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Abstract

In this project, we will be looking at Tits buildings, and in particular Coxeter complexes.
We look at buildings as geometric objects, combinatorial objects, and as representations
of groups. These viewpoints give us unique information about the building and its group
of automorphisms. We will look at galleries in buildings, which are sequences of alcoves of
a building. We then look at foldings of these galleries in Coxeter complexes, with respect
to an orientation. An important combinatorial question of foldings is which alcoves of the
Coxeter complex can be reached by folding a certain gallery. We call this set the shadow of
a gallery. We shall see some progress in answering the question of calculating the shadow,
and we will discuss tools which could be used to improve these answers.

Contents

1 Introduction 2

2 Chamber systems 3
2.1 An(k) Buildings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

3 Coxeter complexes 4
3.1 The geometric realisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
3.2 Reflections and walls . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

4 Buildings 9
4.1 Buildings and apartments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
4.2 Properties of buildings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

5 Retractions of buildings 11

6 Orientations of Coxeter complexes 12
6.1 The affine case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

7 Folded galleries 15
7.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
7.2 Galleries and words . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
7.3 Folding and unfolding galleries . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1



7.4 Braid invariant orientations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

8 Shadows 19
8.1 Retractions and shadows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

9 Progress on calculating shadows 21
9.1 Statistics on positive folds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
9.2 Computation of regular shadows . . . . . . . . . . . . . . . . . . . . . . . . . . 22

10 Conclusion 25

1 Introduction

Buildings were first defined by Jacques Tits in the 1950s [11]. They are geometric objects which
were first created to help us describe algebraic simple groups and semi-simple Lie groups. In
this project, we will be studying Coxeter complexes, which are examples of buildings. They
also give us a tool to help us to form more complicated buildings. We will mostly restrict our
discussion to affine Coxeter complexes and their finite quotients.

We ultimately want to look at walks, which we call galleries, around the alcoves of Coxeter
complexes. In this paper, we focus on alcove to alcove orientations. Other papers, including
Schwer [10], also discuss galleries which start and end at vertices. Galleries, and their positive
foldings, are used in a wide range of mathematics. Positive foldings of galleries were first
introduced in 2005 by Gaussent and Littelmann [4]. They can be used to compute Hall-
Littlewood polynomials [9], and have been used to study MV polytopes [2]. There is also a
link between folded galleries and affine Deligne-Lusztig varieties [6]. We define the shadow of
a gallery as the set of end alcoves which can be reached by a positive folding of the gallery.
For a more in depth discussion on the applications of shadows, Schwer has written a detailed
paper [10].

Our motivation for studying the objects of shadows is the relation between retractions of
buildings and shadows of galleries. In this paper, we restrict to considering orientations based
at alcoves or at a chamber at infinity. There is further research [7] which considers retractions
and the respective shadows with respect to chimney orientations.

Our main example arises from the Coxeter group Ã2. This has presentation

Ã2 = 〈s0, s1, s2 | s2
i = 1, (s0s1)3 = (s0s2)3 = (s1s2)3 = 1〉.

The Coxeter complex associated with this Coxeter system is the tiling of the plane by equilateral
triangles.

Throughout the paper, we will use this Coxeter complex to illustrate definitions and con-
cepts. We will also explore the finite Coxeter group A2, which is a quotient of Ã2.

In Section 2, we define a general chamber system, and give a few important examples of
chamber systems. We will then, in Section 3, look at specific examples of chamber systems
called Coxeter complexes. These arise from Coxeter groups. Next, we will look at galleries of
Coxeter complexes, which are walks around the alcoves. Then, in Section 4, we will define a
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building and see how we can construct buildings from Coxeter complexes. We will discuss two
different retractions of a building onto one of its Coxeter complexes in Section 5. In Section
6, we define orientations of Coxeter complexes, specifically looking at the orientations with
respect to some alcove and some chamber at infinity. Then Section 7 covers folded galleries.
These are galleries which have been partially reflected along walls of the Coxeter complex. In
Section 8, we define shadows of galleries in Coxeter complexes, and look at the relationship
between retractions and shadows. This relationship is our motivation for studying shadows.
Finally, in Section 9, we will look at the progress which has been made so far in answering the
question of calculating the shadows of galleries.

2 Chamber systems

We first start our exploration of buildings with an abstract chamber system - a set with some
equivalence relations on it.

Definition 2.1. A set C is called a chamber system over a set I if each i ∈ I is an equivalence
relation on the elements of C. Each i partitions our set C into equivalence classes. We say
two elements x, y ∈ C are i-adjacent, and we write x ∼i y, if they lie in the same part of the
partition, i.e. they are equivalent with respect to the equivalence relation corresponding to i.
The elements of C are called chambers. The rank of a chamber system is the size of I.

A very important example is obtained by looking at a group G, and a subgroup B, and
defining the following equivalence relations:

Example 2.1. Consider a group G, a subgroup B, and an indexing set I, such that there
exists B < Pi < G for all i ∈ I. Then we take our chamber system C to be the left cosets of
B, and we define an equivalence relation

gB ∼i hB if and only if gPi = hPi.

For an explicit example, consider the group G = S3, let B = {1}, and let P1 = 〈(1, 2)〉,
P2 = 〈(2, 3)〉. Then our chambers are the elements of G, and two elements g, h are i-adjacent
if g = h · (i, i+ 1).

We now look at galleries of a chamber system. These are walks around the chambers, where
we only move from one chamber to an adjacent chamber.

Definition 2.2. A finite sequence (c0, . . . , ck) such that ci is adjacent to ci+1 is called a gallery.
Its type is a word i1 . . . ik in I such that cj−1 is ij-adjacent to cj .

In Definition 3.5 we will define a combinatorial gallery, which is a gallery in the specific
case that our chamber system is a Coxeter complex. A combinatorial gallery encodes the same
information as the gallery defined above, but also encodes information about the geometric
structure of the complex, in the form of panels. Later, we will see how we also use panels to
define folds of galleries.
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Definition 2.3. We call a chamber system C connected if there is a gallery between any two
chambers. Given a subset J ⊂ I, a residue of type J is a J-connected component, i.e. there is
a gallery between any two elements of a J-connected component whose type is a word in J .
The cotype of J is I − J . The corank of J is |I| − |J |, i.e. the size of the cotype of J .

2.1 An(k) Buildings

A key example of a chamber system is formed by considering the subspaces of an n + 1
dimensional vector space V over a field k. We define the chambers of our chamber system to
be the maximal chains

V1 ⊂ V2 ⊂ . . . ⊂ Vn
of subspaces of V , where Vi has dimension i. We can then define adjacency by saying that two
chains V1 ⊂ V2 ⊂ . . . ⊂ Vn and V ′1 ⊂ V ′2 ⊂ . . . ⊂ V ′n are i-adjacent if Vj = V ′j for all j 6= i.
Then the residues of type i correspond to 1-spaces in the 2-space Vi+1/Vi−1.

Figure 1: The geometric representation of the chamber system A2(F2). Figure taken from [3,
p.2].

Example 2.2. Here we have the geometric realisation of A2(F2). There are 7 one-dimensional
subspaces, represented here as white, and there are 7 two-dimensional subspaces, represented
as black. Here, the one-dimensional subspaces are

〈(1, 0, 0)〉, 〈(0, 1, 0)〉, 〈(0, 0, 1)〉, 〈(1, 1, 0)〉, 〈(1, 0, 1)〉, 〈(0, 1, 1)〉, 〈(1, 1, 1)〉.

The two-dimensional subspaces are formed by taking the union of any two one-dimensional
subspaces, or equivalently quotienting the whole vector space by one of the one-dimensional
subspaces.

We have constructed this geometric realisation by associating each corank 1 residue, which
correspond to the subspaces, to a point. Then the corank 2 residues, which are the chains of
subspaces of length 2, are represented as line segments. Their endpoints are the 1-dimensional
and 2-dimensional subspaces which create the chain. Therefore, white dots are connected to
black dots.

3 Coxeter complexes

We will now consider a class of chamber systems which are formed by considering a type of
group called a Coxeter group. The corresponding chamber system is known as a Coxeter com-
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plex. These objects have nice geometric realisations. In particular, the affine Coxeter groups
create tilings of the Euclidean plane. Their finite quotients also appear in their geometric
realisation.

Definition 3.1. A Coxeter group is a group with presentation

W = 〈s1, . . . , sn | (sisj)mij = 1〉,

where mii = 1 for all i and mij ∈ Z≥2 ∪ {∞} for all i 6= j. A Coxeter system is a pair (W,S),
where W is a Coxeter group and S is a set of generators of W such that W can be represented
as above, with S = {s1, . . . , sn}. The corresponding Coxeter matrix is the n×n matrix (mij).

Definition 3.2. If f = i1i2 . . . ik is a word in {1, . . . , n}, we define sf as the element si1 . . . sik
of W .

A finite Coxeter group is precisely a Coxeter group which has a finite number of elements.
An affine Coxeter group is a Coxeter group which has a normal abelian subgroup such that
the quotient is finite. For instance, the finite group A2 has presentation

A2 = 〈s1, s2 | s2
i = 1, (s1s2)3 = 1〉.

The corresponding affine Coxeter group is

Ã2 = 〈s0, s1, s2 | s2
i = 1, (s0s1)3 = (s0s2)3 = (s1s2)3 = 1〉.

We can now construct a specific type of chamber system which arises from a Coxeter group.
Given a Coxeter system (W,S), take as chambers the elements of W , and define an i-adjacency
by w ∼i wsi, where S = {s1, . . . , sn} are the set of generators of the Coxeter group. If the
Coxeter group has Coxeter matrix M , we call this building a Coxeter complex of type M.

3.1 The geometric realisation

Now we can look at the geometric realisation of this chamber system. We will form a simplicial
complex, where the simplicies represent the residues of our chamber system.

Definition 3.3. Let (W,S) be a Coxeter system. Let S′ ⊂ S. We define the standard parabolic
subgroup WS′ of W to be the subgroup generated by the subset S′. Then (WS′ , S

′) is also a
Coxeter group. The parabolic sets are the cosets of the standard parabolic subgroups.

This idea corresponds to our more general idea, from Definition 2.3, of residues of chamber
systems. For Coxeter complexes, we have an explicit definition of the residues as the parabolic
sets.

So first let us consider the rank 0 parabolic sets. This means that we have taken S′ = ∅,
and so our parabolic sets are of the form xW∅ = x · 1. So our rank 0 parabolic sets are in
bijection with the elements of W . Therefore, we form an |I| − 1 dimensional simplex for each
element of W . Now we force that two chambers are adjacent in our geometric realisation if
and only if the two corresponding elements are adjacent in the chamber system. This exactly
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means that the corresponding elements x, y of W satisfy x = y · si for some si ∈ S. We call
these simplicies chambers if the group is finite, and alcoves if the group is affine.

Now let us look at the codimension one simplicies. These are the panels between each
simplex defined above. These correspond to rank 1 parabolic sets, so cosets of the form
xW{si}. This is exactly saying that the two chambers (or alcoves) lying on either side of the
panel correspond to two elements of the Coxeter group which are i-adjacent.

Definition 3.4. If a panel p corresponds to the element xW{si}, we say that p has type i, and
write τ(p) = i.

Now we can look at the geometric realisation of Ã2. Here our presentation is

Ã2 = 〈s0, s1, s2 | s2
i = 1, (s0s1)3 = (s0s2)3 = (s1s2)3 = 1〉.

To form our geometric realisation, we note that our indexing set is I = {0, 1, 2}. So we create
a two dimension simplex for every element of W . So we have a triangle for each element of
W . Then any two triangles are adjacent if their corresponding elements differ by multiplying
by one element of {s0, s1, s2}.

Figure 2: The Coxeter complex of Ã2. Figure taken from [1, p.9].

Now the triangles in this picture are the alcoves, and the edges between each triangle are
the panels. Each panel has a type i, which is an element of the indexing set of S. This encodes
that the two adjacent alcoves to this panel are i-adjacent.

Let us now form the geometric realisation of the group A2. Here our presentation is

A2 = 〈s1, s2 | s2
i = 1, (s1s2)3 = 1〉.

So our chamber system is the set of elements of A2, with our indexing set I = {1, 2}. Now
for every element of A2, we form a one-dimensional simplex, so a line segment. Then two line
segments are connected by a point if their corresponding elements are adjacent. This means
that we have six line segments, arranged in a circle. Each line segment is called a chamber (as
A2 is finite) and each point is a panel. Each panel is labelled with its type.

We can also see this structure hidden in the affine Coxeter complex of Ã2. It is represented
as the hexagons within the tiling of the plane. Then if we fix any centre of a hexagon in
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Figure 3: The Coxeter complex corresponding to the finite Coxeter group A2. Figure taken
from [3, p.10]

the infinite Coxeter complex, we have Weyl chambers which are the infinite wedges pointing
outwards.

For a general affine Coxeter complex, we call the corresponding finite Coxeter complex the
boundary ∂Σ of the affine Coxeter complex Σ. We can represent the boundary as a tiling of
an (n− 1)-sphere, where n is the dimension of the tiled space of the affine Coxeter complex.

Now we can make a very similar definition of a gallery for Coxeter complexes. We can view
these as walks around the geometric realisation of the Coxeter complex, where we record the
alcoves and panels we have crossed over.

Definition 3.5. Given a Coxeter complex Σ, a combinatorial gallery is a sequence

γ = (c0, p1, c1, p2, . . . , pn, cn),

where the ci are alcoves and the pi are panels of Σ, such that pi is contained in ci−1 and ci for
all i−1, . . . , n. The length of a combinatorial gallery γ is n+ 1 - this counts how many alcoves
there are in the sequence. Then γ is minimal if there does not exist a shorter gallery starting
at c0 and ending at cn.

So a gallery is a path between c0 and cn through alcoves, such that adjacent alcoves in the
path share a commmon panel. This definition is the same as Definition 2.2, except that it also
encodes which panels we have crossed over in our walk.

Definition 3.6. Let γ = (c0, p1, c1, p2, . . . , pn, cn) be a combinatorial gallery. The type of γ is
the word f = i1 . . . in in I, where panel cj has type ij .

Lemma 3.1. A Coxeter complex is connected.

Proof. Given any two elements x = si1 . . . sin and y = sj1 . . . sjm , we have a gallery

si1 . . . sin ∼in si1 . . . sin−1 ∼in−2 . . . ∼in 1 ∼j1 sj1 ∼j2 sj1sj2 ∼j3 . . . ∼jm sj1 . . . sjm .

So any two chambers are connected by a gallery.
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3.2 Reflections and walls

We next want to look at how the structure of the underlying Coxeter group appears in the
Coxeter complex. We will see that the Coxeter group has a set of reflections which act exactly
as reflections in the geometric realisation of the Coxeter complex, where these reflections are
along the walls of the complex.

Definition 3.7. A reflection r of W is a conjugate of the generators of W . The wall Mr of a
reflection r is the set of simplicies in the Coxeter complex which is fixed by r when r acts on
the complex by left multiplication. Then Mr is a subcomplex of codimension 1.

By this definition, a panel lies in a wall Mr if and only if it is fixed by the reflection r.

Example 3.1. In the case that the Coxeter complex is infinite and affine, the walls correspond
to hyperplanes of the geometric realisation.

Theorem 3.1. There is a bijection between the set of reflections of a Coxeter group, and the
set of walls in the corresponding Coxeter complex.

Proof. Let p be an i-panel of a chamber x. Then the unique reflection which fixes p and
interchanges x and xsi is the map r = xsix

−1. So the map from reflections to walls is a
bijection.

We now want to consider how the walls interact with our galleries, and the halfspaces
defined by our walls.

Definition 3.8. A gallery (c0, p1, . . . , pk, ck) crosses a wall Mr if there is a panel pi which lies
in Mr, and ci−1 6= ci.

Lemma 3.2. 1. Any minimal gallery does not cross a wall twice.

2. Every gallery from two alcoves x and y have the same parity of crossings of any wall.

Definition 3.9. Each hyperplane splits an apartment into two half-apartments called roots.
If α is one root, we denote the other corresponding root by −α.

Definition 3.10. A folding of W onto α is the map which fixes α and sends −α to α by
reflecting across the defining wall of α.

Proposition 3.1. Consider any two chambers x and y. Let (x, p1, x1, . . . , xk−1,pk, y) be a
minimal gallery from x to y. Define βi to be the root which contains xi−1 and which does not
contain xi. Then the βi are all distinct, and this set is all the roots which contain x but do
not contain y. So in particular, d(x, y) = k is the size of the set of roots containing x but not
containing y.

Proposition 3.2. Given two chambers x and y, a third chamber z lies on a minimal gallery
from x to y if and only if it is contained within every root which also contains x and y.

Theorem 3.2. Given a gallery γ of type f , γ is minimal if and only if f is reduced.
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4 Buildings

Now we are able to define buildings. These are just chamber systems with an added structure
of a W -distance function, for some Coxeter group W . We will see that Coxeter complexes are
buildings, but we can also form more complicated buildings as unions of Coxeter complexes.
In general, we will call each copy of a Coxeter complex in our building an apartment. We
will then look at some universal properties of buildings, and define two types of retractions of
buildings onto an apartment.

Definition 4.1. Let (W,S) be a Coxeter group with Coxeter matrix M , and let I be an
indexing set for the generators S of W . A building of type M is a chamber system ∆ over I,
such that each panel lies on at least two chambers, i.e. every {i}-residue contains at least two
elements. We also require a W -distance function

δ : ∆×∆→W,

such that if f is a reduced word in I, then we have that δ(x, y) = sf if and only if there is a
gallery of type f between x and y. We denote a building by Σ = Σ(W,S).

Lemma 4.1. Taking our W -distance function to be δ(x, y) = x−1y, Coxeter complexes are
buildings.

Proof. Consider a Coxeter group with presentation

W = 〈si, i ∈ I | s2
i = 1, (sisj)

mij = 1〉.

Clearly, by definition, the corresponding Coxeter complex is a chamber system over I. Now
we need to show that each {i}-residue contains at least two elements. But that is trivial, as
if x is an element of an {i}-residue, then x · si is also an element of the same {i}-residue, and
x 6= x · si. We also need to show that δ(x, y) = x−1y is a valid W -distance function. But this
comes from the observation that if x = si1 . . . sik and y = sj1 . . . sjm , then there is a gallery of
type f = ik . . . i1j1 . . . jk from x to y. Then sf is exactly equal to x−1y.

In fact, by the argument made in the proof of the above lemma, we conclude that each
{i}-residue contains exactly two elements. We call this type of building a thin building.

4.1 Buildings and apartments

We can now form more complicated buildings by taking the union of Coxeter complexes. We
can construct a chamber system C which is the union of subsystems, all isomorphic to a given
Coxeter complex formed from a Coxeter group W . We call each subsystem an apartment.
We require that every pair of chambers lie in a common apartment. Every apartment is an
isometric image of W . We assume that, for any two apartments A and A′ which contain a
common chamber x and a common chamber or panel y, there is an isomorphism A→ A′ which
fixes x and y.

Theorem 4.1. [8, p.34] The above construction gives a building, with W -distance function
δ(x, y) defined by the W -distance function on any apartment containing x and y.
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Proof. This is clearly a chamber system over the set I, where I is the indexing set of the
Coxeter group generators. We first need to prove that each {i}-residue contains at least two
chambers. But this follows from the fact that we are taking the union of Coxeter complexes,
and this statement holds on each apartment by lemma 4.1.

We now note that we are assuming that any two apartments are isomorphic, so the W -
distance function is well-defined. So let us assume, for two chambers x and y, that f is a
reduced word and δ(x, y) = sf . Now this means that, given any apartment containing both x
and y, there is a gallery of type f from x to y.

Now we need to show the converse. We need to show that if there is a gallery of type f
from x to y which is reduced, then δ(x, y) = sf . We prove this by induction on the length of
f .

For the base case, if f = i then x and y are i-adjacent, and so they are i-adjacent in any
apartment containing them both. So then δ(x, y) = si.

Now assume that there is a reduced gallery of type f = gi from x to y. Let A be an
apartment containing both x and y. Let p be the last panel in our gallery, and y′ the second to
last alcove in the gallery. So p will have type i. Now, by induction, δ(x, y′) = sg. This implies
that there is a gallery γ of type g from x to y′ in some apartment, say A′.

Now we know, by the definition in section 4.1, that there is an isomorphism φ : A → A′

which fixes x and p. So now consider the gallery γ under the map φ. This gives us a gallery
which starts at φ(x) = x and ends at a gallery which has p as one of its panels. Also, this
gallery has type g. Hence, we can create a new gallery (φ(γ), y) of type f = gi from x to y.
This finishes our proof.

Example 4.1. Example 2.2 is an example of a building constructed this way. Here, our
apartments are copies of 6-cycles, which are copies of the Coxeter complex for A2. This is
why this building is called the A2(F2) building. Clearly any two chambers are contained in a
common apartment.

4.2 Properties of buildings

Some key properties of buildings are as follows:

1. ∆ is connected.

2. δ is surjective.

3. δ(x, y) = δ(y, x)−1.

4. δ(x, y) = si if and only if x 6= y and x ∼i y.

5. For i 6= j, i- and j-adjacency are mutually exclusive.

6. A gallery is minimal if and only if its type is reduced.

7. If there is a gallery of type f from x to y, and f is reduced, then this gallery is unique.
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5 Retractions of buildings

We can now define retractions of buildings. This is a map from the building, onto one of its
apartments. As we will see in section 8.1, there is a natural connection between retractions
and the shadows of galleries. This gives us a motivation for studying the shadows of galleries.

Definition 5.1. Let A be a chosen apartment in a building X, and let c ∈ A be an alcove.
We define the retraction from X to A based at c as the map rA,c : X −→ A where we send any
alcove d to the unique alcove e in A such that δ(c, d) = δA(c, e).

Figure 4: Retraction based at an alcove. Figure taken from [10, p.25].

We now want to define the concept of a retraction from infinity. The idea here is you
pick a Weyl chamber, and so a chamber in the boundary, and effectively fold away from this
direction. We can do this by employing the retraction from an alcove, but this alcove must
change depending on the alcove we are trying to retract. This alcove must be far enough away,
and in the direction of the chamber at infinity. Take w′ as the alcove at the tip of the Weyl
chamber C, where we are considering the finite Coxeter complex within the affine complex
which contains the fixed alcove 1. We also take as t the element which maps the finite complex
onto its next copy in the direction of the Weyl chamber containing 1.

In the example of Ã2, we take as t the element s0s1s2s1. This translates the hexagon onto
the next hexagon in the direction of the Weyl chamber containing 1.

Definition 5.2. Let A be a chosen apartment in an affine building X, and let C ∈ ∂A be a
chamber at infinity of the apartment. We define the retraction from X to A based at C as the
map ρA,C : X −→ A which, for any alcove d, of length l(d), we take the alcove c = w′tl(d), as
defined above. Then ρA,C(d) = rA,c(d).

The idea here is that for any alcove we are wanting to retract, we are wanting to take an
alcove which is ’far enough away’ in the direction of the chosen Weyl chamber.

Figure 5: Retraction of a tree from a chamber at infinity. Figure taken from [10, p.26].
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6 Orientations of Coxeter complexes

We want to consider an orientation on the panels of our Coxeter complex. Ultimately, we want
to define foldings of galleries, and we only want to consider positive foldings with respect to
some orientation.

Definition 6.1. An orientation φ of a Coxeter complex Σ is a map from the set of pairs (p, c),
where p is a panel and c is an alcove containing p, to the set {+1,−1}. If φ(p, c) = +1, then
we say that c is on a φ-positive side of p, otherwise we say that c is on a φ-negative side.

Example 6.1. The trivial positive orientation is the map which sends all pairs to +1. Similarly,
the trivial negative orientation is the map which sends all pairs to −1.

Often, we do not want to have orientations which locally behave like trivial orientations.
Hence, we define the following concepts:

Definition 6.2. Given an orientation φ of Σ, we have

1. φ is locally non-negative if, for each panel, there is at least one alcove which is on the
φ-positive side.

2. φ is locally non-trivial if, for each panel, there is exactly one alcove which is on the
φ-positive side.

There is a natural action of W on the set of all possible orientations of Σ, induced by the
action of W on the alcoves and panels. It is defined as

(x · φ)(p, c) := φ(x−1p, x−1c).

Definition 6.3. Given an orientation φ of Σ, we say that φ is wall consistent if, given any wall
H, for all pairs c, d of alcoves which lie in the same halfspace of H, with panels p and q lying
in H, we have that φ(p, c) = φ(q, d). If our orientation is wall consistent, we can then define
the positive side Hε of H as the half-space such that all alcoves c in Hε have φ(p, c) = +1 for
all panels of c. Then the negative side is defined similarly.

We want to look at several natural ways to orient a Coxeter complex. First, we will look
at an orientation which is derived from either a choice of alcove or, more generally, a choice of
simplex. This orientation works for any Coxeter group.

Definition 6.4. Choose a fixed alcove c in Σ. Now given any alcove d, and panel p, we define
their orientation as φ(p, d) = +1 if and only if c and d lie in the same side of the wall which is
spanned by p. We call this orientation the alcove orientation towards c. Then we can define
the alcove orientation away from c as the opposite orientation.

We can generalise this definition to any simplex of our Coxeter complex.

Definition 6.5. Choose a fixed simplex b in Σ. Now given any alcove c, and panel p in c,
we define their orientation as φ(q, c) = +1 if and only if either c and b lie in the same side of
the wall H containing p, or b lies inside H. We call this orientation the simplex orientation
towards b.
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Example 6.2. Here we see two simplex orientations of an A2 Coxeter complex. In this
complex, the alcoves are edges, and the panels are vertices. The walls in this picture are the
sets of pairs of points which are furthest from each other. This is because the map which
switches the neighbouring panels fixes the point in between and the opposite point.

Figure 6: An alcove orientation and a panel orientation. Figure taken from [5, p.124].

Lemma 6.1. Consider a Coxeter group (W,S) with Coxeter complex Σ. We have the following:

(i) If φ is a simplex orientation of Σ, then φ is wall consistent and locally non-negative.

(ii) If φ is an alcove orientation of Σ, then φ is wall consistent and locally non-trivial.

Proof. (i) Let b be the simplex defining the orientation, and consider a wall H in our Coxeter
complex. First let us consider the case in which b lies inside H. Then, by definition of the
simplex orientation, both sides of the wall are defined to be positive. So any two alcoves, and
any respective panels, lying in the same root of H will have the same orientation. So this root
satisfies the conditions of wall consistency, and both sides are defined as positive so it is locally
non-negative.

Now assume that b does not lie in H, so b lies in exactly one root of H. Then this side of the
wall is the positive side, and any two alcoves, and any respective panels, in this root are given
a positive orientation. Similarly, any two alcoves, and any respective panels, in the other root
are given a negative orientation. So again, this wall satisfies the conditions of wall-consistency,
and is locally non-negative.

(ii) An alcove orientation is a type of simplex orientation, so part (i) implies that φ is wall
consistent. Now considering the cases from part (i), we can never be in the first case. This is
because an alcove has one higher dimension than a wall, and so an alcove can never fully lie
within a wall. So therefore we are always in case two, and so by the same argument as part
(i), we conclude that φ is locally non-trivial.

6.1 The affine case

Now we restrict to the case that our Coxeter complex Σ is affine.
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Definition 6.6. Let φ be a wall consistent orientation of an affine Coxeter complex. We
say that φ is periodic if, given two parallel hyperplanes H1, H2 and corresponding half-spaces
Hε

1, H
ε
2, if Hε

1 ⊂ Hε
2, then Hε

1 is positive if and only if Hε
2 is positive.

Example 6.3. If φ is a trivial orientation on an affine Coxeter complex, then φ is periodic.

Example 6.4. Simplex orientations are not periodic, as, for every set of parallel hyperplanes,
we can find pairs of representatives which have the simplex on different sides.

If φ is a periodic orientation, then we have a natural orientation induced on the boundary.
Similarly, if we have an orientation defined on the boundary of a Coxeter complex, then we
have a periodic orientation on the Coxeter complex which induces this orientation.

Lemma 6.2. [5, p.125] Given a periodic orientation φ on an affine Coxeter complex Σ, there
is an induced wall-consistent orientation ∂φ on the boundary complex ∂Σ. Now if φ is locally
non-negative or non-trivial, so is ∂φ.

Proof. Consider a wall M in the boundary ∂Σ. This corresponds to a set of parallel walls in
Σ. Consider a chamber a ∈ ∂Σ, which has a panel p lying in M . Now we can find a Weyl
chamber Ca of Σ which represents a. This has a bounding wall HM in the set of parallel walls
corresponding to M . Let c be the alcove at the tip of Ca. So c has a panel q which lies in HM .
We now define the orientation of the boundary by

∂φ(a, p) = φ(c, q).

This is well-defined as φ is periodic, so the choice of Ca does not affect the orientation. Also,
as φ is periodic, this orientation is wall-consistent. If φ is locally non-negative, then given a
panel q of Σ, we can find an alcove d such that φ(d, q) = +1. Then under the projection map
from Σ to the boundary ∂Σ, we get a chamber a and panel p such that ∂Σ(a, p) = +1. So ∂φ is
locally non-negative. The same argument can be made to show that if φ is locally non-trivial,
then ∂φ is also locally non-trivial.

Lemma 6.3. Given a wall-consistent orientation φ of the boundary complex ∂Σ, there exists
a unique periodic orientation φ̃ of Σ which induces the orientation φ.

Proof. Let H be a wall in Σ. Given a wall Hε of H, we define Hε to be the positive side
of H if the corresponding root ∂Hε is the positive side of the wall ∂H with respect to the
orientation φ. Otherwise we define Hε to be the negative side of H. This is well-defined as φ
is wall-consistent. This definition also uniquely defines the orientation φ̃.

Definition 6.7. Let σ be a chamber of the boundary ∆ of a Coxeter complex Σ. Then we form
an orientation φσ on the boundary ∆. The Weyl chamber orientation on Σ is the orientation
φ̃σ on Σ which induces φσ.
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7 Folded galleries

Next, we will consider folded galleries in a Coxeter complex. These are galleries which have
a repeated chamber. We will see how we can define a (W,S)-type of a gallery. This encodes
the types of all the panels we crossed over or touched in our gallery. We will also define the
decorated (W,S)-type. This also encodes the location of folds in our gallery. The decorated
(W,S)-type, along with the footprint function and starting alcove, can be used to calculate
the end alcove of our gallery.

7.1 Definitions

Definition 7.1. Given a combinatorial gallery γ of Σ, we say that γ is folded (or stammering)
if, within γ, we can find an index i such that ci = ci−1. Then we say that γ has a fold at panel
pi. Otherwise, we say that γ is unfolded (or non-stammering).

Definition 7.2. Given a gallery γ of length n + 1, define the set F(γ) to be the subset of
{1, . . . , n} such that i ∈ F(γ) if and only if γ has a fold at panel pi.

To represent a gallery, we draw a path which passes through every chamber and panel in
the gallery of the geometric representation of our Coxeter complex. We draw an arrow towards
the end alcove of our gallery.

Figure 7: Two galleries in Ã2. The grey gallery is unfolded, and the black gallery is folded.
Figure taken from [5, p.127].

Definition 7.3. Given a gallery γ in Σ, and an orientation φ, we say that γ is positively folded
with respect to φ if, whenever γ is folded at position i, φ(pi, ci) = +1. We can similarly define
negatively folded.

We note that, as W has a natural left action on Σ, W also acts on the set of galleries in Σ.
For instance, x ∈W sends γ = (c0, p1, c1, . . . , pn, cn) to the gallery γ = (xc0, xp1, xc1, . . . , xpn, xcn).

7.2 Galleries and words

We can now define the (W,S)-type and decorated (W,S)-type of a gallery. Note that here we
use tilde notation to denote a decorated word, but in other texts, such as [5], they use hat
notation to denote the decorated word.
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Definition 7.4. Consider a gallery γ = (c0, p1, c1, . . . , pn, cn). Let panel pi of γ have type
ji ∈ I. We define its (W,S)-type τ(γ) as the word

τ(γ) := sj1 . . . sjn .

We denote by Γ+
φ (w) the set of all φ-positively folded galleries which have (W,S)-type w.

Note that, from Definition 3.6, if γ has type f , then γ has (W,S)-type sf .

Definition 7.5. The decorated (W,S)-type τ̃(γ) of a gallery γ = (c0, p1, c1, . . . , pn, cn) is the
decorated word

τ̃(γ) := sj1 . . . s̃ji . . . sjn ,

where we place a tilde on the elements sji of the word which correspond to a fold ci−1 = ci
of the gallery. We denote by Γ+

φ (w̃) the set of all φ-positively folded galleries which have
decorated (W,S)-type w̃.

Lemma 7.1. [5, p.128] Let c0 be a fixed alcove in our Coxeter complex Σ.

(i) There is a bijection between words in S and unfolded galleries starting at c0.

(ii) There is a bijection between decorated words in S and galleries starting at c0.

Proof. Given a word s1 . . . sn in S, we can define an unfolded gallery starting at c0 by multi-
plying c0 by s1, and in general define ci by multiplying ci−1 by si, and set pi to be the unique
panel contained in both ci−1 and ci. This gives our bijection for part (i). Now given a dec-
orated word in S, we can define a general gallery by multiplying ci−1 by si, as above, if si is
not decorated. If si is decorated, then let ci = ci−1, and let the panel pi be the unique panel
of ci which has (W,S)-type si. This gives the bijection for part (ii).

The next lemma gives some easy results from the definitions of (W,S)-type and decorated
(W,S)-type.

Lemma 7.2. [5, p.128] Let γ be a gallery. Then

1. F (γ) = ∅ if and only if τ(γ) = τ̃(γ).

2. γ is minimal if and only if F (γ) = ∅ and τ(γ) is reduced.

We want to be able to characterise the last alcove in a gallery. We do this by constructing
another gallery which removes any folds from our original gallery. This leads to an unfolded
gallery which has shorter length than the original gallery.

Definition 7.6. Consider a gallery γ = (c0, p1, c1, . . . , pn, cn) in Σ. We create a new gallery,
called the footprint ft(γ) of γ, by deleting all pairs (pi, ci) such that the letter si has a hat in
τ̂(γ).

Lemma 7.3. We can calculate the final alcove of a gallery as the element cn = c0 · w, where
w = τ(ft(γ)).
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Proof. The footprint of a gallery is exactly the gallery achieved by deleting repeated alcoves and
the corresponding panels. So we are left with a gallery ft(γ) = (c0 = d0, q1, d1, . . . , qm, dm = cn).
Now di is exactly defined as the alcove obtained by multiplying di−1 by si, where si is the
(W,S)-type of the panel qi. So, by induction, dm, which equals cn, can be calculated by
multiplying d0 = c0 by the (W,S)-type of ft(γ).

Figure 8: Here we have two galleries shown in black. The dotted lines show the corresponding
unfolded galleries, and the dashed line show their footprints. Figure taken from [5, p.129].

7.3 Folding and unfolding galleries

Now we have defined galleries, and in particular folded galleries, we want to be able to create
folded galleries ourselves from unfolded galleries. We do this in a natural way, where folding
along a panel leads to a reflection of the rest of the gallery with respect to that panel. For
instance, this figure shows foldings in the 4th and 7th panel of the given gallery, and also
illustrates that foldings are commutative - a fact that we will formally prove.

Figure 9: A gallery with commuting folds at panels 4 and 7. Figure taken from [5, p.132].

Definition 7.7. Consider a gallery γ = (c0, p1, c1, . . . , pn, cn). Let Hi be the wall containing
the panel pi, and let ri be the reflection across Hi. For i = 1, . . . , n, let

γi := (c0, p1, . . . , pi, rici, ripi+1, rici+1, . . . , ripn, ricn).

If γ was folded at panel pi, we call γi an unfolding of γ at pi. Otherwise, we call it a folding.
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Compare this definition of folding to Definition 3.10. We see that this definition is a
restriction of the map defined in Definition 3.10 to the gallery we are folding.

Lemma 7.4. For all i = 1, . . . , n, τ(γ) = τ(γi). So folding and unfolding does not change the
gallery (W,S)-type. Also, (γi)i = γ.

Proof. This is just a result of the definition of the type of a panel, which is invariant under
reflections along walls. Also, we note that riri = 1, as reflections are self-inverse, so applying
a fold twice at panel pi will first achieve (co, p1, . . . , pi, rici, ripi+1, rici+1, . . . , ripn, ricn), and
will then achieve (co, p1, . . . , pi, ririci, riripi+1, ririci+1, . . . , riripn, riricn) = (c0, p1, . . . , pn, cn).
Hence, (γi)i = γ.

Lemma 7.5. For all i, j ∈ {1, . . . , n}, (γi)j = (γj)i, i.e. foldings are commutative.

Proof. As we have already dealt with the case that i = j, we can assume that i < j. Let r be
the reflection along the wall containing pi, and let t be the reflection along the wall containing
pj . Then we have, by the definition of (un)-folding,

(γj)i = (c0, p1, c1, . . . , ci−1, pi, rci, . . . , rpj , rtcj , . . . , rtcn).

Also, if we let u be the reflection along the wall containing rpj , we have

(γi)j = (c0, p1, c1, . . . , ci−1, pi, rci, . . . , rpj , urcj , . . . , urcn).

Let us calculate the maps r, t and u. Given a panel p of an alcove c, the reflection along the
wall containing p is given by the multiplication map cτ(p)c−1. Hence,

r = ci−1τ(pi)c
−1
i−1, t = cj−1τ(pj)c

−1
j−1, and u = (rcj−1)τ(rpj)(rcj−1)−1.

Now by a previous lemma, reflections preserve type, so we have that τ(rpj) = τ(pj). Then

ur = (rcj−1)τ(rpj)(rcj−1)−1ci−1τ(pi)c
−1
i−1

= r(cj−1τ(pj)c
−1
j−1)(ci−1τ(pi)c

−1
i−1)(ci−1τ(pi)c

−1
i−1)

= r(cj−1τ(pj)c
−1
j−1)

= rt.

Therefore ur = rt, and hence (γj)i = (γi)j .

Because of this property, we are able to define a multifolding with respect to a subset I of
{1, . . . , n} as the (un-)foldings γI . Now multifoldng does not affect the (W,S)-type. Then the
set of folds of γI will be the symmetric difference of the folds of γ and I. In particular, if I
and J are subsets of {1, . . . , n}, (γI)J = γI∆J . The following corollary now follows.

Corollary 7.1. Given any gallery γ, there is a subset I ⊂ {1, . . . , n} such that γI is unfolded,
and γ and γI have the same (W,S)-type.
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Now we fix a bijection between W and the alcoves of our Coxeter complex. We denote the
alcove associated to the identity element by 1. Then, for any word w with elements in S, we
let γw be the unique unfolded gallery which has (W,S)-type w and starts at 1. Now we write

1. γ ⇀ η if γ and η are galleries such that η = γI for some index set I, i.e. there is a folding
of γ which gives η.

2. w ⇀ u if w and u are words in S such that there is a folding of γw which has footprint u.

3. w ⇀ x if x is an element of W such that there is a folding of γw which has end alcove cx.

We denote by A
φ
⇀ B if the respective gallery is φ-positively folded.

7.4 Braid invariant orientations

Two reduced words in S represent the same element in the Coxeter group if and only if they
differ by a sequence of braid moves. A braid move replaces a subword sisjsisj . . . of length
mij with the string sjsisjsi . . ., again of length mij . We want to define the concept of braid
invariant orientations, so we can later conclude that, if we have a braid invariant orientation,
our shadows of a gallery do not depend on the chosen word of S representing the end alcove.

Definition 7.8. Consider a Coxeter system (W,S) and the corresponding Coxeter complex
Σ. Let φ be an orientation on Σ. Then we say that φ is braid invariant if, given any two braid

equivalent words w,w′ in S and any x ∈W , w
φ
⇀ x if and only if w′

φ
⇀ x. Then if yφ is braid

invariant for all y ∈W , φ is called strongly braid invariant.

For instance, trivial orientations are strongly braid invariant, but these orientations are not
very interesting. The following proposition gives us a large family of orientations which are
braid invariant. A proof of this proposition can be found in [5, pp.135-138].

Proposition 7.1. Weyl chamber and alcove orientations are braid invariant.

8 Shadows

Now we have defined orientations on a Coxeter complex, and looked at folding and unfolding
galleries, we can define the shadow of a given gallery. This is exactly the set of end alcoves
which can be reached by positively folding the gallery.

Definition 8.1. Consider a Coxeter system (W,S) and an orientation φ on the Coxeter com-
plex Σ. Let w be a word in S. The shadow of w with respect to φ is the set

Shφ(w) := {u ∈W | w φ
⇀ u}.

If φ is braid invariant, we can define Shφ(x) =Shφ(w), where w is any reduced expression of
x ∈ W . If we have the Weyl chamber orientation φa with a ∈ W0, the regular shadow of x
with respect to a is Sha(w) :=Shφa(w).
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Figure 10: Two galleries from the chamber representing 1 to the chamber representing w0.
The grey galleries show all the possible folded galleries, and the blue highlighted chambers

are the shadows of the galleries. Figure taken from [5, p.138].

Definition 8.2. Let x = s1 . . . sn be a reduced expression for x ∈W . Let y ∈W . We say that
y ≤ x if there exists a reduced expression for y of the form si1 . . . sik with 1 ≤ i1 ≤ . . . ≤ ij ≤ n.
This ordering is called the Bruhat order.

Proposition 8.1. Consider the trivial positive orientation φ+, and the alcove orientation φ1

towards 1. For x, y ∈W , x ≥ y if and only if x
φ+
⇀ y, if and only if x

φ1
⇀ y.

Now this proposition is giving us our first insight into calculating shadows. It is telling us
that if we can understand Bruhat ordering, then, if we have a trivial positive orientation or an
orientation towards 1, we can calculate the shadows of galleries.

Figure 11: The shadow of a gallery of shortest length from alcove 1 to alcove x. Figure taken
from [5, p.141].

Example 8.1. The picture above shows the shadow for an alcove of a Coxeter complex of
type Ã2, with respect to the trivial positive orientation. By the proposition above, this is also
the shadow with respect to the alcove orientation towards 1. Furthermore, the alcoves in this
shadow are all the elements y of the Coxeter group such that y ≤ x with respect to the Bruhat
ordering, and so it is the Bruhat interval [1, x].
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8.1 Retractions and shadows

We will now see the promised link between retractions and shadows. This comes from looking
at the preimage of a retraction map of the building onto a Coxeter complex.

Let us first consider when we have a finite Coxeter complex, a chamber c, and the orientation
on the Coxeter complex away from c. Then we claim that any positive folded gallery is the
image of a retraction of an unfolded gallery in the building. This retraction is the chamber
retraction away from c. A proof of the following theorem can be found in [4].

Theorem 8.1. The retraction based at c induces a surjective map from the set of unfolded
galleries in the building to the set of positively folded galleries in the Coxeter complex, with the
orientation away from c.

Now let us consider an affine Coxeter complex with a Weyl chamber orientation away from
a chamber C. Now here a positively folded gallery is again the image of a retraction of an
unfolded gallery in the building. This time, we retract with respect to the Weyl chamber C.
Again, a proof of the following theorem can be found in [4].

Theorem 8.2. The retraction with respect to the Weyl chamber C induces a surjective map
from the set of unfolded galleries in the building to the set of positively folded galleries in the
Coxeter complex, with the orientation away from C.

9 Progress on calculating shadows

Now our main question becomes whether we can calculate the shadow of a given gallery.
We have seen in the previous section that this answer with the trivial orientation, and Weyl
chamber orientation towards 1, is closely linked to the Bruhat order.

In general, the question can only be partially answered, and only with specific orientations.
Here we will see that if you restrict to looking at Weyl chamber orientations, and affine Coxeter
complexes, we can form recursive definitions of the shadows of galleries. This is only a partial
answer to our question, as we would like a closed form expression for calculating the shadow.

9.1 Statistics on positive folds

We now restrict to looking at Weyl chamber orientations over affine Coxeter complexes. So
let us fix a weyl chamber orientation φ = φ̃σ. This means that we have a complex Σ, with
a boundary ∂Σ, and that our orientations are induced by a boundary chamber orientation.
Here, we can get a partial answer to our main question of calculating the shadow of a given
gallery. To do this, we define a φ-valuation map on our set of alcoves. We can then prove a
recursive algorithm for calculating the shadow of a gallery.

First, given a gallery, we want to calculate the number of positive folds of this gallery that
we can make. A proof of this proposition can be found in [5, pp.132-133].

Proposition 9.1. Consider the largest element w0 in W0. Given an x ∈W , and a φ-positive
(multi)folding γ of γx, we have

lR(xy−1) ≤ |F (γ)| ≤ l(w0),
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where y := τ(ft(γ)).

Definition 9.1. Let H(Σ) be the set of all walls contained in our Coxeter complex. For an
alcove c of Σ, let H(c) be the subset of H(Σ) which separates c and the fixed identity alcove 1.
Now H(c) = H+

φ (c)tH−φ (c), where H+
φ (c) is the subset of H(c) such that c lies on the positive

side of the walls. Similarly, H−φ (c) is the subset of H(c) such that c lies on the negative side of
the walls.

Definition 9.2. Let Ch(Σ) denote the set of all alcoves in Σ. The φ-valuation map is the map
vφ : Ch(Σ)→ Z, with

c 7→ vφ(c) := |H+
φ (c)| − |H−φ (c)|.

Definition 9.3. Let pφ : Ch(Σ)×H(Σ)→ {0, 1} be the function

pφ(c,H) :=

{
1 if c is on a φ-positive side of H,

0 otherwise.

We now want to relate this function to our φ-valuation map.

Lemma 9.1.
vφ(c) =

∑
H∈H(Σ)

(pφ(c,H)− pφ(1, H)).

Proof. We are assuming that our orientation φ is a chamber orientation. So, in particular,
this orientation is locally non-trivial and wall consistent. Therefore, every hyperplane H has
a positive and negative side. First consider when 1 and c lie on the same side of H. Then H
is not an element of H(c). But, in this case, pφ(1, H) = pφ(c,H) and so this hyperplane does
not contribute to the above sum. Now consider when 1 and c lie on opposite sides of H. In
this case, H ∈ H(c). If c lies on the positive side of H, then H ∈ H+

φ (c), pφ(c,H) = 1 and
pφ(1, H) = 0, and so H contributes +1 to the sum above. Similarly, if c lies on the negative
side of H, then H ∈ H−φ (c), pφ(c,H) = 0 and pφ(1, H) = 1, and so H contributes −1 to the

sum above. Therefore, we are just counting the size of H+
φ (c) minus the size of H−φ (c), which

is exactly vφ(c).

9.2 Computation of regular shadows

We now want to see how we can use this new valuation map to define a recursive definition of
a shadow. To do this, we need the next important theorem. We will prove the first part of the
theorem, and a full proof of this theorem can be found in [5, pp.142-143].

Let Dir(W ) represent the set of chambers in the boundary complex ∂Σ. We call elements
of Dir(W ) directions in W.

Definition 9.4. Given an element x in a Coxeter group W , the right descent set DR(x) of x
is the set of elements s ∈ S such that l(xs) < l(x). Similarly, the left descent set DL(x) of x
is the set of elements s ∈ S such that l(sx) < l(x).
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Theorem 9.1. Let φ ∈Dir(W ), x ∈W and s ∈ S. Then

(i) If s is in the right descent set DR(x) of x, then we have

Shφ(x) = Shφ(xs) · s ∪ {z ∈ Shφ(xs) : vφ(zs) < vφ(z)}.

(ii) If s is in the left descent set DL(x) of x, then we have

Shφ(x) =

{
s · Shsφ(sx) ∪ Shφ(sx) if vφ(s) < 0,

s · Shsφ(sx) if vφ(s) > 0.

The proof relies on the following lemma. A proof can be found in [5, p.134].

Lemma 9.2. Let φ ∈Dir(W ), and let r be the reflection in W across the hyperplane Hr. For
any x ∈W , x is on the φ-positive side of Hr if and only if vφ(x) > vφ(rx).

Proof. (part (i) of Theorem 9.1) Let s ∈ DR(x), so l(xs) < l(x). Let w′ be a reduced expression
for xs. These imply that w := w′s is a reduced expression for x. We prove inclusion both
ways.
⊆: Assume y ∈ Shφ(x). By definition, there exists a gallery γ = (c0, p1, . . . , pn, cn) of type

w which is positively folded and has end alcove y, so cn = y. We consider two cases, depending
on whether γ is folded at the last panel.

Case 1: Assume cn−1 = cn. So we can form a gallery γ′ of type w′ = xs by removing
the last alcove and panel. This gallery also has end alcove y. So y ∈ Shφ(xs). Now γ is
positively folded, and so y = cn must lie on the positive side of pn. Now pn lies on the
hyperplane Hr, where r = ysy−1. So, by Lemma 9.2, vφ(y) > vφ(ry) = vφ(ys). Hence,
y ∈ {z ∈ Shφ(xs) : vφ(zs) < vφ(z)}.

Case 2: Assume cn = cn−1s. Then we can form another gallery γ′ of type w′ = xs by
removing the last alcove and panel. This gallery has end alcove ys, and so ys ∈ Shφ(xs).
Therefore, y ∈ Shφ(xs) · s.
⊇: First let y ∈ Shφ(xs) · s. So by definition, there is a φ-positive folded gallery γ =

(c0, p1, . . . , pn, cn), of type w′ = xs, which has end alcove ys. Now we can extend γ to γ′ =
(c0, p1, . . . , pn, cn, p, y), where p has type s. Then γ′ is a φ-positively folded gallery of type
w = w′s. So, by definition, y ∈ Shφ(x).

Now assume that y ∈ {z ∈ Shφ(xs) : vφ(zs) < vφ(z)}. So there is a φ-positively folded
gallery γ = (c0, p1, . . . , pn, cn), with type w′, and end alcove y. Let p be the panel of type
s of the alcove y. Then p lies on the hyperplane Hr with r = ysy−1. So in particular,
ry = ys, and hence vφ(ry) ≤ vφ(y). So, by Lemma 9.2, y is on the φ-positive side of Hr.
Hence, γ′ = (c0, p1, . . . , pn, cn, p, y) is a φ-positively folded gallery, with type w = w′s. So
y ∈ Shφ(x).

Now we can use this theorem to show that the next two lemmas both give us recursive
algorithms for the shadow of a gallery.
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Lemma 9.3. (Algorithm L) Let φ ∈ Dir(W ) and x ∈W . Let w = s1 . . . sn be a reduced word
for x. Let A0 = {1} and let

Ai := Ai−1 · si ∪ {z ∈ Ai−1 | vφ(zsi) < vφ(z)}.

Then An = Shφ(x).

Proof. Using theorem 9.1, we can show by induction that Ai =Shφ(s1 . . . si) for i = 0, . . . , n.
Firstly, for i = 0 it is trivial, as Sh(1) = {1}. Then assume that Ai =Shφ(s1 . . . si) for i < j.
By part (i) of the theorem, with x = s1 . . . sj and s = sj ,

Sh(s1 . . . sj) = Sh(s1 . . . sjsj) · sj ∪ {z ∈ Sh(s1 . . . sjsj) : vφ(zsj) < vφ(z)}
= Sh(s1 . . . sj−1) · sj ∪ {z ∈ Sh(s1 . . . sj−1) : vφ(zsj) < vφ(z)}
= Aj−1 · sj ∪ {z ∈ Aj−1 : vφ(zsj) < vφ(z)}
= Aj .

Lemma 9.4. (Algorithm R) Let φ ∈ Dir(W ) and x ∈ W , with sn . . . s1 a reduced expression

for x. Let Bφ
0 := {1} and define

Bφ
i =

{
siB

siφ
i−1 ∪B

φ
i−1 if vφ(si) < 0,

siB
siφ
i−1 if vφ(si) > 0.

Then Bφ
n =Shφ(x) for all φ ∈ Dir(W ).

Proof. Again, we can use theorem 9.1 to prove by induction that Bφ
i =Shφ(si . . . s1) for all

i = 0, . . . , n. For i = 0 it is trivial, as Shφ(1) = {1}. Now assume that Bφ
i =Shφ(si . . . s1) for

all i < j. By part (ii) of the theorem, if v(sj) < 0, then

Shφ(sj . . . s1) = sj · Shsjφ(sjsj . . . s1) ∪ Shφ(sjsj . . . s1)

= sj · Shsjφ(sj−1 . . . s1) ∪ Shφ(sj−1 . . . s1)

= sj ·B
sjφ
j−1 ∪B

φ
j−1

= Bφ
j .

Similarly, if v(sj) > 0, then

Shφ(sj . . . s1) = sj · Shsjφ(sjsj . . . s1)

= sj · Shsjφ(sj−1 . . . s1)

= sj ·B
sjφ
j−1

= Bφ
j .
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10 Conclusion

In this paper we have defined buildings and Coxeter complexes, and defined galleries in Coxeter
complexes. We have looked at different orientations we can place on our given Coxeter complex,
and how we can define positive foldings of galleries with respect to orientations. This leads to
a natural question of calculating the shadow of a gallery. We have seen some progress made so
far in answering this question, but we are yet to find a non-recursive answer to calculating the
shadow of a gallery. Our next step is to try to answer this question for specific orientations.
We have seen in this paper that the answer, for the trivial orientation and the orientation at
infinity in the direction of 1, is completely related to the Bruhat ordering on our Coxeter group.
So with further exploration into answering questions of Bruhat ordering, we would answer the
question of calculating these specific shadows at the same time. Then it is reasonable to
propose that, with other orientations, there is a link to some other type of ordering on our
Coxeter group elements.
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