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Prof Suppose V W are irred A modules Then

dim Homa V W d if YEW

DEsm.aeatssasieEae IdeEEe fi

aibteProPFtmaEwYIEin9mintimates andontatose
composition factor

PE Let Q E Homa V W be nonzero Then V kerQ U
for some submodule U of V Let X be an ivred submodule
of U Then X 90 and so by Schur's Lemma
im Q IX and im Q is a submodule of W

PropI Let Vi Wj be irred A modules ThenI i n 1 j m

dim Homa Vi Wj IT dim HomaVi wj

PF HW

C1 Let V be an A module with V U Ur where
each Ui is an irred Submodule Let Wbeany irred A mod
Then dim Homa V W and dim HomaW V both equal
the number of submodules Ui sit UiEW



regularrepn

Propt IF U is an A module then dim HomaAU dim U

PFI Let d dim U Let u Udbe a basis for U Define

Q A U by
Q a aui

Then these are linear maps sit a be A we have

Qi ab ablu a bui a Qi b

so Q EHoma A U

We now wish to show the Q form a basis
Let YEHomaCAUS Then

45 in aunt dad for some Ti ETF

Since 4 is an A hom we have

46 4cal a 4 1 afExiuit Exia.ui Edi
iCaJ.Thusthe Qi span Homa A U

Now suppose Σ iQ 0 WTS 71 0 Then
by evaluating both sides at IEA we get

Σ Dini 0

Since the Ui are a basis for U we have 7 0 i
Thus the Qi are lin indep and hence a basis

Therefore dim Homa AU d dimU

ThinI Suppose A IFCG U Ur where each Ui
is an irved A submod If U is any irred A module thenthe number of Amodules Ui with Ui U is equal to dim

U.PEByProp 4 dim U dim Homa A U and byCor 1 dimHomaAU
equals the number of submodules Ui isom to U



Theff Eatbuds tutor a complete set of non isomorphic

191 É dim Vi

ExmEen testGai ftp.ofmgduesfffhenaethe possible

1 lil t t t t t abelian

1 111 1 2 non abelian

Notea Fail 1 1 p 9 Taft jetty
on

This is ivred sin has dim 1 and is called the
trivialree correspondingly V is the trivialmodule

T.II.fm
Throughout

ftp.gffedgnufieldag.g.t char F F G think

D.fi E1 Ehiap4t9gsttiioftp ctfi isthe linear

a tfa
sum of eigenvalues Gratherthgn

For repus of finite gps we often take thecharacter tobe2 G IF



Recate
T.inB E a

A function f G IF satisfying f sts
1 F t SEEG

alled a classfunction Ethise are constant on conjugacy
classes

BE only Kpis qch.ar.FI if a is the char
Wesay a isived if it is the char of an irredrepn

Defthe character of a 1 dim repn is called aWearcharacter
In this case the character is the repn

Propt thatrate thegag of a repn p of G on v

i x e dim V This is calledthedegree of V

ii Rests1 x t

PropI If V and W are isom A modules then theyhave the same character

p A End V
0 A End w

T V W sit a o T To p a aeA

om

is trace
Propse Let IF let x be a char of G let geGbe an elt of order m Then

i H g is a sum of mth roots of unity
i 21g RTcomplex

conjugate



E if I S ftp.t tandanyCG mod
Since H is cyclic we

can decompose V U Un where the Ui are irred
H modules and hence 1 dein Taking uiEUi to

be nonzero we have u Un is a basis 13 of V
and Ee is a diagonalmatrix

g written as a matrix relative to B

Since gm e for each i g Ui will where wite
is an mth root of unity Thus the trace of g 13
is the sum of the Coi

ii g 13 diag wi wi wñ diag at w̅ on

So 2cg1 2g

3 2 Inner products of characters

Throughout

If Ecg
Defuseletspagbffuntitns9P.gad.ttbef.nladhner
product on F G C by

inner and

fig fg

Propfflets G be a fin gp and let and 4 be characters
is a real number

0TT IEf tg 54cg

4197419 9 49 1 40,4
Sumover all elts
sumoverall inverses



Tmfate U V be irred CCG mods with chairs 2,4 resp

4 4 if YEY 2 4 in this case

To prove this we need some preliminary results

Emmet 1 11 fee irraed.un.GG meds with repns p o respmap Thenthe map T V U
given by I Eap g Too g
is a G hom Furthermore

fallfa.IEa hodstrocsomapp o then T In


