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Abstract

In this paper, we will explore the history of three-term arithmetic progressions. In particular,
we will explore the improvements to the bounds on the density of subsets not containing non-
trivial three-term arithmetic progressions. We start by looking at the first bound given by
Bourgain. Then, we will see an improvement by Bloom. We finish by looking at a very recent
breakthrough by Kelley and Meka, achieving the bound

4] < N exp(=Q((log N)'/')).
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1 Introduction

A three term arithmetic progression is a sequence of elements of the form a,a + d,a + 2d. If d # 0,
we call this non-trivial. In this project, we will be looking at the history of results of the density of
subsets of [N] = {1,..., N} which do not contain any non-trivial three-term arithmetic progressions
(3APs). We will focus on improving the upper bound of the density of these sets. For the lower
bound, Behrend, in 1946 [2], proved the following theorem, which is essentially still the best known
lower bound.

Theorem 1.1. Let A be a subset of [N]. Assume that A contains no non-trivial three-term arith-

metic progressions. Then
|A] > N exp(—cy/log N).

The first result for the upper bound of this density was given by Roth [9], and states:

Theorem 1.2 (Roth). Let A be a subset of [N]. Assume that A contains no non-trivial three-term
arithmetic progressions. Then

|A| = o(N).

The specific theorem we will prove, which in turn proves Roth’s theorem, was proved by Bourgain
in 1999 [4].

Theorem 1.3 (Bourgain). Consider a subset A of [N]. If A has no non-trivial three-term arithmetic
progressions, then we have

We shall outline the proof of this theorem, by first diverging by looking at subsets of . Then,
we will see how we can adapt this proof to the above theorem.
We will next look at an improvement to Roth’s theorem, by Thomas Bloom [3], which states

Theorem 1.4. Let A be a subset of [N]. Assume that A contains no non-trivial three-term arith-

metic progressions. Then

(loglog N)*
log N

We finish by discussing a very recent breakthrough in the bound, by Kelley and Meka [8], who
proved the following theorem.

Al < N.

Theorem 1.5. Let A be a subset of [N]. Assume that A contains no non-trivial three-term arith-

metic progressions. Then
|A] < N exp(—Q((log N)'/M)).

We will explore the new ideas of Kelley and Meka through the lens of the summary by Bloom
and Sisask [5].

2 Background Information

We start by defining many of the tools we will use to prove our bounds on the density of any set
which does not contain non-trivial 3APs. We will define the Fourier transform. Next, we define
our convolutions, and see how we can map our statement of the number of three-term arithmetic
progressions into a statement of a Fourier transform of convolutions. Lastly, we will define Bohr
sets, which are analogous to subspaces of a vector space.



2.1 The Fourier Transform

We consider a general group G, and a function f : G — C. We want to define a function with
respect to f which takes as its argument an element of

G ={y:G — C*|yis a continuous homomorphism},

the dual group of G, and outputs a value in C.

Definition 2.1. [4, p.22] Consider a group G. Let f : G — C. The Fourier transform of f is the
function f : G — C with

Fo) = (fn) = flapy(@) =) f@)y(-a).

zeG

Let us look at some simple properties of the Fourier transform. Any group G has, as an element
of its dual group, the identity 1 which sends every element to 1. Given an arbitrary function
f: G — C, what is its Fourier transform evaluated at 17

fO=1n=> f)l@) =) fl)

zeG

So it is the sum of all the values of f.
Now if f itself is a homomorphism, we can take its Fourier transform and evaluate it at itself:

F =0 =Y fa)f@) = If)?

zeG

and hence (f, f) = ||f|[3.
Another very important property of Fourier transforms is Parseval’s identity. We will use this

lemma many times throughout this paper. The proof is just a simple application of definitions, and
can be found in [4, p.22].

Lemma 2.1 (Parseval’s identity). Given any f,g: G — C, we have

(f,9) = (f,3)-

Specifically, ||f||2 = ||f]]2 for any function f : g — C.

2.2 Convolutions

Now given two functions f,g: G — C, we want to define two types of convolution.
Definition 2.2. [4, p.4] The convolution of functions f and g is the function f x g : G — C defined
by

Frga)=> fWex—y) = Y fW)g(2)

yeG y+z=x

Definition 2.3. [4, p.4] The difference convolution of functions f and g is the function fog: G — C
defined by

foglw) = fle+29G) = > fWa(2)

zeG y—z=x



Now we can combine our two convolutions with our Fourier transform, to get the following helpful
proposition.

Proposition 2.1. [4, p.22] (Diagonalising convolution). Given functions f,g: G — C,

frxg=1F-4,
and —_— A —
fog=Ff-g

2.3 Bohr sets

When we consider the group G = FJ, we can consider subspaces of F. This has the nice property
that these subspaces are closed under addition and multiplication by a factor. We would like to be
able to generalise this to any group. To do this, we define Bohr sets.

Definition 2.4. [4, p.28] Let I' € G and let p € [0,2]. The Bohr set with frequency set T' and width
p is defined as the set

B=Bohr(T',p)={z e G:|1—v)| <pVyeT}.
Now take A > 0. We write B) for the set Bohr(T", Ap).

The next lemma gives us some useful bounds on Bohr sets. A proof of this lemma can be found
in [4, pp.30-31]. It is a simple argument using the Dirichlet box principle.

Lemma 2.2. Let B = Bohr(T', p) with p € (0,1]. Then
1Bl = (p/8)"N.
We also have that
|Byy2| = 87¢|B|.

So in particular, for any 0 < § < 1,
|Bs| = (5/2)*"|B].

Now in general, these sets will not be closed under addition. But a certain type of Bohr set,
called a regular Bohr set, can be considered very close to being closed under addition.

Definition 2.5. [4, p.32] Consider a Bohr set B. We call B regular if, for all 0 < § < 1/200d, we
have
|B1+s| < (14 200d0)|B],

and
|B1—s| > (1 —200d0)|B].

Now not every Bohr set is regular. But we can make every Bohr set regular by scaling by some
appropriate factor, as the next lemma tells us. A proof of this lemma can be found in [4, p.32].

Lemma 2.3 (Bourgain’s regularity lemma). Given any Bohr set B, there is a A € [1/2, 1] such that
B, is regular.

Now the next lemma shows us how we will use regularity of Bohr sets, applied to the Fourier
transform of a function. The idea is that, if we apply a convolution by a small subset, then we can
obtain the original Fourier transform with small error.



Lemma 2.4. [4, p.34] Let B be a regular Bohr set of rank d. Let B’ C Bs with 0 < § < 1/200d. If
f is any function supported on B with |f(z)| < M for all x € B, then

(f:1p*1p) = (f,1p)|B'| + O(6dM|B|| B|).
So in particular, if A C B, and if we take f = 14, then
(14,1 * 1p:) = |A[|B'| + O(ad| B||B'Y).

2.4 e-control and the spectrum

Definition 2.6. [3, p.646] Let B be a subset of G, and let T' be a subset of the dual group G. Then,
for € € [0, 2], B has e-control of T if
[1—7(@)| <e

for allzx € B and v €T

Now our overall strategy for each of our proofs is to show that there are few points at which the
Fourier transform of the function is large. So we define the following set

Definition 2.7. [3, p.646] Given a function f : G — C, and a n € [0, 1], we define the spectrum as
the set

Ay(f) ={ve@:1fM) = nllflh}-

We also define the level spectrum as the set

Ay(f) ={v € Genllflly < If ()] < 20l fl]1}-

2.5 Additive energy

We next define a function which takes a function w : G — R, an integer m > 1, and a set I' C G.
Then it outputs, weighted by the function w, the size of the set

{71a777n771377;n€é|(71++7m)7(71++7;n)er}

Definition 2.8. The additive energy of a subset I' C G, function w : G — R, and integer m > 1
is the sum

Eam(@ )= 3, wn). w2 %=

’ ’
Y1seosYms Y159V m

The restricted energy of I' C G and integers t1,t2 > 1 is the sum

B, (w,T) = > I «r | > +=> ],
Are().hae () 7EMNA vEA e
AllﬂAzzm :
é

ti) symbolises the set of all subsets of G of size t;.

where (

In particular, we want to use the additive energy when w is actually the characteristic function
of some set S.

We want to create a bound on the additive energy with respect to the restricted energy. The
following lemma is just a combinatorial argument, using linearity of expectation and the Cauchy-
Schwarz inequality. A full proof can be found in [3, pp.647-648].



Lemma 2.5. Given any function w : G — R, integer m > 1, and subset I' C G, we have the
inequality

m m [eoll "~
Ean(w,1) 27 miPl™ 3 o S sup @, D).
0<t1,t2<m ’ ’

Another helpful lemma bounds the additive energy from below. A proof of this lemma can be
found in [3].

Lemma 2.6. Let e € [0,1]. Consider asubset B C G andn e [0,1]. Let f : B— Candw: G — R,.
Suppose that f and w are supported on A, (f). Then, for all integers m > 1, we have

. f 2m
E2m(w7AE(B)) 2 ||WH§ ((n|f|2m/(l|m—|i)Bl/2m €]

2.6 Covering and dimension

We now need to define coverings and dimensions of subsets of . We define the notation (A) as the

set
<A> = {Z A | €\ € {—1,0,1}} ,

AEA
with (@) = {0}.
Definition 2.9. A subset S C G is d-covered by some subset I' C G if there exists A C G with

maximum size d such that
Scl—T'+(A).

Definition 2.10. A subset A C G is I-dissociated if, for any k > 1 and A € G, there is not more
than 2% pairs of disjoint subsets A;, Ay C A such that |A; U Ag| =k and

Zv— Z v el + A\

YEAL v EA2

Definition 2.11. A subset S C G has I'-dimension d if d is the size of the largest I'-dissociated
subset of S.

Finally, to help with notation, we denote by L(«) the value 2 + [log(1/a)].

3 Roth’s theorem

3.1 Roth’s theorem in ]F;l

We will first prove an upper bound for the size of the largest subset of F} with no non-trivial
three-term arithmetic progressions. The ideas in the proof can then be adapted to prove Bourgain’s
Theorem.

First we note what happens if p = 2. In this case, the progression x,z + d, x 4+ 2d just becomes
z,z + d,z. Now this sequence exists for any subset A C F% provided |A| > 1. So we only consider
primes p > 2. So let us fix this prime p > 3.



3.1.1 Outline of proof

Assume we have a subset A C I}, and we only know its size. So its density is a = |A]/p". Now
we want to be able to conclude that, as long as « is sufficiently large, A must contain a 3AP. Two

important cases can be first considered.

1. If A has lots of structure, then A contains many 3APs. For instance, if A is a subspace, then,
for any two distinct elements x and x + d, = + 2d must also appear in A.

2. Now if A4 is a random set, we expect the number of 3APs to be a3p?”. The number of trivial
3APs is |[A| = ap®, so if ap?™ > ap”, ie a > p~ ™2, we are certain to have a non-trivial
3AP.

We now need to introduce the idea of a density increment. Suppose we have a subset A of Fy,
and suppose that A has no non-trivial 3APs. Our aim is to show that its density a = |A|/p" is
small. Now we either have that

1. Ais random, so A has > a3p?" many 3APs, and so

—n/2
’

(a) Ais very small, ie. a < p or

(b) A contains non-trivial 3APs,
or,

2. A is not evenly distributed across different cosets, so we can find a large coset of a subspace
w < IFZ where the density of A increases.

But now we should look at A intersected with this coset. We can translate this coset so that
it becomes a subspace. As 3APs are translation invariant, the translation of A also contains no
non-trivial 3APs. Now we have obtained a large subset of W without 3APs. So we now have a
vector space and a set containing no non-trivial 3APs. So we are back to our original scenario.

We now apply the density increment again. We cannot continue to fall into the second case
forever, as the density increases by some factor each time, and the density can trivially never exceed
1. So at some point, we must conclude that the density of A is small, or A contains non-trivial
three-term arithmetic progressions.

3.1.2 Meshulam
We want to prove the following theorem of Meshulam.
Theorem 3.1 (Meshulam). If A C F} has no non-trivial 3APs, then we have
|A| < p" /.
Note that, if we write N = p™ for the size of the group, then the upper bound is
|A] < N/log N.

We use the following lemma to prove this theorem. This gives us the density increment argument
we are looking for. A proof of this lemma can be found in [4, pp.25-28].

Lemma 3.1. Consider an n-dimensional vector space V over F,, , and let A C V be a subset of
density o = |A|/p™. Suppose that the only 3APs in A are trivial. Then either



L A < (2p")12 or
2. there exists a subspace V/ <V which has codimension 1, and there is an x € V such that
A—x)NnV’

A=A 41

Let us see how we can apply this lemma to prove Meshulam’s theorem.

of Meshulam’s theorem. Consider a set A € F} of density a > 0, which has no non-trivial 3APs.

We want to show that o < p™/n. We can assume that o > p~"/%, otherwise we are done. Now we

only need to prove the bound for large n, as for small n we can use the bound |A| < p", and fix the
constant in |A| <, p"™/n.

Now we let k£ > 0 be the maximal value for which the following holds: There exists sets Ay, ..., Ag,
and vector spaces Vj, ..., Vi such that

L. Ag=A, Vo =TFp;

For all i, A; C V;;

For all i, A; has no non-trivial 3APs;

Let a; = |A;]/|Vi|. Then a1 > (14 o /4)ay;
For all i, |V;11] > |V;|/p.

Now we want to explore how big k can be. By induction, we have that

DA o B

a; > (1+a/4)a> (1 +ia/4)a.

Now the bound of «; after [4/«] steps is a; > 2. Then after another [4/2a] the bound is
«; > 4a. This process continues, and so after

> [4/2'a]

steps, we have that the density a; > 2"a. Now the density must be less than or equal to 1. So this
forces r < log(1/a). Hence,

O(log(1/a)) oo
k< ) [4/2a] <> (4/2'a) + Olog(1/a)) < a™™.
i=0 i=0
Hence, we can in particular assume that k& < n/10, otherwise o < 1/n as required.
Now we want to apply the lemma to Ay C V. We have chosen k to be maximal, so the second
case of the lemma cannot hold - if it did hold, then we can pick V41 =V’ and Ag11 = A — z, and
so k would not be maximal. So we must have that the first case holds, so

Therefore, we have
p Mt <a<ap < VTV

9n./10

Now, by induction, we know that |Vi| > p" =% > p , and so

—n/4 —9n /20

p <p

Now this is a contradiction for large enough n. O



3.2 Bourgain’s bound

In the previous subsection, we have continually used the property that ¥} is a vector space, and

so contains many subspaces. In particular, we use that there is a large enough subspace such that

~v(z) = 1. We would like to prove a bound on Z/NZ, where this statement no longer holds. This is

where we introduce Bohr sets. These are analogous to subspaces for more general abelian groups.
We would now like to prove the following theorem.

Theorem 3.2 (Bourgain). Consider a subset A of {1,...,N}. If A has no non-trivial three-term
arithmetic progressions, then we have

loglog N 1/2
A e N.
| |<<( log N )

Immediately we have a problem - {1,..., N} is not a group, whereas all our theory has been
developed with finite abelian groups. Therefore, we would actually like to prove the following
theorem:

Theorem 3.3. Assume G is a finite abelian group. Let G have odd order N. Let A be a subset of
G. If A has no non-trivial three-term arithmetic progressions, then we have

loglog N\ /2
Og0g> N

A
| |<<< log N

We can now very easily deduce Theorem 3.2 from Theorem 3.3, by passing to a larger group of
order 2N — 1.

Proof of Theorem 3.2 from Theorem 3.3. Let M = 2N — 1. Let A be a subset of {1,..., N} with
no non-trivial three-term arithmetic progressions. Now suppose there exists x,y, z € A distinct such
that x +y =2z mod N. So, modulo M, A did contain a non-trivial 3AP. Now, by definition of A,
xz,y and z lie between 1 and N. So hence,

—M< 2N+2<x+y—22<2N-2< M.

Soif x +y — 22 =0 mod M, then x + y — 2z = 0. But this contradicts our assumption that A
contains no non-trivial 3APs. So we conclude that, viewing A as a subset of Z/MZ, A still contains
no non-trivial three-term arithmetic progressions. Hence, we can apply Theorem 3.3 to conclude

log log M 1/2 loglog N 1/2
A —_— M —_— N.
| |<<( log M ) < log N
O

So we are just left to prove Theorem 3.3. To do this, we use a density increment lemma. The
idea is that this lemma will incrementally either give us the bound on the size of A that we desire,
or will give us a Bohr set such that A has larger relative density.

Lemma 3.2. Assume we have a regular Bohr set B, with rank d and width p. Let A be a subset
of B with density . Assume that A has no non-trivial 3APs. Then there exists a constant ¢ > 0
such that

1. either |A| < (d/a)o(d)|B|1/2, or



2. there exists another regular Bohr set B’, which is a subset of B, with rank < d + 1 and width
> p(a/d)°M), and z such that

|(A—z)Nn B

B > (14 ca)a.

Now let us see how this density increment lemma proves Theorem 3.3. Compare this proof to
the proof of Meshulam, Theorem 3.1. Here, we are still defining a maximal sequence of sets, but
instead of having associated vector spaces, we have associated Bohr sets.

Proof of Theorem 3.3. Let A be a subset of a finite abelian group G, with density @ > 0. Assume A
has no non-trivial 3APs. Assume also that a > 1/log N. Otherwise, our claim immediately follows.

We construct a maximal sequence A1, ..., Ax of subsets of G, with associated Bohr sets By ..., By.
Let d; be the rank of B;, and let p; be the width of B;. These subsets must satisfy

1. Ag=A and By =G,s0dy =1 and pg = 1.
2. B; contains A;.
3. A; only has trivial 3APs.

4. Let «; be the density of A; in B;. Let ¢ be the constant from Lemma 3.2. Then
Qit1 = (1 + COéi)Oéi.

5. d; <i+1.

6. pit1 > (a/d;)°Wp;.

Now, just as in the proof of Theorem 3.1, we can conclude that £ > a~!'. So, in particular,

k+1> o' Applying Lemma 3.2 to A, C B, if the second case held, then we would have a
contradiction to the maximality of k. So the first case holds, and hence

| .
g S @S ok < (dif)” B T2 < (1)) 1By 72

Now, as k+ 1 > a~!, we have d; < a~!. Therefore,
pir1 > a®Wpy,
and hence pj, > a9(@) > all™), Now, by using our helpful bounds from Lemma 2.2, we have

Be| > (p/8)%™ N > aP@ N,

By combining these inequalities, we get

1 0 B 12 ¢ g0 N2,
log N

Therefore,
a~?log(1/a) < log N.

10



Now remember that we have made the assumption that « > 1/log N, so we have log(1/a) <
loglog N. Hence,

- log N
loglog N’
and so
loglog N 1/2
< log N > '

O

So now our job becomes proving Lemma 3.2. Note that this lemma is very similar to Lemma
3.1. However, we need to take care when dealing with Bohr sets which have different width.

To prove Lemma 3.2, we need two other lemmas. Firstly, we need a lemma which tells us that,
given a regular Bohr set, we either have a density increment, or we can bound the number of 3APs
in our set from below, if, in the Fourier transform (14 * 14, 12.4), we replace 2 - A with 2 - By, for ¢
small.

Lemma 3.3. Counsider a regular Bohr set B with rank d and width p. Let 0 < cpar/d for some
constant ¢y > 0 sufficiently small such that By is regular. Consider a subset A C B with relative
density o = |A|/|B|. Then we either have

1. a lot of progressions relative to 2 - Bs. In particular,

1
(1a%1a,10.5,) > §a2|B||B5|,
or

2. we have our desired density increment. So, in particular, there exists a regular Bohr set B’
with rank at most d, and width > §%p, and an = € G such that

[((A—z)n B'|
B > (14 1/256)a.

The proof decomposes A into elements with large Fourier coefficients and elements with small
Fourier coefficients. We can conclude that this second set is large, and so there are many elements
of A with small Fourier coefficients. We then use the regularity of Bs to find lots of elements in B
whose Fourier coefficient is small. A full proof of this lemma can be found in [4, pp.37-38].

This lemma is suggesting that we need to work with two different Bohr sets at the same time.
Here we are counting 3APs with two elements from B, and the third element from Bj. So if we are
looking at a subset A C B, we will need to be counting the 3APs where two elements lie in A, and
our third element lies in A N Bs. But we need to make sure that A N Bs contains many elements.
Our second lemma tells us that we can always find a translate of A which is either dense enough in
two narrowed copies of By, or we have a density increment. The proof is just an application of the
definition of regularity, using Lemma 2.4. A full proof can be found in [4, p.39].

Lemma 3.4. Consider a regular Bohr set B with rank d and width p. Consider a subset A C B
with relative density o = |A|/|B|. Let B', B” C Bs for § = coae/d, for some sufficiently small fixed
constant ¢y > 0. Then we either have

1. a large enough density in both B’ and B”. In particular,
[((A—2z)NB'| > (1—2€)a|B'| and |(A—z)NB"| > (1 — 2¢)a|B"|,

or

11



2. a density increment in either B’ or B”. So

|(A—z)NnB'| |[(A—z)NB"|
> .
max( B , B > (146

We are now finally able to explain the proof of Lemma 3.2. This proof considers two retractions
of our Bohr set B. Let us define B(Y) = Bs, and B® = (BMW)s,, with §; = c¢;a?/d, with ¢, cp
sufficiently small such that B1) | B() are regular. Now we can apply Lemma 3.4 with B(") and B
acting as B’ and B”, and with € = ca, with ¢ a small constant which we can later fix. Now if the
second case of Lemma 3.4 holds, we are done as we have our desired density increment. Otherwise,
if case one holds, we can find an = € G such that A; = (A —z)NBW and Ay = (A —z)N B® both
have large enough density. Now we have assumed that A has no non-trivial 3APs, so neither does
Aj or A,. So, in particular,

<1A1 *1a,, 12‘A2> = ‘A2|

Then applying Lemma 3.3, we again conclude that either we have the density increment that we
desire, or we are able to find some character v with large Fourier transform. Now instead of consid-
ering cosets, as in Lemma 3.1, we average over the translates z+ B’ with = € B(?). Using regualarity,
we can bound

(fly,0v+1) > a|As|.

Now we use the fact that, although () is not constant on the translates B’ 4, it is approximately
constant. We deduce that there exists some = € B such that

|A2 n (B/ + .%')I — 042|B/| > aa2|B’\.

So there must exist a constant ¢ > 0 such that

[(Ay — x) N B’

Fd > (14 ca)(1 —2¢e)a.

Choosing € = ca/8 gives us our desired result as As is a subset of a translate of A. A full proof with
technical details can be found in [4, pp.40-42].

4 Bloom’s improvement

Our next challenge is to prove the following statement. This was proved by Thomas Bloom in 2014
3].

Theorem 4.1. Let A be a subset of [N]. Assume that A contains no non-trivial three-term arith-
metic progressions. Then
(loglog N)*

A
4] < log N

N.

4.1 Outline of Bloom’s improvement

The proof of Theorem 4.1 follows a very similar format to the proof of Bourgain. The improvement
comes from forming a stronger density increment. This in turn follows from an improvement in
Chang’s lemma. Chang’s lemma states:

12



Theorem 4.2 (Chang). Let A be a subset of G with density o. Then the spectrum A, (A) is
d-covered, for some d satisfying
d < n ?log(1/a).

To prove Chang’s lemma, and the improvement of the statement, we need to look at the additive
energy of large spectra. We then want to prove a connection between the dimension of a set and its
additive energy. We are considering a set .S C G, and taking as w the characteristic function of this
set. Then we first bound the restricted energy of I" by the I'-dimension of S. We then use Lemma
2.5 which bounds the additive energy by the supremum of a set of restricted energies. This gives
us the relation between the additive energy and the dimension. We then prove a technical lemma
which gives a connection between covering and dimension.

These ideas together tell us that either the additive energy is small, or there is a finite set A C G

such that
> w() = n/dlw]h,
yeA

which is 2d-covered by T'.

We next look at the structure found in the spectra. Shkredov [10] proved a useful lower bound
on the additive energy of the large spectrum of a function f : G — C. Lemma 2.6 is a generalisation
of this bound.

Together, these allow us to prove a generalised form of Chang’s lemma.

4.2 Improvement of Chang’s lemma

We need to use Chang’s lemma to achieve a covering of the spectrum. However, when proving
Theorem 4.1, we need a stronger theorem which tells us that there is a subset of the spectrum which
is covered by an even smaller d.

Theorem 4.3. Let A be a subset of G with density o.. Then there is a subset A" C A, (A) with size
|A'] > n|A, (A)| which is d-covered, for some d satisfying

d < n tlog(1/a).

Firstly we bound the restricted energy by the dimension. This is done by applying the definition
of I'-dimension to split S into two disjoint sets. Here, we are using S to both symbolise a subset
of G, and also to symbolise the characteristic function of this subset. So S () =1ifv € S, and
S(y) = 0 otherwise.

Lemma 4.1. Consider a set S C G with I-dimension |S| — k. Then for all 0 < t1,t; < m, we have
Eff ,(S,T) < 4k+m,

Proof. By definition of I'-dimension, there is a partition of S into Sy Ll S1, where S; has size k£ and
Sp is I'-dissociated. Now, as we are taking our weight function to be the characteristic function of
S, the restricted energy becomes

BluSD= 3> T(> - >
Ale(t,sl)vAze(ti) YEA, Y EAS
A1NA=0
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Now we want to consider the contributions of S7 to A; and As. So we sum over the possible sizes
of A1 NSy and As NSy, This gives us an upper bound of

Ef(ST)< Y (Z)(Z)Sup > P> v= 3 7+

0<r;:<t S S cA ‘EA
0<rs<ts Me(,y D, ) 82€(,,2,) 7€AML YTER
- A1NA=0
Now Sy is I'-dissociated, so the inner sum is bounded by 2{7¢2. This gives us our result. O

We are left to prove a lemma which gives a connection between covering and dimension.

Lemma 4.2. Consider a symmetric set I' C G. Let A C G have I-dimension 7. Then there is
a partition G = Ag U Ay such that Ag is 2r-covered by T, and, given any v € Ay, A U {y} has
I'-dimension r 4 1.

Proof. By definition of I'-dimension, we can decompose A into Ag LI Ay, where Ag is I'-dissociated
and the size of Ag is 7. We define a new set A’ C G to be all elements « in G such that Ag U {y} is
not I'-dissociated.
We then define
Ao = A UAg, A =G\Ao,

and we claim that these two sets give us the claimed decomposition of G in the lemma. First we will
show that, given any v € Ay, AU{~} has I'-dimension r+ 1. By definition, AgU{~} is I'-dissociated,
and so, as [Ag U {v}| =7+ 1, we have that A U {v} has I'-dimension at least r 4 1, as required.
Now we need to show that Ag is 2r-covered by I'. Now clearly Ag C I' = T' + (Ag) + (Ag). So it
suffices to show that
Solet v € A’. By definition of A, AgU{~} is not I-dissociated. So there must beak > 1and A € G
such that there are at least 2% + 1 triples of the form (e, A}, A}) with € € {—1,0,1}, Ay, Al C Ag
disjoint, and |A] U Ab| + |e| = k, such that

ey + Z ¥ — Z vy €T+ A
RESAY Y3E€A,
Now let us consider all the cases for e.

1. € =0 for all triples. Then A is not I'-dissociated, which is a contradiction.

2. There is at least one triple with ¢ = 0 and at least one triple with ¢ = 1. Assume those triples
are (0, A7, A}) and (1, AY, AY). Then we have that

Yov— D heT+A

V€AY 72€48,
and we have that
v+ E v - g vy €T+ A
,_Y:/l/ eAi/ ,Yé/ GA/2/

Hence,

v+ 3 = S - Y 4+ Y eT+A-T+A)=T-T.

WeA!  afedy  ajed;  medy

Therefore, it follows that v € T — T + (Ag) + (Ag).
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3. There is at least one triple with e = 0 and at least one triple with e = —1. The argument is
almost identical to the previous case.

4. e € {—1,1} for all triples. Firstly, if k =1, then A} and A} are empty. So there cannot be at
least 3 distinct triples. Then, for £ > 1, the pigeonhole principle requires that there be at least
2k=1 1 1 triples with the same value of €. So for this fixed €, consider the translate I' + X — €.
So there are at least 2F~1 + 1 pairs A} and A} such that

Z v — Z Yo €T+ X —e.
YL EA] R EYSTANA
This contradicts the fact that Ag is I'-dissociated.
So we can conclude that v € I' = I" + (Ag) + (Ap), and hence that Ag is 2r-covered by T'. O

Now these two lemmas, combined with Lemma 2.5, prove the following theorem. This theorem
proves the idea that if we have a set such that every large subset is not 2d-covered by I' for some
d, then the additive energy of I' must be small with respect to d. The proof of this theorem is an
adaptation of the proof given in Bateman and Katz [1].

Theorem 4.4. Consider a symmetric set I' C G and a weight function w : G — Ry. Let m > 2
and d > n > 2 be constants such that m < d/4 and ||w||s < m'/2d~||w||1. Then either

(i) there exists a finite set A C G such that
> wy) = n/d||wlh,
YEA
such that A is 2d-covered by I'; or

(ii) our additive energy is small. In particular,

Ezm(W, F) S 213m+6nm2md—2m| |w||%m

The proof of this theorem uses random sampling. We consider S as a set of some maximum size
chosen at random, with each element being selected with probability given by our weight function w.
We then prove that, given any k > 0, the random set S has I'-dimension at least d—k with probability
at most n¥/k!. Assuming we are not in case 1 of the theorem, we can bound the probability that
any k distinct elements of G are contained in S. Applying linearity of expectation, we can bound
the restricted energy from below. Finally, we use Lemma 2.5 to bound the additive energy.

We will only prove this theorem for the special case that I' = {0} and w is the indicator function
of some set T C G. The proof of the general case can be found in [3, pp.649-650]. In this specific
case, our statement becomes:

Theorem 4.5. Let T C G. Let m > 2 and d > n > 2 be constants such that m < d/4 and
|T|Y/? > m~'2d. Then either

(i) there exists a finite set A C G such that
T OA[Zn/dT],

such that there is a set A C G with |A| < d and T C (A); or
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(ii) our additive energy is small. In particular,
s ma Yot €T LYy = D yi} < 28mHnm2mg=2m P,

Proof. We first normalise our indicator function w = 17 so that ||w||; = 1 without loss of generality.
Then we have that [|w||; = [T'|7'/2. Let us assume that case 1 does not hold. So, we can assume
that, given any subset A C G which is 2d-covered by {0}, we have that

ITNA|<nd .

So we now pick a random set S of size at most d by selecting d elements of T'. Suppose we have
selected d’ elements of S. Call this set S’. Let S’ have I'-dimension r. Now we can apply Lemma
4.2 to partition G into Ag LI A;. Then for all v € Ay, S’ U {7} has I'-dimension at least r + 1. So we
now have

P(dim(S’ U {y}) < dim(S")) < |T' N Ao| < n/d,

as Ag is 2d-covered by {0}. Now we note that dimension is non-decreasing and the dimension of the
empty set is zero. So we conclude that the probability that S has dimension d — k is at most

(Z) nkFd=F < nk/k!.

Now we apply Lemma 4.1 to conclude that for all A € G and integers t1,t2 < m, we have

00
4me4n

tthS)‘

Given any distinct vy1,...,7% € G,
p x d—k
P(yis..k € 8) > k!(k>wm) -w(Tk) (1 - ZM%)) :
Now, by Cauchy-Schwarz, we conclude that

w(yi) < (2m)Y2T)7Y2 < 2md~! <

M;r

l\.')\»—l

i=1

Using this fact, combined with the fact that & < d/2 so k!(Z) > (d/2)F, we deduce that

P(y1,..., % €8) > 277" d"w(m) ... w(m).

Now, assuming t1 + to < m, by linearity of expectation we have

EE} , (S,)\) > 27omdht g

t1,t2 (w7 )\)'
So we conclude that, for any A € G and 0 < ¢, ¢, < m, we have
Ef

1,t2

(w,\) < oTmedng—ti—ts
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Now we apply Lemma 2.5 to bound our additive energy, giving

2

Z (m!)1/2(|T|1/2d71)t

/ / R / 11m 4n, | m
|{71v'~'7'7h7,7717--.77m6T|Z’Y@ Z’yzHSQ € m|T| = ((m—t)')1/2

We can then bound the sum by Cauchy-Schwarz, to achieve
v Y Yo €T LY v = Y i3 < 28met m®md=>m | TP

Bounding e* by 26 gives the required bound. O

Finally, we can prove Theorem 4.3. We actually are able to prove a stronger statement which
considers any set B, a general weight function w, and a constant €. To recover Theorem 4.3, we take
B = G, consider the weight function to be the characteristic function of A, (f), and let e — 0.

Theorem 4.6. Consider a function f : B — C. Let o = |[|f|[1/[|f|lc|B|. Consider a weight
function w : G — Ry. Assume that w is supported on A, (f). Let 0 < e < exp(—8L(n)L(a)). Then
there exists a subset A" C A, (f) such that

> whn) =27 gl

yeA!
such that A’ is 2'4L(a)n~-covered by A (B).

Proof. Again we assume that ||w||; = 1 without loss of generality. Let us first consider when
l|w]]2 > 2712L(a)~/?n. Similarly to the proof of Theorem 4.4, we take A’ to be a random subset of
G with each element v of G being chosen independently with probability 2'37~1£(a)w(y). Now we
apply Chernoff’s inequality to conclude that |A’| < 24p~1L(a) with probability at least 7/8. Also,
we have
EY wi) > 2% L)W} > 21y,
YEA!

We can then apply Markov’s inequality to conclude that Y- ., w(y) > 275 with probability at
least 1/2. So there must exist a set A’ C A, (f) such that

> wiy) =27 B,

YEA'

such that A’ is 214 L (a)n~1-covered by A.(B).
Now let us consider when |[w|lz < 272L(a)"'/2n. Let n =m = L(a) and d = [2'27'm]. We
apply Lemma 2.6 to conclude

[1£1]x .
E2m,(waAe(B)) Z (n||f||2m/(2m—l)|B|1/2m — €

We can then apply the bound || f|[2m/@m-1) < AIS2™ £ Y™ to conclude that, if e < n?™a/2,
then

Eop(w, Ac(B)) > n*"a/2.
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Now applying Lemma 4.3, we either find a set A’ such that A’ is 2d-covered by A.(B), and
> w) =27y,
YEA!

or
n2ma S 219m+1m2md72m,

and we would conclude that
d< 210mn_1a_1/2m.

This is a contradiction to our choice of d and m. O

4.3 More density increments

Our aim is to achieve a better density increment than the one in Section 3.2. We do this by using
the next three lemmas, whose proofs can be found in [3], and using the improvement to Chang’s
lemma.

This first lemma extracts information of the balanced function, converting it to a density incre-
ment.

Lemma 4.3. Consider a function f: B — [0,1] and let f = f — aB, where a = ||f]||1/|B]|. Assume
that the following inequality holds:

Y IE@)P = vallfILN.

yer
Also assume that we have a symmetric set B’ satisfying
Br(y)] > 2718,
for all v € I'. Further assume that
|(2B’ + B)\B| > 2 *va|B].

Then we have
1f % Blloe = (14+27%0)al B].

The idea of the proof is to convert the inequality into an inequality of the L2-norm of the balanced
function. Then, using the hypotheses, we can convert this information into a bound of the L?-norm
of the original function. This then leads to the desired bound of the L*°-norm.

This next lemma tells us that if we have a set which controls a few elements, and has small
dimension, then this set controls all elements.

Lemma 4.4. Let A C G be d-covered by I'. Then there exists a A C é’, of size at most d, such
that if we have a set B with (4d)~! control of A and I'(1/8), then we have

1B()| =27 B,
for all v € A.

The proof is just a simple application of the definitions of covering and control, along with the
triangle inequality.
Our last lemma gives us the control we want to use Lemma 4.4.
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Lemma 4.5. Let ¢ > 0 and B and B’ be sets such that
|(B + B")\B| < ce|B|.
Then B’ has 2c-control of A (B).

We can now state and prove our density increment theorem.

Theorem 4.7. Given any two sets B, B’ C G, let A be a subset of B with relative density o, and
let f: B" — [—1,1] with density 7 = ||f||1/|B’|. Define the function A(x) = A(x)—aB(z). Assume

that we have

Y IFIAMP = vallfILAIN.

ol

Then there exists a set A C G with size
d<2%2(r)(va)™t,
such that, if we have a symmetric set B” C G, and B" has (4d)~'-control of A,
|(2B” + B)\B| < 27 '"va| B,

and
|(B" + B)\B| <2~ *exp(—2*L(7)L(va))| B,

then there exists an x € G such that
[(A—z)NnB"| > 1+ 2*161/)04\B”|.

Proof. Let n = va/2 and consider A = A, (f). Considering the sum over all elements v ¢ A,

SO IFONAMP < 27 val | fIL|AIBN < 27 vallfIl1A|N.
YEA

Therefore, by equation 1, we have
D FOIAME = 27 val|fl[1 AIN.
YEA

Define a weight function R .
w() = [FNIIAM),
and a constant

e = exp(—2*L(1)L(va)) < exp(—8L(T)L(n)).

(1)

Now we want to split A into a dyadic decomposition with A; = AQin( f). Now applying Theorem

4.6, we obtain a set Al for each i. We then have
272 IfIIAG Y I IAG
YEA; YEA]

< 2|l A(y)P.

YEA]
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Next, we sum over all ¢, defining A’ = J; A, to get
DUIAMP =) 1AM =27 PralAIN.
YEA' i yEA!

Now by Theorem 4.6, each A/ is 214 £(7)(2'n)~t-covered by A (B’). So hence, for some d satisfying

d<2"L(m)) (2) 7 <2'L(r)(va) T,

3

A is d-covered by A (B’). Now by equation 3, and the definition of ¢, |(B” + B')\B’| < 2~%¢|B’|.
So applying Lemma 4.5, B” has 2~ 3-control of A (B’). Then applying Lemma 4.4, we can find a A
of size d < 2'9L(7)(va)™1, such that, if B” has (4d)~!-control of A, then

|B"(v)] > 27B"],
for all v € A’. Now applying equation 2 to Lemma 4.3, we conclude that
(A—z)nB"| > (1+2'%)a|B"|.
O

We note that the number of solutions to the equation x1 + x5 — 2z3 = 0 is given by (A x A, 2A4).
So we can now apply our previous theorem to prove another density increment theorem.

Theorem 4.8. Let B’ C B C G, and suppose that Ay C B’, Ay, A3 C B, with relative densities ;.
Define o = 271 min(275, a1, g, a3). Let us assume that B and B’ satisfy

|(B"+ B)\B| < 272a|B].

Then we either have that
<A1 k AQ,A3> Z 2_2051042043‘BHB/|, (4)

or we can find a set A C G with size
d<27Y2(a)a!
such that, if we have a symmetric set B"” having (4d)~*-control of A, with
|(2B” + B)\B| < 27 "%q|B]

and
|(B” + B)\B| < 27" exp(~2°L(a)?)| B

then we can find an x € G and i € {2,3} such that
|(A; —2) N B"| > (1 +27®)y| B”|.

Proof. Let us define A; = Ay — a1 B’, Ay = Ay — asB and Az = A3 — a3B. Then we have

ZAl * AQ(Z‘)Ag(Qf) ZZAl * AQ(QE)Ag(l‘) — Q9 Z A3 * Al(l‘)

zEB

— agzx € BA; x As(x) + asas Z B x A ().

zEB
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Let us suppose that some sets A and A’ satisfy A € B and A’ C B’. Then we conclude that
DA Alw) — |A|A]| < |A'[(B' + B)\B| < 27%|A'[|A].
zEB

So in our case we get

D Ay x Ag(x)As(x) <Y Ay« Ag(w) As(x) — 27 'onazas| B||B'|.

Let us assume that equation 4 is not true. Then, applying the triangle inequality, we get

Z|A1 )| A2(7)||As(7)] > 2 21 az05] B | B|N.

Next, we use the Cauchy-Schwarz inequality. We can then conclude that

(le‘h )| Az(y )(Zlfh )1 As(y |2>22_4|A1|2a§a§|Bl2N2-

So there must be an ¢ € {2,3} with

D 1AMIIA)P = 272 Adfaf | BIN.
~

Applying Theorem 4.7, we conclude that either equation 4 holds, or we can find an x € G and
i € {2,3} such that
(A4 —2)NB"| > (1+27"%)ay|B”|.

O

Our final step in producing a density increment is to reduce down to Bohr sets, and use the
specific properties of Bohr sets to produce a stronger density increment.

Theorem 4.9. Suppose B C Zy is a reqular Bohr set of rank d < exp(cL(a)?). Suppose Ay, Ay C B
and As C B(6), with relative densities ;. Then there ezists a constant ¢ > 0 such that the following
holds. Let a = min(c, a1, a2, a3) and suppose B(§) is reqular with cd o /4 < § < cdta. Then we
either have that

<A1 *AQ,A3> > 0[10(20&3|B||B(§)|, (5)
or we can find a reqular Bohr set B’ with rank
tk(B') <d+ O(L(a)a™ ) (6)
and with
|B| = exp(—o(L(a)*(d + L(a)a™")))|B], (7)

such that there is x € Zy and i € {1,2} with

(A =) N B'| = (1+ | B.
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The proof bounds the size of (B(d) + B)\B’ for § sufficiently small using the regularity of B.
Then we can apply Theorem 4.8 to conclude that either condition 5 holds or we can find a subset
A c G, of small size relative to «, such that if B’ has (41)~*-control of A, and (2B’ + B)\B and
(B"+ B(6))\B(9) are bounded as in Theorem 4.8, then we can find an « € Zy and i € {1,2} such
that

|(4; —2) N B'| > (1+27®)q|B|.

We then define another Bohr set B’ in terms of the function 1/4l. This Bohr set has rank d +
O(L(a)a™t) and has (41)~!-control of A. Provided we pick our constants in such a way that our
bounds of Theorem 4.8 are satisfied, we can conclude by regularity of B(d) that equations 6 and 7
are satisfied. A full proof with all the technical details can be found in [3, pp.659-660].

4.4 Proof of theorem

We can now use our final density increment theorem to prove Theorem 4.1.

Theorem 4.10. Let N be a sufficiently large prime, and A any subset of Zy. Let Y (A) = (AxA,2A)
be the number of three-term arithmetic progressions in A. Then

Y(A) > exp(fOc(E(a)‘La*l))Nz.

The proof is very similar to the proof of Theorem 3.3. The idea is to define a sequence of maximal
Bohr sets with some properties. Then, applying Theorem 4.9, we either conclude that |A] is large,
as required, or there is another Bohr set which satisfies the properties required, and so contradicts
the maximality of our sequence. Details can be found in [3, pp.660-661].

Now Theorem 4.1 immediately follows from this theorem, by considering {1,..., N} as a subset
of Zx+, where N’ < N is a prime which is large enough such that, if z1,z2,z3 is a solution to
21 + x9 — 2x3 = 0 within Zy, then it is also a solution within {1,..., N}.

5 Kelley and Meka

In this section, we quickly overview the very recent breakthrough by Kelley and Meka. Using an
unbalancing argument, where we can derive a bound on the size of a function based on the size of
its balance function, we can prove the following theorem.

Theorem 5.1 (Kelley-Meka). Let A be a subset of [N]. Assume that A contains no non-trivial
three-term arithmetic progressions. Then

|A] < N exp(—Q((log N)'/1)).
Just as in Section 3, Bloom and Sisask first prove a related statement in [Fy.

Theorem 5.2 (Kelley-Meka). Let q be an odd prime and A C F. If A has no non-trivial three-term
arithmetic progressions, then
A < "= U

In this paper, we will quickly overview the proof of this theorem. To prove Theorem 5.1, a very
similar argument is made, replacing subspaces with Bohr sets.
To prove Theorem 5.2, we prove the following unbalancing lemma.
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Lemma 5.1. Consider a function f = gog, where g : G — R is an arbitrary function. Assume that
[|fll, > 1/4 for some p. Then there exists some p’ < p such that ||f + 1|, > 1+ 1/8.

So in particular, we can apply this to the balance function f = pgopus—1=(ua—1)o(ua—1)
to conclude that if ||pa o pa — 1|, > 1/4, then ||pa o pally > 1+ 1/8.

Proof. Firstly, without loss of generality, we can assume that p is an odd integer greater than 4.
We now want to show that E(g o g)P is non-negative. This is a simple combinatorial argument. By
definition,

E(gog)? = Ex(Ey(g(x +y)g(v)))"

Reparametrising, we get

E(go g)? =By (Ey(g(z +y)g(z' 4+ y)))*.

Now we can expand the power and the expectations, to get

ﬁ S glrty)gl@+yp)gl@ +y) e g@ + yp).

z,x" Y1,--,Yp

Interchanging the sums, we get

1

5 2 | et a e )0 4 yy)

Yi5--Yp z,x’

This simplifies to
Eyh..‘,yp(Ea:(g(x + yl) o '9(.’17 + yp)))27

which is clearly non-negative. Now we note that 2max(x,0) = z + |z|, and so

1

2(max(f,0), f771) = SE) + {F1 770 = Al > (1/4)"

Let us define two sets

P={z]f(z)>0,}
and
3

T={zxeP|f(x)>—}

)P, and (1p\7, fP) <

o

Fllzp < 1+ 1S+ 1l2p-

So we can assume that || f||2, < 3, otherwise we would be done with p’ = 2p. So therefore, we can

-( -€P. So, applying

1
1
Then we note that our bound above gives (1p, f¥) > 1

=

1
2
the Cauchy-Schwarz inequality, we have

1
WHngp > (17, f7) >

RNy

Now, by the triangle inequality,

conclude that — > (—)?P. So now, for any p’ > 1, we have
|T| 40
’ ’ 3 1 /
1, > (1 POYYP > (14 =) (—=)%/7,
1+ Uy 2 {7 4+ 1P > (1 29 ()
So we just choose p’ to be a suffiently large multiple of p. O
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Now we have proven this, we can use Holder’s inequality to prove that, if (ua * pa, pc) < 1/2,
then ||pa o pallp, > 1/4 for some p, and the lemma can then be applied in this case.

Then, via dependent random choice, we can conclude that if ||pa 0 pall,y > 14 1/8, that we can
find sets A;, Ay € A with large enough density relative to p’, such that

<MA1 O A, 1S> 2 1-— 1/323

where S = {x | paopua >1+1/16}.
We next can make an almost-periodicity statement. It tells us that if we have sets A1, As, S C Fy,
we can find a subspace, with small dimension relative to the densities of Ay, A, .S, such that

|<p’V * Ay O KAy, 15> - </J’A1 O Ay, 1S>| < 1/100

Finally, we can obtain our density increment. This gives us a subspace V', of small codimension
relative to the density of A, such that AUV has large density.

6 Conclusion

In this project, we have looked at some of the history of three-term arithmetic progressions. Defining
the Fourier transform, we have seen how it is a powerful tool in additive combinatorics. We have
looked at the specific results of Bourgain and Bloom, and quickly looked at the very new result
by Kelley and Meka. For each of these theorems, we have used new techniques to strengthen our
density increment. This in turn reduces our upper bound on the size of a set containing no non-trivial
three-term arithmetic progressions.

There are a few other notable results within the field of bounds for 3APs. For instance, Bloom
and Sisask, in 2020, managed to break the logarithmic barrier for this problem [6], proving the
following theorem.

Theorem 6.1. Let A be a subset of [N]. Assume that A contains no non-trivial three-term arith-
metic progressions. Then

where ¢ 1s an absolute constant.

Bateman and Katz also made a significant contribution to the field. Our proof of Theorem 4.4
is an adaptation of the argument made in Section 5 of [1]. Here, Bateman and Katz introduce the
idea of random sampling to bound the additive energy.

There have also been large breakthroughs when we consider k-term arithmetic progressions, for
a general k. In particular, Szemerédi’s theorem states

Theorem 6.2. Given any 6 > 0 and k > 1, there exists N <55 1 such that if we have a subset
A C{1,...,N} with size |A| > 6N, then A must contain a non-trivial k-term arithmetic progression.

The most effective method for proving Szemerédi’s theorem was given by Gowers [7]. If ri (V) is
the size of the largest subset of {1,..., N} containing no non-trivial three-term arithmetic progres-
sions, then Gowers proved the following:

Theorem 6.3. For every k € N, there exists a constant ¢y, > 0, only depending on k, such that

N

N —_—.
re(N) < (loglog N)ex
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Gowers still used a density increment argument, as we have used in this paper many times.

However, for three-term arithmetic progressions, we have been using the usual character v(n) =
e(rn/N). To prove the more general statement of Gowers, he had to introduce the idea of using
polynomial characters.
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