LTCC: Representation Theory of Finite Groups
Exercise Set 2

Exercises marked with x are especially useful for subsequent lectures.

1. (From lecture notes:) Let A be the group algebra over C of G = C5 = (|23 =€)
and let V' = (v1,v9,v3) be an A-module with representation = - v; = Vi+1 mod 3-
This module has a submodule U = (v + v9 + v3) . Find a submodule W such that
V=UaW.

Solution: Let Wy = (v1,vq), so that V = U @& W) as vector spaces (note that Wy is
not a submodule). Let ¢ : V' — U be the projection map from V = U @& W, to U.
We can verify that for all basis vectors v;, we have

U(vi) = é Zgwg_l(vi) = %(Ul + vz + v3).

geG

Thus, W = ker(¢) = {d_\v; | DA\ = 0}.

2. Is the submodule W from the previous exercise irreducible?

Solution: The submodule W = {>  \wv; | >\, =0} is two dimensional, with a
possible basis given by v; —vy, voa—v3. We have seen (as a corollary to Schur’s Lemma))
that all the irreducible submodules of an abelian group must be 1-dimensional, so
this implies that W is not irreducible.

3. * (From class discussion:) Let V be an A-module and let U and W be submodules.
Show that U N'W is also a submodule.

Solution: We recall that the intersection of two vector subspaces is again a subspace.
We now observe that if for all a € A,u € U,w € W, we have au € U and aw € W,
then if v € UNW, we have v € U, so av € U and similarly, v € W, so av € W.
Hence, av € U N'W in this case, and so U N W is a submodule.

4. x (From class discussion:) Here, we show that a decomposition of a module into
irreducible submodules is essentially unique. Suppose V is an A-module and V' =
.., U;, where each U; is an irreducible submodule. Suppose W is an irreducible
submodule of V. By considering the the possibilities for the intersections W N U;,
show that we must in fact have W = U; for some i.

Solution: From the previous exercise, we know that for each 7, the intersection WNU;
is a submodule of W, and since W is irreducible, we know that this intersection must
be either 0 or all of W. Since

wnv=wn <éU) :é(WﬂUi):W,

i=1 i=1
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we must have W N U; = W for exactly one i, say ¢ = k. Then, since W N Uy} is also
a submodule of U, and Uy, is irreducible, we have W N U, = Uy, and hence W = U,.

. x Let V, W7, W5 be A-modules. Show that
HOIl’lA(‘/, W1 D WQ) = HOII’IA(V, Wl) @ HOl’IlA(V, WQ)

as vector spaces (and thus their dimensions are the same).

Solution: Let W = W; & Wy and let 7, m5 be the projection maps from W to
W1, Wy, respectively, and note that the m are A-homomorphisms. Define a map
¢ : Homu(V, Wy @ Wy) — Homyu(V, W1) @ Homy (V, W) by o(f) = (w0 f,m 0 f).
We verify that ¢ is linear and bijective, and therefore an isomorphism of vector
spaces.

. Let G be a group. Suppose that p is a representation of G on a vector space V' of
dimension 1. Prove that G/ ker(p) is abelian.

Solution: We note that G/ ker(p) = im(p) (as groups), and since im(p) C GL(V') =
F* (since V is 1-dimensional), we see that im(p) is a subgroup of an abelian group,
and hence also abelian.

. Let ¢ : G — GL(n,F) be a representation of G. Prove that the map

p: g det(o(g))

is also a representation of G.

Solution: We observe that

p(gh) = det(d(gh)) = det(d(g)d(h)) = det(¢(g)) det(¢(h)) = p(g)p(h),

and
ple) = det(¢(e)) = det(1,) = 1.

Therefore, p is also a representation.

. x Let p : G — GL(n,F) be a representation of G. Show that o : G/ker(p) —
GL(n,F) given by o(gker(p)) = p(g) is a faithful representation of G/ ker(p). (Re-
call from Exercise Sheet 1, Question 6, that a faithful representation is one that is
injective. Note that here you must show that it is a well-defined representation, as
well as showing that it is faithful.)

Solution: Suppose g ker(p) = hker(p). This equivalent to the condition that g~'h €
ker(p) and hence p(g~1th) = I,,. Since p is a representation, we have p(g) *p(h) = I,,,
and hence p(g) = p(h). Thus, o(gker(p)) = o(hker(p)), so o is well-defined.
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10.

We also observe that

o(gker(p)hker(p)) = a(ghker(p)) = p(gh) = p(g)p(h) = o(gker(p))o(hker(p)),
and
o(eker(p)) = p(e) = I.
Therefore, o is also a representation.

Finally, we suppose o (g ker(p)) = o(hker(p)). Then p(g) = p(h), and so p(g) 1 p(h) =
I,,, and therefore p(g~'h) = I,. Thus, g~'h € ker(p), and so gker(p) = hker(p).
Therefore, o is a faithful representation.

. A simple group is a group that has no nontrivial, proper normal subgroups. Prove

that for every finite simple group G, there exists a faithful irreducible C[G]-module.

Solution: By Maschke’s Theorem, the regular C[G]-module decomposes into irre-
ducible submodules. Let p be the representation of G' on one of the nontrivial
submodules. (Note that nontrivial submodules must exist whenever G is a non-
trivial group. When G is trivial, the trivial module is faithful.) We then have that
action of G on this nontrivial irreducible module is faithful, because ker(p) is normal
in GG, and therefore must be trivial.

When constucting the regular representation of G over F, we used the action of G
on itself by left multiplication, ie g-x = gx for g, x € G. In this problem, we will use
other actions of GG on itself to construct new representations with associated module
F[G].

(a) Define the right multiplication action - : G x G — G by g -x = xg~'. Show
that right multiplication is in fact an action of G on itself. Explain why the
operation g - x = xg is not an action.

Solution: We observe:

gh -z = a:(gh)_1 =zh gl =¢g- (h-x)

and e -z = ze~! = x. Thus, this map is an action of G on F[G]. This fails for

the operation g - x = xg, since in this case:
gh-z=2xz(gh) =h- (g ).

(b) Show that the representation given by right multiplication is equivalent to the
representation given by left multiplication.
Solution: Let T : F[G] — F[G] be the map given by x — z~! for all z € G.
(This is a permutation of basis vectors of F|G] and hence an invertible linear
map.) We observe that forall g € G, g-T(z) =g -2 ' =27'g7! = (gz)' =
T(gx). Thus, T is an equivalence of representations.
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(c) Define the conjugation action - : G x G — G by g-x = grg~'. Show that
conjugation is in fact an action of G on itself.

Solution: We observe:

gh-x = (gh)x(gh)™ = ghzh™ g™ = g- (h-x)

1

and e -z = ere”' = x. Thus, this map is an action of G on F[G].

(d) Show that in general, conjugation is not equivalent to left multiplication. (Hint:
Consider G = Cj.)
Solution: Let G = (5. We observe that every element of G is fixed by the
conjugation action of G, and hence so is every element of F|G], so F|G] decom-
poses into the direct sum of three copies of the trivial module. On the other
hand, the G acts nontrivially on the regular F[G]-module.

Alternative solution: Let |G| > 1. Suppose there exists a bijective linear map
T : F[G] — F[G] such that T(gx) = ¢gT(z)g~* for all g € G,z € F[G]. By
setting x = e, we get T'(g) = gT'(e)g~" = e for all g € G, which contradicts the
fact that G is bijective.

11. Suppose G is a finite group such that every irreducible C|[G]-module has dimension
1. Show that G is abelian.

Solution: By Maschke’s Theorem, the regular C[G]-module decomposes into irre-
ducible submodules. Thus, we get that C[G] = @-_, U; where each U; has dimension
1 in this case. For each i let u; be a nonzero vector in U;. Then {uy,...,u,} is a
basis for C[G], and for each g € G,i € I, we have gu; = \;u; for some \; € C. Thus,
g is a diagonal matrix in this basis for all ¢ € G. Since any two diagonal matrices
commute, we get that gh = hg for all g, h € GG, and so the group is abelian.

12. Let G be a finite group and let p : G — GL(2,C) be a representation of G. Suppose
that there are elements g,h in G such that the matrices p(g) and p(h) do not
commute. Prove that p is irreducible.

Solution: Suppose p is reducible. Then there exists a proper nonzero C[G]-submodule
V of C?, which means that V' is 1-dimensional. By Maschke’s Theorem, there also
exists a submodule W such that C2 = V @& W. Let v,w be nonzero vectors of V
and W, respectively. Note that {v,w} is a basis of C? in this case, and so p(g)
and p(h) act diagonally with respect to this basis and hence commute, which is a
contradiction. Thus, p must be irreducible.



