LTCC: Representation Theory of Finite Groups
Exercise Set 4

Exercises marked with % are especially useful for subsequent lectures.

Throughout this exercise set, assume G is a finite group, and that we are working over
the field of complex numbers.

1. Suppose x is a nonzero, nontrivial character of GG, and that x(g) is a nonnegative
real number for all g € G. Show that y must be reducible.

Solution: Let T be the trivial character of G. Then we have

,—|Zx

geG

Since x(g) is a nonnegative real number for all g € G and x is nonzero, we get that
(x,T) >0, so 7 is a constituent of x. Since x is given to be nontrivial itself, it must
therefore be reducible.

2. % (From lecture) Suppose Y is a character of G and A is a linear character of G.

(a)

Show that the product Ay (given by Ax(g) = A(g)x(g)) is also a character of
G.

Solution: Let p: G — GL(V') be the representation associated to x, and note
that the representation associated with A\ can be taken to be A itself (see Week
3, Q8). Since A(g) is a scalar for all g € G, we have that o : G — GL(V) given
by a(g) = A(g)p(g) is a homomorphism, since

a(gh) = Algh)p(gh) = Mg)A(h)p(g)p(h) = A(g)p(g)A(h)p(h) = a(g)a(h).
Furthermore, the trace of the matrix o(g) is A(g)x(¢) (again, since A(g) is a
scalar). Thus, Ax is the character of o.

Show that if x is irreducible, then so is Ay.
Solution: We observe

(A Ax) = € ZIA )Ix(9)
geG

However, since A is a degree 1 character, we have that A(g) is a root of unity
for each g € G, and therefore |A(g) =1 for all g € G. Thus,

(A Ax) = |G|Z! 9)lIx(9) |G|Z\X 9l =X

geG geG

Since a character is irreducible if and only if its inner product with itself is 1,
the result follows.



3. * Let N be a normal subgroup of G and let x be a character of G/N. Let x : G — C
be given by x(g) = X(¢/N). Then y is a character of G, and y and y have the same
degree.

Solution: Let p: G/N — GL(V) be the representation associated to x, and define
p:G— GL(V) by p(g) = p(gN). We verify that p is a homomorphism. We observe

p(g)p(h) = p(gN)p(hN) = p(ghN) = p(gh).

Thus, p is a homomorphism, and therefore a representation.

Since p(g) = p(gN), we also have that the trace x(g) of p(g) equals the trace of
X(gN) of p(gN). Therefore, x is a character of G satisfying x(g) = x(gV).

Since the associated module for both y and y are the same, these characters have
the same degree.

4. x Let x be the character of a permutation representation of S, (as discussed in
Problem Set 3, Q 4). Show that x(g) = |fix(g)| — 1 is also a character of S,,. [Hint:
Look for a trivial submodule of this permutation module.]

Solution: Let V be the permutation representation of S,,. Let U be the submodule
of V spanned by vy + vy + --- + v,. Then S, acts trivially on U, which means
its character is the trivial character 7 where 7(g) = 1 for all g € S,,. If W is the
complement of U in V', ie. V = U @ W, then the character of W is precisely

X(9) = x(g) — 7(g9) = [fix(g)| - L.
5. x Write out the character table of Sy. [Hint: Consider the character y defined in

the previous exercise.]

Solution: [Note that this was worked out in lecture 5. We reproduce the table here
below.]



g: | e (12) (12)(B34) (123) (1234
IClig)| | 1 6 3 8 6
|Z(g:)| | 24 4 8 3 4

1 1 1 1 1 1

Yo 1 -1 1 1 1

s | 2 0 p 1 0

X4 3 1 -1 0 -1

X 30 —1 ~1 0 1

6. x Let V and W be vector spaces. If {vy,...,v,} is a basis for V and {wy,...,w,}
is a basis for W, then the tensor product V & W is the vector space with basis
{vi®@w; |1 <i<n,1<j5<m}. [NotethatforveVandw e W, we have v@w =
(D2 Aivi) @ (D25 Aivi) = D25 5 A (v @ wy).] IE V and W are in fact C[Gl-modules,
we can define an action of G on V® W by ¢ - (v ® w) = gv ® gw and extending
linearly.

(a)

Show that if the characters of V' and W and yx and v, respectively, then the
character of V. ® W is xt. [This shows that the product of any two characters
of G is again a character of G. Note that this gives us an alternative proof of
Exercise 2a, but Exercise 2a can also be solved more directly.]

Solution: Fix g € G. We can find a basis {vy,...,v,} of V and {wy, ..., w,;,} of
W consisting of eigenvectors of g (by the proof of Section 3.1, Prop 3). Suppose
gvi = A\iv; and gw; = pjw;. Then x(g) = >_; i and ¥(g) = >_; p;. Therefore,
since {v; ® w;} is a basis for V @ W, its character ¢ satisfies

¢(g) = Z Aipj = Z by Z 115 = x(9)1(g).

Let V be a C[G]-module with basis {vy,...,v,}, and let ¢ : V@V —
V ® V be the map given by ¢(v; ® vj) = v; ® v;. Show that Sym(V) =
{reVeV]px) =2} and Alt(V) = {z € VRV | p(x) = —x} are comple-
mentary submodules of V ® V.

Solution: For any g € G, we have gp(v; ® v;) = g(v; @ v;) = gv; ® gu; =
©(gv; ® gvj) = @(g(v; ® v;)). Thus, ¢ commutes with the action of G, and
hence is a C[G]-homomorphism.



Therefore, if € Sym(V'), we have ¢(gx) = gp(x) = gz, so gr € Sym(V).
Similarly, if y € Alt(V), we have ¢(gy) = gp(y) = —gy, so gy € Alt(V). Thus,
Sym(V') and Alt(V') are submodules of V ® V.

To see that they are complementary subspaces, observe that if x € Sym(V) N
Alt(V), then p(z) = 2 = —x, and hence x = 0. We also observe that for every
v €V, we have

v= %@ + o(v) + %(v — ¢(v))

and (v + p(v)) € Sym(V) and 3(v — ¢(v)) € Alt(V) (since ¢? is the identity
map). Therefore, V @V = Sym(V) @ Alt(V).

Find the characters x5 and x4 of Sym(V') and Alt(V') in terms of the character
x of V, and verify that x? = x5 + xa.

Solution: Given a basis {vy,...,v,} of V, a basis for Sym(V') is given by
{vi ®v; +v; ®v; | i < j} and a basis for Alt(V) is given by {v; ® v; —v; ® v; | 1 < j}.
Now, given any g € G, let {vy,...,v,} be a basis of V' consisting of eigenvectors
of G. Then if gv; = A; (so x(g) = >_, \i), we have
g(v,- X Uj + Uj X UZ‘) = )\ivi X )\jUj -+ )\j’l)j X )\Z”Ui = )\1)\](1)1 X Uj -+ "Uj X ’Ui)
and
g(?)z‘ (029 'Uj — ’Uj & Ui) = >\ivi X )‘jvj — )\jvj & >\ivi = /\1)\3 (Ui X Uj — 'Uj & ’UZ‘).

Therefore,

Xs(9) =D Ad, xalg) =D AN

i<j 1<y

Since g?v; = A\?v;, this implies

X*(9) = (Z M) = Z A H+2) NN = x(9%) + 2xalg),

1<J

and so xa(9) = 3(x*(9) — x(¢%)). Similarly, we can compute

X*(9) = (Z Ai> =2) AN - A =2xs(9) — x(97),

i<j i

and so xs(9) = 3(x*(9) + x(¢%))-
Note that by the previous part, we already expect x? = xvg+xa. We can verify

this directly now:
1
xs(9) + xalg) = 5(*(9) + x(9°)) +

4



(d) Consider the character y of S; defined in Q 4. Find a decomposition of y?
as a sum of irreducible characters. [This give us a way of decomposing the
corresponding tensor product module as a direct sum of irreducible modules.]
Solution: We observe that x?(e) = |S;|* = 242 and x?*(g) = 0 for all g # e in
S4. We now take the inner product of x? with each of the characters in our
table to find the multiplicity with which they appear in the decomposition of
x%. Using the numbering from our character table for Sy above, we have

1

(X*,x1) = ﬂ(242) =24

2 _ 1 2\ __
<X ,X2> = ﬂ(ﬂ ) =24
(3% x3) = 57 (247)(2) = 48

(%) = 5 (249)(3) = 72
(Vxs) = o7 1 (24%)(3) = 72

and so x? = 24y, + 24x, + 48x3 + T2x4 + 72xs.

7. x Let G’ denote the commutator subgroup of G, i.e. G' = (zyx~'y™ ' |2,y € G). A
standard fact in group theory is that the quotient group G/N is abelian if and only
if G' C N. Show that the linear characters of G are precisely the lifts to G of the
irreducible characters of G/G’. [This implies that there are exactly |G/G’| linear
characters of G']

Solution: Since G /G’ is an abelian group, we know that all the characters of G/G’
are of degree 1, hence linear. Therefore, by the previous part, we know that the lifts
of characters of G/G’ are also linear characters of G.

Conversely, suppose we have a linear character A of G. Then A : G — GL(1,C) = C*
is a homomorphism, and by the first isomorphism theorem for groups, we have
G/ ker(\) = im(\). Since im(\) is a subgroup of C*, it must be abelian, and so
G/ ker()\) is abelian, and hence G'subseteqker()\). Therefore, we can define X :
G/G" — GL(1,C) by MgG') = A(g). To see that this is well-defined, observe that if
gG' = hG', then g7'h € G’ and so g~ 'h € ker(\) and so A(g~'h) = 1, which means
Ag) = A(h). Thus, A(¢G") = A(g) = AM(h) = A(hG"), and hence X is a well-defined

homomorphism of G/G’, and therefore one of its linear characters.

8. There exists a group G of order 10 with precisely four conjugacy classes with rep-
resentatives g1, g2, 93, g4, and has an irreducible character x given by



gi .| 91 92 g3 g4

—1+v5 V5
+ 0

—1—
2

X 2

(a) Find the sizes of the conjugacy classes of G. (Hint: It would be helpful to also
have one other irreducible character for this.)
Solution: Let ¢; be the size of the conjugacy class of g;. Since only x(g;) is a
positive integer, this must be the degree of the representation, and therefore
g1 = e. The identity element is in its own conjugacy class, and therefore ¢; = 1.
Let 7 be the trivial character. Then we have (7,7) = 1,(x,x) = 1, {(x,7) =0,
and therefore,

1
1:1—0(1+Cg+63+64)

1 3—+5 3+5
1:1—0(4+02 2 +Cg 2 )

1 —14++5 —1-+5
021—0(2—|—CQ 9 —|—63 9 +C4).

Solving these equations, we get co = c3 = 2 and ¢4 = 5.
(b) Complete the character table of G.

Solution: We can complete the first column using the sum of squares formula
for the degrees of irreducible characters. Then, we observe that since g, is the
only element with a conjugacy class of size 5, and its centraliser has order 2, it
must be an element of order 2. Using orthogonality and Week 3 Q3a, we can
complete the last column. The remaining entries can then be completed using
orthogonality relations.

gi g1 g2 gs g4
Z(g,) 10 5 5 2
T 1 1 1 1
X3 1 1 1 -1
w2 TSRS AR g

9. Find the character tables for



(a) Di=(r.f|r* =1 =c fr=r"f)

Solution:

gi e ror f rf
IClg)] |1 2 1 2 2

i |11 1 1 1
Yo |1 1 1 -1 -1
s |1 -1 1 1 -1
X4 1 -1 1 -1 1

s |2 0 -2 0 0

(b) G ={a,b|a®=0*=1,ba=ab™").
Solution:
The 9 conjugacy classes of G are, for 0 < r < 2, of the form:

{a2r} ’ {a2rb7 a?er} , {a2r+1’ CLZT—}—lb7 a2r+1b2} )

We have G’ = (b) and G/G’ = (aG’) = Cy4. Hence we get 6 linear characters
x; for 0 < j <5, as shown. The remaining characters must have degree 2, and
their values can be computed using the orthogonality relations.

In the table below, we will compactify information by grouping together the

conjugacy classes and characters as described above. Let w = e27/6,
gi : a2r a?rb a2r+1
1Z(95)] 18 9 6
s W2k i)
(0<j<5)
wk 2w2kr _w%r 0
(0<k<2)




