there has been considerable interest and progress in studying the automatic
rate-adaptation phenomenon of shape-constrained estimators. This line of
study was pioneered by Zhang (2002) in the context of univariate isotonic
regression, followed by Chatterjee, Guntuboyina and Sen (2015) and most
recently Bellec (2018), who proved that

(3) Ry(6,,00) < inf {”9_90”5 + kff) log< n )}

T 0eM(Gx) n k‘(@)

where k() is the number of constant pieces in the isotonic vector 6. The
inequality (3) is often called a sharp oracle inequality, with the sharpness
referring to the fact that the approximation error term n=!(|0 — 6||2 has
leading constant 1. The bound (3) shows nearly parametric adaptation of
the least squares estimator in univariate isotonic regression when the un-
derlying signal has a bounded number of constant pieces. Other examples
of adaptation in univariate shape-constrained problems include the maxi-
mum likelihood estimator of a log-concave density (Kim, Guntuboyina and
Samworth, 2018), and the least squares estimator in unimodal regression
(Chatterjee and Lafferty, 2017).

Much less is known about the rate of convergence of the least squares
estimator in the model (1), or indeed the adaptation phenomenon in shape-
restricted problems more generally, in multivariate settings. The only work of
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which we are aware in the isotonic regression case is Chatterjee, Guntuboyina
and Sen (2018), which deals with the fixed, lattice design case when d = 2.
For a general dimension d, and for ny,...,ngy € N, we define this lattice by
Lan,,..ng = H?Zl{l/nj,Q/nj, ...,1}; whenny =...=ng = n'/? for some
n € N, we also write Lq,, := Lgn,,.. n, as shorthand. When {X1,...,X,} =
L2 .n, ny, Chatterjee, Guntuboyina and Sen (2018) showed that there exists
a universal constant C' > 0 such that

5 (00)ny.ms — (00)1.1)loghn  log®n
RnmeO) SC{( ) = nf/z + " )

with a corresponding minimax lower bound of order n=%2 over classes of

uniformly bounded signals. They also provided a sharp oracle inequality of
the form

(4) Ru(0,00) <  inf <”9_0°”%+Ck(9>10g8n>
T 9eM Loy o) n n ’

where k(6) is the minimal number of rectangular blocks into which Ly, n,
may be partitioned such that 6 is constant on each rectangular block.

A separate line of work has generalised the univariate isotonic regression
problem to multivariate settings by assuming an additive structure (see e.g.
Bacchetti (1989); Morton-Jones et al. (2000); Mammen and Yu (2007); Chen
and Samworth (2016)). In the simplest setting, these works investigate the
regression problem (1), where the signal fy belongs to

d
Fadd.— {f € Fa: fwr,. . mq) =Y filws), f5 € Fu.llfilloo < 1}.

j=1

The additive structure greatly reduces the complexity of the class; indeed,
it can be shown that the least squares estimator over F jdd attains the uni-
variate risk n=2/3, up to multiplicative constants depending on d (e.g. van
de Geer, 2000, Theorem 9.1).

The main contribution of this paper is to provide risk bounds for the
isotonic least squares estimator when d > 3, both from a worst-case per-
spective and an adaptation point of view. Specifically, we show that in the
fixed lattice design case, the least squares estimator satisfies

(5) sup Ry (6, 600) < Cn~ % log*n,
GOGM(Ld,n)7||60HooS1

for some universal constant C' > 0. This rate turns out to be the minimax risk
up to poly-logarithmic factors in this problem. Furthermore, we establish a
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sharp oracle inequality: there exists a universal constant C' > 0 such that
for every 6y € Rlan,

(6)  Rul0,00) < _inf {Hg_ww(@)wms(;{;))}’

T 9eM(Lg,n) n

where k(6) is the number of constant hyperrectangular pieces in 6. This
reveals an adaptation rate of nearly (k/n)%? for signals that are close to
an element of M(LLg,,) that has at most k£ hyperrectangular blocks. A cor-
responding lower bound is also provided, showing that the least squares
estimator cannot adapt faster than the n~2/¢ rate implied by (6) even for
constant signal vectors. Some intuition for this rate is provided by the notion
of statistical dimension, which can be thought of as a measure of complex-
ity of the underlying parameter space; see (8) below for a formal definition.
A key step in the proof of (6) is to observe that for d > 2, the statistical
dimension of M(Lg,,) is of order n'=2/4 up to poly-logarithmic factors; see
Table 1. The adaptation rate in (6), at least in the constant signal case,
can therefore be understood as the ratio of the statistical dimension to the
sample size. This reasoning is developed and discussed in greater detail at
the end of Section 2.

We further demonstrate that analogues of the worst-case bounds and
oracle inequalities (5) and (6), with slightly different poly-logarithmic expo-
nents, remain valid for random design points X1, ..., X,, sampled indepen-
dently from a distribution P on [0, 1]¢ with a Lebesgue density bounded away
from 0 and co. Such random design settings arguably occur more frequently
in practice (cf. the examples given at the beginning of this introduction) and
are particularly natural in high dimensions, where sampling design points
on a fixed lattice is rarely feasible or even desirable. Nevertheless, we are
not aware of any previous works on isotonic regression with random design
even for d = 2; this is undoubtedly due to the increased technical challenges
(described in detail after the statement of Theorem 5 in Section 3) that arise
in handling the relevant empirical processes.

In addition to the risk Ry, (fn, fo) in (2), for random designs we also study
the natural population squared risk

R(fn: fo) = Ellfn — fol3,p) = E[{£2(X) = fo(X)}"],

where (X,Y) 4 (X1,Y1) and is independent of (X1, Y1),...,(Xp,Ys). We
note that the quantity E [{Y — fn(X )}2] , often referred to as the generalisa-
tion error for squared error loss in the machine learning literature, is simply
equal to 1 + R( fn, fo) in our context. Both our upper and lower bounds
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for the R( fn, fo) are broadly similar to the R, ( fn, fo) setting, though the
proofs are very different (and quite intricate), and we incur an additional
multiplicative factor of order logn for the approximation error term in the
oracle inequality.

Our results in both the fixed and random design settings are surprising
in particular with regard to the following two aspects:

1. The negative results of Birgé and Massart (1993) have spawned a
heuristic belief that one should not use global empirical risk minimi-
sation procedures’ when the entropy integral for the corresponding
function class diverges (e.g. van de Geer (2000, pp. 121-122), Rakhlin,
Sridharan and Tsybakov (2017)). It is therefore of particular interest
to see that in our isotonic regression function setting, the global least
squares estimator is still rate optimal (up to poly-logarithmic factors).
See also the discussion after Corollary 1.

2. Sharp adaptive behaviour for shape-constrained estimators has previ-
ously only been shown when the adaptive rate is nearly parametric
(see, e.g., Guntuboyina and Sen (2015); Chatterjee, Guntuboyina and
Sen (2015); Bellec (2018); Kim, Guntuboyina and Samworth (2018)).
On the other hand, our results here show that the least squares estima-
tor in the d-dimensional isotonic regression problem necessarily adapts
at a strictly nonparametric rate. Clearly, the minimax optimal rate for
constant functions is parametric. Hence, the least squares estimator in
this problem adapts at a strictly suboptimal rate while at the same
time being nearly rate optimal from a worst-case perspective.

In both the fixed lattice design and the more challenging random design
cases, our analyses are based on a novel combination of techniques from
empirical process theory, convex geometry and combinatorics. We hope these
methods can serve as a useful starting point towards understanding the
behaviour of estimators in other multivariate shape-restricted models.

The rest of the paper is organised as follows. In Section 2, we state the
main results for the fixed lattice design model. Section 3 describes corre-
sponding results in the random design case. Proofs of all main theoretical
results are contained in Sections 4 and 5, whereas proofs of ancillary results
are deferred until Appendix B in the online supplement (Han et al., 2018).

1.1. Notation. For a real-valued measurable function f defined on a
probability space (X, A, P) and for p € [1,00), we let | f||z,(p) := (P|f]”)1/p

!The term ‘global’ refers here to procedures that involve minimisation over the entire
function class, as opposed to only over a sieve; cf. van de Geer (2000).
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 7

denote the usual L,(P)-norm, and write || f||oc := sup,ex | f(z)|. Moreover,

for any Borel measurable R C X, we write |||z, (pr) := ([ [P dP) vp
For r > 0, we write By(r, P) := {f : X = R, [|f|lz,(p) < r} and Buo(r) :=
{f : X = R,||fllc <7} We will abuse notation slightly and also write
By(r) :=={v € R" : ||v||, < r} for p € [1,00]. The Euclidean inner product
on R? is denoted by (-,-). For z,y € R, we write x < y if z; < y; for all
j=1,....d

For ¢ > 0, the e-covering number of a (semi-)normed space (F,| - ),
denoted N (e, F, | - ||), is the smallest number of closed e-balls whose union
covers F. The e-bracketing number, denoted Nyj(e, F, || - ||), is the smallest
number of e-brackets, of the form [l,u] := {f € F : | < f < u}, such that
|lu —I|| < e, and whose union covers F. The metric/bracketing entropy is
the logarithm of the covering/bracketing number.

Throughout the article €1,...,€e, and {€, : w € Ly, . n,} denote inde-
pendent standard normal random variables and &1, ..., &, denote indepen-
dent Rademacher random variables, both independent of all other random
variables. For two probability measures P and () defined on the same mea-
surable space (X, A), we write drv (P, Q) := supgc 4 |P(A) — Q(A)| for their
total variation distance, and di; (P, Q) := [ +log % dP for their Kullback—
Leibler divergence.

We use ¢, C' to denote generic universal positive constants and use ¢, C,
to denote generic positive constants that depend only on z. Exact numeric
values of these constants may change from line to line unless otherwise spec-
ified. Also, a <, b and a 2, b mean a < C,b and a > c¢,;b respectively, and
a =z bmeans a <, band a 2, b (a < b means a < Cb for some universal
constant C' > 0). Finally, we define log, () :=log(z V e).

2. Fixed lattice design. In this section, we focus on the model (1)
in the case where the set of design points forms a finite cubic lattice L4,
defined in the introduction. In particular, we will assume in this section that
n = n‘li for some n; € N. We use the same notation Ly, both for the set
of points and the directed acyclic graph on these points with edge structure
arising from the natural partial ordering induced by <. Thus, in the case
d = 1, the graph L, is simply a directed path, and this is the classical
univariate isotonic regression setting. The case d = 2 is studied in detail in
Chatterjee, Guntuboyina and Sen (2018). Our main interest lies in the cases
d> 3.

2.1. Worst-case rate of the least squares estimator. Our first result pro-
vides an upper bound on the risk of the least squares estimator 6, =

A~

Qn(Yl, . ,Yn) of Oy € M(Ld,n).
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8 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

THEOREM 1. Let d > 2. There exists a universal constant C > 0 such
that

sup R, (0,,6p) < Cn~?1og* n.
0o€M(LLg,)NBoo (1)

Theorem 1 reveals that, up to a poly-logarithmic factor, the empirical
risk of the least squares estimator converges to zero at rate n~'/¢. The
upper bound in Theorem 1 is matched, up to poly-logarithmic factors, by
the following minimax lower bound.

PropoSITION 1.  There exists a constant cqg > 0, depending only on d,
such that for d > 2,

inf sSup Rn(énNgO) > Cdn_l/da
On OoeM(Lg,n)NBoo (1)

where the infimum is taken over all estimators én = én(Yl, ..., Yy) of 6.

Recall that, given a directed acyclic graph G = (V, E), a chain in G of
cardinality L is a directed path of the form (i1,...,ir), where (i,%;4+1) € E
for each j = 1,..., L — 1; an antichain in G of cardinality L is a subset
{i1,...,ir,} of V such that for each distinct j,j' € {1,...,L} there is no
chain containing both i; and 7;. A key observation in the proof of Proposi-
tion 1 is that Lg,, contains a large antichain of size L 24 nl=td Ag design
points in the antichain are mutually incomparable, an intuitive explanation
for the lower bound in Proposition 1 comes from the fact that we have L
unconstrained parameters in [—1, 1] to estimate from n observations, which
translates to a rate at least of order L/n. From Theorem 1 and Proposi-
tion 1, together with existing results mentioned in the introduction for the
case d = 1, we see that the worst-case risk n—min{2/(d+2),1/d} (up to poly-
logarithmic factors) of the least squares estimator exhibits different rates
of convergence in dimension d = 1 and dimensions d > 3, with d = 2 be-
ing a transitional case. From the proof of Proposition 1, we see that it is
the competition between the cardinality of the maximum chain in Gx and
the cardinality of the maximum antichain in Gx that explains the differ-
ent rates. Similar transitional behaviour was recently observed by Kim and
Samworth (2016) in the context of log-concave density estimation, though
there it is the tension between estimating the density in the interior of its
support and estimating the support itself that drives the transition.

The two results above can readily be translated into bounds for the
rate of convergence for estimation of a block monotonic function with a
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 9

fixed lattice design. Recall that F; is the class of block increasing func-
tions. Suppose that for some fy € Fy, and at each = € Lg,, we observe
Y(x) ~ N(fo(x),1) independently. Define P, := n~! > zel,, 0z and let

A denote the set of hypercubes of the form A = H?Zl Aj, where either
A;j=1[0,L]or A; = (”_1 “L] for some ij € {2,...,n1}. Now let H denote

> ny ny ' ng
the set of functions f € F; that are piecewise constant on each A € A,
and set f, 1= argmingey >, {Y(2) — f(x)}2. The following is a fairly

straightforward corollary of Theorem 1 and Proposition 1.

COROLLARY 1. There exist cq,Cq > 0, depending only on d, such that
for @ = P, or Lebesque measure on [0,1]¢, we have

cqn” V' < inf sup  E|fy — fOHQLQ(Q)
fn fo€FaNBoo(1)

< sip  Ellfa- fOH%Q(Q) < Cqn~4log* n,
fo€FaNBoo(1)

where the infimum is over all measurable functions of {Y (z) : x € Lq,}.

This corollary is surprising for the following reason. Gao and Wellner
(2007, Theorem 1.1) proved that when d > 3 and @ denotes Lebesgue mea-
sure on [0,1]%,

() log N (£, Fa N Boo (1) || - | (@) =a e 2",

In particular, for d > 3, the classes ;N By (1) are massive in the sense that
the entropy integral fél log!/? N (g, F4 N Bao(1), ]| - | 1.(Q)) de diverges at a
polynomial rate in ! as § \, 0. To the best of our knowledge, this is the first
example of a setting where a global empirical risk minimisation procedure
has been proved to attain (nearly) the minimax rate of convergence over
such massive parameter spaces.

2.2. Sharp oracle inequality. In this subsection, we consider the adapta-
tion behaviour of the least squares estimator in dimensions d > 2 (again,
the d = 2 case is covered in Chatterjee, Guntuboyina and Sen (2018)). Our
main result is the sharp oracle inequality in Theorem 2 below. We call a set
in R% a hyperrectangle if it is of the form H;lzl I; where I; C R is an interval
foreach j=1,...,d. If A= H?Zl[aj,bj] where [{j : bj = aj}| > d — 2, then
we say A is a two-dimensional sheet. A two-dimensional sheet is therefore
a special type of hyperrectangle whose intrinsic dimension is at most two.
For § € M(Lg,,), let K(0) denote the smallest K such that Lg,, C |_|£<:1Ag,
where A1, ..., Ak are disjoint two-dimensional sheets and the restricted vec-
tor 64,nL,,, is constant for each £ =1,... K.
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10 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

THEOREM 2. Letd > 2. There exists a universal constant C > 0 such
that for every 0y € Rlan,

: o fl6-0l3 CE®). 5( n
(6,.00) < inf ] .
B (6, 60) ae%d,n){ P AV

We remark that Theorem 2 does not imply (nearly) parametric adaptation
when d > 3. This is because even when )y is constant on Ly, for every
n, we have K(6) = n4=2/? 5 o0 as n — oco. The following corollary
of Theorem 2 gives an alternative (weaker) form of oracle inequality that
offers easier comparison to lower dimensional results given in (3) and (4).
Let M®*)(LL,,) be the collection of all § € M(Lg,,) such that there exist
disjoint hyperrectangles R1,..., Ry with the properties that L, C I_I]gleg
and that for each ¢, the restricted vector 6z,nL,, is constant.

THEOREM 3. Letd > 2. There exists a universal constant C > 0 such
that for every 0y € Rldn,

< .
R,,(0,,60) énf{ M%B)f( . E— +C - log A

It is important to note that both Theorems 2 and 3 allow for model
misspecification, as it is not assumed that 6y € M(ILg ). For signal vectors
0o that are piecewise constant on k hyperrectangles, Theorem 3 provides an
upper bound of the risk of order (k/n)%¢ up to poly-logarithmic factors.
The following proposition shows that even for a constant signal vector, the
adaptation rate of n=2/? given in Theorem 3 cannot be improved.

PROPOSITION 2. Let d > 2. There exists a constant cq > 0, depending
only on d, such that for any 6y € M(l)(IL,d,n),

A ntlog?n ifd=2
¢
4 -2 ifd>3.

The case d = 2 of this result is new, and reveals both a difference with
the univariate situation, where the adaptation rate is of order n~'logn
(Bellec, 2018), and that a poly-logarithmic penalty relative to the parametric
rate is unavoidable for the least squares estimator. Moreover, we see from
Proposition 2 that for d > 3, although the least squares estimator achieves
a faster rate of convergence than the worst-case bound in Theorem 1 on
constant signal vectors, the rate is not parametric, as would have been the
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 11

case for a minimax optimal estimator over the set of constant vectors. This
is in stark contrast to the nearly parametric adaptation results established
in (3) and (4) for dimensions d < 2.

Another interesting aspect of these results relates to the notion of statis-
tical dimension, defined for an arbitrary cone C in R™ by?

(8) 5(C) = /R o () 2m) e 13 2

where Il is the projection onto the set C' (Amelunxen et al., 2014). The
proofs of Theorem 3 and Proposition 2 reveal a type of phase transition
phenomenon for the statistical dimension §(M(Lgy,)) = Ry (0,,,0) of the
monotone cone (cf. Table 1).

TABLE 1
Bounds™ for 5(M(Ld,n)).

d upper bound lower bound

i Ll i

2 <log®n* >log®n
>3 5 n172/d 10g8n Zd n172/d

* Entries without a reference are proved in
this paper.

T Amelunxen et al. (2014)

! Chatterjee, Guntuboyina and Sen (2018)

The following corollary of Theorem 2 gives another example where dif-
ferent adaptation behaviour is observed in dimensions d > 3, in the sense
that the n=2/%10g® n adaptive rate achieved for constant signal vectors is ac-
tually available for a much wider class of isotonic signals that depend only
on d — 2 of all d coordinates of Lg,. For » = 0,1,...,d, we say a vector
0o € M(Lg,) is a function of v variables, written 6y € M, (Lgy,), if there
exists J C {1,...,d}, of cardinality 7, such that (60)s,,.. 4, = (fo)

. (&4t
whenever z; = l‘; for all j € J.

COROLLARY 2. Ford > 2, there exists constant Cy > 0, depending only
on d, such that

n_Q/dloggn ifr <d-—2
sup Rn(énv 90) S Cd n_4/(3d) 10g16/3 n Zf r=d-—1
00EMr (L) Bos (1) n~Ylog'n ifr=d.

20ur reason for defining the statistical dimension via an integral rather than as
E||Tlc(e)||3 is because, in the random design setting, the cone C' is itself random, and
in that case §(C) is a random quantity.
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12 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

If the signal vector §y belongs to M, (Lyy,), then it is intrinsically an 7-
dimensional isotonic signal. Corollary 2 demonstrates that the least squares
estimator exhibits three different levels of adaptation when the signal is a
function of d,d — 1,d — 2 variables respectively. However, viewed together
with Proposition 2, Corollary 2 shows that no further adaptation for the
least squares estimator is available when the intrinsic dimension of the signal
vector decreases further. Moreover, if we let 2 = n?/¢ denote the maximum
cardinality of the intersection of Ly, with a two-dimensional sheet, then
the three levels of adaptive rates in Corollary 2 are !, 7~2/3 —1/2
respectively, up to poly-logarithmic factors, matching the two-dimensional
‘automatic variable adaptation’ result described in Chatterjee, Guntuboyina
and Sen (2018, Theorem 2.4). In this sense, the adaptation of the isotonic
least squares estimator in general dimensions is essentially a two-dimensional
phenomenon.

and n

3. Random design. In this section, we consider the setting where
the design points Xi,..., X, are independent and identically distributed
from some distribution P supported on the unit cube [0, 1]d. We will as-
sume throughout that P has Lebesgue density po such that 0 < mg <
infep017¢ po(®) < supgeppqapo(z) < Mo < oo. Since the least squares
estimator f, is only well-defined on Xi,...,X,, for definiteness, we ex-
tend f, to [0,1]¢ by defining f,(z) := min({fn(Xi) 1 <i<nX; =
x}U{max; fn(Xz)}) If we let P, :=n~! >, dx,, then we can consider the
empirical and population risks Rn(fn, fo) = Ean—foH%Q(Pn) and R(fn, fo) =
Ellfo — foll2, -

The main results of this section are the following two theorems, establish-
ing respectively the worst-case performance and the adaptation behaviour
for the least squares estimator in the random design setting. We write }_(gk;)
for the class of functions in F; that are piecewise constant on k hyperrect-
angular pieces. In other words, if f € F ék)7 then there exists a partition
[0,1]¢ = I_Ii?:le, such that each Ry is a hyperrectangle and f is a constant
function when restricted to each Ry. Let vo := 9/2 and 74 := (d* +d +1)/2
for d > 3.

THEOREM 4. Let d > 2. There exists Cymy.m, > 0, depending only on
d,mg and My, such that

sup  max{R(fu, fo) s Rn(fn, fo)} < Camonyn /4 loghen.
fo€EF4NBoo(1)
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 13

THEOREM 5. Fiz d > 2, and a Borel measurable function f : [0,1]¢ —
R. There exists Cqmo,n, > 0, depending only on d,mg and My, such that

) | . 1\ 2/d n
Ru(fns fo) < ]ilellf\]{ inf ||f— fOH%Z(P) + Cd,mo, Mo (n) logi%i (k) }

fer®

On the other hand, if we also have || follco < 1, then there exists a universal
constant C > 0 such that
£ : . o 2 n 27,
R(fn, fo) < é2§{01"g"f€1§f<k> 1f = follz,py + Cdmo,mo <n> log dn}.
d
To the best of our knowledge, the bound in Lo(IP,,) risk in Theorem 5 is
the first sharp oracle inequality in the shape-constrained regression literature

with random design. The different norms on the left- and right-hand sides
for the R,,(fn, fo) bound arise from the observation that E||f — foH%2 En) =

||f—f0H%2(P) for f € Flgk). For the R(f,, fo) bound, the norms on both sides
are the same, but we pay a price of a multiplicative factor of order log n for
the approximation error.

The proofs of Theorems 4 and 5 are considerably more involved than those
of the corresponding Theorems 1 and 2 in Section 2. We briefly mention two
major technical difficulties:

1. The size of Fy, as measured by its entropy, is large when d > 3, even
after Lo, truncation (cf. (7)). As rates obtained from the entropy in-
tegral (e.g. van de Geer, 2000, Theorem 9.1) do not match those from
Sudakov lower bounds for such classes, standard entropy methods re-
sult in a non-trivial gap between the minimax rates of convergence,
which typically match the Sudakov lower bounds (e.g. Yang and Bar-
ron, 1999, Proposition 1), and provable risk upper bounds for least
squares estimators when d > 3.

2. In the fixed lattice design case, our analysis circumvents the difficulties
of standard entropy methods by using the fact that a d-dimensional
cubic lattice can be decomposed into a union of lower-dimensional
pieces. This crucial property is no longer valid when the design is
random.

We do not claim any optimality of the power in the poly-logarithmic
factor in Theorems 4 and 5. On the other hand, similar to the fixed, lattice
design case, the worst-case rate of order n~ /% up to poly-logarithmic factors
cannot be improved, as can be seen from the proposition below.
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14 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

PROPOSITION 3. Let d > 2. There exists a constant cqmq ., > 0, de-
pending only on d,mqg and My, such that,

H}f sup mln{R(fn7 fO) ) Rn(fna fO)} > Cd,mo,Monil/d7
fn foE}—dﬂBoo(l)

where the infimum is taken over all measurable functions f, of the data

(Xla Y1)7 ceey (Xna Y’n)

We can also provide lower bounds on the adaptation rate risks for the
least squares estimator when fj is constant.

PROPOSITION 4. Letd > 2. There exists a constant cq v, > 0, depending
only on d and My, such that for any fo € .7:(21),

Rn(fnv fO) > Cd,M0n72/d-

On the other hand, when d > 2, there exist a universal constant co > 0 and
Cd,mo,My > 0 for d > 3, depending only on d,mqg and My, such that for any

fO € ‘Fc(il)7

A con~! ford=2
R(fn, fO) > {Cd,mo,Mon_z/d log—Q'yd n  ford>3.

A key step in proving the first part of Proposition 4 is to establish that
with high probability, the cardinality of the maximum antichain in Gx is at
least of order n'~1/4. When d = 2, the distribution of this maximum cardi-
nality is the same as the distribution of the length of the longest decreasing
subsequence of a uniform permutation of {1, ..., n}, a famous object of study
in probability and combinatorics. See Romik (2014) and references therein.

4. Proofs of results in Section 2. Throughout this section, ¢ =
variables. It is now well understood that the risk of the least squares esti-
mator in the Gaussian sequence model is completely characterised by the
size of a localised Gaussian process; cf. Chatterjee (2014). The additional
cone property of M(Lg,) makes the reduction even simpler: we only need to
evaluate the Gaussian complexity of M(Lg,,) N B2(1), where the Gaussian
complezity of T C RYdn1ma is defined as wyp := Esupyer(e, 8). Thus the
result in the following proposition constitutes a key ingredient in analysing
the risk of the least squares estimator.
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 15

PROPOSITION 5. There exists a universal constant C' > 0 such that for
d>2and every 1 <ny <--- < ng with H;lzl n; = n, we have

\2
7/7;_17#11_111_1/2 <E sup (e,0) < C n log n.
(d—1) 0EM(Lan, ... .n))NBa(1) \ na—1m4q

,,,,,

1/d d-1,-1/2 _

We remark that in the case ny = --- = ng = n'/%, we have nj

n
nNd—1Md

the restriction that ny < --- < ng is not essential. In the general case, for the
lower bound, n; should be replaced with min; n;, while in the upper bound,
ng—1ng should be replaced with the product of the two largest elements of
{ni,...,ng4} (considered here as a multiset).

= pl/2-1/d Also, from the symmetry of the problem, we see that

Proor. We first prove the lower bound. Consider W := {w € Lg, . n, :

d d _
dimimjwi = mn}, W= {w € Loy, ny ¢ D 5=y njwj > n1} and W™ =
{w € Lan,, . .ny : Z?:l njw; < ny}. For each realisation of the Gaussian
random vector € = (Gw)weJLd,nl , we define 6(e) = (97Vl](e))u,eﬂ%n1 €

M(Ld,nl,..,7nd) by ng? U Y PR, T AW JWELd, ny ..., ng
1 ifwe Wt
O =< sgn(e,) ifweW
-1 ifweWw-.

Since [|0(€)||3 = n, it follows that

e fenze(agtO)

0EM(Lany,....ny)NBa(1) [6(e)]]2
1 V2/m
= nl/QIE( Z €w — Z €w + Z \ew]> = W .
weW+ weW - wew

The proof of the lower bound is now completed by noting that

ny — 1 ny — 1 d-1
9 W| = > .
o me()e ()
We next prove the upper bound. For j = 1,...,d — 2 and for z; €
{1/n;,2/nj,...,1}, we define Ay, 5, , :={w = (wi,...,waq) € Lan, .y, :
(wi,...,wg—2) = (x1,...,24-2)}. Each Ay, ., , can be viewed as a di-

rected acyclic graph with graph structure inherited from Ly, . n,. Since
monotonicity is preserved on subgraphs, we have that M(Lg,, . n,) C
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16 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

Gawl,---wd—z M(Aqy,....x, ). Hence, by the Cauchy-Schwarz inequality and
Amelunxen et al. (2014, Proposition 3.1(5, 9, 10)), we obtain that

2 2
(E sup (6,6?>) SE{( sup (e,9>) }
0EM Ly ...ng)1Ba(1) OEM (Lt ...ng) B2 ()

,,,,,,,,,,

= 0(M(Lgpyng) < D, 6(M(Asy.zay))

T15eesTd—2
d—2
8
= 5(M(L2,nd71,nd)) Jl;[l nj S Ng—1Md log—i-(ndflnd%

as desired. Here, the final inequality follows from Chatterjee, Guntuboyina
and Sen (2018, Theorem 2.1) by setting 6" = 0 (in their notation) and
observing that 6 (M (La,n, 1.n.)) = Na—1naBn(05,0) < log¥ (ng—1nq). O

PrOOF OF THEOREM 1. Fix 6y € M(Lg,) N Boo(1). We have by Chat-
terjee (2014, Theorem 1.1) that the function

t—E sup (€,0 — ) —t2/2
€M (Lg,n),[10—00]|<t

is strictly concave on [0,00) with a unique maximum at, say, to > 0. We
note that tg < ¢, for any t. satisfying
2
(10) E sup (6,0 — 6y < =.
€M (Lan),l|6—b0| <t 2

For a vector 6 = (Qx)xg]l‘dm, define 0 :=n~1! ZzeLdn 0, and write 1,, € Rlan
for the all-one vector. Then 7

E sup (€, —6y) =E sup (6,0 — Bp1,,)
0EM(La,n),[10—00]l2<tx 0EM(La,n),[10—00l2<t-
<E sup (€,0 — Oo1,,)

OEM(Ld,n)»Hefe_Oln H2 <t« +n1/2

=E sup (€,0) = {te + 2" Yy, )nBa1)s
0eM(Lg,n)N B2 (tx+n1/2)
where we recall that waqw,,.)nB,(1) = ESuPgerr, , )nBs(1)(€: 0). Therefore,
to satisfy (10), it suffices to choose
‘o= 2 onl/2 1/2
* = WM (Lg,n)NBa(1) T {wM(Ld,n)nBzu) + 20 WL )nBa (1) |

1/4, 1/2 }

(11) S max{wM(Ld,n)mB2(1)’ T WA (Lg.n)NBa2 (1)

imsart-aos ver. 2012/08/31 file: IsoReg_AoSFinal.tex date: July 21, 2018



ISOTONIC REGRESSION IN GENERAL DIMENSIONS 17

Consequently, by Chatterjee (2014, Corollary 1.2) and Proposition 5, we
have that

Ry (0, 00) < n tmax(1,12) <n 2 <n Y loghn,
which completes the proof. O

The following proposition is the main ingredient of the proof of the min-
imax lower bound in Proposition 1. It exhibits a combinatorial obstacle,
namely the existence of a large antichain, that prevents any estimator from
achieving a faster rate of convergence. We state the result in the more general
and natural setting of least squares isotonic regression on directed acyclic
graphs. Recall that the isotonic regression problem on a directed acyclic
graph G = (V(G), E(G)) is of the form Y, = 0, +¢,, where 6 = (0,)ev () €
M(G) and € = (&)yev(q) is a vector of independent N(0,1) random vari-
ables.

PrOPOSITION 6. If G = (V(G), E(G)) is a directed acyclic graph with
[V(G)| =n and W C V(G) is an antichain of G, then

~ 4
inf sup R, (0,,6p) > Ma
0n BoEM(G)NBoo (1) 2Tn

where the infimum is taken over all measurable functions 0, of {Yy, v €

V(G)}-

PROOF. Let Wy be a maximal antichain of G containing W. If v ¢ Wy,
then by the maximality of Wy, there exists ug € Wy such that either ug < v
or ug > v. Suppose without loss of generality that it is the former. Then v £
u for any u € Wy, because otherwise we would have vy < u, contradicting
the fact that Wy is an antichain. It follows that we can write V(G) = W™ U
Wo U Wy, where for all v € VVOJr , u € Wy, we have u # v, and similarly for
all v e Wy, ue Wy, we have v 2 u.

For 7 = (7,) € {0,110 =: T, we define 7 = (07) € M(G) N By (1) by

—1 if v e Wy
07 =< p(21, — 1) ifve W
1 if v e Wy,

where p € (0,1) is a constant to be chosen later. Let P- denote the distribu-
tion of {Y, : v € V(G)} when the isotonic signal is 7. Then, for 7,7" € T,
by Pinsker’s inequality (e.g. Pollard, 2002, p. 62), we have

1 1 /
Boy(Pr, Pr) < 5k (Pr, Prr) = 21107 = 0713 = 2l = 7'l
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18 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

Thus, setting p = 2/3, by Assouad’s Lemma (cf. Yu, 1997, Lemma 2), we
have that

inf  sup  Ry(fn,00) > infsup Ry (6,,07)
On 0o€M(G)NBoo (1) 6, TET

2
S P |Wo 41w |
n

1—p)> 21
( p)_Qm,

as desired. 0

PROOF OF PROPOSITION 1. Recall that n; = n!/d. We note that the set

d
W= {UZ (1, 0a) " €Lgpn: Y v = 1}
j=1

is an antichain in L4, of cardinality (’;1:11) > (’21__11)‘1_1. The desired result

therefore follows from Proposition 6. O

PROOF OF COROLLARY 1. For Q = P,, the result is an immediate con-
sequence of Theorem 1 and Proposition 1, together with the facts that

jpf sup Rn(én,Ho) = iI~1f sup IEHJEn - fOH%Q(Pn)
On OpEM(Lyg,n)NBoo(1) fn fo€F4NBoso(1)
and
sup Ro(On,00) =  sup  Ellfu— foll7,p,):
90€M(Ldyn)ﬁBm(l) foefdﬁBoo(l)

Now suppose that @ is Lebesgue measure on [0, 1]¢. For any f : [0,1]¢ — R,
we may define 6(f) := fllLd . On the other hand, for any 6 : Ly, — R, we

can also define f(6) : [0,1]¢ — R by
fO)(21,...,2q) == 0(ny x|, ..., nT naxa)).

We first prove the upper bound by observing from Lemma 1 and Theorem 1
that

sup Ean_fOH%z(Q)

fo€FuNBoo(1)
<2 s {nEIOG) — 0UIE+ o — FOUD)IE o)
fOe]:deoo(l)
<2 sup %JEHGATL — 0ol|2 + 8dn~ 4 < Cyn~ Y 1og n,

OoeM(Lg,n)NBoo(1)
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 19

as desired. Then by convexity of H and Proposition 1, we have

inf  sup  Elfu — follf,q) > inf sup Ellfo = f(00)l7 50
fr fo€EF4NBoo(1) Fn 00EM(LLg.n)NBoo (1)
= inf sup E[|lf(O(f)) = F(60)| 700

fn 00€EM(Lg.n)NBoo(1)

1 ~
= inf sup —E||6 — boll5 > can™ /4,
On O0oeM(Lg,n)NBoo (1) n

which completes the proof. O
PROOF OF THEOREM 2. Recall that the tangent cone at a point x in a
closed, convex set K is defined as T'(z, K) := {t(y —z) : y € K,t > 0}. By

Bellec (2018, Proposition 2.1) (see also Chatterjee, Guntuboyina and Sen
(2018, Lemma 4.1)), we have

A 1
12 R, (6,,00) < = inf 0 — 0pl|2 + 6(T(0, M(Lgn))) +.
(12)  RaCOnsbo) < imf {10 = G0l3 +6(T(0 M(Lg)) }

For a fixed § € M(Lg,) such that K(0) = K, let Lq, = I_IleAg be the
partition of Ly, into two-dimensional sheets A, such that ¢ is constant on
each Ay. Define my := |Ay|. Then any u € T'(0, M(Lg,)) must be isotonic
when restricted to each of the two-dimensional sheets; in other words

K K
(0, M(Lan)) € P T(0, M(A)) = P M(A).
(=1 /=1

By Amelunxen et al. (2014, Proposition 3.1(9, 10)), we have

K K
13 ATOMLa) <3(DM(A) = 3 o(M(A).
/=1

(=1

By a consequence of the Gaussian Poincaré inequality (cf. Boucheron, Lu-
gosi and Massart, 2013, p. 73) and Proposition 5, we have

2
(14) 5(M(Ag)) < <IE sup <6Ae,9>> +15 logi my.
e M(A)NB2(1)

Thus, by (13), (14) and Lemma 2 applied to z ~ log% z, we have

K
n
§(T(0, M(Lay))) S § log% my < K log® <K>
/=1

which together with (12) proves the desired result. O
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PROOF OF THEOREM 3. For a fixed § € M*) (Lgn), let Ly, C u’gleg
be a covering of Ly, by disjoint hyperrectangles such that 6 is constant on
each hyperrectangle Ry. Suppose Ry N Ly, has side lengths my, ..., mq (so
|R¢NLg,| = H?Zl m;). Then it can be covered by the union of lezn‘;‘_/
two-dimensional sheets, where m; and mj are the largest two eléments of
the multiset {my,...,mq}. By Jensen’s inequality (noting that 2 — 2'=2/¢
is concave when d > 2), we obtain

parallel

k o\ 12/
(15) Kw><§jwamm@4PWd<k(k) .
=1

This, combined with the oracle inequality in Theorem 2, gives the desired
result. O

PROOF OF PROPOSITION 2. Since the convex cone M(Lgy,) is invariant
under translation by any 6y € M(l)(]Ld’n), we may assume without loss of
generality that 6y = 0. By the Cauchy—Schwarz inequality, we have

2
(16) Ry (6,,,0) = l(5(./\/1(]Ld7n)) > 1 (E sup (6,0)) ,

n N\ 9eM(Lyn)NB2(1)
which, together with Proposition 5, establishes the desired lower bound when
d > 3. For the d = 2 case, by Sudakov minorisation for Gaussian processes
(e.g. Pisier, 1999, Theorem 5.6 and the remark following it) and Lemma 3,
there exists a universal constant g > 0 such that

E s (602 colog Ney M(Ton) 0 Ba(1), |- ) 2 logn.
OGM(LQ,n)mBQ(l)

This, together with (16), establishes the desired conclusion when d = 2. [

PROOF OF COROLLARY 2. Without loss of generality, we may assume
that 6p € M, (LLgy) is a function of the final r variables. For z3,...,24 €
{1/n1,2/n1,...,1}, we define Ay, ., = {(xl,...,xd) s x1,x2 € |0, 1]}
When r < d — 2, we have that 6 is constant on each A, ., NLg,. Hence,
by Theorem 2,

< K (6)p) logi (n/K(QO)) < n—2/d

n

Rn(énv 90) 1Og8 n.

Now suppose that 6y € Mg_1(Lg,). Let m be a positive integer to be chosen
later. Then Ay, . ., NLg, = u;g_mA(x@v__’xd, where

-1 l
l N .
Ag3)7.__7md = A903,~~~,€Bd N {’U S Ld,n -~ < (90)1; < m}
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Let 0™ € M(Ly,,) be the vector that takes the constant value £/m on

Ag(fs.)w,xd for each ¢ = —m, ..., m. Then setting m < n2/(3d) log_g/3 n, we
have by Theorem 2 that
. 0m) —gol12 K (0 1ogh (n/K (O™
Rn(0n790) 5 H OHQ + ( ) Ong(TL/ ( ))
n n
1 m _
< 2 + —27a log®n <n 4/(3d) logm/3 n.

as desired.

Finally, the r = d case is covered in Theorem 1. O

5. Proof of results in Section 3. From now on we write G, :=
n/2(P, — P). Recall that vo = 9/2 and g = (d?> +d + 1)/2 for d > 3.

In our empirical process theory arguments, we frequently need to consider
suprema over subsets of F,;. In order to avoid measurability digressions, and
since our least squares estimator fn is defined to be lower semi-continuous,
we always assume implicitly that such suprema are in fact taken over the
intersection of the relevant subset of F; with £, the class of real-valued lower
semi-continuous functions on [0, 1]%. Then F} := {f € FuN L : fl@npape €
Q} is a countable, uniformly dense® subset of ;N £ so that, for example,
sup e r,ne Gnf = supye 7 G, f, which ensures measurability.

5.1. Preparatory results. We first state a few intermediate results that
will be used in the proofs of Theorems 4 and 5. The proofs of propositions
in this subsection are contained Section A in the online supplementary ma-
terial.

The following proposition controls the tail probability of || f,, — fol| Lo(P)

cesses (18) and (19). For fy € Fg, r,a > 0, define

on the event {||fn — follse < 6log"?n} by two multiplier empirical pro-

(17) g(f(),?",a) = {fej:'d:f_fo6B2(7“7P)ﬂBoo(a)}'

PROPOSITION 7. Suppose that fo € Fq N Boo(1) and that for each n
2 there exist both a function ¢, : [0,00) — [0,00) and a sequence ry,
n~1/2 logl/2 n such that ¢n(ry) < nl/zr,%. Moreover, assume that for all r >

>
>

3Here ‘uniformly dense’ means that for any f € F4N L, we can find a sequence (fr,) in
F such that || fm — f|lco — 0. This can be done by defining, e.g., fm(z) := m™'[mf(2)].
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Ty the map r — ¢n(r)/7 is non-increasing and

1) B s | S el - h(0) < Ko
i=1

feG(fo,r6log % n) n

(19 E s | G~ fo(X))?
=1

€6 (fo,r61og % n) n

< K¢n(T),

for some K > 1 that does not depend on r and n. Then, there exist universal
constants C,C" > 0 such that for all r > C'Kr,, we have

2
P({{lfn — follzary = 7} 0 {[1 fo - fo\|m§610g1/2"})SceXp(_CTlL;gn)

Consequently,

2 2
E{|lfn = foll3,(p) Lo folloa<6log/2ny } S BT

By means of Lemmas 5 and 6, the control of the empirical processes (18)
and (19) in turn reduces to the study of the symmetrised local empirical
process

(20) E sup
feg(o,r,1)

1/2 Zgl

for a suitable Lo(P) radius r. To obtain a sharp bound on the empirical
process in (20), which constitutes the main technical challenge of the proof,
we slice [0,1]¢ into strips of the form [0,1]47! x [Zml, nl] for ¢ =1,...,n,
and decompose > ; & f(X;) into sums of smaller empirical processes over
these strips. Each of these smaller empirical processes is then controlled via
a bracketing entropy chaining argument (Lemma 7). The advantage of this
decomposition is that the block monotonicity permits good control of the
Lo(P) norm of the envelope function in each strip (Lemma 9). This leads to

the following conclusion:

PROPOSITION 8. Let d > 2. There exists Cqmy,m, > 0, depending only
on d,mgy and My, such that if r > 71_1/2(10gJr logn)? when d = 2 and r >
n~(1=2/d) 1607a=1/2 y when d > 3, then

n1/2 Z &if(

E sup < Comy, Morn1/2 1/dlogw 12y

feg(o,r,1)

imsart-aos ver. 2012/08/31 file: IsoReg_AoSFinal.tex date: July 21, 2018



ISOTONIC REGRESSION IN GENERAL DIMENSIONS 23

On the other hand, there exists cqm, > 0, depending only on d and myg, such
that if r <1, then

E sup 1/2 Z& ) > Cam n1/2_1/d.
feg(o

Our next proposition controls the discrepancy between the Ly (P) and
Lo(PP,,) risks for the truncated estimator, f, := fnﬂ{||fn||oo<ﬁlog1/2 ) when
the true signal fy = 0. B

PROPOSITION 9. Fix d > 2 and suppose that fy = 0. There exists
Ca,mo,M, > 0, depending only on d, mqg and My, such that

E||all3, 6,y < Camaio{n " 1og® n+E| Full5, )}

Propositions 7, 8 and 9 allow us to control the risk of the least squares
estimator when the true signal fy = 0.

ProposITION 10. Let d > 2. There exists a constant Cgumg. v, > 0,
depending only on d, mg and My, such that

max{ R(fn,0), Rn(f,0)} < Camoaton 2/ log? n,

5.2. Proofs of Theorems 4 and 5 and Propositions 3 and 4. The risk
bounds in La(P) loss and Lo(IP,,) loss are proved with different arguments
and hence presented separately below.

PROOF OF THEOREM 4 IN Ly(P) L0SS. Recall the definition of the func-
tion class G(fo, 7, a) in (17). Let r,, := n~"/ 29 log¥4/2 n, For any r,a > 0, by
the triangle inequality, Lemma 5 and Proposition 8, we have that for r > ry,,

E sup
FEG(fo,rAlog!/2 )| T

1/2 ZG’L{f ( )}
<E sup

2 log
Copl2 Z &if(
r€G(0,7+1,6 log!/2 n)

Sdmo,My (r+ 1)nt/2Vdlograp 5 2y,

imsart-aos ver. 2012/08/31 file: IsoReg_AoSFinal.tex date: July 21, 2018



24 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

Similarly, by Lemma 6 and Proposition 8, we have that for » > r,,
1 n
i Zéi{f(Xi) — fo(Xi)}?

1
Oil /2 Z &if(

Thus, conditions (18) and (19) in Proposition 7 are satisfied with ¢, (r) =
1/27"7"n and 1 < K <dmo M 1 Let Qo := {an - fOHOO < 610g1/2n}' It
follows from Proposition 7 and Lemma 10 that

R(fu, fo) = E{|lfn — foll7,p Loy} + E{||fn - foll7,cpylag}

2 -1 -1/d
Sdmonty T+ 1071 S0 log e n,

E sup
FEG(fo,ralog!/? n)

<E sup
f€G(0,7+1,610g"/? n)

1
+ log 1z, n Sdmo, Mo T /2rrn.

as desired. O

PROOF OF THEOREM 4 IN Ly(IP,,) LOSS. Since the argument used in the
proof of Theorem 1, up to (11), does not depend on the design, we deduce
from Chatterjee (2014, Corollary 1.2), Amelunxen et al. (2014, Proposi-
tion 3.1(5)) and the Cauchy—Schwarz inequality that

(21)  Ra(fafo) S *EmaX{l 5(M(Gx)),n'/25(M(Gx))' 2}

On the other hand, by Proposition 10, we have

(22) E§(M(Gx)) Samont, n' =/ log?¥ n.

We obtain the desired result by combining (21) and (22). O

PROOF OF THEOREM 5 IN Lo(P,) LOsS. For any f € Fy, we can define
a random vector 07y = (f(X1),...,f(Xn))". By Bellec (2018, Proposi-
tion 2.1), we have

Rn(fna fO)

| /\

—E [ inf {||9f,X —0s x5+ 6(T(0f,x,M(Gx)))}]

(23)

| /\

1
f inf <E|0;x — 05 x5 +ES(T(0 ,
ikl {Ell07.x — 65 x 13+ ES(T(07.x, M(Gx))) }

Now, for a fixed f € F (k), let Rq,...,Ri be the corresponding hyperrect-
angles such that f is constant when restricted to each Ry. Define X, :=
ReN{Xy,...,X,} and Ny := |Xy|. Then for fixed Xi,...,X,, we have
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T(0.x, M(Gx)) € @), T(0,M(Gx,)) = @;_; M(Gx,). Therefore, by
Amelunxen et al. (2014, Proposition 3.1(9, 10)) and (22), we have that

ES(T (0., M(Gx))) = E[E{6(T(65.x, M(Gx))) | N1, Ne |

< IE[ > E{6(M(Gx,)) ‘Ng}} <t e E{ S NI Ne}
ezl 0N >1
(24)
Sa n(k/n)*logl (n/k),

where the final bound follows from applying Lemma 2 to the function z —
z1=2/d Iogi% x. We complete the proof by substituting (24) into (23) and
observing that

1
= inf E|6;x —6 2= inf E|f— fol? = inf — foll%. oy,
nfel]-"ék) 107, x — 01, x| fel}'(gk) 1f = follZy e, felfék) 1f = follz,(p)

as desired. 0

PROOF OF THEOREM 5 IN Ly(P) LosS. Fix k € N, f, € ]—“ék) N Boo(1)
and let Rq,...,Ri be the corresponding hyperrectangles such that f; is
constant when restricted to each Ry. Define Ny := |[{X1,..., X} NRy|.

We let Py, and Py, denote the probability with respect to the data gen-
erating mechanisms Y; = fo(X;) + € and Y; = fi(X;) + € respectively,
and write Ez) and Ey, for the respective expectations. For any ¢t > 0, write
Y o= {Ifn = follzapy > s = follary + £} 0 {1 fa = folloo < 3log!*n}.
We have that

Py, () < Py, ({an — fellLypy >t} N {||fn — frlloo < 610g1/2 n})

_ — 2| fe—Jfol? —> iy € fe—fo)(Xa)
_]Efk{e : FalFn) ' ]l{fn—kaBz(t,P)cﬂBoo(G108§1/2n)}}

(25)
<Py {fu— fi € Ba(t, P)° 1 Boo(6log!/? n) } /2 {me" ol Lo 12,

where the equality follows from a change of measure (the Radon-Nikodym
theorem), and the final step uses the Cauchy—Schwarz inequality. We control
the two factors on the right-hand side separately. For the second factor, since
|/ — folloo < 2, we have by Lemma 12 that

(26) Eenllfk_fOH%2(]}>n) S el4ank_f0“2LZ(P)_
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For the first factor, for all r > (k/n)'/?log? n =: r, x, we have that

n1/2 Z &if(

Ef sup

k

feg(fkﬂ”l

1/2
Ny

<Ep, Z nl/2 Efk{ Sup

1/2 Z &f(

1 X, ERy

FEFLIf—frllo<1IN,
If=frllLypirp) ST

rlog¥~1/2n 1-1/d
Sd,mo, Mo — 12 B >N,
O:Np>1

1/d
< rnt/? (i) log¥a~1/2 p,

where the penultimate inequality follows from Proposition 8 and the final

step uses Jensen’s inequality. Using the above bound together with Lem-

mas 5 and 6 as in the proof of Theorem 4, we see that (18) and (19)

(with fo replaced with fj there) are satisfied with 1 < K Sgmen, 1
and ¢, (r) = nl/ 2rn7kr, so by Proposition 7, there exist universal constants
C,C’ > 1 such that for t > C'Kry, 1,

(27) Ps{ fo — fr € Ba(t, P)° N Boo(6log"/?n)} < Ce—nt2/(Clogn).

Substituting (27) and (26) into (25) and writing t := (28C logn)Y?||fx —
follLo(p), we have for all t > tq + C'Kry,y that

]P)fo(QD S 67n||fk.—f0H2Lz(P)—nt2/(2010gn) < 6—nt2/(4010gn)‘

Combining the above probability bound with Lemma 10, we obtain that

R . 1
R(fn, fo) S Efo{”fn - fOH%Q(P)ﬂ{llfn*foHooS:SIOgl/Zn}} + o

SIS follmlomn + Koe [ By @ar
0 Tn,k

S e = follZ,(py logn + K?r},
kN2
S = follZ,p 10gn+C'dm0,M0( ) log™ n,

where Cg o a1, > 0 depends only on d,mg and My. The desired result
follows since the above inequality holds for all k € N and f, € F C(lk) N B (1),
and inf,_-90p ) |f = follLop) = inf ;e 2 If = follLocpy- O
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PROOF OF PROPOSITION 3 IN Lo(P) LOSS. By Gao and Wellner (2007,
Theorem 1.1), we have

logN(57fd N Boo(l)a || ) HL2(P)) Zmo,d 5_2(d_1)-

The desired lower bound in Ly(P) risk then follows from Yang and Barron

(1999, Proposition 1). O

PROOF OF PROPOSITION 3 IN Ly(P,) LoSs. Without loss of generality,
we may assume that n = ncf for some n; € N. Let W := {w € Lg, :
Z?:l w; = 1}. For any w = (w1, ...,wy)" € W, we define C,, := H;l:l(wj -

1/n1,w;]. Note that x = (z1,...,24)" € UywewCy if and only if [niz1] +
-+ [n12q] = ny. For any 7 = (1,) € {0,1}W =: T, we define f, € F; by

0 if [nlxﬂ + -+ [nlxcﬂ <ng—1
fr(z) =41 if [nizi] + -+ [nizg] > n1+1
PT([nyzr ], [mraq]) i T € UnwewCuw,
where p € [0, 1] is to be specified later. Moreover, let 7 be the binary vector
differing from 7 in only the w coordinate. We write [E; for the expectation
over (X1,Y1),...,(Xn,Yn), where V; = f-(X;) +¢ fori=1,...,n. We let
Ex be the expectation over (X;)i_; alone and Ey|x, be the conditional
expectation of (V) given (X;)I" ;. Given any estimator fn, we have

s fo = £l o) 2 gy 3 OB [ (Fum £ R,

weW teT Cw
— F APy B [ (- ffw>2dPn}
i L A [ L
(28)
- 2‘W‘+3 Z EEX{/ fTw) dPy, [1 —dry <PY‘X,7'> PY|X7TW):| }7
weW 7eT

where Py|x ; (vespectively Py x ) is the conditional distribution of (Y;)iL;

given (X;)_; when the true signal is f (respectively frw ). The final inequal-
ity in the above display follows because for A := ( wa fr — frw)? dPn)l/ 2

and A:={ [, (fo — fr)?dP, > A%/4}, we have
EY|X7T/C (,)En - fT)2d]P>n +EY|X,T“’ / (]En - fTM)Q dPy,

w

A2
> T{PYIXT(A) + Py|x v (AC)} > 7{1 — drv(Pyix,r Pyix.r) }-
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By Pinsker’s inequality (cf. Pollard, 2002, p. 62), we obtain that

1 n
(29) div <PY|X,T?PY|X,T“’) < §d%<L(PY\X,T,PY|X,Tw) =4 If — frollZ,e,)-

Writing Ny, := 2710 Tyx,ec,}, Wwe have Ny, ~ Bin(n, P(Cy)), so Ex N, >

mo and IEJXNg/2 < (ExN2ExN,)Y? < 21/2M3/2 Thus, together with (29),
we have

IEX{ /c (fr = fro)? APy |1 = drv (Pyixrs Py )| }

ZEx{HfT fTwHLQ(Pn)( " - fTwrern))}
2
(30) _ 7 LExN, - p CExNG? 2 <m0 252M3/2>

Substituting (30) into (28), we obtain that for p = 23/2m /(3M3/2)

L4} mo —1/d

R

where the final inequality follows from a counting argument as in (9). This
completes the proof. O

PROOF OF PROPOSITION 4 IN Ly(P) Loss. Case d = 2. First note that,
by translation invariance, R( fn, fo) is constant for fy € .7:6([1). We then ob-
serve that, given any estimator f, = f,,(X1,Y1,..., X, Yy) of fo € ]—'51), we
can construct a new estimator f/ by setting f (z) := Pf, for all = € [0, 1]%.
Then

R fo) = RUE )+ [ (= i 4P 2 RUE fo)

so in seeking to minimise sup FeF® R( fn, f), we may restrict attention to
d

estimators that are constant on [0, 1]d. It follows that for any fy € F C(ll),

= P . 5 . - 1

R(fn)fO) = sup R(fnaf) 2 H}f sup R(fnu f) = lpfsuP]E{(ﬂn_ﬂ)Q} Z -

fe]_-((ll) fn fe]'—r(zl) Bn peR n

where the second infimum is taken over all estimators fi, = fin(Y1,...,Yy)
of u= fo(0).
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Case d > 3. It suffices to only consider the case when fy = 0. For i =

1,...,n,let & = 6i]1{|ei|§210g1/2 n} and for r,;b > 0, define
1 n
En(r,b) = sup = 2af(X) = FAX) + 117,00 )
FEFINB(r,P)NBog(b) T ;{ Lar)}

Observe that for r > n~2logn, b € [0,610g1/2 n] and any f € FyN
Bsy(r, P) N Boo (), we have

Var{2¢ f(X1) — f2(X1)} < r?(8 +2b%) < r*logn,
1261 f — f?|loc < 4blog'/?n +b% < logn.

It follows by Talagrand’s concentration inequality (Talagrand, 1996) in the
form given by (Massart, 2000, Theorem 3), that for each r > n~Y2logn and
b e [O,610g1/ 2 n], there is a universal constant Cy > 0 and an event .,
with probability at least 1 — n~!, such that on Qps

1
(31) §EEn(r, b) — Cor? < E,(r,b) < 2EE,(r,b) 4+ Cor?.

Let F,(r) := Ep(r,6log"/?n) — 2 and choose
5 n
fn € argmin > {a— f(X))
fEF4NBoo (6 logl/2 n) j=1

such that f, = f, on the event Qg := {[|fnlloc < 6log2n} N N2 {|e;] <
210g1/2 n}. Then for any r > 0, we have

E,(r) < sup 1 Z{ng‘f(xi) - fQ(Xi)}

FEFANBa(r,P)NBoo (61l0g"/2n) " 121

< =S {2aRX0) - RO} = Fallfall e

i=1

In other words, anHL2(P) € argmax, g Fy(r).
If we can find 0 < 71 < 7o such that

(32) E,(r1, 610g1/2 n) < Fy(re),

then for all r € [0,71], we have Fy,(r) < E,(r1,6log/?n) < F,(rs). This
means that 71 is a lower bound for argmax, - F},(r) and therefore

(33) 1 all7,p) = 100
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It remains to choose suitable r; and 7y that satisfy (32).

By (31), the symmetrisation inequality (van der Vaart and Wellner, 1996,
Lemma 2.3.1), Lemmas 5 and 6 and Proposition 8, we have that for r; >
n~1/2 logn and on Q”’Glogl/gn,

E,(r,6 logl/2 n)

2 e 1
=28 Sub {Zeif(Xi) - 1/anf2} + Cori
fEFaNBa(r1,P)NBoo (6 log!/? n) i—1 n
< 104log'?nE sup Z & F (X)) + Cor?
fEF4NB2(r1,P)NBoo (6log'/? n)

~1/d

< Cmg,MT1T log™ n + C[)’I“%,

for some Cg o, a1, > 0 depending only on d, mg and My. Similarly, for ry €
[n=Y2logn, 1], b € [ry, 6log1/2 n] and on Q,, p,

Fo(r2) = By (r2,610g"*n) — 13
2 — 1
> E sup { & f(X;) — an2} — (Co + 1)7“2
2 feFiNBa(ra,P)NBoo(b) LTV ZZ; nt/? 2

v

(Elé;| — 4b)E sup fZ@ X;) — (Co + 1)r3
fEFaNBa(r2,P)NBoo(b) T

> (1/2 — 4b)cd7m0r2n*1/ — (Co + 1)r2,

for some cg,,, > 0 depending only on d and mg. Hence, when d > 3,
we can choose b = 1/10, 1y = (2Cp + 2)"1(1/2 — 4b)cgmen™ /¢ and 7, =
c&mO’MOn_l/d log™ " n, where ¢ ., > 0 is chosen such that

1/1
Cd,mO,Morlnfl/d log™? n + C’or% < 5 <2 - 4b) cd,morgnfl/d.

We then see that for all n larger than some integer depending on d, mg, My
only, (32) is satisfied. We therefore conclude from (33), Lemma 10 and the
fact that P(|e1] > 2log/?n) < n~2 that

R(fna > ]E{anHLQ ]]'Qoﬂﬂ

as desired. O

—2/d 55274
L61og!/2 n QQTQ,b} Rd,mo,My T log n,

PROOF OF PROPOSITION 4 IN Ly(P,) LOSS. Due to translation invari-
ance we only need to establish the claim for fy = 0. By Lemma 4, there
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is an event £ with probability at least 1 — e—ed ™! (Mon)!/Tlog(Mon) o) wwhich
the data points X1, ..., X, contain an antichain Wx of cardinality at least
n1=1/4)(2e MY, Write Wi = {X, : Jw € Wy, X; = w} and Wy := {X; :
Jw € Wx,X; < w}. For each realisation of the n-dimensional Gaussian
random vector €, we define Ox = Ox(e) = ((0x)w) by

1 if we Wi
(Ox)w == { sgn(e,) ifwe Wy
-1 if we Wy,

so x € M(Gx). By Chatterjee (2014, Theorem 1.1), for fo = 0, we have
that

. 2

nl/QanHL ®n) = argmax< sup (€,0) — ) = sup (€,0).
2 >0 \9eM(Gx)NBa(t) 2 9 M(Gx )NBa(1)

Hence

5 1 1 Ox ()

E|f, -~ E  sup e,0 2E(<e,>ﬂg>
lellzaen) = G semiommm' 7 Z wi 16 (€)ll2
1
(34) :nE< S oates Y alet Y |ei|15).
X EWSE X, €Wy =X eEWx

The first two terms in the bracket are seen to be zero by computing the

expectation conditionally on Xi,...,X,,. For the third term, we have that
E< Z ’61‘!15) =E Z E(lei|le | X1,...,X,)
X, eEWx X, eEWx
(35) > (2/m)YPE(|Wx|1g) Zanm, n' V2.

By (34), (35) and the Cauchy—Schwarz inequality, we have that

—2/d

E }LQ(PH)}Q zd,Mo n ’

| fa | fa

as desired. O

)2 {E

}2
L2 (Pn
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Chicagot and University of Illinois at Urbana-Champaign®

APPENDIX A: PROOFS OF PREPARATORY PROPOSITIONS

PROOF OF PROPOSITION 7. For any f : [0,1]¢ — R, define M, f :=
237 e f(X0) — fo(Xi)} = 20 {f(Xi) — fo(Xi)}? and Mf = EMy,f =
—n|f — fOH%Q(P). By the definition of f,, we have that > ;" (fn(X;) —

fo(Xi) —€)? < Yoy €2, which implies that M, fn > 0. We therefore have
that for any r > 0,

P({{lfn = foll o) = 73 O {Ilfa = folloo < 6log!/*n})

(]

P( sup (M,, = M) f > n22£—2r2)
/=1 €6 (fo,267,610g/2 n)\G(f0,2¢~1r,6log/? n)

o0 n
1
< ZP< sup a2l - fo)<Xi>‘ > 2%—4”1/27«2)
=1 N€EG(fo,20r,6log'/2n)I VT i
oo
(1) + ZP< sup ‘Gn(f - f0)2‘ > 225_3711/27’2).
/=1 f€G(fo,2¢r,6 logl/2 n)

By a moment inequality for empirical processes (Giné, Latala and Zinn,
2000, Proposition 3.1) and (18) in the main text, we have for all p > 1 that

p] 1/p

i ) — X))
=1

E[ sup
f€G(fo,2¢r,6 log!/2 n)
(2) < Kon(2'7) + 24" + = ?plogn.
For any C' > 0 and 7 > C'Kr,, we have ¢,(2) < 2¢(r/rn)én(r,) <

212, < (C'K)~12n1/2r2. Tt therefore follows from (2) and Lemma 11
that there exist universal constants C,C” > 0 such that for all £ € N and

1
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r>C'Kry,
1 n
P< Sup 2 Z e f(Xi) — fO(Xi)}‘ > 22£—4n1/2r2>
£E€G(fo,2¢r,61og!/2 )l T i=1
22tp 2
< - .
@ _Cexp< C’logn>

Similarly, by a symmetrisation inequality (cf. van der Vaart and Wellner
(1996, Lemma 2.3.1)), (19) in the main text and the same argument as
above, and by increasing C,C" if necessary, we have that for all £ € N and
r>C'Kry,

(4)

222
P( sup ‘Gn(f - f0)2’ > 2%_3711/27”2) < Cexp(— )
FEG(fo,2¢r,6log!/2 n) Clogn

Substituting (3) and (4) into (1), we obtain that for all » > C'Kry,

P({|lfn = follLocpy = 7} 0 {lIfn = folloo < 6log'/?n})

[e.o]
2262 nr?
< — < —
N;GXP< Clogn)NeXp< Clogn)'

It follows that

E(fn = ol 2ot (1 foloe <6108 /2 )
:/O 2B ({| o~ foll iy = £} O {1 F — folloo < 610g"/2n}) dt

2,2 = t? 2,2

< Ker +/ 2texp| ——=— | dt < K*r
~ " C'Kry, P CTTQL ~ "

as desired, where we have used 72 > n~!logn in the penultimate inequality.

O

PROOF OF PROPOSITION 8. [Upper bound] It is convenient here to work
with the class of block decreasing functions Fy | := {f : [0,1]? > R: —f €
Fa} instead. We write F := {f € F4: f > 0} and ]-"371 ={f € Fay :
f > 0}. By replacing f with —f and decomposing any function f into its
positive and negative parts, it suffices to prove the result with gj(o, r, 1) =
fca N By(r, P) N Boo(1) in place of G(0,7,1). Since Qf(O, r,1) = Qf(O, 1,1)
for » > 1, we may also assume without loss of generality that » < 1. We
handle the cases d = 2 and d > 3 separately.
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Case d = 2. We apply Lemma 7 with n = r/(2n) and Lemma 8 to obtain
E sup

/2 Z g’L
FEFF NBa(r,P)NBoo (1)1 T

r log* n)(log logn)?
Sdimo,Mo n'/?y +log3n/ gds + (log n)(loglogn) < rloghn,
n

nl/2
as desired.
Case d > 3. We assume without loss of generality that n = il for some
n1 € N. We define strips I, := [0,1]% 1 x [, £] for £ = 1,...,n, so that

ni ’ni
[0,1]¢ = Uyt e Our strategy is to analyse the expected supremum of the
symmetrised empirical process when restricted to each strip. To this end,
define Sy := {X1,..., X,} NI, and Ny := |Sy|, and let Qg := {mon'~1//2 <
ming Ny < maxy N; < 2Mn'~1/4}. Then by Hoeffding’s inequality,

P(Q) < Z]P’(’Ng ~ENy| > 2) < 2ny exp(—m2n'"2/7/3).
n

Hence we have

1 n
E . sup ‘W Z é-lf(X
FEF S NBs(r,P)NBoo(1) Py
N1/2
(5) §E< Z 1/2 Ey ]IQO) + Cexp(—min'=%/4/16),
L:Np>1
where
E, :—IE{ sup ‘ 7 Z &f( ‘Nl,...,an}.
FEFS NBy(r,P)NBac(1) Ny~ i xes,

By Lemma 9, for any [ € ]::[i N By(r, P) N Boo(1l) and £ € {1,...,n1}, we
have flz f2dP < 7(Mo/mo)l—'r?log?n =: rfw. Consequently, we have by
Lemma 7 that for any n € [0,7,¢/3),

1/2 ) Hpo(rne)
(6) EZSN/ 77"’/ H[]{g(g)d5+HT7
n Nf

where Hyj (e) := log Njj (e, Ff | (Ie) N Ba(rne, P 1e) N Boo (15 10), || - | Lo (Pi12)) -
Here, the set F/ + (Ig) is the class of non-negative functions on I, that are
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block decreasing, Boo(1;1y) is the class of functions on I, that are bounded
by 1 and Ba(rye, P;Iy) is the class of measurable functions f on I, with
1l zo(pizyy < 7. Note that any g € F, (1e) N\ Ba(rne, P; Ir) N Boo(1; 1) can

be rescaled into a function f, € ]:d+,¢ N By (n}ﬂ(MO/mo)l/an,g, P) N Bx(1)
via the invertible map fg(z1,...,24-1,2q) == g(x1, ..., 24—1, (xg+{—1)/n1).
Moreover, we have f[o 1]d(fg — fy)2dP > ny(mo/My) fle (9 — ¢')>dP. Thus,
by Lemma 8, for ¢ € [0, 7,4,

Hyj4(e) < log Npj(n'/ 9 (mo /M) e,
]-"L N By (nl/(2d)(Mo/mo)1/2rn,e,P) N Bso(1), | - HLz(P))

. 2(d-1) 2
Sd,mmMo ( 67 ) 10g+ (1/5)'

Substituting the above bound into (6), and choosing n = n‘l/(Qd)rnyg, we
obtain

1/2 2 Tt (. Y =1 10gd2 n
Er Sdmo.Mo N/ n + log? /271/ <"> de + —=—

U € Nel/2
< Ngl/QTI N rf;gl 1Zg0212/2 n 1ogilj2n.
n N,
Hence
Eglay Sdmoe e/ > /4 0g® /2 n 4 n=1/241/C2d) o0
(7) oty e log /2 n,

where in the 1‘2’1nal inequality we used the conditions that d > 3 and r >
n~(1=2/d) 1og(4"=d)/2,  Combining (5) and (7), we have that

E sup
fef; LNBa2(r,P)NBoo(1)

1 n
iz D Gif(X)
i=1

<

ni
Zdimo Mo rnl/2-3/(2d) log(d2+d)/2 n 25—1/2 < rnl/2-1/d log(d2+d)/2 n

/=1

9

which completes the proof.

[Lower bound] Assume without of loss of generality that n = n{ for some
n1 € N. For a multi-index w = (w1,...,wq) € Ly, let Ly, = H;-lzl(wj —
1/n1,wj] and Ny, := {X1,..., X} N Ly|. We define W := {(w1,...,wq) :
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 5

25:1 w; = 1} to be indices of a mutually incomparable collection of cubelets

and define W := {w € W : N, > 1} to be the (random) set of indices of
cubelets in this collection that contain at least one design point. For each
w € W, associate i, := min{i : X; € Ly}. For each realisation of the
Rademacher random variables £ = (&), and design points X = {X;}" ,,
define f¢ x : [0,1] — [—~1,1] to be the function such that

& ifxeLw,wGW
fex(x):=1qr if z € L,, with Z?:l w; > ny

—r otherwise.

For r < 1, we have fg x € FqN Ba(r, P) N By (1). Therefore,

feFaNB2(r,P)NBoo (1) ;_

E sup Z&f(Xi) > EZ&fg,X(Xi)
=1 =1

> E[E{Zgifg,x(x,-) ‘ X1, X {&, cwe W}H
=1

=E ) &, fox(Xi,) = rE[W].
weWw
The desired lower bound follows since E|W| > {1 — (1 — mg/n)"}|W| >

(1 — ™) |[W| Zg.my 7'/, where the final bound follows as in the proof
of Proposition 5. O

PROOF OF PROPOSITION 9. Let 7, := n~1/%log¥ n. We write
(8)
202 212 F 112
Bl foll L= Bl o Ly <rn } FEXall o Lty et )

and control the two terms on the right hand side of (8) separately. For the
first term, we have

E{| fall L Lty oy et} < B sup =3 X
2( n) {”fn”LQ(P),Tn} fe}‘deg(rn,P)ﬂBoo(G1og1/2 n) n ;
1 n
<ri+-E sup Zfifz(Xi)
T e FunBy(rn,P)NBoo(6log!/2 n) |51
10g1/2 n -
Sri+——F sup Z&f(XZ-)
n 1/2 X
feFaNBa(rn,P)NB(6log™/“ n)lj=1
(9) Sd,mo, Mo T?L + rnnfl/d log7n < 7',21,
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6 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

where the second line uses the symmetrisation inequality (cf. van der Vaart
and Wellner, 1996, Lemma 2.3.1), the third inequality follows from Lemma 6
and the penultimate inequality follows from Proposition 8. For the second
term on the right-hand side of (8), we first claim that there exists C/, >
0, depending only on d, mg and My, such that

(10) P(E%) < 2

n?’

,mo,Mo

where

P, f?
Pf? B 1‘ B Ctli,mmMo}‘

To see this, we adopt a peeling argument as follows. Let Fgq, = {f €
J’:dﬁBoo(Glogl/2 n):271r2 < Pf2 < 2%2} and let m be the largest integer
such that 272 < 32logn (so that m =< logn). We have that

2
Buf” 4| <
Pf2 -

E —{ sup
JFEF4NBa(Tn,P)¢NBoo (6log!/2 n)

max {(2%’721)_1 sup ]anQ\}.

sup
‘ nl/2 ¢= L..,m f€Fae

fEF4NBoo (61og!/? n)
I fllLy(py>Tn
By Talagrand’s concentration inequality for empirical processes (Talagrand,
1996), in the form given by Massart (2000, Theorem 3), applied to the class
{f?: f € Fau}, we have that for any s, > 0,

12425, 1
P 5up [G,2) > 26 sup (G0 f?] + 12VE(@slogn) P, + B |
n

fE]'-dg fe d,l

< e *.

Here we have used the fact that supscz,, Varpf? < supscz,, P2 f|2, <
36 - 257“721 log n. Further, by the symmetrisation inequality again, Lemma 6
and Proposition 8, we have that

48 logl/2 n -
2 2 § : . .
Ele;__I;’Jan ’ = 1/2E Zu];e ; 1 Elf n1/2 Ele;‘__g’e g glf(Xl)
Sd.mo, Mo 2£/2rnn1/2 1/d log™ n.

By a union bound, we have that with probability at least 1 —>";"  e™%,

P, f2
Pf?

sup
FEF4NBa(rn,P)°NBoo (6log!/? n)

n1/2=1/d o0 4 5;/2 10g1/2 n  sglogn
22n1 2, 2tnr?

_1‘

Sdymo, My , Max
l=1,....m
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 7

By choosing s; := 2¢logn, we see that on an event of probability at least
L= e >1-372, n~1 >1—2n"2, we have

P, f2
;fz - 1‘ NdmO7MO 17

sup
FEF4NBa(rn,P)eNBeo (6log!/? n)

which verifies (10). Thus

72 logn

I VY P PP T I o1 { VA1 e PP I )

721
(1) < Clangrty + VENFul3 0+
Combining (8), (9) and (11), we obtain

~ 2 ~ 2
EHf”HLg(IP’n) S.zd,mmMO T‘?L + EanHLQ(P)

as desired. 0

PROOF OF PROPOSITION 10. Let 7, := n~Y?log¥ n and observe that
by Lemma 5 and Proposition 8, we have that for r > r,,

n
E sup Z Sd,mo, Mo rplt/2-1/d log™? n.
fEF4NBa(r,P)NBoo (6log/2n)| V'~
On the other hand, by Lemma 6 and Proposition 8, for r > 7,
—1/d
E sup n1/2 Z&]‘Q Sd,mo, Mo /27 ogYe .
FEFaNB2(r,P)NBoo (6log!/? n)

It follows that the conditions of Proposition 7 are satisfied for this choice
of r, with ¢,(r) = rnt/2-1/d]ogVd n and K Sdmo,M, 1. By Lemma 10,
Propositions 9 and 7, we have that

Rn(fm 0) <E||fn||L2 —I—n

-2 2 Fon2 -2
5d7m07M0 n /d 10g Yd n + Ean”LQ(P) dem(LM() n /d

log¥d n,

as desired. 0
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APPENDIX B: AUXILIARY LEMMAS

We collect here various auxiliary results used in the proofs in the main
document (Han et al., 2018).

The proof of Corollary 1 in the main document requires the following
lemma on Riemann approximation of block increasing functions.

LEMMA 1. Suppose nqy = n? is a positive integer. For any f € Fyq, de-

fine fr(xy,...,zq) = f(nflmlsclj,...,nfanlde) and fy(zi,...,xq) ==
f(ni Tnaz],. .. .ny [niza]). Then

e 10 < aan™

PROOF. For # = (z1,...,24) and 2’ = (2),...,2) in Lg,, we say
x and 2’ are equivalent if and only if z; — 21 = x; —af for j =1,...,d
Let Ly, = Ufy: 1 Pr be the partition of L4, into equivalence classes. Since
each P, has non-empty intersection with a different element of the set
{(x1,...,24) € Lgy : max;x; = 1}, we must have N < dn'~'/¢ There-
fore, we have

B Ry
/[071][71 fr)? Z/Pﬁnl Lo (fu — fr)
%Hf”ooz Z {f(:nl,...,xd)—f(ml—nfl,...,a:d—nfl)}

r=1g=(21,...,xq) T €Ly

2N .
oo (F(L---.1) = £(0,...,0)) < ddn™ VI £,
as desired. 0

IN

IN

The following is a simple generalisation of Jensen’s inequality.
LEMMA 2. Suppose h : [0,00) — (0,00) is a non-decreasing function
satisfying the following:

(i) There exists xog > 0 such that h is concave on [xg, 00).
(i) There exists some x1 > xo such that h(z1) — z1h! (x1) > h(xo), where
! is the right derivative of h.

Then there exists Cy, > 0, depending only on h, such that for any nonnegative
random variable X with EX < oo, we have

Eh(X) < Cph(EX).
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 9

PROOF. Define H : [0,00) — [h(0),00) by

H($) _ h(xl) - l’lhl.t,_(l'l) + l’h/_,'_(flll) ifx e [0,1'1)
h(z) if x € [x1,00).

Then H is a concave majorant of h. Moreover, we have H < (h(z1)/h(0))h.
Hence, by Jensen’s inequality, we have

Eh(X) < EH(X) < H(EX) <

as desired. 0

We need the following lower bound on the metric entropy of M(L3,) N
Bs(1) for the proof of Proposition 2.

LEMMA 3. There exist universal constants ¢ > 0 and 9 > 0 such that
log N (g0, M(Lan) N Ba(1), ]| - [|2) > clog®n.

PROOF. It suffices to prove the equivalent result that there exist universal
constants ¢, e > 0 such that the packing number D (g9, M(LLg,,) N Ba(1), || -
|2) (i-e. the maximum number of disjoint open Euclidean balls of radius &g
that can be fitted into M(ILg,,) N Ba(1)) is at least exp(clog®n). Without
loss of generality, we may also assume that n; := n'/2 = 2/ — 1 for some
£ € N, so that £ <logn. Now, forr=1,...,¢, let I, := nf1{27"_1, S, 2r—1}
and consider the set

_ -1y x 1. -1y X1,
M::{HERLQ’":HIT 196{ T2 ; L2 }}
5 V2rtstllogn V2t logn

c M(LQ,H) N B2(1)7

W_here 17, x1, denotes the all-one vector on I, x I,. Define a bijection 9 :
M = {0,1} by

14
1’[}(9) = <]]_{91r><15:*11r><15/\/W10gn}>T75:1.

Then, for 6,60 € M,

/ 2
H@_e,g:de(e),w(e))l(l ! ) |

log®n 4\~ 212
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10 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

where dy(-,-) denotes the Hamming distance. On the other hand, by the
Gilbert—Varshamov inequality (e.g. Massart, 2007, Lemma 4.7), there exists
a subset Z C {0,1}* such that |Z| > exp(¢2/8) and dy(v,v') > £2/4 for
any distinct v,v" € Z. Then the set 1»~1(Z) C M has cardinality at least
exp(¢2/8) > exp(log® n/32), and each pair of distinct elements have squared

2
/5 distance at least ¢g := k{géii(l - 21%)2 2 1, as desired. O

Lemma 4 below gives a lower bound on the size of the maximal antichain
(with respect to the natural partial ordering on R%) among independent and
identically distributed X, ..., X,,.

LEMMA 4. Letd > 2. Let X4,...,X, id P, where P is a distribution
on [0,1]% with Lebesgue density bounded above by My € [1,00). Then with

probability at least 1 — e—cd ' (Mon)!/log(Mon)

with cardinality at least nl_l/d/(QeMg/d).

, there is an antichain in Gx

Proor. By Dilworth’s Theorem (Dilworth, 1950), for each realisation of
the directed acyclic graph Gx, there exists a covering of V(Gx) by chains
C1,...,Cyr, where M denotes the cardinality of a maximum antichain of
Gx. Thus, it suffices to show that with the given probability, the maximum
chain length of Gx is at most k := [e(Myn)"/*] < 2e(Myn)/¢. By a union
bound, we have that

n!
(n—k)!

n (d 1) k en b k _k(d_l) k
< ENTVYYME < | — - M,
< (ejoome= () (5)

< (Mgn)~*/4 < e=ed ™" (Mom)!/1og(Mon),

P(3 a chain of length k£ in Gx) < P(X1 - 2 Xy)

as desired. n

The following two lemmas control the empirical processes in (18) and (19)
in the main text by the symmetrised empirical process in (20) in the main
text.

LEMMA 5. Let n > 2, and suppose that X1,...,X,,€1,...,€, are inde-
pendent, with X1, ..., X, tdentically distributed on X and éq,...,¢&, iden-
tically distributed, with |é1] stochastically dominated by |e1|. Then for any
countable class F of measurable, real-valued functions defined on X', we have

> Gif(X)
=1

n

Zgif(Xi)

i=1

E sup
feF

< 210g1/2 nE sup
feF
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 11

PROOF. Let ag := 0, and for k = 1,...,n, let ay := E|éy, |, where |€)] <
- < |€()| are the order statistics of {|€1], ..., [€x]}, so that a;, < (21ogn)'/2.
Observe that for any k =1,...,n,

k k n
Esup| Y &f(Xi)| =Esup|> &f(X)+E D &Gf(X
i=1 ferliza i=k+1
Esup E ; Xiyoo o, X b1y,
< JS}elg { ;f ‘ 1 ks &1 fk}
12 <E :
" ey e

We deduce from Han and Wellner (2017, Proposition 5) and (12) that

n

Esup| > & f(X, \<zmz i1k = o kEsupz@
feFli o JeF
<2124 nlE sup Z&l
fer =1
as required. O
LEMMA 6. Let X4,...,X, be random variables taking values in X and

F be a countable class of measurable functions f : X — [—1,1]. Then

Z@ Z@

PRrROOF. By Ledoux and Talagrand (2013, Theorem 4.12), applied to
#i(y) = y?/2 for i = 1,...,n (note that y — y?/2 is a contraction on
[0,1]), we have

E sup < A4E sup

E sup §f2 {Esup‘ & 14X X }
<4E{E5up‘ &f ’Xl,...,X }_4Esup & f
up|) 8if( up|) Sif (X
as required. ]
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12 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

The following is a local maximal inequality for empirical processes un-
der bracketing entropy conditions. This result is well known for n = 0 in
the literature, but we provide a proof for the general case n > 0 for the
convenience of the reader.

LEMMA 7. Let Xq,...,X, P oon X with empirical distribution P,,
and, for some r > 0, let G C Bsy(r,P) N Bso(1) be a countable class of
measurable functions. Then for any n € [0,7/3), we have

Bsup G, f] S '/ + / log}/? Ny (.. || - | a(ry) de
S n

1
+ i log, Nij(r, G, || - |y (p))-

The above inequality also holds if we replace G, f with the symmetrised em-
pirical process n~V23" & f(X;).

PROOF. Writing N, := Nj(r,G, || - || 1,(p)), there exists {(fF, f{) : € =
1,...,N,} that form an r-bracketing set for G in the Ly(P) norm. Letting
Greo={feg:fl<f<flYand G :={feG: fF<f<flI\ULG; for
£=2,...,N,, we see that {Qg}é\[:rl is a partition of G such that the Lo(P)-
diameter of each Gy is at most r. It follows by van der Vaart and Wellner
(1996, Lemma 2.14.3) that for any choice of f; € G, we have that

Esup|Gnf] 2 '/ + / log}/? Niy(e, G, | - ll,(p)) de
€ n

13 E G E
(13) + ZmaxN| nfel + ,max,

=Ly Ny

Gn (;ggz |f — le) ’

=Ly dVp

The third and fourth terms of (13) can be controlled by Bernstein’s inequal-
ity (in the form of (2.5.5) in van der Vaart and Wellner (1996)):

log., N,
Gu(sup |f = fil)| S =255 +r1og!* ..
f€Ge n

E max |Gy,fe|V Ee_rlnax

¢=1,...Ny =1,...,Ny

Since n < r/3, the last term rlogfr/2 N, in the above display can be as-
similated into the entropy integral in (13), which establishes the claim for
Esupseg |Gnfl

We now study the symmetrised empirical process. For f € G, we define
e f:{-1,1} x X - R by (e® f)(t,x) := tf(x), and apply the previous
result to the function class e ® G := {e®@ f : f € G} C By(r,Pe ® P) N
Buo(1), where P; denotes the Rademacher distribution on {—1,1}. Here the
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 13

randomness is induced by the independently and identically distributed pairs
(&, Xi)j,. For any f € G and any e-bracket [f, f] containing f, we have that
lex®f—e_®f, e ®f—e_® f]is an e-bracket for e® f in the Ly(P: ® P)

metric, where e, (t) := max{e(t),0} = max(t,0) and e_(¢) := max(—t,0). It
follows that for every € > 0,

Nyj(e,e ® G, Ly(Pe ® P)) < Npy(e,G, Lo(P)),
which proves the claim for the symmetrised empirical process. O

In the next two lemmas, we assume, as in the main text, that P is a
distribution on [0, 1]% with Lebesgue density bounded above and below by
My € [1,00) and mg € (0, 1] respectively. As in the proof of Proposition 8,
let fca ={f:—f € Fq, f > 0}. The following result is used to control the
bracketing entropy terms that appear in Lemma 7 when we apply it in the
proof of Proposition 8.

LEMMA 8. There exists a constant Cq > 0, depending only on d, such
that for any r,e > 0,

log Nyj(e,F, N Ba(r, P) N Boo (1), || - | Ly(p))

<C (r/€)2%—glog2(%—g)logi(1/a) logi(rlog%(l/a)) ifd=2,
- (r/€)2=D (Mo yd=1 1062 (1 /c) ifd> 3.

PROOF. We first claim that for any n € (0,1/4],

IOgNH(&]:Ii N BQ(Ta P)v ” ’ ||L2(P§[7771]d))

r rlog(1 .

(14) S {(E)Eggllog]\jd?)llogzg/n) logs (W) d=2,

(£)2@=D(2h)d=1 105" (1/n) if d > 3.
By the cone property of ]:;1, it suffices to establish the above claim when r =
1. We denote by vol(.S) the d-dimensional Lebesgue measure of a measurable
set S C [0,1]%. By Gao and Wellner (2007, Theorem 1.1) and a scaling
argument, we have for any §, M > 0 and any hyperrectangle A C [0, 1] that

(15)

6)%log? (v/8) ifd=2
log N1 (8, F+ 0 Bao (M), || - <, 0 + ’
08 V) (6.7, (1 B (M), |- a(ria)) Sa { O ana

where v := M&/2Mv011/2(A). We define m := [logy(1/n)] and set I, :=
[2fn, 2] N [0,1] for each £ = 0,...,m. Then for £1,...,4q € {0,...,m},
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14 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

any f € ]-":[i N By(1, P) is uniformly bounded by {mq 1_[?:1(2@'77)}_1/2 on
the hyperrectangle H?Zl Iy;. Then by (15) we see that for any ¢ > 0,

IOgNH((S v ¢ﬁB2(1 Pl (P14, I, .))

~2(My/my) log? (M0)10g+(1/5) ifd=2,
5 2<d D(Mo/mg)?1 if d >3,

where we have used the fact that log (az) < 2log, (a)log, (z) for any a,z >
0. Note that these bounds do not depend on 7, since the dependence of M
and vol(A) on 7 is such that it cancels in the expression for . Global brackets
for .7-"&/ N Ba(1) on [n,1]? can then be constructed by taking all possible
combinations of local brackets on Iy, x --- x Iy, for ¢1,...,4q € {0,...,m}.
Overall, for any € > 0, setting & = (m + 1)~%?¢ establishes the claim (14)
in the case r = 1.

We conclude that if we fix any ¢ > 0, take n = £2/(4d) A 1/4 and take a
single bracket consisting of the constant functions 0 and 1 on [0, 1]\ [, 1]%,
we have

logN[](Ev}—a N Ba(r, P) N Boo(1), || - ”LQ(P))
< IOgN[ (5/2 .F+ mBQ(T’ P) H . ||L2 P'[T],l]d))

_ (r/5)2M01og( )1og+(1/5)1og+(”’g+f<l/€)) if d =2,
(r/e)2 >(m0)d110g+(1/5) if d >3,

completing the proof. O

For 0 < r < 1, let F; be the envelope function of ]-';l N Ba(r, P) N Bso(1).
The lemma below controls the LQ(P) norm of F, when restricted to strips

of the form I, := [0, 1] x [n ,nl]foré—l
LEMMA 9. For anyr € (0,1] and £ =1,...,n1, we have
F2ap < 7Mor?log? (1/r? )
I, mol

PROOF. By monotonicity and the Ly(P) and Lo, constraints, we have
F2(x1,...,24) < A 1. We first claim that for any d € N,

— mozl XTq

t
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 15

To see this, we define Sy := {(:L’l,...,l‘d) : H;l:l xj > t} and set ag =
de ﬁ dzq---dzg and by = de dxq - --dzg. By integrating out the last
coordinate, we obtain the following relation

t
(16) bd = / <1 - > d:IZl ce dxd,1 = bd,1 — ad—1-
Sdfl xlxd—l

On the other hand, we have by direct computation that

1 1 t
t

1 Tg—1
(17) < ag_1log(1/t) < -+ < aylog (1/t) = tlog?(1/t).

Combining (16) and (17), we have

t
/[}d<w“>d”“dxd:“d“‘bd
I s

<min{aqg + l,ag+ag1+---+a+1—-0b1}

oodt1
’W} < 5tlogi(1/t);

as claimed, where the final inequality follows by considering the cases t €
[1/e,1], t € [1/4,1/e) and t € [0,1/4) separately. Consequently, for ¢ =
2,...,n1, we have that

M £/nq 2
/ F2dP < 0/ / <T/xd A 1> dzy - - - dag_1dag
I Mo J(e-1)/ny Jo,1)4= \TL " Td—-1

My

£/ny

< Mo / 5(r2 /q) log? ™ (a/r?) dag
mo Je—1)/n1

< min{tlogd(l/t) +1

7Mor? logi_l(l/TQ)
moé

9

M,
< 05,2 logi_l(l/rz) log(¢/(¢—1)) <
mo
as desired. For the remaining case £ = 1, we have

M,
/ FﬁdPgMo/ F2dxy---day < M7’210gfl%(1/7“2),
I [0,1]¢ mo

which is also of the correct form. O

LEMMA 10. For any Borel measurable fo : [0, 114 = [~1,1] and any
a > 2, we have P(|| fn — folloo > a) < ne=(@=2*/2_ Consequently,

E(1fo = foll 27, pojsay) < 7(a® +2+2V2m)e (@272
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16 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

PROOF. Recall that we say U C R? is an upper set if whenever z € U and
x < vy, we have y € U; we say, L C R is a lower set if —L is an upper set.
We write U and L respectively for the collections of upper and lower sets in
[0,1]9. The least squares estimator f, over Fy then has a well-known min-
max representation (Robertson, Wright and Dykstra, 1988, Theorem 1.4.4):

f(X;) = min max Y]
FnlXi) LeL,Isx, veuUusx; LY

where Y7~y denotes the average value of the elements of {Y; : X; € LNU}.
Thus we have R A
fnlloo = max [£(X) < max ||

Since Y; = fo(X;) + € and || fo|loo < 1, we have by a union bound that
P(|| o — folloo > t) < nP(ler| >t —2).

The first claim follows using the fact that P(e; > ¢) < %e*’@/ 2 for any t > 0.
Moreover, for any a > 2,

E(an - f0‘|go]l{‘|fn_f0||oo>a}> - /OOO QtP(an - fOHoo > max{a,t}) de
gnﬁMkﬂza—m+n/wmpwﬂzt—ma
a
< n(a®+2+2V2r)e (D2,
as desired. O
LEMMA 11.  IfY is a non-negative random variable such that (EYP)Y/P <

Aip+ Asp'/? + Ag for allp € [1,00) and some Ay, As > 0, As >0, then for
every t > 0,

. t t2
P(Y >t +eAs) < eexp<— mm{zeAl’ M}>

PROOF. Let s := min{t/(2eA;),t?/(2eA2)?}. For values of t such that
s > 1, we have by Markov’s inequality that

A18+A281/2+A3 s _ 1—
PY > Asz) < <e <L s,
(Y>t+e 3)_< T+ eds <ef<e

For values of ¢ such that s < 1, we trivially have P(Y > ¢ + eAs) < P(Y >
t) < el7%, as desired. O
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 17

LEMMA 12. Let X be a non-negative random variable satisfying X < b
almost surely. Then

b
-1
EeX < exp{ebEX}.

Proor. We have

o0 o)
E(XT) VIEX EX et —1
X _ — b_
Ee —Z oy §1—|—Z o =1+ 2 ( l)gexp{ 5 EX 5,
r=0 r=1
as required. O
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