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Abstract

Magnant and Martin conjectured that the vertex set of any d-regular graph G on n vertices
can be partitioned into n/(d + 1) paths (there exists a simple construction showing that this
bound would be best possible). We prove this conjecture when d = Q(n), improving a result of
Han, who showed that in this range almost all vertices of G can be covered by n/(d + 1) + 1
vertex-disjoint paths. In fact, our proof gives a partition of V(G) into cycles. We also show that,
if d = Q(n) and G is bipartite, then V(G) can be partitioned into n/(2d) paths (this bound is
tight for bipartite graphs).

1 Introduction

Dirac’s classical result states that every graph on n > 3 vertices with minimum degree at least n/2
contains a Hamilton cycle. This minimum degree condition is best possible, as there is no Hamilton
cycle in the almost balanced complete bipartite graph K| (,_1)/2],[(n+1)/2] DOr in the graph obtained
by overlapping two cliques, K|(,41)/2) and K[(,41)/2], at a single vertex. While this means that
Dirac’s result cannot be extended to general graphs with minimum degree lower than n/2, such
an extension may be possible if certain natural conditions are imposed on the graph. A very nice
conjecture, posed independently by Bollobés [2] and Haggkvist (see [12]), stated that if d > n/(t+1)
then every t-connected d-regular graph on n vertices is Hamiltonian. It is indeed natural to require
the graph be regular so that imbalanced complete bipartite graphs are ruled out. Note that the

case t = 1 follows directly from Dirac’s theorem.

The conjecture of Bollobas and Héggkvist has been resolved. The case t = 2 was proved by
Jackson [12], following partial results of Nash-Williams [27], Erdés and Hobbs [7], and Bollobds
and Hobbs [3]. Jackson’s result was strengthened slightly by Hilbig [11], who showed that there
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are only two extremal examples (that is, 2-connected d-regular graphs with d > n/3 — 1 and no
Hamilton cycle), namely, the Petersen graph and the graph obtained by replacing one vertex of the
Petersen graph by a triangle. Following a number of partial results by Fan [8], Jung [15], Li and
Zhu [28], Broersma, van den Heuvel, Jackson and Veldman [4], and Jackson, Li and Zhu [14], the
case t = 3 was recently proved by Kiithn, Lo, Osthus and Staden in two papers where they first
obtained an asymptotic result [18] and then the exact result (for large n) [19]. This completed the
picture regarding the Bollobas and Haggkvist conjecture, since the conjecture is false for t > 4, as
was shown by Jung [15] and by Jackson, Li and Zhu [14].

A different direction was suggested by Enomoto, Kaneko and Tuza [6]: rather than finding one
Hamilton cycle, they were interested in finding a small collection of cycles that covers the vertex
set. More precisely, they conjectured that the vertices of any n-vertex graph with minimum degree
at least d can be covered by at most (n — 1)/d cycles, where edges are considered to be cycles on
two vertices. Note that the case where d = n/2 is exactly Dirac’s theorem. The bound (n —1)/d
cannot be meaningfully lowered, since at least |(n — 1)/d| cycles are needed to cover the vertices
of K,,_g44 or of the graph obtained by taking one vertex of full degree and covering the other n — 1
vertices by |[(n — 1)/d] disjoint cliques, each of order at least d. Following progress by Enomoto,
Kaneko and Tuza [6] and Kouider [16], this conjecture was proved by Kouider and Lonc [17] and,
much later, but independently, by Balogh, Mousset and Skokan [1] for d = Q(n).

What if the cycles in the conjecture of Enomoto, Kaneko and Tuza are required to be vertex-disjoint?
In this case imbalanced bipartite graphs are again problematic, and so it makes sense to consider
regular graphs. Magnant and Martin [26] conjectured that the vertices of any n-vertex d-regular
graph can be covered by at most n/(d + 1) vertex-disjoint paths; this bound is tight as can be seen
by taking a disjoint union of cliques of order d + 1 (and, possibly, a larger d-regular graph on the
remaining d+ 1 to 2d+ 1 vertices). They proved this conjecture for d < 5 and Han [10] proved that,
if d = Q(n), then all but o(n) vertices can be covered by at most n/(d + 1) + 1 paths. It does not
seem critical that Magnant and Martin stated their conjecture for paths and not for cycles, because
(at least in dense graphs) typical methods that give path partitions tend to give cycle partitions
just as well. In this paper we prove Magnant and Martin’s conjecture when d = Q(n) and, indeed,

our proof gives a partition into cycles.

Theorem 1. For every cpin > 0 there exists ng such that if G is a d-reqular graph on n vertices,

where n > ng and d > cminn, then V(G) can be partitioned into at most n/(d+ 1) cycles.

We also obtain an analogous result for bipartite graphs, but this time we only establish the existence
of a path partition. The reason why our proof does not work for cycles seems to be technical rather
than essential: we do believe that the same approach can give a proof for cycles, provided that
some of our lemmas, including the main lemma of Section 5, are expanded with further technical

conditions. However, to maintain the readability of this paper, we do not pursue this marginally



stronger result.

Theorem 2. For every cpin > 0 there exists ng such that if n > ng, d > cpinn and G is a d-reqular

bipartite graph on n vertices, then V(G) can be partitioned into at most n/(2d) paths.

Theorem 2 improves a result of Han [10], who proved that all but o(n) vertices can be covered by at
most n/(2d) vertex-disjoint paths. The bound n/(2d) can be seen to be tight by taking a disjoint
union of |n/(2d)| Kgq4's (possibly, replacing one of them by a slightly bigger d-regular bipartite

graph, making sure that exactly n vertices are used).

In the following section we outline the proofs and the structure of the rest of the paper.

2 Overview

2.1 Outline of the proof

Our plan for proving Theorem 1 is as follows. (The proof of Theorem 2 is similar and, in fact, slightly
simpler.) First, we partition the vertices into a small number of parts, which we call clusters, that
are well-connected and such that there are few edges with ends in different clusters (this is made
precise in Lemma 3). Kiihn, Lo, Osthus and Staden [18, 19] used a similar partition. Moreover, the
clusters in our partition can be shown to be robust expanders, a term that was introduced by Kiihn,

Osthus and Treglown [21] and has since proved to be very useful (see, for instance, [20, 22, 23]).

We zoom in on each cluster: ideally, we would like each one of them to be Hamiltonian and remain
Hamiltonian after the removal of any small set of vertices. We establish this fact about all clusters
that cannot be made bipartite by removing a small number of edges. However, the statement may
fail for other clusters; for example, an imbalanced bipartite graph may appear as a cluster, and it
is certainly not Hamiltonian. For clusters that are almost bipartite we establish a more technical
statement: they become Hamiltonian after the removal of any small set of vertices that balances its

two sides. This is done in Lemma 4, whose proof follows relatively easily from a result in [21].

Up to this point our argument mostly follows the strategy in [19]. Our main new ideas are in
the proof of the next lemma, Lemma 5, in which we construct a small linear forest whose removal
balances the clusters that are almost bipartite. A similar linear forest was constructed by Kiihn,
Lo, Osthus and Staden [18, 19]. However, their approach was more ad hoc and relied on the number

of clusters being small (namely, at most five), whereas here this number can be arbitrarily large.

Upon the removal of the interior vertices of this linear forest, the clusters become Hamiltonian; in
them we pick Hamilton paths that attach to the leaves of the linear forest. This ensures that the
paths in the linear forest can be concatenated with the Hamilton paths in the clusters. The result

is a small family of vertex-disjoint paths — containing no more paths than there are clusters — that



covers the whole graph. By doing this step carefully, we ensure that each path in the family starts

and ends at adjacent vertices, which means that this family is in fact a family of cycles.

2.2 Key lemmas

In this subsection we give some definitions and state Lemmas 3 to 5.

Here and later, we freely use standard definitions in graph theory: e(H) denotes the number of edges
of a graph H and, for disjoint sets X,Y C V(H), we denote by H[X,Y] the graph with vertex set
X UY whose edges are the X —Y edges of H (that is, those edges of H with one end in X and one
in Y). Let G be a graph on n vertices. A cut of a set A C V(G) is a partition {X,Y} of A, where
X and Y are both non-empty. We say that a cut {X,Y} is a-sparse if e(G[X,Y]) < a|X||Y]. We
say that a set A C V(G) is a-almost-bipartite if there exists a partition {X,Y} of A such that G[A]

has at most an? edges that are not X Y edges. Otherwise, we say that A is a-far-from-bipartite.

The following lemma, which is very similar to a result from [18], partitions the vertices of G into a

small number of well-behaved sets, which we call clusters.

Lemma 3. Let cpin € (0,1) and ng € N be such that 1/ng < cmin. Let G be a d-regular graph on
n vertices, where n > ng and d > cyinn. Then there exist parameters r < 1/cyin and n,5,7,¢, 4,
where 1/ng <K N K f K7 <K (<K<K Cmin, and a partition {Ay, ..., A} of V(G) into non-empty

sets satisfying the following properties:
(a) G has at most nmm? edges with ends in different A;’s;
(b) for each i € [r], the minimum degree of G[A;] is at least on;
(c) for each i € [r], A; has no (-sparse cuts;

(d) for each i € [r], A; is either 3-almost-bipartite or ~y-far-from-bipartite.

The meaning of the symbol < requires some clarification. Every expression of the form a < b should
be read as ‘a is much less than b’. Formally, it means that a < ®(b) where ® : (0,1] — (0,1] is a
hidden increasing function associated to that particular expression. The hidden functions depend
only on the constant cpi,, and they can be worked out by carefully following the forthcoming
arguments. We shall not mention these function again; instead, we shall implicitly assume that, as

the variable approaches 0, they decrease sufficiently fast to make our calculations work.

We remark that the statement of Lemma 3 is somewhat unusual in that, given ng, cpin and G as in
the lemma, the conclusion holds for some choice of parameters 7, 3,7, (,d, with 1/n) < n < 8 <
v < ( € § < cpin, but not for every choice of such parameters. In particular, the correct choice

for parameters depends on the graph G.



Given a graph G on n vertices, a set A C V(G) is called £-Hamiltonian if, for any subset W of size
at most &n and any pair of distinct vertices x,y € A\ W, there is a Hamilton path in G[A \ W]
with ends z,y. Given a partition {X,Y} of A, we say that A is {-weakly-Hamiltonian with respect
to {X, Y} if, for any subset W of size at most {n that satisfies | X \ W| = |Y \ W| and any vertices
x € X\W, yeY \ W, there is a Hamilton path in G[A \ W] with ends z,y.

The following lemma shows that clusters are Hamiltonian if they are far from being bipartite and

weakly-Hamiltonian if they are almost bipartite.

Lemma 4. Let cpin € (0,1) and n € N, and let n, 5,£,7,(,d be real numbers satisfying 1/n < n <
bK<y <K (<K<K cemin. Let G be a d-reqular graph on n vertices, where d > cpinn, and
suppose that A C V(G) satisfies the following properties.

(a) there are at most nn? edges in G with ezactly one end in A;
(b) G[A] has minimum degree at least on;
(¢c) A has no (-sparse cuts;
(d) A is either S-almost-bipartite or v-far-from-bipartite.
If A is v-far-from-bipartite, then A is &-Hamiltonian; if A is S-almost-bipartite, then it is &-weakly-

Hamiltonian with respect to any partition {X,Y} of A that maximises the number of X =Y edges.

When presented with a partition into well-behaved clusters, the next lemma produces a collection

of vertex-disjoint paths that balances the clusters.

Lemma 5. Let cpin € (0,1) and n € N, and let n, 3,£,7,¢,d be real numbers satisfying 1/n < n <
bK€Ky K (KL cemin. Let G be a d-reqular graph on n vertices, where d > cpinn, and let
{A41,..., A} be a partition of V(G) with properties (a) to (d) in Lemma 3, where r < [1/cpin].
For each i € [r] such that A; is B-almost-bipartite, let {X;,Y;} be a partition of A; that maximises
the number of X; —Y; edges. Then there is a linear forest H C G with the following properties:

(a) [H| < &n;
(b) H has no isolated vertices;
(c) for eachi € [r], A; contains either two or zero leaves of H;

(d) for each i € [r] such that A; is B-almost-bipartite, either A; contains no leaves of H, or X;

and Y; each contain exactly one leaf of H;

(e) for each i € [r] such that A; is B-almost-bipartite, | X; \ V(H)| = |Y; \ V(H)|.



2.3 Proof of the main result

We now complete the proof of Theorem 1, using Lemmas 3 to 5. The proof mostly puts the three
lemmas together, but we need to work a bit to get the exact right number of cycles. The lemmas

themselves will be proved in forthcoming sections.

Proof of Theorem 1. Let ¢y, > 0; we assume, without loss of generality, that 1/cpin € N. Let
no € N satisfy 1/ng < ¢min, and let G be a d-regular graph on n vertices, where n > ng and
d > cpinn. Let {A1,..., A, } be a partition of V(G) produced by Lemma 3; this partition comes
with parameters 1/ng < n < f K7 <K ( K< J < Cmin. Set [ = [n/(d+ 1)] and let o be such that
0 < a0 < Cin-

For the moment, we fix a single index ¢ € [r]. By property (b) in Lemma 3, |4;| > dn. Hence, by
property (a), there exists a vertex u € A; incident with at most (n/d)n edges of G that leave A;.
Therefore, u has at least d— (1/d)n neighbours in A;, and so |A;| > d—(n/é)n > d (1 —n/(dcmin)) >
(1 — a)d (using d > cpinn and 7 K f <K a K ¢pin). More can be said if A; is S-almost-bipartite.
In such case we fix a partition {X;,Y;} of A; that maximises the number of X;-Y; edges in G.
In particular, G[X;,Y;] can be obtained from G[4;] by removing at most 3n? edges. Similarly
to the argument above, there exists a vertex in A;, say in X;, with at least d — ((n+28)/0)n
neighbours in G[X;,Y;], which means that |Y;| > d(1 — (38/0¢min)) > (1 — a)d. Therefore, some
vertex in Y; has at least d — (n + 28)n?/(1 — a)d neighbours in G[X;,Y;], which implies that
1 Xi| > d(1-38/(1—a)ct;,) > (1 — a)d. We conclude that |A;] > (1 — a)d in general and
|A;| > 2(1 — a)d if A; is B-almost-bipartite.

Since i € [r| was arbitrary, we have n > (r+s)(1 —a)d, where s is the number of S-almost-bipartite

A;’s. It follows that r + s <[+ 1: this can be seen by bounding the difference
n n adn +n a+1/n
-1 < - < 11 <|——F——F+1| =1.
rremts | 2o |l <l sa H < [ e+

The rest of the proof splits into two cases: when r <[ and when » = [ + 1. We first deal with the

former case, which is critical, but easy to resolve using Lemma 5. We fix an arbitrary number & such
that f < £ < . Let H be a linear forest as produced by Lemma 5 (for each S-almost-bipartite A;
we use the partition {Xj;,Y;} that was defined earlier in the proof), and we denote by I the set of
internal vertices of H. For each i € [r], if A; contains two leaves of H, then let x;, y; be those leaves.
Otherwise, let x;,y; € A; \ I be arbitrary adjacent vertices. Recall that |I| < &n by property (a)
in Lemma 5. We make two further observations if A; is S-almost-bipartite. First, property (d) in
Lemma 5 enables us to assume that x; € X; and y; € Y;. Second, properties (d) and (e) in Lemma 5
imply that | X; \ I| = |Y; \ I|. Now, we apply Lemma 4 and conclude that, regardless of A; being
p-almost-bipartite or y-far-from-bipartite, G[A; \ I] has a Hamilton path with ends z;,y;. We take



these paths for all i € [r]: some of them can be concatenated with the path components of H, while
the others have adjacent ends and so can be completed into cycles. The result is a family of cycles
that partitions V(G). Note that the number of cycles in this family does not exceed the number of

clusters, which is r < [.

We move on to the next case, that is, when r = [ + 1. This immediately implies that s = 0,
meaning that all A;’s are y-far-from-bipartite. Suppose that there is a matching of size 2 between
two distinct clusters A;, A;, and denote its edges by x;x; and y;y;, where x;,y; € A; and z;,y; € A;.
By Lemma 4, for each k € {i,j} there is a Hamilton path in G[Ay] with ends z} and yi. Together
with the edges z;y; and x;y;, we obtain a cycle whose vertex set is A; U A;. For every k # i, 7, we
use Lemma 4 again to find a cycle with vertex set Ag. In total we obtain a partition of the vertices

into [ cycles.

Now, let us assume for contradiction that there are no two distinct clusters with a matching of size 2
between them (i.e. the non-isolated vertices of G[A;, A;] form a star for every i # j). We construct
an auxiliary digraph H on vertices V(G), whose arcs correspond to edges of G that join separate
clusters. More precisely, for any distinct 4, j € [r] such that G contains A; — A; we do the following.
If there is exactly one A; — A; edge zy, we add both zy and yz to H. Otherwise, since G[A;, A;] is
a star with at least two edges, there is a unique vertex a € A; U A; such that all A;—A; edges are

incident with a. Add to H all A; - A; edges as arcs directed towards a.

In order to complete the proof, we reach a contradiction by a double-counting argument. Intu-
itively, the structure of H suggests that there are few edges with ends in distinct parts A;, but the
assumption that there are r = [+ 1 parts A; implies that there are relatively many such edges. Fix
i € [r]. Let a; denote the number of arcs in H that enter A; and let b; denote the number of arcs

that leave A;. Our most immediate aim is to establish the inequality
bi > (d—20)(d+1—|A4;|) + a; — 212 (1)

To this aim, we first observe that |4;| > d—1, or else in G every vertex of A; would send at least {+1
edges to the other clusters. By the pigeonhole principle, at least two of these edges would end in the
same cluster, and hence, again by the pigeonhole principle, there would be a cluster A;, j # i, such
that at least |A;|/l > 2 vertices in A; send at least two edges to A;. However, this would contradict
the assumption that there is no matching of size 2 between any two clusters. Furthermore, for any
J # 1, all arcs of H that go from A; to A; have the same head. Therefore, there are at least d — 21

vertices in A; of zero in-degree in H. We pick a set Z C A; consisting of exactly d — 2] such vertices.

We write m for the number of (4; \ Z)—Z edges missing from G and denote the number of vertices
in A; of non-zero in-degree in H by k. We already know that k£ < [. In G, these vertices together
send at least a; edges outside of A;, and so they send at most kd — a; edges to Z. Therefore,
m > k(d—2l) — (kd—a;) > a; — 212, Since Y, , |Na(2) N A;| < |Z|(|Ai] — 1) —m, there are at least

7



1 Z|(d+1—|A;]) +m > (d—20)(d+ 1 — |4;]) + a; — 21% edges from Z to V(G) \ A;. They become

arcs of H directed away from A;, proving inequality (1).
Summing inequality (1) over i € [r], we get

T

0="> (bi—a;) > (d—20)((d+1)r —n) — 2.
i=1
Since r = [n/(d+1)] +1 > n/(d + 1), we have (d+ 1)r —n > 1, and hence the right hand side of
the inequality above is at least cpinn — 21 — 20%(1 4+ 1) > 0, giving a contradiction. O

In the proof of our main theorem, which we have just completed, we partitioned V(G) into at most
Il = |n/(d+1)] cycles. This proof can be tweaked so that exactly [ cycles are guaranteed: if the
original proof produces I’ < [ cycles, then before invoking Lemma 4 to find Hamilton paths in the
clusters, we can first take aside [ — I’ very short cycles in one of the clusters (short cycles exist in

clusters by Proposition 18).

If, instead of cycles, we wanted to partition V(@) into (at most) | paths, then the analysis of the
case r = [ + 1 in the proof of Theorem 1 would be simpler. Indeed, instead of finding a matching

of size 2 between two clusters it would be enough to find a single edge.

2.4 Proof of the bipartite analogue

We now prove Theorem 2, which is the bipartite analogue of our main result. As long as we have
Lemmas 3 to 5 at our disposal, the proof is straightforward, but, again, some care is needed to

obtain the exactly tight bound.

Proof of Theorem 2. Let cpi, be such that 1/cpin € N, and suppose that 1/ng < ¢pin. Let G
be a bipartite d-regular graph on n vertices, where n > ng and d > cpinn. Let X, Y be the vertex
classes of G and write [ = |n/(2d)]. Let {A1,..., A} be a partition of V(G) as given by Lemma 3,
where 1/ng < 1 <€ ( € § < cpin are the corresponding parameters (8 and v do not play a role
here as the graph is bipartite). The argument that applied to S-almost-bipartite clusters in the
proof of Theorem 1 also works here and it shows that given « that satisfies § < a < cpin, we have
|A;| > 2d(1 — «) for all i € [r]. Therefore,

n n (6
<l ]| < | — 11| =1.
R {Qd(l—a) 2d " J— {20111111(1—01)Jr J

Let £ be a parameter satisfying n < £ < ¢ and for each ¢ € [r] fix the partition {X;,Y;} for A;,
where X; = A;,NX, Y; = A;NY. Let H be a linear forest as given by Lemma 5. Precisely as in

the proof of Theorem 1, by concatenating components of H and paths in the clusters, we partition



V(G) into at most r cycles. Furthermore, if at least one component of H has ends in separate
clusters, then the partition contains at most r — 1 cycles. Therefore, we may assume that r =1+ 1

and both ends of each component of H are in the same cluster, as otherwise we are done.

Now, suppose that H has an edge uv with ends in separate clusters, say, u € X1, v € Yo. Let P
be the component of H that contains wv, and let x1,y; be the ends of P in Xy, Y7, respectively
(both parts of A; contain an end of P by property (d) in Lemma 5). We write P,, P, for the
two paths comprising P \ {uv}, where P, contains u and P, contains v (P, and/or P, is a single
vertex if u and/or v is an end of P). We select a vertex x2 € Xo in the following way: if H has
a component with ends in As, then we let x5 be its end in X5; otherwise, we pick xo arbitrarily.
Note that |(X; \ V(H)) U{z1}| = |(Y1 \ V(H)) U {y1}| by property (e) in Lemma 5, and hence
Lemma 4 produces a path with ends x1,y; that spans (Ay \ V(H)) U {x1,y1}. Similarly, there is a
path spanning (A \ V(H)) U {z2,v} that has ends z2,v. Let P* be the concatenation of P, with
the newly produced path between x1,y;, with P,, with the newly produced path between v, zo and,
if it exists, with the component of H whose one end is z3. We observe that P* is a path that covers
A1 U As except for the vertices that appear in components of H with ends in clusters other than
A1, As. Outside of A7 U Ay, P* covers the vertices contained in components of H with ends in
Ay, As. We deal with the clusters A; for i > 3 in the same way as in the proof of Theorem 1. This
gives a partition of V(G) into the path P* and at most r — 2 = [ — 1 cycles, proving the result.

The final case to consider is when r =1+ 1 and H has no edges with ends in separate clusters. By
property (d) in Lemma 5, every component of H covers the same number of vertices in both parts of
the graph. Therefore, for each i € [r], | X;| = | X;\V(H)|+|X;NV(H)| = |V \V(H)|+|Y;NV(H)| =
|Yi|. In other words, each cluster is balanced. Since r > n/(2d), we may assume that |A;| < 2d,
and so |X1| = |Y1| < d. By the regularity of G, there exists an edge uv € E(G) with u € X; and v
not in Y;. Say, v € Yo. By Lemma 4, for each i € [r] we may pick a path P; spanning A;, where u
is an end of P, and v is an end of P». This gives a partition of V(G) into r — 1 = [ paths, namely,
PiuvPs, Ps, ..., P, ]

We remark that a possible strategy for proving a stronger version of Theorem 2 that establishes
a partition of V(@) into at most |n/(2d)| cycles may revolve around moving a small number of
vertices from some clusters to others, so that the clusters still satisfy the assumptions of Lemma 4,
but the balancing linear forest now has a component with ends in separate clusters. We believe
that we have a good idea on how such a proof would work — a more technical version of Lemma 5

is needed — but we decided not to pursue it.

2.5 Structure of the paper

We prove Lemmas 3 to 5 in Sections 3 to 5, respectively, and conclude the paper in Section 6 with

closing remarks and open problems.



3 Partitioning the graph into well-behaved clusters

In this section we prove Lemma 3. This lemma is very similar to Theorem 3.1 in [18]'. Nevertheless,

as the proof in [18] is quite long, we give a proof here.

Proof of Lemma 3. Set 79 := [1/cmin| and fix positive constants ng and 1, ..., 7, that satisfy
the hierarchy 1/ng < m < -++ < 1y, < Cmin. Let G be a cn-regular graph on n > ng vertices,
where ¢ > cpin. We shall define a list Py, ..., P, where 1 < r < rg, of increasingly refined partitions

of V(G) such that the following properties hold for each i € [r]:
(i) P; is a partition of V(G) consisting of ¢ non-empty parts;

(ii) if 4 > 2, then P; is obtained by splitting one part of P;_; into two;

)
)
(iii) G has at most 4,/m;_1 n? edges with ends in different parts of P; (where 19 = 0 by convention);
(iv) for every A € P;, the minimum degree of G[A] is at least 3~ Ven;

)

(v) every part of P, has no n,-sparse cuts.

Let P; = {V(G)} and note that P; trivially satisfies the first four conditions. Assuming that P; is
defined, we define P;11 in the following way. If every part of P; has no n;-sparse cut, then we set
r =i and stop the process. Otherwise, we pick a part A € P; that has an n;-sparse cut {Aq, As}.
In Ay, we let A} be the set of vertices that have at most ,/m;n neighbours in Ag; similarly, we
denote by Aj the set of vertices in A that have at most ,/n;n neighbours in A;. Since {A;, Az} is
an m;-cut of A, we have /min|A \ (A} U 43)| < 2nn?, and hence |4\ (4] U AY)| < 2,/mn. Since
every vertex in A has at least 3-(~Ven neighbours in A and since all but at most 2\/nin < 3 %n
of them are in A} U Aj, every vertex in A has at least 3~*cn neighbours in A’ for some j € {1,2}.
In particular, G[A]] and G[A}] both have minimum degree at least 3~ ‘cn. Furthermore, we can
partition A\ (A} U A3) into sets Af, A5 where for each j € {1,2} every vertex in A7 has at least
3~“cn neighbours in A’ We define P;11 by replacing the part A in P; with two parts A7 U Af and
AL U AY. Tt is clear that P;4q satisfies properties (i), (ii) and (iv).

We now prove that P;;1 satisfies property (iii), provided that i < r¢ (we will show in the next
paragraph that the process in fact terminates at some P, with r < r). The number of edges
between A} U A7 and A} U AY is at most nin® + |Af U AY|en < (n; + 2,/m)n* < 3,/min®. Hence, by
property (iii) of P; and by the assumption that 7,_; < 7;, the number of edges between the parts
of Piy1 is at most (4,/mi_1 + 3\/m)n2 < 4\/mn2, as desired.

If the process does not terminate for any i < rp, then we create a partition P,,4+1 that satisfies

properties (i) to (iv). We will show that such a partition is impossible. Let A be a part of P 41

!The main conceptual difference is that we prove that each set A; has no sparse cuts, whereas in [18] it is proved
that each G[A;] is a robust expander; in fact, the latter would work for us as well, but we chose the former to simplify
the presentation.
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of the least order. Clearly, |A| < n/((1/c)+ 1) = cn/(c+ 1), and so every vertex in A has at least
en(1—1/(c+1)) = ®n/(c+1) > 2. n/2 neighbours outside of A. Moreover, property (iv) implies

that |A] > 3770 - ¢pinn. Therefore, property (iii) implies that
1
3v/irgn® = |l (cinm/2) > 5377 g n?,

contradicting the assumption that 7,, < cmin-

Consider the final partition P,. It consists of r < rg parts, none of which have 7,.-sparse cuts. We
set ¢ =1, n = 3y/Mr—1, d = 37"c and observe that P, satisfies properties (a) to (c) in Lemma 3.
For property (d), we fix positive coefficients fy, ..., Sr+1 that depend only on c¢piy and r, satisfying
3Vh—1 =< fo <+ L Pry1 K= Forie€{0,...,7+ 1}, let b(i) be the number of parts
A in P, that are f;-almost-bipartite. Note that if A is §;-almost-bipartite it is also (;41-almost-
bipartite. In particular, 0 < b(0) < ... < b(r + 1) < r. It follows that there exists i € {0,...,r}
with b(i) = b(i + 1); fix one such 7. Then every part A in P, is either fS;-almost-bipartite or
Bi+1-far-from-bipartite. Therefore, we can finish the proof by setting 8 = 8; and v = S;41. O

4 Hamiltonicity of clusters

In this section we prove Lemma 4. Our proof relies on known results? regarding the Hamiltonicity
of so-called robust out-expanders, a notion that was introduced by Kiihn, Osthus and Treglown

[21]. Before mentioning the relevant result, we make some definitions.

Given a digraph G on n vertices, a set of vertices S and a parameter v € (0,1), the robust v-
out-neighbourhood of S in G, denoted RN:G(S), is the set of vertices in G that have at least vn
in-neighbours in .S; we omit the subscript G when it is clear from the context. Given 0 < v < 7 < 1,
we say that G is a robust (v, 7)-out-expander if | RN} (S)| > |S| +vn for every set of vertices S with
mn < |S| < (1 — 7)n. We shall also use the undirected version of a robust out-neighbourhood: in a
graph G on n vertices, the robust v-neighbourhood of a set of vertices S, denoted RN, () is the

set of vertices in G with at least vn neighbours in S; as before we sometimes omit the subscript G.
We shall use the following theorem from [21]; recall that §°(G) = min{6™(G),6 (G)}, where

(@), 6 (G) are the minimum out-degree and in-degree of G, respectively.

Theorem 6. Let ng € N and let v,v, T be reals such that 1/ng < v < 7 K v < 1. Let G be a
digraph on n > ng vertices with §°(G) > yn which is a robust (v, T)-out-expander. Then G contains

a Hamilton cycle.

In fact, we shall need the following corollary.

2In arXiv1808.00851v1 we prove Lemma 4 from scratch.
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Corollary 7. Let ng € N and let v,v, T be reals such that 1/ng < v < 7 <K v < 1. Let G be a
digraph on n > ng vertices with §°(G) > yn which is a robust (v, T)-out-expander. Then for every

choice of distinct vertices x,y, there is a Hamilton path in G with ends x,y.

Proof. Given vertices z,y, form G’ by adding the arc zy to G, removing the arc yx (if it exists),
and removing all edges directed towards y or from z. Next, form G” by contracting the arc zy.
It is easy to check that G” is a robust (v/2,27)-out-expander. Thus, by Theorem 6, it contains a
Hamilton cycle. This cycle corresponds to a Hamilton cycle in G’ which contains the arc zy, which

in turn corresponds to a Hamilton path in G with ends z,y. O

Proof of Lemma 4. Let A satisfy properties (a) to (d) in Lemma 4; if A is S-almost-bipartite,
let {X,Y} be a partition of A that maximises the number of X —Y edges. Let W C A be a set of
size at most nn; if A is [-almost-bipartite we further assume that | X \ W| = |Y \ W|. Let H be
the subgraph of G defined as follows: if A is y-far-from-bipartite set H = G[A’], and otherwise set
H=GX"Y'], where A/ = A\W, X' =X \WandY' =Y\ W.

The following claim will allow us to use Corollary 7 above; its proof is somewhat technical.

Claim 8. Let S C A’ be a set satisfying /7| A'| < |S| < (1 — YT A'| if A is y-far-from-bipartite,
or VT A < |S| < (1/2 — €Y7 A'| if A is B-almost-bipartite. Then RN¢ g(S) > |S| + én.

Proof. We define S; = S\ RN¢(S), S = SNRN¢(S), T1 = RN¢(S)\ S, To = A’ \ (SUTy). We
assume that |RN¢(S)| < [S| + &n, which implies that [T1] < |Si| + &n. Write V = V(G). Given
sets X, Y C V, let e(X,Y) be the number of ordered pairs xy such that xy is an edge of G and
reX,yeY.

e(S1,V\T) <e(A,V\A) +e(W,V\W)+e(S1,85) + e(S1,Tz) < 5én?, (2)

where we used property (a) in Lemma 4, the assumption that |[W| < &n, the fact that vertices in
S U Ty are not in RN¢(S), and the fact that H is obtained from G[A’] by removing at most (n?
edges. It follows that e(Sy,T1) > |S1|d — 5&én?. As |Ty| < |S1| + &n, we obtain the following bound.

e(Ty,V \ S1) < |Ti|d — e(S1, T1) < (|T1| — |S1])d + 5¢n? < 6€n’. (3)

Consider the quantity e(S; UTy, A\ (S1UTY)). By (2) and (3), it is at most 11&én?, and by property
(c) in Lemma 4, it is at least ¢|S1UTy|(JA\ (S1UTY)]). As € < ¢, we find that either |S;UTy| < €1/3n
or |[A\ (S UTY)| < &V3n.

Suppose first that |S; UTy| < €Y/3n. Then
(S, A\ Sy) < e(W,V) +e(S  UTL, V) + e(Sy, Tp) < 264302,
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using |W| < &n, [S1 UTi| < €/3n, and To N RNg(S2) = 0. But, by the assumptions of Claim 8,
|So| > VA —|S1| > (€7 /2)n, and |A"\ So| > €Y/7| A|, thus by property (c) in Lemma 4 we have
e(Sa, A\ Sa) > (|Sa| - |A\ So| > 261302, a contradiction.

Next, suppose that [A\ (S; UTy)| < £/3n. If A is S-almost-bipartite then |S; UT)| < 2|S;| + én <
(1 —26YT)|A'| + &n < |A] — €30, a contradiction. So A is y-far-from-bipartite. Note that G[A]
can be made bipartite by removing edges incident with W U Sy U Ty or within S7 or T7. But there
are at most (n + 51/3)n2 edges of the former type, and at most 11én? edges of the latter type (by
(2) and (3)), so fewer than yn? edges in total (using &,7 < 7). This is a contradiction to the fact
that A is y-far-from-bipartite, completing the proof. O

Let z,y € A’, where x € X',y € Y’ if A is B-almost-bipartite. Out task is to show that H contains
a Hamilton path with ends x and y. First, we consider the case where A is y-far-from-bipartite.
Form a digraph D by replacing each edge uv of G by the two arcs uv and vu. It follows from
Claim 8 that D is a robust (£, £'/7)-out-expander. Corollary 7 implies the existence of a Hamilton

path with ends x,y, which corresponds to a Hamilton path in G with the same ends.

Now, suppose that A is S-almost-bipartite. We claim that H has a perfect matching. To this end,
let S C X'; we show that [Ny (S)| > |S|. Since §(G[A]) > dn, we have §(G[X,Y]) > (6/2)n, because
X,Y were chosen to maximise the number of X —Y edges. It follows that 6(H) > (§/2 — {)n >
(0/3)n. Thus, if |S| < (6/3)n, then, trivially, |Ng(S)| > |S|. Similarly, if |S| > |X’| — (§/3)n, then
every vertex in Y’ has a neighbour in S, and the desired inequality again follows. The remaining
case is when (6/3)n < |S| < |X'|—(§/3)n, where the inequality | Ny (S)| > |S| follows from Claim 8.

Let {a1by,...,atb;} be a perfect matching in H, where t = |X’| and a; € X',b; € Y/ for i € [t].
We assume for convenience that a;b; is not the edge xy (if the latter exists) for i € [t] — this is
possible as the removal of the edge xy from H does not change the arguments above. Without loss
of generality, a; = = and by = y. Form a directed graph D with vertex set {vi,...,v:} where v;v;
is an arc whenever b;a; is an edge of H. It follows from Claim 8 that D is a robust (2¢ ,261/7)-
out-expander, thus by Corollary 7 there is a Hamilton path in D with ends vy, v¢. Without loss of
generality, this path is (vy ... wv;). This path corresponds to the Hamilton path (x = a1b; ... aby = y)
in H. O

5 Balancing the bipartite clusters

In this section we prove Lemma 5. The proof spans the whole section and consists of several claims.
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5.1 The setup

We first recap the setup needed for the proof of Lemma 5. We are given parameters cpin, 7,1, 5,&,7,(, 0
such that
I/ngn<fKELY KKK Cmin.-

We are also given a d-regular graph G, where d > ciuinn, and we denote d = ¢n, so that ¢ > cpi,. We
are further given a partition {A;,..., A,} of V(G), where r < [1/cpin |, that satisfies the following

properties.
(a) G has at most nn? edges with ends in separate clusters;
(b) for each i € [r], the minimum degree of G[4;] is at least dn;
(c) for each i € [r], A; has no (-sparse cuts;
(d) for each i € [r], either A; is S-almost-bipartite, in which case we fix {X;,Y;} to be a partition
of A; that maximises the number of X;—Y; edges, or A; is v-far-from-bipartite.

For the sake of the proof of Lemma 11, £ denotes any parameter satisfying 8 < £ < -; we will not
use the fact that each A; is {&-Hamiltonian if it is y-far-from-bipartite, or £-weakly-Hamiltonian if

it is B-almost-bipartite, which follows from Lemma 4.

Our aim is to find a linear forest H in GG, with the following properties.
(a) [H| < &n;
(b) H has no isolated vertices;
(c) for each i € [r], A; contains either two or zero leaves of H;

(d) for each i € [r] such that A; is S-almost-bipartite, either A; contains no leaves of H, or X;

and Y; each contain exactly one leaf of H;
(e) for each i € [r] such that A; is S-almost-bipartite, |X; \ V(H)| = |Y; \ V(H)|.

In the proof, we shall consider the lift of G, denoted G, which is a bipartite analogue of G. The lift
G is defined as follows. We set V(G) = VD UV where V), V) are disjoint copies of V(G); for
every i € {1,2} and v € V(G) we denote by v(*) the copy of v in V. For all u,v € V(G), uMv?
is an edge of G if and only if uv is an edge of G. There are no edges in G with both ends in V)

or in V@, Tt is clear from this construction that G is a cn-regular bipartite graph on 2n vertices.

The use of the lift G of G is convenient for us for three reasons. First, we shall be dealing with
flows and matchings, and the fact that G is bipartite makes it easier to analyse them. Second, the
lift allows us to treat S-almost-bipartite and ~y-far-from-bipartite clusters in a unified way. And,

third, consider a [-almost-bipartite cluster A;, with prescribed partition {X;, Y;}, and suppose
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that |Y;| = |X;| + k. It turns out that in order to ‘balance’ A;, it suffices to find two matchings
My, My, whose union does not span any cycles or double edges, and, for j € {1,2}, we have
V(M;)NY| = |[V(M;) N X|. Because G contains two copies of each such cluster, a so-called
balancing matching for G (we make the notion precise below), pulled back to G, provides us with
such ‘overbalancing’ automatically. In particular, if G is bipartite, then G consists of two copies of

G, and its analysis allows us to find two such matchings simultaneously.

We partition the vertices of G into sets Ay, ..., As, which we call clumps (which are related to, but
should not to be confused with clusters Ay, ..., A,), as follows. Let i be the index of an arbitrary
B-almost-bipartite cluster A; of G and fix a partition {X;,Y;} of A; which maximises the number
of X;-Y; edges in G. In particular, X;,Y; # () and all but at most n? edges of G[4;] are between
X; and Y;. Furthermore, every vertex of X; (resp. Y;) has at least dn/2 neighbours in Y; (resp. X;),
as otherwise we could move that vertex to the other part, increasing the number of X;—Y; edges.
For j € {1,2}, let XZ.(j), Yi(j) be the copies of, respectively, X;,Y; in V). We define sets

Aj1 = B; 1 UT; 1, where B; 1 = Xz'(l) and T}, = Y;(Q),

Ai,? = Bi’Q U ,Ti,27 where Bi,? = Y;(l) and ﬂg = Xl(z)
Now, let ¢ be the index of some ~-far-from-bipartite cluster 4;. We define B; and T; to be the copies
of A; in VM) and V@, respectively, and

In these definitions B stands for the ‘bottom part’ and T stands for the ‘top part’.

By doing this for all i € [r] we obtain a partition of V(G) into clumps labelled A; 1, 4; 2 (for those
i for which A; is B-almost-bipartite) and A; (for the other 7). To make the notation consistent, we
relabel these clumps simply as Aj, ..., A, where s = r + |{i € [r] : A; is B-almost-bipartite}|. In
particular, s € {r,...,2r}. We relabel the sets B and T appropriately, so that f_lj = B; UT] for
all j € [s].

Observation 9. G has at most 3rfn? edges with ends in separate clumps.

Proof. First, note that every edge with both ends in a «-far-from-bipartite cluster A; of G gives
rise to two edges of G, both contained in the clump corresponding to A;. Now, consider an arbitrary
B-almost-bipartite cluster A; of G. We recall that A; is partitioned into sets X, Y; such that all but
at most An? edges of G[A;] are X;-Y; edges. In G, A; gives rise to two clumps, say, A;, and A;,.
If e € E(G[A;]) is an X, —Y; edge, then e corresponds to two edges of G, one in Aj, and one in Aj,.
Therefore, only those edges of G[A;] that are not X; —Y; edges give rise to edges of G with ends in

separate clumps. Also, we have to account for the edges of G that have ends in separate clusters.
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Thus, the number of edges of G with ends in separate clumps is at most 2nn? + 2rfn? < 3rfn?,

using the assumption that n < S. O

Observation 10. For each i € [s], the minimum degree of G[A;] is at least dn/2. In particular,

every vertez in A; has at most (c — &/2)n neighbours in V(G) \ A;.

Proof. Pick ¢ and let A; be the cluster of G that gives rise to A;. Let v be an arbitrary vertex
in A;, where v € Aj, t e {1,2}. If A; is y-far-from-bipartite, then v has at least dn neighbours in

Aj, and every such neighbour u gives rise to the vertex w3t e A;, which is adjacent to v®).

So suppose that A; is B-almost-bipartite with partition A; = X; UY;. We recall that this partition
was chosen so that every vertex in X has at least dn/2 neighbours in Y; and vice versa. Therefore,
the number of X; —Y; edges incident with v is at most 0n/2, and, for every such edge uv, the vertex
uB~Y is a neighbour of v® in G[A;].

This proves the first part of the observation. Together with the fact that G is cn-regular, it implies

the second part as well. O

Let H be a bipartite graph with bipartition {X,Y} and let U C V(H). We define
imby (U) =||[UNX|—|UNY]|.

We call this quantity the imbalance of U in H. If H is clear from the context, then we may
write imb(U) instead of imbgy(U). Furthermore, we say that a subgraph F' C H balances U if
(UNX)\V(F)| = [UNY)\V(F).

To make sure that imbalance is well-defined, we adopt the convention that every bipartite graph
comes with a prescribed vertex bipartition. This choice will usually be clear from the context. For

example, G has bipartition {V(l), V(Q)} and so does every relevant spanning subgraph of G.

Now comes a key definition. Let o be an ordering of V(G). We define the spanning subgraph G,
of G by setting

E(G,) = {u(l)v@) cww € E(Q), o(u) < o(v) and uV,v® are in distinct clumps of G} .

The rest of the proof goes as follows. First, we show that there exists an ordering o of V(G)
such that G, contains a so-called balancing matching (see Lemma 11). The reason we consider
G, instead of working directly with G is that a matching in G, of size m corresponds to a linear
forest in G of size m, whereas the edges of G' corresponding to a matching in G may span a cycle;
moreover, an edge uv in G may be represented twice in a matching in G — once as u(Yv(®) and once
as v, We explain this more precisely towards the end of the section. Second, we take the
linear forest in GG that comes from a balancing matching in G, and we modify it slightly so that it

satisfies the assertions of Lemma 5.
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5.2 Balancing G,

Here comes the main technical lemma of the section.
Lemma 11. There is an ordering o such that G, has a matching M with the following properties:
(a) for each i € [s], M balances A;;

(b) M| < (&¢/8)n.

Property (a) is the main part of this lemma: if we find a matching in G, that balances A1,..., A,

then we get property (b) for free from the following argument.

Proposition 12. Let H be a balanced bipartite graph whose vertex set is partitioned into sets
Ui,...,Ux. Suppose that M is a matching in H that balances U; for every i € [k]. Then M
contains a matching that has at most (k — 1)(imb(Uy) + - - - + imb(Uy)) edges and balances U; for
every i € [k].

Proof. We use induction on k. The base case is when k = 1, in which case U; = V(H) and

imb(U;) = 0 because H is balanced, so the empty matching is a balancing matching.

Next, suppose that k > 2. Denote the bipartition of H by {X,Y}, and let X; = XNU;, Y; =Y NU;
for i € [k]. Without loss of generality, we assume that M is a minimal matching that balances Uj;
for every i € [k]. We claim that there is ¢ € [k] for which M does not touch Y;. Indeed, let D
be an auxiliary directed graph on vertex set [k], where ij is an edge if there is an X; Y] edge in
M. Suppose that (i1 ...is) is a directed cycle in D. Then there exist a; € X;;,b; € Y;, such that
aby, . ..,ashy are edges of M. But then M \ {aibe, ..., asb1} balances every U;, contradicting the
minimality of M. It follows that D is acyclic, which implies the existence of i € [k] with in-degree

0 in D, i.e. M does not touch Yj;, as claimed.

Without loss of generality, suppose that M does not touch Yi. As M balances Uy, the number
of edges of M that touch Xy is exactly |Xx| — |Yx| = imb(Uy). Let M’ be the submatching of M
obtained by removing the edges that touch Xy, let H' be the subgraph of H obtained by removing
Uy, and vertices of Uy U - -+ U Ug_; that are neighbours of Xy, in M, and let U/ = U; NV (H'). Then
H' is a balanced bipartite graph, as exactly | X}| vertices are removed from each part of H to form
H'. Moreover, M’ is a minimal matching in H' that balances U] for every ¢ € [k — 1]. Thus, by

induction,
|M’'| < (k —2)(imb(U7) + -+ +imb(Uj_;)) < (k — 2)(imb(U}) + ... + imb(Uy)),

because the sum of imbalances of Uy, ..., U;_1 increases by at most imb(Uy) when going from H to
H'. Since |M \ M'| = imb(Uy), we have |M| < (k — 1)(imb(U;) + - - - + imb(Uy)), as required. [
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Observation 13. Y7 | imbs(4;) < (68r/c)n.

Proof. Pick i € [s] and recall that T;, B; are the vertex classes of A;. Since G is cn-regular, we

have
Ti|len = e(Ty, By) + e(T;, V(G) \ A;) < |Bilen +e(T;, V(G) \ A;)

From this upper bound for |T;|cn and the corresponding upper bound for |B;|ecn we get

e(A, V(G)\ A)

imbg(4;) = || T3] — |Bil| < cn

Summing over all ¢ and applying Observation 9 gives the desired result. O

Proof of Lemma 11. As noted above, it is enough to find an ordering ¢ and a matching M C G,
that satisfies property (a) in Lemma 11. Indeed, Proposition 12 and Observation 13 then give us
a submatching of M that satisfies property (a) and has at most (1287r%/c)n < (£¢/8)n edges, the
latter bound being a consequence of the assumption that 8 < & < (. We split our proof into two
main steps. In the first step we find an ordering ¢ for which there is an almost balancing fractional

matching in G,. In the second step we convert it to a balancing matching in G,.

Step 1: Using the Maz-Flow Min-Cut theorem to obtain an almost balancing fractional matching

i G, for some ordering o.

The terms used in the summary of this step are mostly self-explanatory, but we define them formally
to clarify the details. A fractional matching in G, is a function w that assigns weights from
the interval [0,1] to the edges of G, in such a way that for each vertex v € V(G,) the weight
of v, denoted w(v) and defined as . cp(q,) w(uv), does not exceed 1. Let w be a fractional
matching in G,. For any U C V(G,) we define w(U) = > .y w(v). For each i € [s] we define
imb(w,i) = |(|T;| — w(T3)) — (|Bi] — w(B;))|. We say that w is a-balancing if > ;_; imb(w, i) < a.
One can think of w(7;) as the weight of the edges leaving 7T; (recall that in G, there are no T; - B;
edges), and similarly for B;. If imb(w,7) = 0, this means that the fractional matching w balances
the cluster U;. Since we are not able to find such a balancing fractional matching directly, we settle
for one that is nearly-balancing, and the quantity imb(w, 7) allows us to measure how far w is from

balancing U;. In this step we will find a 0.9-balancing fractional matching in G, for some o.

We now prepare G, for an application of the Max-Flow Min-Cut theorem, that is, we convert it
to a weighted digraph G, with a source and a sink (see Figure 1). The vertex set of G, contains
V(G) and 2s + 2 new vertices: source p, sink q and, for each i € [s], a pair of new vertices b;, ;.
The edges of G, become arcs of ég, directed from V() to V(2 (we recall that v =B U---UB,
and V@) =Ty U---UT,). For every i € [s] we add arcs (1) from p to by, (2) from b; to all vertices
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in B;, (3) from all vertices in T; to t; and (4) from ¢; to q. Vertices that were present in G, get
capacity 1, while p, ¢ get infinite capacity. The capacities of b;, t;, i € [s], are defined via quantities

a;j, 1,7 € [s], which we now introduce. We set

Loeq(Bi,Tj) ifi#j

0 otherwise

aij =
and, for every k € [s],

S S
by gets capacity Z a;j, t;. gets capacity Zaik.
j=1 i=1

q (sink)

G, with
edges directed
up

p (source)

Figure 1: Definition of Go.

—

A cut of G, is a subset of V(G,) \ {p, ¢} whose removal from G, disconnects ¢ from p.

We will show that, for some o, ng does not have cuts with capacity less than ), > ; @iy —0.9. We
will then apply the Max-Flow Min-Cut theorem to deduce the existence of a flow of at least this
value, which in turn implies the existence of the required 0.9-balancing fractional matching. We
note that the standard version of the Max-Flow Min-Cut theorem places capacities on the arcs than
on the vertices and uses an appropriate notion of a cut. As the version that we use can be proved

similarly to the standard one, we elect to use it out of convenience.
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The choice of capacities of the vertices b; and t; may seem arbitrary at first glace®, so before
proceeding let us briefly explain why this choice makes sense. For each ¢ € [s], the difference
between the capacity of b; and the capacity of ¢;, is the difference between the number of edges of
G incident with B; and the number of edges incident with 7T}, divided by cn, which is exactly the
imbalance of the clump A; in G. It follows that a flow in G, that fully saturates both b; and t;
(namely, the amount of flow through each of these vertices equals their capacity) translates into a
fractional matching in G that balances A;. Thus, a flow in G, in which b; and t; are fully saturated
for all i € [s], translates into the desired balancing fractional matching. Since the value of such a
flow is >, >, a;j, any flow with almost this value (a proof of whose existence in some G, will be
the main aim of this section) almost saturates the vertices b; and ¢; for each i € [s], and translates

into the required almost-balancing fractional matching.

With the goal of proving that some G, has no cuts of low capacity in mind, we consider graphs

F1 1o, defined for all I, J C [s], that are the induced subgraphs of G, on vertices

V(Fr.j0) = (U Bi> ul U

el jeJ

The point of this definition is that every cut of G, induces a vertex cover of F 7.7,0 for appropriately

chosen I, J. This is why the following claim is useful.

Claim 14. Fiz I,J C [s]. Let o be a random ordering of V(G), chosen uniformly at random. With

probability greater than 1 — 47°, every vertex cover of Fr j, contains at least Y ;> ic;aij —0.9

jeJ
vertices.

Proof. We define
Ery= {u(l)v(2) cuv € B(G) and uV e B;,v? € T; withiel,je Ji# j} .

In other words, Ey s is the set of edges of G[V(Fy )] that have ends in separate clumps. Note
that |Er | = cn) ,cr > ey aij and that any given edge uMv? € Er ;is in Fy j, if and only if
o(u) < o(v). Furthermore, it follows from Observation 10 that any vertex in V(F7 j.) is incident

with at most (¢ — ¢/2)n edges in Ey ;.

We classify the vertices of Fy j, as rich or poor, according to the following rule (which does not

depend on o):

| rich if v is incident with at least ¢n/(1000s) edges in Ef, ;s
veV(Frq)is
poor otherwise.

3and, indeed, some trial and error was required in order to arrive at this ‘correct’ choice of capacities,
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We also say that e € Ey ; is rich if at least one end of e is rich and poor otherwise. We write Fyiq,

and Epoor to denote the sets of, respectively, rich and poor edges in Ej ;.

Our strategy is as follows: first, with high probability, we construct a matching in Epoor N E(FT 7o)
of size at least |Epoor|/(cn) — 0.9; then, also with high probability, we construct a matching in
Eiiech N E(F7,5) of size at least |Eyicn|/(cn), ensuring that these two matchings are vertex-disjoint.
If we are successful in both tasks, then the union of these matchings is a matching in F7 j, of size

at least |Er s|/(cn) — 0.9, giving the desired result.

First, we deal with the poor edges. Since the smallest vertex cover of Ep,or contains only poor
vertices, the cardinality of such a cover is at least 1000s|Epoor|/(cn). By Koénig’s theorem Epoor
contains a matching M of size [M| > 1000s|Epoor|/(cn). We say that two distinct edges e, f € M are
related if there exists a vertex u € V(G) such that u(Y is an end of e and u(?) is an end of f, or vice
versa. We greedily construct a subset M’ C M such that |M'| > |M|/3 and M’ does not contain
any pairs of related edges: initially we set M’ = () and consider the edges in M one by one, putting
e € M into M’ if e is not related to any edges already present in M’. The bound |M'| > |M]/3
comes from the fact that any edge of M is related to at most two other edges. Indeed, for every
edge e € M\ M’ there exists an edge in M’ that prevented e from being accepted into M’, while a
single edge in M’ can prevent at most two edges from being accepted, giving |M \ M'| < 2|M’|.

Let & be the event that |M' N E(F; 55)| > |Epoor|/(cn) —0.9. A given edge uMv® € M’ is in
E(Fr,js) if and only if o(u) < o(v), which happens with probability 1/2. Moreover, since M’
does not contain related edges, the events of particular edges of M’ being present in E(Fy j,) are
independent, because they are determined by restrictions of o to mutually disjoint pairs of vertices.
As a result, |M' N E(F ;)| has distribution Binom(|M’|,1/2). An application of a Chernoff’s

bound gives

M’ M
P ‘M’ﬂE(FLJJ)‘ < ‘3’] < exp (_|18|> .

Note that, in particular, [M’|/3 > 1000s|Epoor|/(9cn) > |Epoor|/(cn). If |Epoor| > (162/1000)cn,
then we also have |[M’| > 54s, and hence & holds with probability at least 1 —exp(—3s) > 1—47%/2.
On the other hand, if | Epoor| < (162/1000)cn, then |Epoor|/(cn) < 0.9, which means that &; trivially
holds. In either case,

—S

4
]P)(gl)>1— 5

We now turn our focus to the rich edges. First, suppose that Fy;c, # 0. Since any vertex in V (F’ T.J0)
is incident with at most (¢ —0/2)n edges in Ey j, there are at least |Eycn|/(cn —0n/2) rich vertices.
Let £ = [|Eyicn|/(cn — dn/2)] and let R be a set of ¢ rich vertices. We say that a vertex in R is
ruined if its degree in F7 j, is smaller than §v/Bn. Consider an arbitrary vertex in R that belongs
to the vertex class V(1| that is, a vertex of the form v() € R with v € V(G). Let uy,...,uq be the

vertices in V(G) such that ugz)’ .. .,u((f) are adjacent to v(!) via edges in Er,;. Since vM s rich,
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d > ¢n/(1000s). Note that v(1) is ruined if and only if v appears in one of the final [§1/Bn] positions
of the order that o induces on {v,uy,...,uq}. Since v is equally likely to be in any position of this

order, we have

.. 0v/PBn+1 2000s0 0

Plo® is ruined < CTL/(\{OBOOS) 1 < c \/B < FESSpE

where the latter inequality comes from the assumption that 8 < ¢pin. The same bound holds for
those vertices in R that are in the vertex class V(2. Hence, the expected number of ruined vertices
in R is at most 47°71§¢/c. Markov’s inequality gives

—S

o
P [R has at least 2—6 ruined vertices| < 5
c

Let & be the event that at least |FEycn|/(cn) vertices in R are not ruined. If Eyq, = 0, then &
trivially holds. Otherwise, as we have just seen, with probability greater than 1 —47%/2, there are
at least (1 — d/(2c))¢ vertices in R that are not ruined. Since ¢ > |Eyien|/(cn — 0n/2), we have
P(&y) > 1 —475/2.

At this point we have established that P(&; N &) > 1 — 4%, We will finish the proof of the
claim by assuming that &1,&> both occur and constructing a matching in Fj j, of size at least
| Epoor|/(cn) + | Exicn|/(en) — 0.9. From &; we get a matching My C Epoor N E(ET,55) of size |My| >
| Epoor|/(cn) —0.9. Furthermore, since & occurs, there exist m = [|Eyicn|/(cn)] distinct rich vertices
V1. .., Um € V(F7 o) of degree at least d/Bn in Fr .. Note that vy,..., v, & V(My) because the

edges in My are poor.

We now construct an eventually terminating sequence of matchings My C M; C --- in Fy j,, where
M,y is obtained by adding to M; a single edge incident with v;11. Suppose that we have just
constructed M; for some i > 0. If |M;| > |Epoor|/(cn) + |Erien|/(cn) — 0.9, then we stop. If not,
then we have i < m —1, because |M;| = |Mp|+1. Since v;1; has at least §v/Bn neighbours in Fy j,
we can pick one, say u;11, that is not contained in V/(M;) U {vi12,..., vy} (here we use the bound
\V(M;)| +m < 3|Eq j|/(en) +1 < (9rB/c)n + 1 < §y/Bn, which is a consequence of Observation 9
and the assumption that 5 < §). The new matching M; is defined as M; U{v;11u;41}. We remark
that our construction ensures that at each stage v;4+1 is not contained in V' (M;), and so the process

keeps running until we obtain a matching of a desired size. Claim 14 is proved. O

Claim 15. There exists o for which the capacity of every cut of G, is at least Yoy Z‘;:l ai; —0.9.

Proof. Let o be a random ordering, chosen uniformly at random. For any I,J C [s], let &1 5 be
jeg Gij — 0.9. We know

from the previous claim that P(€r,y) > 1 —47° for any I, J. Since there are 4° choices for I, J, all

the event that F7 j, has no vertex cover of cardinality less than ), ; >"

events &7 occur simultaneously with positive probability.
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Suppose that &,y occurs for every I, J C [s] and let C be a cut of G,. Then &r,7 holds in particular
for the choice I = {i € [s] : b; € C},J = {j € [s] : t; & C}. Since C disconnects ¢ from p, it in
particular intersects all paths from p to ¢ that visit (U;c; Bi) U (Uje; Ti) = V(F1,4,0), and hence
CNV(Fr,50) is a vertex cover of Fy j,. Therefore,

capacity (C) = Z capacity (b;) + Z capacity(t;) + |C NV (F7 10)|

igl i
2> D e+ > e +) Y ai—09
il g i jgd iel jeJ

> Z Z ai; — 0.9,
v g
where the first inequality follows from the assumption that &7 ; occurs. 0

We fix one instance of o for which the capacity of a minimum cut of G, is at least 222 @i —0.9.
The Max-Flow Min-Cut Theorem produces a flow f on G, with value(f) > > 2_; aij —0.9. This
flow induces a fractional matching in G,, as the capacity of vertices in G, was set to 1. Abusing

the notation slightly, we denote this fractional matching also by f.

Claim 16. The fractional matching f is 0.9-balancing.

Proof. It is clear from the way the directed graph G, was set up that, for every i € [r], f(B;) does
not exceed the capacity of b; in G,. That is, Zj a;j — f(B;) > 0. Therefore,

ZZ@U—O.Q < value(f) = f(By)+---+ f(B,) < Zzaz‘j,

from which we deduce that
0 < Z Z A5 — f(BZ) < 0.9.
% J

Similarly, we have ), a;; — f(1}) > 0 for all j and
0<y (Z aij — f(Tj)> <0.9.
j i

At this point it is important to remember that for all distinct ¢, j we have a;; cn = eq(B;, Tj). Also,

a;; = 0. Since G is cn-regular, for each k € [s] we have |Bg|en — |Tk|en = Do) kjen — Yo, ag cn,
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which can be rearranged to give

imb(f, k) = | [ Y ar; — F(Br) | — | D an — f(Tk)
i )

< max Zakj — f(Byg), Zaik — f(T})
j 7

Therefore,

Zimb(f, k) < max Z Zak’j — f(Byg) ,Z Zaik — f(Ty) <0.9,
k k 7

k J

as claimed. O

Step 2: Conwverting the almost balancing fractional matching to a balancing matching.

Let w be any fractional matching in G,. We say that a vertex v € V(G,) is open if w(v) € (0,1)
and closed if w(v) € {0,1}. Similarly, we say that an edge e € E(G,) is open if w(e) € (0,1) and
closed if w(e) € {0,1}.

We know that G, has a 0.9-balancing fractional matching, namely, f. Let f* be a 0.9-balancing

fractional matching in G, that minimises the total number of open vertices and open edges.

Claim 17. The fractional matching f* is 0-balancing and has integer weights.

Proof. It suffices to show that f* has no open edges. Indeed, this would imply that f* has no
open vertices, and so its imbalance is a whole number. However, by definition, imb(f*) < 0.9, and

so imb(f*) = 0, as required.

We assume for contradiction that f* has at least one open edge. Let Eopen and Vopen stand for
the sets of, respectively, open edges and open vertices of f*. There may be closed vertices that
are incident with open edges; we call such vertices full and denote their set by Vgy. Clearly, full
vertices have weight 1 and are incident with at least two open edges. We will now add new edges,
which we call fake, to G,. For every i € [s], we add a path spanning the open vertices contained in
A;. In particular, if for some i there is at most one open vertex in A;, then we do not create any

fake edges in the clump A;. Let Egye stand for the set of fake edges that were added to G-

We create an auxiliary graph H with vertices Vopen U Vi and edges Egpen U Efake. First, suppose
that H contains a cycle C. Since Fgye is a union of vertex-disjoint paths, C' must contain at least
one open edge. Fix a direction for C. For e an open edge in C, we say that e is upward if it is

directed from V) to V2. If e is directed from V2 to V(1) then we say that e is downward.
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Let A > 0 be a small positive number and let f} be the fractional matching in G, obtained from f*
by adding A to the weight of every upward open edge and subtracting A from the weight of every
downward open edge. We remark that f} is a valid fractional matching, provided that X is small
enough so that the modified weights of open edges and open vertices remain in the interval [0, 1];
crucially, each full vertex in C is incident with precisely one upward and one downward open edge, so
its weight remains 1. Moreover, we claim that f} is 0.9-balancing. In fact, for every ¢ € [s] we have
imb(f¥,4) = imb(f*,4). This can be seen by observing that every open edge in C that enters the
clump B; UT; either contributes an additional A term to fy(75;) (if it is upward) or an additional —\
term to fy(B;) (if it is downward) and so its added contribution to f(7;) — fX(B;) is A\. However,
the next open edge along C leaves B; U T; and, by similar reasoning, its added contribution to
IX(T;) — fX(B;) is —=A. The contributions cancel out. We conclude that imb(f,4) = imb(f*,1%),
as claimed. As A\ increases, eventually a point is reached where some open vertex or some open
edge becomes closed. At that exact moment f5 has fewer open vertices and/or open edges than f*,

contradicting the minimality of f*. Therefore, H does not have cycles.

Since H is a non-empty forest, there exists a path P joining two distinct vertices of degree 1 in
H, say z and y. Suppose that = € A;, y € flj. Since x and y have degree 1 in H, they are
not full and they are not incident with fake edges, which means that x and y are the unique
open vertices in their respective clumps A4; and flj. In particular, ¢ # j and P contains an open
edge. Also, precisely one of f*(B;) and f*(T;) is an integer, and so imb(f*,i) > 0. Similarly,
imb(f*,j) > 0. Like in the case where H had a cycle, we fix a direction for P and partition the
open edges in P into upward and downward ones, depending on whether they go from V) to
V@ or the other way around. Let A\ € R be a number with small absolute value and define I
in the same way as previously, that is, by giving the upward edges of P additional weight A\ and
downward edges —\. With the same reasoning as before, f} is a valid fractional matching provided
that A is small. Moreover, for every m € [s] \ {7,j} we have imb(f}, m) = imb(f*,m), also by an
identical argument. However, the added contributions to imb(f5,7) and imb(f,j) are non-zero.
In fact, having the additional £A term either decreases or further increases the imbalance of the
clumps A;, A; by exactly |A\|. More precisely, there exist constants s;,s; € {—1,1} such that, for
small |A|, imb(f},4) = imb(f*,4) + s;A and imb(fy, j) = imb(f*,j) + s;A. Therefore, for small |A[,
imb(fY) = imb(f*) + (s; + sj)A. Depending on the sign of s; + s; we choose A to be positive or
negative, ensuring that imb(fy) < imb(f*) < 0.9, which means that f¥ is 0.9-balancing. Finally,
we keep increasing the magnitude of A until some open vertex or open edge becomes closed. (Here
it is important to note that the signs s;,s; cannot change before at least one open vertex become
closed, at which time we stop our process.) This contradicts the minimality of f*. Therefore, the

auxiliary graph H is empty, and the claim follows. O

Since all weights of f* are 0 or 1, f* gives rise to a matching M in GG,. Furthermore, since f* is

0-balancing, M balances Ay, ..., As. Lemma 11 follows. ]
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5.3 Constructing the balancing paths in G

In this section we prove Lemma 5. Before turning to the proof, we mention the following proposition.
A similar result can be deduced, for example, from Lemma 5.4 in [5]. We include a short proof, for

completeness, in Appendix A.

Proposition 18. Let ¢ € (0,1) and let H be a graph that has no (-sparse cuts. Then, for any
R C V(H) with |R| < (¢/6)|H| and any distinct vertices x,y € V(H) \ R, there exists a path in
H\ R of length at most 3/C, with ends = and y.

Proof of Lemma 5. The rough idea is as follows. We pull back a balancing matching M of G,
as given by Lemma 11, to G. The resulting subgraph Hy C G has maximum degree at most 2,
is acyclic and ‘overbalances’ every [-almost-bipartite cluster A; (the reason for this is that every
[-almost-bipartite A; gives rise to two clumps of G, both of which are balanced by M; therefore, A;
gets balanced ‘twice’). Since M is small, Hy is also small, but it may have many components and, as
a result, many leaves. To obtain property (c) in Lemma 5, in clusters with too many such vertices,
we connect pairs of them by short paths. It turns out that in doing so we also fix the overbalancing
issue. Therefore, we get properties (c¢) and (e) simultaneously. The remaining three properties are

mainly technicalities. We use Proposition 18 to find the desired short paths in clusters.

Fix an ordering o of V(G) such that G, contains a matching M as given by Lemma 11; that is, M
covers at most |M| < (£¢/4)n vertices and, for each i € [r], it satisfies |T; \ V(M)| = |B; \ V(M)].
Let Hy be the subgraph of G spanned by edges uv € E(G) for which «(Mv® or vMu) is in M.
By construction of Gy, it is impossible for both «(Mv®? and vMu® to be in M, and therefore
e(Hp) = e(M). Trivially, Hy has no isolated vertices. Moreover, Hy does not have cycles. Indeed,
suppose to the contrary that Hy contains a cycle vy ...v,. We may assume that vgl)vém isin M. Since
M is a matching, vf)vél) ¢ M, and hence vgl)vf(f) € M. Similarly, Uél)vf), . ,vé?1v§2),v§1)11§2) are

edges in M. However, this implies that o(v;) < --- < o(v) < o(v1), giving a contradiction.

We now show that the number of leaves of Hy in A; is even for every i € [r|. For any subgraph F' C G
and any set U C V(G) we define dp(U) = >, iy dr(v). We claim that dp,(A;) is even for every
i € [r]. Indeed, if A; is y-far-from-bipartite, then dM(AZ(-I)) =dym (AZQ)), as M balances the balanced
bipartite graph with bipartition {Al(.l), Al@)}, thus implying that dg,(4;) = dM(Agl)) + dM(AEQ)) =
2dM(A§1) ). Now suppose that A; is [-almost-bipartite and denote its prescribed bipartition by
{X;,Y;}. Since M balances the two bipartite graphs with bipartitions {Xi(l), }Q(Z)} and {Yi(l),Xi(Z)},
we have dp,(X;) — dp,(Y:) = 2(|X;i| — |Yi|). Either way, we see that dp,(A;) is even. Since all non-

leaves in Hy have degree 2, we find that the number of leaves of Hy in A; is even, as desired.

We proceed by extending Hy to linear forests Hy C Hy; C --- C H,, (for some m > 0) where, for
each j € [m], H; is obtained from H;_; by adding a short path contained in some cluster A;, joining

two leaves of H;_1. We stop when we reach a linear forest H,, that satisfies property (c).
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Here is a more precise description of this process. Suppose that we have constructed linear forests
Hy C Hy C --- C Hj_1 where H; contains an even number of leaves in A; for every ¢t € {0,...,j—1}
and every ¢ € [r]. Suppose that H;_; does not satisfy property (c). For convenience, we write
L={veV(Hj_1):visaleaf of Hj_1}. We pick ¢ € [r] such that |4; N L| # 0,2, so |[A;NL| > 4.
Since every component of H;_; is a path (and so contains two leaves), there exist vertices z,y € A;NL
that are in different components of H;_;. By Proposition 18, G[A;] contains a path P; of length
at most 3/¢, with ends x,y and whose vertex set does not intersect V(H;_1) \ {z,y}. We set
H; = H;_1 UP; and note that our way of choosing x,y ensures that H; is a linear forest. Moreover,
since the set of leaves of H is the set of leaves of H;_; minus {z, y}, the property that every cluster
contains an even number of leaves still holds. This also implies that eventually we will find a linear

forest H,, that satisfies property (c).

To justify the application of Proposition 18 in the previous paragraph, we note that, by our inductive
construction, |H;_1| < |Ho| + (3/¢)(j — 1). Moreover, since H;_; has 2(j — 1) fewer leaves than
Hy, we have |Hg| —2(j — 1) > 0, which implies that j — 1 < |Hp|/2, and therefore |H;_;| <
[Hol(3/(2¢) +1) < (§¢/4)(2/¢)n? < (¢/6)n, as needed.

It is clear that H,, satisfies properties (b) and (c). Also, by the same argument as above, |H,,| <
(&¢/4)(2/C)n < (£/2)n. We now focus on modifying H,, so that it also satisfies properties (d) and (e).
Let i € [r] be the index of an arbitrary S-almost-bipartite cluster A; and denote the prescribed bi-
partition of A; by {X;,Y;}. First, suppose that X; and Y; have the same number ¢ of leaves of H,,,
S0t € {0,1}. Then |V (Hyn) 0 Xi| — [V (Hon) 0Vl = (dip,, (X:) +6)/2 — (d, (V) +1)/2 = |Xi] — Vi),
as dp, (X;) — du, (Vi) = 2(|X;| — |Yi]) (since M balances the two clumps corresponding to A;) and
dp,(X;) —dg,(Y;) is the same for all j € [m], because for each j € [m], the path P; that is added to
Hj_ to form Hj is contained in one of the S-almost-bipartite clusters A4;, and thus dp, (X;) = dp, (Y;)
for each i € [r] such that A; is S-almost-bipartite. It follows that properties (d) and (e) hold in this
case. So, without loss of generality, we assume that both leaves of H,, are in X; and denote them
by x,2’. Since x has at least (6/2)n > |H,,| neighbours in Y;, it has a neighbour y € Y; \ V(H,,).
We define e; = xy, with the intention of adding this edge to H,, to obtain the desired linear forest
H. Clearly, dg,, (e (Xi) — du,,uiey (Yi) = dn,,, (X;) — dg,, (Yi), 2’ is the unique leaf of Hy, U {e;}
in X; and y is the unique such vertex in Y;. The same calculation as in the previous case gives
[V (Ho U{e}) 0 X0l = [V(Hy U{er}) N Y] = 1] = Vil

The final definition of H is as follows: it is the subgraph of G spanned by the edges E(Hy,) U {e; :
i € [r] is such that e; is defined}. It follows from the construction of H,, and the e;’s that H is a
linear forest satisfying properties (b)-(e). Furthermore, |H| < |H,,| + 7 < ({/2)n 4+ r < &n, and so
property (a) also holds. This completes the proof of Lemma 5. O
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6 Concluding remarks

In this paper we prove that the vertices of every d-regular n-vertex graph, where d > cn and
n > no(c), can be partitioned into at most [n/(d 4+ 1)] cycles. It is natural to wonder whether this
lower bound on d can be lowered. We believe that, with our methods, one could prove this result
for d > cn/v/loglogn. Indeed, the improvement comes from an improved version of Theorem 6,
proved by Lo and Patel [25], which allows for the robust out-expander to have minimum semi-degree
n'~1/13 as well as an improved version of Lemma 3 (which we do not present here, but the proof
should be similar). Interestingly, the main obstruction to further lowering the lower bound on the
degree appears to be Lemma 3.4 In particular, we think that if Lemma 3 could be strengthened to
allow for a degree as small as n' ¢, for a constant € > 0, then the main result for regular graphs
with degree at least n'~9, for a constant § > 0, would follow. A solution of this problem for much

smaller d, say d = y/n, seems to be out of reach.

It would also be interesting to determine if a version of our results holds for regular directed graphs
or for regular oriented graphs. Another possible direction is to consider bipartite versions of the
Bollobas and Héaggkvist conjecture (see [2, 12]). Héggkvist [9] conjectured that every bipartite
d-regular 2-connected bipartite graph on n vertices, where d > n/6, is Hamiltonian. This was
essentially verified by Jackson and Li [13] who proved this statement for d > (n + 38)/6. Recently,
Li [24] conjectured that every d-regular 3-connected bipartite graph on n vertices, with d > n/8, is

Hamiltonian. We suspect that our methods could be useful for this problem.
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A Proof of Proposition 18

Proof of Proposition 18. Fix R C V(H) with |R| < ({/6)|H| and let z,y € V(H)\ R be distinct
vertices. We first observe that H \ R is connected. Indeed, if V(H)\ R admits a partition into non-
empty sets X,Y with no X —-Y edges, then the number of X — (Y U R) edges is at most | X||R|. We
may assume that |Y| > | X|, and hence that |Y UR| > |H|/2, which implies that |R| < ({/3)|Y UR].
However, this contradicts the assumption that the number of X —(Y U R) edges in H is at least
CIX|[Y UR]

Now, we partition the vertices of H \ R into sets according to their distance to x. That is, for all

1> 0 we set
L; ={v € V(H)\ R : the shortest path from x to v in H \ R has i edges}

Since H \ R is finite and connected, there exists a maximum value a for which L, is non-empty and,
for that value, Lo, ..., L, partition V(H) \ R.

Our aim is to show that a < 3/(, so suppose that this is not the case. In particular, we have a > 3.
Let j be an index in the set [a — 1] for which |L;| is minimal. We partition V(H) \ R into two sets
X,Y, defined by

ifj>g, then X = LoU---ULjand Y = Lj1U---UL,g,
ifj<g,then X=L;U---UL;andY = LoU---UL;_1.
In either case X, Y are non-empty sets such that there are no edges between X\ L; and Y. Moreover,

X contains at least a/2 of the sets Lq,...,L,—1, and so |X| > |Lj|la/2. Therefore, the number of
X —Y edges is at most |L;||Y| < (2/a)|X||Y].

We attach R to the larger one of the sets X, Y. For the following calculation we may assume that
| X| > |Y|, in which case we consider the partition of V(H) into sets XUR,Y . Since |[XUR| > |H|/2
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and |R| < ((/6)|H| < (¢/3)|XUR|, the number of R—Y edges is at most ({/3)| XUR||Y|. Hence, the
number of (X U R)—Y edges does not exceed (2/a)| X||Y|+({/3)|XUR||Y| < (2/a+(/3)|XUR||Y].
Therefore, we have 2/a + (/3 > (, which implies that a < 3/(, as desired. O

31



	Introduction
	Overview
	Outline of the proof
	Key lemmas
	Proof of the main result
	Proof of the bipartite analogue
	Structure of the paper

	Partitioning the graph into well-behaved clusters
	Hamiltonicity of clusters
	Balancing the bipartite clusters
	The setup
	Balancing G
	Constructing the balancing paths in G

	Concluding remarks
	Proof of prop:short-connection

