REGULARIZED THETA LIFTS AND (1,1)-CURRENTS ON GSPIN

SHIMURA VARIETIES
LUIS E. GARCIA

ABSTRACT. We introduce a regularized theta lift for reductive dual pairs of the form
(Spg, O(V)) with V' a quadratic vector space over a totally real number field F'. The lift takes
values in the space of (1,1)-currents on the Shimura variety attached to GSpin(V), and we
prove that its values are cohomologous to currents given by integration on special divisors
against automorphic Green functions. In the second part to this paper, we will show how to
evaluate the regularized theta lift on differential forms obtained as usual (non-regularized)
theta lifts.
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2 REGULARIZED THETA LIFTS AND (1,1)-CURRENTS
1. INTRODUCTION

1.1. Background and main results. The theory of the theta correspondence provides one
of the most powerful tools to construct automorphic forms on classical groups. In recent
years, the work of many authors has led to a geometric version of this theory describing the
behaviour of various spaces of so-called special cycles. Namely, the arithmetic quotients of
symmetric spaces attached to classical groups SO(p, ¢) and U(p, q) are equipped with a large
collection of cycles coming from the subgroups that fix a given rational subspace; these are
generally known as special cycles. After the work of Kudla and Millson [1986, 1987, 1990]
constructing theta functions that represent their Poincaré dual forms, it has become clear
that their cohomological properties are very closely connected with the theta correspondence;
see e.g. [Kudla, 1997] for a description of their cup products and intersection numbers for
the group SO(n,2).

In cases where these arithmetic quotients are naturally quasi-projective algebraic varieties
(e.g. for the group SO(n,2) just mentioned), some of these special cycles define complex
subvarieties, and it is interesting to ask for more refined properties, such as constructing
Green currents for them or describing their image in the appropriate Chow groups. The
work of Borcherds [1998, 1999] and its generalization by Bruinier [2002, 2012] succesfully
addressed these questions for the case of special divisors on arithmetic quotients of SO(n, 2).
Their construction relies again on the theta correspondence and is based on considering theta
lifts with respect to the reductive dual pair (SLg, O(V)). The automorphic forms on SLy(A)
used in their work as an input are not of moderate growth; thus, the integrals defining the
theta lifts are not convergent and need to be regularized. With the proper regularization
procedure, one can construct Green functions for special divisors, and also meromorphic
automorphic forms, as theta lifts.

One might wonder if regularized theta lifts for reductive dual pairs of the form (Sps,, O(V))
for n > 2 can be defined and whether one can construct interesting currents on arithmetic
quotients of the symmetric space associated with SO(Vg) in this way. Consider such a
quotient Xp associated with a lattice T' C SO(n,2), and let (Y, f) be a pair consisting of
a subvariety Y C Xp and a meromorphic function f € C(Y)*. In view of the explicit
description of motivic cohomology and regulator maps in terms of higher Chow groups (see
e.g. [Goncharov, 2005]), it is interesting to consider the current log |f| - dy, whose value on
a differential form a € o7 (Xr) is given by

(1.1) (og 1 -3v,0) = [ 10g]f] .

The first goal of this paper is to show that, for many pairs (Y, f) such that Y is a special
subvariety and f has divisor supported in special cycles, the current log|f| - dy can be
obtained as a regularized theta lift for (Sps, O(V')). This follows from Theorem 1.1 below.
For motivation, note that conjectures by Beilinson [1984] relate the values of dd®-closed Q-
linear combinations of such currents with the values at certain integral points of L-functions
attached to Xr. Our construction allows to compute the values of some more general currents
by using the theta correspondence; a followup paper will relate them to special values of
standard L-functions of automorphic representations of Sp,. Let us now describe more
precisely the main objects involved in the statement of the theorem.

Let F be a totally real number field and V' be a quadratic vector space over F'. We assume
that the signature of V' is ((n,2),(n + 2,0),...,(n + 2,0)) with n positive and even. Let
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H = RespgGSpin(V). Attached to H there is a Shimura variety X of dimension n whose
complex points at a finite level determined by a neat open compact subgroup K C H(Ay)
are given by

(1.2) Xk = HQ\(D x H(Af))/K.

Here D denotes the hermitian symmetric space attached to the Lie group SO(Vx). For fixed
K, the complex manifold X is a finite union of arithmetic quotients of the form Xp := I'\D*,
where DT denotes one of the connected components of I. Consider two vectors v,w € V
spanning a totally positive definite plane in V' and write I', (resp. I',,,) for the stabilizer
of v (resp. of both v and w) in T. One can define complex submanifolds D} C D* and
D:w C D/, each of complex codimension one, and holomorphic maps

(1.3) DY, D; D+

| J J

X (v, w)r = Ty \DF ), ——— X (v)r = T,\DF ——— Xy
where the maps in the bottom row are proper and generically one-to-one. In Section 3.2 we
recall the construction of a function G(v,w)r € €(X (v)r — «(X(v,w)r)) that is a Green
function for the divisor [¢(X (v, w)r)] € Div(X (v)r); this function is locally integrable and
hence defines a current [G(v,w)r] € 2°(X(v)r). Define the current

(1.4) [®(v, w)r] = 27 - £.([G(v,w)r]) € 2V (XT),

)

where f, : 2°(X(v)r) — 2" (Xr) denotes the pushforward map. Note that the Q-linear
span of the currents [®(v,w)r] for varying w and fixed v includes all the currents of the
form 27i - log | f| - 6x(v)., where f € C(X(v)r)* ®z Q is one of the meromorphic functions
constructed by Bruinier [2012, Theorem 6.8]. Given a totally positive definite symmetric
matrix 7' € Symy(F) and a Schwartz function ¢ € .(V (A;)?) fixed by K, in Section 3.7 we
define a current [®(T, )] € 2% (Xk) as a finite sum of currents [®(v, w)r] weighted by the
values of . As an example, consider the case treated in Section 4.2, where Xy = XéB X X(’)B is
a self-product of a full level Shimura curve X attached to an indefinite quaternion algebra B
over Q. Here the currents [®(7T', ¢) k] admit a description in terms of Hecke correspondences
and CM points on Xg. Namely, if p is a prime not dividing the discriminant of B such that
p = 1(mod 4) and writing L = Q[v/—p], then for a certain choice of p = ¢y we have

s e, )em) | =2m O S X X XE)(G e

where A denotes the diagonal embedding and G, eleM(o)] denotes a Green function for the
divisor t7,g[CM(0y)] of points in X with CM by O}, (see (4.28)).

Our first main result will show that the currents [®(7), ¢)k| are cohomologous to some
currents obtained by a process of regularized theta lifting. Let us now introduce these theta
lifts. In Section 3.8 we define, for ¢ € #(V(A;)?) fixed by K and g € Sps(Ar), a theta
function 0(g; ¢)k valued in the space of smooth (1,1)-forms on Xf. In the same section, we
introduce a function

(1.6) Mr(s) : N(F)\N(A) x A(R)° — C.
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Here T denotes a totally positive definite symmetric 2-by-2 matrix, s is a complex number,
N C Spyr denotes the unipotent radical of the Siegel parabolic of Sp,  and A(R)° denotes
the connected component of the identity of the real points of the subgroup A C Spyp of
diagonal matrices in Spy . This function grows exponentially along A(R)°. We define the
regularized theta lift

(1.7) (Mn(5), 0 0) i)™ = / / Mn(na, $)6(na, o) dnda,
AR)? JN(F)\N(A)

with appropriate measures dn and da.

Theorem 1.1. (1) The regularized integral (Ar(s),0(; )k)" converges for Re(s) > 0
on an open dense set of X whose complement has measure zero and defines a locally
integrable (1,1)-form ®(T, ¢, s)x on Xk.

(2) Let 2" (X)) = 2V (Xk)/(im(d) + im(D)). The current [B(T, ¢, s)x] € 2" (Xk)
defined by (T, p,s)kx admits meromorphic continuation to s € C; moreover, its
constant term at s = sg = (n — 1)/2 satisfies

CTS:SO [(I)(Tu P, S)K] = [®<T? QO)K]
as elements of 7" (Xg).

In fact, Proposition 3.19 shows that the currents in the theorem are compatible under the
maps 2" (Xg:) — 2" (Xk) induced from inclusions K’ C K of open compact subgroups,
so that we obtain currents

(1.8) [@(T. ¢)] = ([2(T, p)k])x € 2" (X) = lim 7" (X )

and similarly [®(T, ¢, s)] € 2"'(X) that agree on closed differential forms.
A particularly interesting subspace of 2!(X) is the image of the regulator map

(1.9) rg: OH*( Xk, 1) — 2V (Xk)

whose definition we recall in Section 3.9; in particular, we would like to characterise the
currents [®x| in the Q-linear span of the currents [® (7T, p) k] that belong to the image of r4.
We will prove in Proposition 3.23 that, when dim X > 4, we have for such a current ®:

Once the currents [®(T, ¢)] have been constructed, we would like to evaluate them on
differential forms o € 7" """'(Xg). Let us assume from now on that V is anisotropic
over F; this implies that Xy is compact. Since the form ®(T, ¢, s)k is obtained as a
(regularized) integral, it is natural to try to do so by interchanging the integrals. However,
the regularized integral is not absolutely convergent, and the exchange is not justified. To get
around this problem, we introduce some locally integrable (1,1)-forms ®(T’, ¢, s)x related
to the ®(7T,p,s)kx in Theorem 1.1. They are also obtained as regularized theta lifts and
the associated currents [®(7T), ¢, s)k] are compatible under the maps induced by inclusions
K' C K, thus defining a current [®(T, ¢, s)] € 2“1 (X). As before, these currents enjoy a
property of meromorphic continuation to s € C, and their constant terms satisfy

(1.11) CTo—sy [D(T1, 01, 5)] — [D(T3, 02, 5)] = [®(T1, ¢1)] — [®(T3, 02)]

modulo im(9)+im(0) for pairs (T1, ¢1), (T2, p2) related by a certain involution ¢ (see (3.82)).
Here, at a finite level K, the current on the right hand side is a finite sum of currents of
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the form [®(v,w)r] — [®(w,v)r| with [®(v,w)r] given by (1.4); see Remark 3.24 for some
motivation on these currents. Moreover, using ideas of Bruinier and Funke [2004], we show
that the values [®(T, ¢, s)x]() for large Re(s) can be computed by reversing the order of
integration; the precise statement is the following.
Proposition 3.27. Let K C H(Ay) be an open compact subgroup that fixes ¢ and let
a € """ Xg). Then, for Re(s) > 0, we have

([O(T, ¢, 8)k], @) = / / //?;(na, s) / O(na; v ® Poo) i N a dnda.
AR)? JN(F)\N(A) Xk

This result also gives information on the values of the currents [®(7', ¢)]; see Corollary 3.28.

1.2. Outline of the paper. We now describe the contents of each section in more detail.
Section 2 is a review of definitions and basic facts about Shimura varieties X attached to
GSpin groups. In it we recall the definition of the relevant Shimura datum, describe the
connected components of Xy at a finite level K and introduce the tautological line bundle
% and its canonical metric. Then we recall the definition of special cycles in X and their
weighted versions introduced by Kudla.

In Section 3 we construct currents in 2% (Xg). Sections 3.1 and 3.2 first review previous
work by Oda, Tsuzuki and Bruinier on secondary spherical functions on the symmetric
space D attached to SO(n,2), and on automorphic Green functions for special divisors on
arithmetic quotients T'\D" (here D' denotes one of the connected components of D). In
Section 3.3 we introduce some differential forms with singularities on ID. These forms depend
on a complex parameter s and are used in Section 3.4 to define (1,1)-forms on I'\D* with
singularities on special divisors. We prove that these (1, 1)-forms are locally integrable and
therefore define currents in 2! (I'\D*'). Section 3.5 then shows that these currents admit
meromorphic continuation to s € C and that their regularized value at a certain value sq is
cohomologous to the pushforward of the automorphic Green function in Section 3.2 defined
on a certain special divisor. An adelic formulation of the above constructions is provided in
Section 3.6. After this, in Section 3.7, we introduce weighted currents; their behaviour under
pullbacks induced by inclusions of open compact subgroups K’ C K and under the Hecke
algebra of the GSpin group is described. Section 3.8 explains how these weighted currents
can be constructed as regularized theta lifts for the dual pair (Sps, O(V')). In Section 3.9
we give a necessary and sufficient condition for the currents above to belong to the image of
the regulator map from the higher Chow group C H?*(Xg,1). Section 3.10 introduces some
related currents on X and uses their presentation as regularized theta lifts to prove that
they can be evaluated on differential forms by interchanging the order of integration.

The example of a product of Shimura curves described above is considered in Section 4.
This section starts with some definitions and basic facts on Shimura curves in Section 4.1.
In Section 4.2, we describe several of the currents introduced in Section 3 in terms of Hecke
correspondences and CM divisors.

1.3. Notation. The following conventions will be used throughout the paper.
o We write Z = @(Z/nZ) and M = M ®y Z for any abelian group M. We write

Ay =Q®z 7, for the finite adeles of Q and A = Ay x R for the full ring of adeles.
e For a number field F', we write Ap = F ®qg A, Apy = F ®g Ay and Fiy = F'®q R.
We will suppress F' from the notation if no ambiguity can arise.
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e For a finite set of places S of F, we will denote by Ag (resp. A®) the subset of adeles
in Ap supported on S (resp. away from S).

e We denote by 9g = ®,¢g, : Q\Ag — C* the standard additive character of Ag,
defined by

g, (v) = e, for z € Zp™'];
Yg(z) = ¥, for x € R.

If F), is a finite extension of Q,, we set ¥, = g, (tr(z)), where tr : F, - Q, is the
trace map. For a number field F', we write ¢ = ®,1, : F\Ap — C* for the resulting
additive character of Ap.

e For a locally compact, totally disconnected topological space X, the symbol . (X)
denotes the Schwartz space of locally constant, compactly supported functions on
X. For X a finite dimensional vector space over R, the symbol .#(X) denotes the
Schwartz space of all € functions on X all whose derivatives are rapidly decreasing.

e For a ring R, we denote by Mat,(R) the set of all n-by-n matrices with entries in R.
The symbol 1,, (resp. 0,,) denotes the identity (resp. zero) matrix in Mat, (R).

e For a matrix z € Mat,(R), the symbol ‘z denotes the transpose of x. We denote by
Sym,(R) = {x € Mat,(R)|z =" x} the set of all symmetric matrices in Mat,(R).

e The symbol X H Y denotes the disjoint union of X and Y.

e If an object ¢(s) depends on a complex parameter s and is meromorphic in s, we
denote by CT,—;,¢(s) the constant term of its Laurent expansion at s = sg.

1.4. Acknowledgments. Most of the work on this paper was done during my Ph.D. at
Columbia University, as part of my Ph.D. thesis. I would like to express my deep gratitude
to my advisor Shou-Wu Zhang, for introducing me to this area of mathematics, for his
guidance and encouragement and for many very helpful suggestions. I would also like to
thank Stephen S. Kudla for answering my questions about the theta correspondence and
for several very inspiring remarks and conversations. This paper has also benefitted from
comments and discussions with Patrick Gallagher, Yifeng Liu, André Neves, Ambrus Pal,
Yiannis Sakellaridis and Wei Zhang; I am grateful to all of them. Finally, I want to thank
the referee for his useful suggestions and comments.

2. SHIMURA VARIETIES AND SPECIAL CYCLES

2.1. Shimura varieties. We recall the facts about orthogonal Shimura varieties that we
will need. We follow Kudla [1997] closely, to which the reader is referred for further details.
Let F' be a totally real number field of degree d with embeddings o; : F - R, ¢ =1,...,d.
Let (V,Q) a quadratic vector space over F' of dimension n + 2 (with n > 1); we assume
that Vi = V ®p,, R has signature (n,2) and that V,, = V ®p,, R is positive definite for
i=2,...,d.

Let H = Resp/oGSpin(V). The group H fits into a short exact sequence

(21) 1— R€SF/QGm — H — R6$F/QSO(V) — 1.

Denote by D the set of oriented negative definite planes in ;. We will fix once and for all
a point zg € D and will denote by D' the connected component of I containing z,. The
group SO(V1) = SO(n,2) acts transitively on D, and the stabilizer K, of 2y is isomorphic
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to SO(n) x SO(2). We have
(2.2) D = SO(n,2)/(SO(n) x SO(2)).

To the pair (H,D) one can attach a Shimura variety Sh(H,D) that has a canonical model
over o1(F). Namely, in [Kudla, 1997, p. 44] a homomorphism

(2.3) ho : Resc/eGm =C* — HR) = [ GSpin(Vs,)

is defined such that I becomes identified with the space of conjugates of hy by H(R); the
resulting action of H(R) on D factors through the projection H(R) — SO(V;). For any
compact open subgroup K C H(Ay), we have

(2.4) X = Sh(H,D)x(C) = HQ\(D x H(A)))/K.

Thus X is the complex analytification of a quasi-projective variety Sh(H, D) of dimension
n defined over oy (F). If V' is anisotropic over F', then Sh(G,D)g is actually projective.

We recall the description of the connected components of Xj. Let H%" 2 Res r/@Spin(V)
be the derived subgroup of H. There is an exact sequence

(2.5) 1= H* 5 HST 1

where T' = Resp/gG,, and v is given by the spinor norm. Let T(R)" = (R+)? € T(R) and
H,(R) = v }T(R)") be the set of elements of H(R) of totally positive spinor norm; this is
the subgroup of H(R) stabilizing D*. Define

(2.6) H.(Q) = H(Q) N H(R).
By the strong approximation theorem, we can find hy =1,...,h, € H(Ay) such that

27) H(ay) = [[ H (@K,
j=1

For j=1,...,r let I';, = H (Q) N thhj_l. Then

(2.8) Xi 2= []Tn,\D".
j=1

We will also need to consider Shimura varieties attached to (V, Q) as above with n = 0. In
this case, the symmetric domain associated with SO(V]) consists of just one point, while
D=D" H D™ consists of two points (corresponding to two different orientations of the same
negative definite plane zp). Since it turns out to be more convenient for our purposes, we
define Xy as in (2.4) and Sh(H,D)k to be the union of two copies of the usual Shimura
variety attached to H, so that with these notations we have Xx = Sh(H,D)x(C).

For n > 1, we can introduce a different model for D) that makes the presence of a SO(V;)-
invariant complex structure obvious. Let 2 be the quadric in P(V;(C)) given by

(2.9) 2 = {v € P(Vi(C))|(v,v) = 0}

Note that if {v1,v,} is an orthogonal basis of z € D with (vy,v;) = (v2,v2) = —1, then
v = v — vy € V; ® C satisfies (v,v) = 0 and (v,7) < 0. Moreover, the line [v] := C - v
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is independent of the orthogonal basis we have chosen. Thus we obtain a well defined map
D — 2 and one checks that it gives an isomorphism

(2.10) D— 2_ = {w e P(V,,(C)|(w,w) =0, (w,@) < 0}

onto the open subset 2_ of the quadric 2.
Consider the tautological line bundle .Z over 2_ defined by

(2.11) Z\ {0} :={w € Vi(C)|(w,w) =0, (w,w) < 0}.

The action of H(R) on D lifts naturally to . and gives it the structure of a H (R)-equivariant
bundle. Any element v € V; defines a section s, of .Z" by the rule s,(w) = (v, w). We will
only consider s, for v of positive norm. The section s, defines an analytic divisor

(2.12) div(s,) = {w € P(V1(C))|(v,w) = 0}.

Under the isomorphism D = 2_ described above, div(s,) corresponds to D, C D, where D,
denotes the set of negative definite planes in V; that are orthogonal to v.

The line bundle .# carries a natural hermitian metric || - || defined by ||w||* = |(w,®)];
this metric is H(R)-equivariant. We say that a function f € €°°(D — D,) has a logarithmic
singularity along D, if f(z) — log||s,(2)||* extends to € (D).

2.2. Special cycles. Let U C V be a totally positive definite subspace and let W be its
orthogonal complement in V. Denote by Hy the pointwise stabilizer of U in H. Then
Hy = RespgGSpin(W); its associated symmetric domain can be identified with Dy N D™,
where Dy denotes the subset of D consisting of planes z that are orthogonal to U. For a
compact open K C H(A;) and h € H(Ay), let Kyj, = Hy(Af) N hKh™!, an open compact
subset of Hy(Ay). Define

(2.13) XU, h)k = Hy(Q\(Dy x Hy(Ay))/Kup.

If h =1, we write X(U)g := X(U,1)k. Thus X (U, h)x is the set of complex points of a
variety Sh(Hy, Dy )k, defined over o1(F’). There is a morphism

(2.14) iy : Sh(Hy,Dy) — Sh(H,D)

defined over o1(F); on complex points it induces a map

(2.15) ivnrk : X(Uh)k = Xk

that is proper and birational onto its image. Denote by Z(U, h)x the associated effective
cycle on Xk. For a set of vectors © = (x1,...,x,) € V" spanning a totally positive definite
vector space U of dimension r, we will write Z(x,h) g for Z(U, h)k.

For a description of the connected components of these special cycles, see [Kudla, 1997,
Sections §3, §4]; the main result is that these cycles have a finite number of components of
the form Z(U, h)r that we now define. For h € H(Af), let T, = H(Q) N hKh™'. Define
Iyn =T, N Hy(R) and consider the map

(216) X(U, h)r = FU,h\D§ — Fh\D+ = Xph.

(For h =1, we will just write X (U)r for X (U, 1)r). The image defines a connected cycle in
Xr, that we denote by Z(U, h)r.
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In [Kudla, 1997], certain weighted sums of these cycles are defined. Namely, let r =
dimpU and denote by Sym,.(F')~o the space of totally positive definite r-by-r matrices with
coefficients in F. For T € Sym,(F)so and ¢ € . (V(A)") with values in a ring R, define

(2.17) Z2(T, @)k = > p(h ') Z(x, h)c,
heHy (Ap)\H(Af)/K

1
where * = (z1,...,2,) € V" is any vector with 5(%7%‘) = T (if no such x exists, we set
Z(T, ) =0). Note that the sum is finite and hence defines a cycle in Z"(X) ®z R.

3. CURRENTS AND REGULARIZED THETA LIFTS

In this section we introduce some differential forms and currents on arithmetic quotients
of D*. Some of these forms will be defined as Poincaré series by summation of I'-translates
of a differential form on D*. Here and throughout this paper, I' C H,(R) denotes a group
of the form I' = H,(Q) N K, where K C H(Ay) is some neat open compact subgroup. If
U C V is a totally positive definite subspace, we will write I'y = I' N Hy(R), where Hy
denotes the pointwise stabilizer of U in H. If U is spanned by vectors vy, ..., v,, we will
sometimes write I',, . for I'y.

Several currents defined in this Section will be described explicitly in Section 4.2, where
we consider the particular case when Xy is a product of Shimura curves. The description
given there is in terms of Hecke correspondences and CM points, and the reader is advised
to study the examples given there to understand the definitions and properties to follow.

3.1. Secondary spherical functions on D. Recall that D denotes the set of oriented,
negative definite 2-planes in V; = V ®p,, R. For every vector v € V; of positive norm we
have defined an analytic divisor D, C D consisting of those z € D that are orthogonal to v.
Denote by H,(R) the stabilizer of v in H(R). Then we have D, = H,(R)/(K N H,(R)), so
that D, can be identified with the hermitian symmetric space associated with H,(R). We
write D} :=D, ND*.

We recall some of the main results of Oda and Tsuzuki [2003] concerning the existence
and main properties of secondary spherical functions on . To state these results, we need
to introduce certain subgroups of G = SO(V;). Let {v1,...,v,52} be a basis of V; whose
quadratic form is I, 2 and such that v = v;. Let 29 = (vp41,Vn42) and denote by K, the
stabilizer of zy in SO(V;)*. Let W C V; be the plane generated by v; and v,y and let
A = SO(W)? be the identity component of its orthogonal group. Then A = {a;t € R}
where a;v; = cosh(t)vy + sinh(¢)v,,1. Let

(3.1) At ={alt > 0}
and G, be the stabilizer of v in GG. Then there is a double coset decomposition
(3.2) G =G,ATK,,.

Proposition 3.1. [Oda and Tsuzuki, 2003, Prop. 2.4.2] Let Ap be the invariant Laplacian
on D and let pg = n/2. Let s be a complex number with Re(s) > po. There exists a unique

function ¢ (v, 2, s) € €°(D —D,) with the following properties:

(1) AD¢(2)(U,Z,8) = (s2 - pg)gb@)(v,z,s).
(2) ¢(2)<Uagza S) = ¢(2)(U7278) fOT’ every g € Gv'
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(3) Consider the function ¢'® (v, g,s) = ¢® (v, gz, s) for g € G. It belongs to €>(G —
G,K.,) and satisfies 9 (v, g'gk, s) = ¢'? (v, g, 5) for every g € G, k € K,,. Writing
G = G,ATK., as above, we have

¢ (v, a4,5) = log(t) + O(1) as t — 0,
oD (v, ay, 5) = O(e” BP0 gt 5 oo,

It follows that ¢ (hv, hz,s) = ¢'P (v, 2,s) for all h € H(R) and z € D. For a totally
positive vector v € V(F), we will simply write ¢? (v, z, 5) for $? (v, 2, s), where v; denotes
the image of v in V;. We will sometimes write gzﬁg) (v, 2,5) for ¢'? (v, 2, 5) if we need to be
precise about the domain of definition.

The function (;5(2)(1), z,s) admits an explicit description in terms of the Gaussian hyperge-
ometric function. Namely, for |z| < 1, let F(a,b, ¢, z) be the function given by

F(a,b,c,z) = Z (azz)(f)n;—T,

n=0

where we write (a)g = 1 and (a), = I'(a + n)/I'(a) for n > 1. For a vector v € V; and a

plane z € D, denote by v,+ the projection of v to the orthogonal complement z* of z in V.
Then ([Oda and Tsuzuki, 2003, (2.5.3)]):

0y o - LTCEFITF2 D) QW) KR
' S+ po S— po < Q(v)
F( 5 3 b “7@(@%))'

3.2. Green currents for special divisors. The functions ¢'* (v, z, s) can be used to con-
struct Green functions for the special divisors introduced above. Namely, let I' C H(R) be
of the form I' = H{(Q) N K and v € V(F) be a vector of totally positive norm. Recall that
we write I', = ' N H,(R). For Re(s) > pg, define

(3.4) G(v,z,8)r=2- Z ¢ (v, 7z, 5).
~elL\I

The sum converges absolutely a.e. and defines an integrable function G(v, s)r on Xr ([Oda
and Tsuzuki, 2003, Prop. 3.1.1]). Denote by [G(v, s)r] the associated current on Xr, defined
by

(3.5) G (v, s)r](a) = /X G(v,z,8)r - a(2)

for « € @?"(Xrt). This current admits meromorphic continuation to s € C with only
simple poles ([Oda and Tsuzuki, 2003, Theorem 6.3.1]). In fact, as shown by Bruinier [2012,
Theorem 5.12], one can refine this result to show that the function G(v,z,s)r itself has
meromorphic continuation to the whole complex plane and that the resulting function is real
analytic on Xpr — Z(v)p. Define

(3.6) G()r = CTs=p,G(v, s)r

to be the constant term of G(v, s)r at s = py.
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Theorem 3.2. [Bruinier, 2012, Thm. 5.14, Cor. 5.16] The function G(v)r is real analytic
on Xt —Z(v)r and has a logarithmic singularity on Z(v)r. The form dd°G(v)r = —(2mi) -
00G (v)r extends to a € form on Xr and one has the equation of currents:

(3.7) Ad°(G(v)r]) = S50y, + [dd°Glv)r).

Consider now a pair of vectors v, w spanning a totally positive definite plane U in V.
Denote by p,.(w) the projection of w to the orthogonal complement of v. Recall that we
write X (v)r = T,\D;} and T, ,, = T' N Hy(R). The map

Fv7w\D$ — X(U)F
then defines an effective divisor Z (v, w)r in X (v)r. We define

(3.8) Gv,w,z,8)r=2- Z (bgj(pvl(w),fyz,s).

76E;,w \Fu

The results described above imply that the sum converges when Re(s) > 0 to an integrable
function on X (v)r, and that we have a meromorphic continuation property, so that we can

define
(3.9) G(v,w, 2)r = CTs=(n-1)2G(v,w, 2, 5)r.

The function G(v,w)r is then real analytic on X (v)r — Z(v,w)r and has a logarithmic
singularity on Z(v,w)r.

3.3. The functions ¢(v,w,z,s) on D. For a pair of vectors v,w € V;, denote by p,(v)
(resp. by p,1(v)) the projection of v to the line spanned by w (resp. the projection of v to
the orthogonal complement of w.)

Definition 3.3. Let v, w be a pair of vectors in V; spanning a positive definite plane and
let s = (n—1)/2. For Re(s) > sq, define

()T (5241 ( Q) — Qpu(v))
2 I'(s+1) Q(v.1) — Q(pu(v))
. S+ Sy S— So s Q(v) (puw(v))
F( 2 2 TThan) —Q(pw(v)))

The following basic properties of ¢(v, w, z, s) are easily checked.

¢(/U’ w’ Z? S)

(3.10)

Lemma 3.4. (1) For every h € H,(R), ¢(v,w, z,s) = ¢(v,w, hz, s).
(2) For every h € H(R), ¢(hv, hw, hz,s) = ¢(v,w, z, s).
(3) The restriction of ¢(v,w, z,s) to D, equals ¢[(D)2u)} (P (v), 2, 5).
(4) Consider the function ¢(v,w, g, s) = ¢(v,w, gz, s) for g € G. It belongs to € (G —
G,K.,) and satisfies ¢(v,w,q'gk,s) = ¢(v,w,g,s) for every ¢ € G,, k € K.
Writing G = GUAJFKZO as above, we have

(3.11) o(v,w,ar,s) =log(t) + O(1) as t — 0,

(3.12) d(v,w, ay, s) = O(e” BT g5t 5 fo0,
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Note that one (1) and (2) imply ¢(v, w, z, s) = ¢(v, hyw, z, s) for every h, € H,(R), so that
for fixed v, z, s, the function ¢(v,w, z, s) only depends on the H,(R)-orbit of w. Moreover,
property (3.12) also holds for all partial derivatives of ¢(v, w, z, s). Note also that property
(3.11) implies that ¢(v, w, z, s) is locally integrable. Concerning the behaviour of the partial
derivatives of ¢(v,w, z, s) as z approaches D,,, we have the following lemma.

Lemma 3.5. The partial derivatives 0¢(v,w, z,s), 0p(v,w, 2, s) and d0p(v,w, z, s) are lo-
cally integrable.

Proof. Let U C D" be an open with coordinates {z1,...,2,} such that the analytic divisor
D;f N U is given by the equation z; = 0 on U. Choosing a trivialization of .£ on U we can
write —Q(v.) = ||s,(2)||* = h(2)|z1|*, where h(z) is real analytic on U. It follows from the
expansion of the hypergeometric function F(a,b,a+b, w) around w = 1 (see [Lebedev, 1965,

(9.7.5)])) that, for fixed v,w,s and z € U:
(3.13) $(v,w, 2, 5) =log|a| + |z log |21 - £(2) + g(2),

where f and g are real analytic functions on U. Thus the singularities of [|0¢(v, w, z, s)||,
[0¢(v, w, z,5)|| and ||00¢(v,w, z,s)|| are at worst of the form |z|™' or log|z| and the
statement follows. O

The function ¢(v,w, z, s) can also be obtained as a Laplace transform of a certain Whit-
taker function that depends on s. Namely, consider Kummer’s hypergeometric function:

“+o00
. (a)n z"

(3.14) M(a,b2) = o).

n=0

The function

1

(3.15) M, (2) = e_z/zzl/zﬂ‘M(ﬁ +u—v,142pu,2)

is then a solution of the Whittaker differential equation
d*w 1 v p*—1/4

3.16 i B T o 0.

(8.16) dz? * ( 4 N z 22 ) v
It is characterized among solutions of this equation by its asymptotic behaviour, given by:
(3.17) M, ,(2) = 2"/2(1 4 0(2))  when z — 0,

(14 2u) _ _

3.18 M, ,(2) = Y1+ 0>z hen z — co.
( ) 7,U(Z) F([L—V+1/2)e z ( + (Z ))) when 2 &Y
For a positive definite symmetric matrix 7' = (¢ %), define
(3.19) so=(m-—1)/2, k=1- s,

1 T(552+1) [dndet(T)\ *?
3.20 C(T.s) = —=- 2 .
(3.20) 9 =5 i (T ,
_ A det(T b2
B21)  Mrlns) = CT9) o Moagnae ([T ) 55, els) > s
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Now consider v, w € V;j spanning a positive definite plane and denote by

(3.22) (v, w) = 1( (v,0) (v, w) )

2\ (v,w) (w,w)

the associated moment matrix. Then (see [Erdélyi et al., 1954, p. 215, (11)]):

- d
(323) ¢(/Ua w, z, S) - / MT(U,w) <y7 3) : 6_27ry(Q(le)_Q(vz))—y.
0 Yy

3.4. Currents in 2™ (Xr). We now define some (1, 1)-forms and currents on Xr by sum-
mation over translates by elements of I' of some differential forms with singularities on D.
For vectors v,w € V(F') spanning a totally positive definite space, consider the (1, 1)-form
w(v,w, z, s) defined for z € D* — (D UD}) by

w(v,w, z,5) = Ap(w,v, z,8)0p(v,w, 2, 5))

(3.24) - _
= 0p(w,v,z,8) N 0p(v,w, z,5) + p(w,v, z,$)00¢(v, w, z, 5).

We would like to define a (1, 1)-form on Xt by averaging the form w(v, w, 2, s) over I'. Before
making such a definition, we need to check that the resulting sums converge in a suitable
sense. This is the content of the next result. Note that we have

1

v (w(v, w, S))(Z) = w(7_11’7 VW, %, 5)

for all v € I', due to the invariance property in Lemma 3.4, (2).

Proposition 3.6. Let v,w € V(F) be vectors spanning a totally positive definite plane. Let
U=D"— (I -DfuUl-D}). For Re(s) > 0, the sum

S etz

YETy,w\I'

and all of its partial derivatives converge normally for every z € U.

Proof. Since the function ¢(v,w,vz,s) is defined and smooth for every z € D — D,-1,, all
the terms in the sum are defined whenever z € U. Fix zg € U and let Uy C U be a compact
neighborhood of zg; then there exists € > 0 such that |Q((yv),)| > € and |Q((yw).)| > € for
all v € I and all z € Uy. It follows from Lemma 3.4 that on U, we have
stsg _ _stsg

||w(7_17}77_1w7 2y S)H <Ce- |Q((ry_lv)7ﬂ-)|_ 2 |Q((7 lw)zl) z
for some constant C, > 0, and a similar bound holds for the sums of all the partial derivatives
of the summands. Thus, for z € Uy, the sums in the statement are dominated a constant
multiple of

> 1QUY ) QU )|

')/EFu,w\F
Pick a lattice L C V(F) such that I'- (v,w) C L?; then the above sum is dominated by
_stso _stsg
(Y 1A= Y IO =),

A€L A€EL

QN=Q(v) QN)=Q(w)

which converges normally on U, since the assignment v — Q(v,1) — Q(v,) defines a positive
definite quadratic form on V; that depends continuously on z. 0
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Define

(3.25) O(v,w, z,8)r =2- Z wiy v,y w, 2, 8).
'yEFv,w\F

Note that
(3.26) S (v,w, z,8)r = ®(yv,yw, z,s)r VyeT.
Proposition 3.6 shows that ®(v,w, -, s)r converges and defines a smooth (1,1)-form on Xr —
(Z(v)r U Z(w)r).

Denote the cotangent bundle of a manifold X by T*X. A section s of a metrized vector
bundle (E,|| - ||) over a manifold X endowed with a measure du(z) is said to be L' (or

integrable) if ||s|| € L'(X,du(z)). Our next goal is to show that ®(v,w, z, s)r is integrable
on Xr; this is the content of Proposition 3.9. The next two lemmas will be used in the proof.

Lemma 3.7. Let M be a complete, simply-connected Riemannian manifold of everywhere
nonpositive sectional curvature. Let X,Y C M be complete, simply connected, totally geo-
desic submanifolds that intersect transversely and at a single point zo € M. For z € M,
denote by d(z,zy) the geodesic distance between z and zy and by dx(z) (resp. dy(z)) the
geodesic distance from z to X (resp. from z to'Y ). Then there exists a constant k > 0 such
that d(zg, z) > t implies max{dx(z),dy(z)} > kt for every t > 0.

Proof. Let d > 0 and suppose that maz{dx(z),dy(z)} < d. Choose points zx € X and
zy € Y such that d(zx,z) < d and d(zy,z) < d. Let vy(zx,2y) be the geodesic segment
connecting zx and zy; such a geodesic exists, is unique and minimizes the distance (see
[Chavel, 2006, IV.12]), hence its length [(y(zx, zy)) satisfies [(y(zx, zv)) < 2d. Let v(zo, 2x)
(resp. (2o, 2zy)) be the geodesic segment in X (resp. Y') connecting zy and zy (resp. zy);
as before, these geodesics exist and are unique and minimizing.

Consider now the triangle 7 in M with sides {7v(z0, 2x),7(20, 2v ), 7(2x, 2v)}. This is a
geodesic triangle since X and Y are totally geodesic. Note that the angle at z; is bounded
below since X and Y are assumed to intersect transversely. By the Cartan-Hadamard
theorem (cf. [Bridson and Haefliger, 1999, 11.4.1]), the space M is a CAT(0) space, in other
words the (unique up to congruence) triangle in the euclidean plane with same sides as T has
larger angles than 7' (see [Bridson and Haefliger, 1999, 11.1.7.(4)]). It follows that d(zo, zx) <
¢+ d(zx, zy) for some positive constant c¢. Hence d(29,2) < d(29,2x) + d(2x,2) < (2¢+ 1)d
as required. [l

Lemma 3.8. Let M, XY be as in Lemma 3.7. Assume that the codimension of X and
Y in M 1is greater than one and that the sectional curvature of M s bounded below. Let
fiss fos - Rag = Rag be continuous functions defined for Re(s) > so > 0 such that

t- fi,s(t) = 0(1)7 ast — 0,

fis(t) = e Bt ast — oo,

fori=1,2. Let du(z) be the Riemannian volume element of M. Then, with notations as in
Lemma 3.7, we have

/M Fra(dx (2)) foa(dy (2))dia(2) < o0
for Re(s) > 0.
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Proof. Let Ux = {z € Ml|dx(z) < 1} and Uy = {z € M|dy(z) < 1} be tubular neigh-
borhoods around X and Y of radius 1. Let U = M — (Ux U Uy). It suffices to show that
fs(2) = f1s(dx(2)) fa.s(dy(z)) is integrable when restricted to U, Ux and Uy.

Consider first the integral over U. By hypothesis, the functions fi s(dx(z)) and fa s(dy (2))
are bounded on U. By Lemma 3.7, there exists a constant k£ > 0 such that

fs(Z) _ O(e—Re(s)~k~d(z,zo))

for z € U. Let S(zo,t) be the geodesic sphere with center zy and radius ¢t and denote by
A(t) its area. Since M has curvature that is bounded below, there exists p > 0 such that
A(t) = O(e”") (see [Chavel, 2006, Thm. I11.4.4]). It follows that

/ﬂ@@@<w
U

whenever Re(s) > p/k.

Consider now the integral over Uy (the same argument works for Uy by symmetry). Note
that f,(z) is locally integrable, so it sufffices to integrate over Ux — (Ux NUy ). The inclusion
1 : X C Ux admits a left inverse m : Ux — X whose fibers are diffeomorphic to the closed
unit disk in C (this is because the exponential map from the total space of the normal bundle
of X to M is a diffeomorphism). We can compute the integral over Uy by first integrating
over the fibers of 7 and then integrating over X. By hypothesis, the integral of fs(z) over
771(2) is O(e 420 for every z € X — (X NUy). Now the resulting integral over X
converges for Re(s) > 0 since the area of a sphere of radius ¢ in X is O(e”") as above. [

We can now prove that ®(v,w, z, s)r is integrable on Xr. Recall that D carries an H(R)-
invariant Riemannian metric; it induces an invariant metric on A*7*D that we denote by

Proposition 3.9. Let v,w € V(F) be vectors spanning a totally positive plane. For Re(s) >
0, the sum ®(v,w,z,s)r converges outside a set of measure zero in Xv and defines an L'
section of (N*T*Xr, || -]).

Proof. The sum converges for z ¢ Z(v)rUZ(w)r by Proposition 3.6, and this set has measure
zero. Thus it remains to prove integrability. We need to show that

LWMW%ﬂW@

is convergent, where du(z) denotes an invariant volume form on D*. By Fubini’s theorem,
it suffices to show that

|lw(w, v, 2, 8)[|dp(z) < oo.
Fv,w\]D)Jr

Let H'(R) = (H,)+(R)N(H,)+(R) and let Zy/(R) be the center of H'(R). Since the integrand
is left invariant under H'(R) by Lemma 3.4 and the quotient Zy(R)T,.,\H'(R) has finite
volume (see [Borel, 1969]), this is equivalent to

k/ w(w, v, 2, 8)|du(z) < o0, (%)
H'(R)\D+

We now apply Lemma 3.8. Namely, let M = H'(R)\D". Let X = H'(R)\D} and Y =
H'(R)\D}. Note that there is a map 7 : DT — D] that is left inverse to the inclusion
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D € D' and turns D" into an H,(R),-equivariant real vector bundle of rank 2 over D
(see [Kudla and Millson, 1988, p. 26]). Hence the inclusions

{x} = H'(R\D;,, € H'(R)\D; C H'(R)\D*

v

are diffeomorphic to zero sections of vector bundles, in particular they are simply connected.
Moreover D and D/ are totally geodesic submanifolds of DT, and the latter is known to
have sectional curvatures that are bounded below and everywhere nonpositive. Hence X, Y
and M satisfy the hypotheses in Lemma 3.7 and Lemma 3.8. Moreover, by Lemma 3.5, the
integrand also satisfies the hypotheses in Lemma 3.8; applying it gives (x) and hence the
assertion. 0

Since ® (v, w, z, )r is an integrable section of A*T™ X, its coordinates in any chart U C Xp
are locally integrable functions. Thus ®(v,w, z, s)r defines a current on Xr.

Definition 3.10. Let v, w € V(F') be vectors spanning a totally positive definite plane. For
Re(s) > 0, define a current [®(v, w, s)r] € 2"(Xt) by

(3.27) [@(U,w,s)p](w):/X (v, w, $)r A w

for w € & (Xp).

Recall that we assume I' = H,.(Q) N K for some open compact K C H(Ay). For h €
H(Ay), we write T', = H, (Q) N hKh™" and we define

(3.28) @ (v, w, h, s)r = (v, w, s)r,,

an L' section of A*T*(I';,\DT). As above, we denote by [®(v,w, h, s)r] the associated current
in 2V1(T,\DT).

3.5. Some properties of [®(v,w,h,s)r]. We now introduce another family of currents
[®(v,w)r] on Xp. These currents are obtained by restricting a compactly supported form
w € " " 1(XT) to a special divisor X (v)r and integrating it against a Green function
of the form (3.6). In this section we will prove that the the current [®(v,w, s)r| introduced
above, regarded modulo im(9) + im(d), admits meromorphic continuation to the complex
plane s and that the current [®(v,w)r| is cohomologous to the current obtained as the
constant term of the meromorphic continuation of [®(v,w, s)r] at a certain value s = s.
For v € V(F) of totally positive norm, denote by dx(,). € 2! (Xr) the current of inte-

gration along X (v)p. That is, for w € & """1(Xt), we have
(3.29) 5X(U)F(w) :/ Ww.
X(()r

Consider now v, w € V(F) spanning a totally positive definite plane. In Section 3.2 we re-
called the construction (see [Bruinier, 2012; Oda and T'suzuki, 2003]) of a function G(v, w)r €
¢>°(X(v)r — Z(v,w)r). The function has a logarithmic singularity along Z(v,w)r, hence
is locally integrable on X (v)r and defines an element of 2°(X(v)r) that we denote by
[G(v,w)r]. Recall that there is a pushforward map

(3.30) fo: (X (v)r) = 2V (X7)

induced by f : X(v)r — Xr and defined by (f.(a),w) = (o, f*(w)) for a € 2°(X(v)r) and
w E %n_l’n_1<Xr).
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Definition 3.11. Let v,w € V(F) spanning a totally positive definite plane. Define the
)

current [®(v, w)r] € 2% (Xt) by

(331) (v, w)r] = 2mi - £((Cv,w)r]).

For h € H(Ay) and K C H(Ay) such that I' = H, (Q) N K, define
(3'32) [@(v,w,h)p] = [q)(v7w)f‘h]’

where I', = H, (Q) N hKRh™.
That is, for w € & " "*(X1), we have

(3.33) B (v, w)r](w) = 2mi / Glo, w)r - w.

X(v)r

See 4.2.2 for an example.
The following proposition relates the currents [®(v,w)r] and [®(v,w, s)r] and is key to
the computation of values of [®(v,w)r] on forms obtained as theta lifts as below. Let

(3.34) P (Xr) = 291(X1)/(im(9) + im(9)).

We denote the class of [®(v, w, s)r] (resp. [®(v, w)r]) in 2 (Xr) still by [®(v, w, s)p] (resp.
[ (v, w)r]),

Proposition 3.12. The current [®(v, w, s)r] € 2“1 (Xr) admits meromorphic continuation

tos € C. Let CTyy,[®(v,w,8)r] € 2" (X1) denote the constant term of [®(v,w, s)r] at
s =58g. Then

(3.35) CTs—sy[P(v,w, s)p] = [P(v, w)r]
as elements of 2% (Xt).
Proof. Let a € &/"""""1(Xr). By Proposition 3.9, we have

Blo.ws)rl@) =2+ [ wlowzs) Aat)
Ty,u\DF
For fixed s, write ¢,(z) = ¢(v,w, 2, s) and g,(z) = ¢p(w,v, z,s). We regard g, as a smooth
function defined on I, ,\D* — I, ,\D;". If we choose an open U C T, ,,\D* such that the
analytic divisor (I',,,\D;") N U is given by the equation z = 0, then it follows from (3.13)
that

dz _

90(2) = 2 + o217,
= dz
09,(2) = —

9u(2) = =

(Here o(|z|™") stands for a differential form o on U —(T',,,,\D;")NU such that the components
of |z]a extend to continuous functions on U vanishing on (T, ,,\ID} )NU.) Similar statements
hold for g,,(z) when z approaches I, ,,\ID;. Denote by §, € 2"(T',,,\D") the current given

by integration on T,,\D;. The following identity of currents on T, ,\D" follows from
Stokes’s theorem appplied to T, ,\D" — (T, \D;” U T, ,,\D}):

(3.36) 0[9009s] = [0909,] + [900g,] — 2mig,0,.

+o(l2] ™).
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We find that for any closed compactly supported form a, € " '"}(T,,\D"):

(3.37) / w(v,w, z,8) A ae(z) = 2mi - / d(w, v, 2z, 8)a.(2).

Tyw\DF Ty, \DY
The form «(z) is not compactly supported, but we claim that (3.37) is still true for Re(s) > 0
when we replace a.(z) by a(z). Assuming this for now and using that the restriction of

o(w, v, z,s) to D, equals (bgv) (pyr(w), 2, s), we conclude that for Re(s) > 0:

— i / 2 2 Bl w)az ()

Weru,w\rv
= 273 - / G(pyr(w), z,8)r, - a(z).
T, \DF

This last equation defines a current on Xt that admits meromorphic continuation to s € C
and whose constant term at s = sq is given by [®(v, w)r]; the claim follows from this.

It only remains to show that (3.37) still holds when we replace a.(z) by a(z). Let X =
[y \D" and consider the submanifolds X, =T', ,\D;" and X,, =T, ,,\D; of X. Let X, , =
XoNXy, = FU’w\DIw. As remarked by [Kudla and Millson, 1988, p.26], the exponential map
of the normal bundle of X, ,, C X is a diffeomorphism, and hence X carries a natural vector
bundle structure = : X — X, ,, of rank 4 over X, ,, with totally geodesic fibers. For ¢ > 0,
let X,(t) = {# € X|dx,(2) <t} be the tubular neighborhood of radius ¢ around X,; here
dx,(z) denotes the geodesic distance between z and X,. Define X, (t) and X, ,,(¢) similarly
and let X (t) = X,.(t) — (X, (1/t) U X,y (1/t)). Then we have X — (X, U X,,) = U1 X (¢)
and

/ w(v,w, z,$) N = lim w(v,w, z,8) A a.

X t—00 X(t)
Denote by S, ,(t) = 0X,.(t) the boundary of X, ,(t). By Stokes’s theorem, (3.37) is
equivalent to

/ o(w, v, z,8)0¢(v,w, z,s) Naw — 0
Sv,w(t)_(Xv(l/t)UXw(l/t))

as t — 0o. Since ||a]| is bounded, it suffices to show that

(3.38) |p(w, v, 2, 8)| - [|00(v, w, 2, 5)||du(z) = 0

/Sv,w(t)—(Xv(l/t)UXw(l/t))
as t = oo. Now let H'(R) = (H,)(R) N (H,).(R) and note that the integrand is invariant
under H'(R). Let M = H'(R)\D" and consider the submanifolds X = H'(R)\D; and
Y = H'(R)\D}, of M, whose intersection is a single point z. Let S(29,t) be the sphere of
geodesic radius ¢ around zg and let X (1/t) and Y (1/t) be tubular neighborhoods of X and
Y with radius 1/¢. Since X, ,, has finite volume by [Borel, 1969], to show that the integrals
in (3.38) tend to 0 it suffices to show that

/ 16w, 0, 2, 5)] - 106(0, w, 2, 8)]|d(z) = 0
S(z0,t)—(X(1/t)UY (1/1))



Luis E. GARcCIA 19

as t — oo. Now Lemma 3.7 and Lemma 3.4 show that the integrand is O(t - e ¥Fe()t) for
some positive constant k > 0. Since the sectional curvatures of M are bounded below, we
have Area(S(z9,t)) = O(e”") for some positive constant p > 0 and hence (3.37) holds, with
a, replaced by a, for Re(s) > p/k. O

3.6. Currents on Xg. We introduce now currents in 2! (Xx). Fix a neat open compact
subgroup K C H(Ay) and recall that we write

Xk = H@Q\D x H(Af))/K.

Thus X is a compact complex manifold with finitely many components. These were de-
scribed in Section 2: choose hy = 1,...,h, € H(Ay) such that

H (Q\H(Ag)/K =[] Hi (Q)h;K.

j=1

For h € H(Ay), we write I, = H, (Q) N hKh™' (and T' =T;). Then
Xi 2 []Tn,\D".
=1

Let v,w € V(F) spanning a totally positive definite plane U and recall that we denote by
Hy C H the pointwise stabilizer of U. For h € H(A}), let Ky, = Hy(A;)NhKh™'. Choose
coset representatives h; € Hy(Ay) such that

S

(3.39) (Hy)+(Q\Hy(Ap)/ Ky = [ [(Hy)+(Q)h Ky,

i=1
and write hih = y;hik; with v, € Hi(Q), k; € K and hj = hj(;) a coset representative as in
(2.8). Note that the double coset (Hy ). (Q)v:['n, is well defined, that is, it is independent
of the choice of h; and decomposition h;h = ~;h;k;.

Definition 3.13. Assume that n > 2. We define ®(v, w, h, s) x to be the section of A*T*(X )
whose restriction to the connected component I', \D* is

(3.40) > @0y vy w g, )
i—j
where the sum runs over those ¢ such that j(i) = j.

Note that this is well defined because of the invariance property (3.26). For n = 2 we
give a different definition. Namely, assume that n = 2 and choose vy in H(Q) such that
75 'Df; = Dy;. With A as in (3.39), write yohih = i hj ki, With v, € Hy(Q), ki, € K and
hjo = hjy(io) @ coset Tepresentative as in (2.8). As above, the double coset (Hy)4(Q)7iol's,,
is well defined.

Definition 3.14. Assume that n = 2. We define ®(v, w, h, 5) to be the section of A*T*(Xg)
whose restriction to the connected component I', \D* is

(341) Z q)(’yi_lva ’Yi_IUJJ hj? S)F + Z qD(V@‘_olUJ ’77;_0111}, h]7 S)F
1—] 10—7J

where the sums run over those i (resp. ig) such that j(i) = j (resp. jo(io) = 7).
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The forms ®(v,w, h, s)k are locally integrable on X. We denote by
(3.42) [®(v,w, h,s)x] € 2" (Xk)

the corresponding current on X-.
We also define a current

(3.43) [®(v,w,h)g] € 2V (Xk)

whose restriction to the connected component T, \D" is

SU[@0y o,y w by, if > 2,

(3.44) o I o
D @0y oy w, hy)e] ) (@ ey w k)], i =2,
i=] i0—j

with the currents in the sum as in (3.32). See 4.2.3 for an example.

Remark 3.15. The above definitions reflect the structure of the connected components of
the special cycles Z (v, w,h)k in Section 2.2. Namely, let v,w € V(F) be vectors spanning
a totally positive definite plane and h € H(Ay). Attached to such a pair there are Shimura
varieties X (v, w, h)x and X (v, h)k (see (2.13)) together with proper maps

(3.45) X(v,w,h) g 5 X(v,h)x % X

Then ¢, ([X (v, w, h)k]) defines a divisor on X (v, h)k, and one can define a Green function
G(v,w,h)k on X (v, h)g with a logarithmic singularity along ¢.([X (v, w, h)k]) as a finite sum
of functions of the form (3.9). Writing [G(v,w, h) k] for the current in 2°(Xy) associated
with G(v,w, h)k, it follows from Kudla’s description of the connected components of the
cycles Z(v,w, h) i (see [Kudla, 1997, Lemma 4.1]) that

(D (v, w, h)k] = 27mi - f.([G(v,w,h)k]).

The following lemma summarizes some basic properties of the forms ®(v, w, h, s); these
properties are analogous to those of special cycles proved in [Kudla, 1997, Lemma 2.2]. Recall
that for every h € H(Ay) there is a map

(346) T(h) s X1 = Xk

sending H(Q)(z,)hKh™! to H(Q)(z,h'h)K. The map r(h) is an isomorphism of complex
manifolds, and we denote by ® +— ® - h the induced map defined on sections of the bundle
of differential forms.

Lemma 3.16. (1) (v, w, hk,s)x = ®(v,w,h,s)k for allk € K.
(2) ©(v,w, hyh,s)xk = ®(v,w, h, s)k for all hy € Hy(Ay).
(3) ®(yv,yw,vh, s)k = ®(v,w, h,s)k for all v € H(Q).
(4) ®(v,w,hih™ ", 8)pgn-1 - h = ®(v,w, hy, s)k for all hy,h € H(Ay).

Proof. Part (1) is obvious. Part (2) follows from the fact that for any complete set {h;|i =
1,...,s} of coset representatives for

S, h, K) = (Hu) +(QN\Hu (As)/ Kup,

the set {h}h;'|i = 1,...,s} is a complete set of representatives for S(U, hyh, K). To prove
part (3), note that given any set {hi|i =1,...,s} as above and any v € H(Q), the elements
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yhiy~t for i = 1,...,s form a complete set of representatives for S(v(U),vh, K), so that
writing vhiy ™" - (vh) = (y7i)hsk; with j = j(i) leads to

1, (
(o, yw, b, 8)klp, \pe = D 2((y1) "y, (v3) My, 2, 8,

i—J
= Z@(”y[lv,fyjlw,z,s)phj = ®(v,w,h, $)klp, \p+
1—j ’
as was to be shown. Finally, (4) follows directly from the fact that if {h;|j =1,...,7} is a

set of coset representatives for H, (Q)\H (A;)/K, then {h;h™'|j =1,...,7} is a set of coset
representatives for H, (Q)\H (A;)/hKh™". O

Assume that K" C K, with K" an open compact subgroup of H(Ay) and let pr : Xpr — Xk
be the natural projection map. The following lemma computes pr*(®(v,w, h, s)k).

Lemma 3.17. Let K' C K be as above. Then
pr*(®(v,w, h, s)k) = Z O(v,w, hk, s)kr.

keh—1 Ky nh\K/K'

Proof. Note that the sum on the right hand side is well defined by (1) and (2) of Lemma
3.16. Now consider the restriction of ®(v,w, h, s)x to I'y, \D". By definition, this is the sum

Z @(7;11)7 7;1w7 h7 S)thu
iel
where v; € H(Q) satisfies v;hjk; = hih for some k; € K and h; € Hy(Ay), with {h;|i € I'}
a complete set of representatives of the double coset
(Hu)+(Q\Hy(Ap) N H(Q)h Kh™ Ky

Assume first that n > 2. By [Kudla, 1997, Lemma 5.7.1)], this double coset is in bijection
with the set of I’ -orbits in

S(v,w,hj Kh™') := H (Q) - (v,w) NhiKh™" - (v, w).

The bijection sends I, - (v;, w;), where (v;, w;) = ;- (v, w) = hjk;h ™"+ (v, w) with y; € Hy(Q)
and k € K, to the double coset (Hy)4(Q)v; 'hjkih ' Ky, Substituting the definition of
& (v, w, h, S)th we see that the restriction of (1/2) - ®(v,w, h, s)k to T'y,\D* is given by

E w' W', 2, 8).
(v',w")eS(v,w,hj Kh—1)

This sum can be rewritten as

Z Z wv' W', 2, s)

keh=1Ky nh\K/K' (v ,w')€S (v,w,h; K'(hk)~1)

and the claim follows directly from this. The proof for n = 2 proceeds similarly by using
[Kudla, 1997, Lemma 5.7.ii)]. O

Analogous statements as those in Lemma 3.16 and Lemma 3.17 hold for the currents

[®(v,w, h, s)k] and [®(v,w, h)k].
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3.7. Weighted currents. Following Kudla’s definition of weighted cycles in [1997], we in-
troduce currents in 2%(X) = @91,1()(]() as finite sums of the currents [®(v,w, h, s)k|

above weighted by the values of a Schwartz function .7 (V (A;)?).
Given a totally positive definite symmetric matrix 7' € Syma(F), let

(3.47) Qr(Af) = {(v,w) € V(Ap)* | T(v,w) =T},

where T'(v, w) is defined in (3.22). Assume that Q7(Ay) # (0. Then there exists (v, wp) €
Qr(Af) N V(F)? by the Hasse principle for quadratic forms. Moreover, the action of H(A)
on Qp(Ay) is transitive by Witt’s theorem. Let K be a compact open subgroup of H(Ay).
The orbits of K on Qr(A;) are open, and so if ¢ € #(V(Ay)?) is invariant under K, we
have

(3.48) Supp(p) NQr(Ay) = HK§ (v, wo)

for some elements &1, ..., & € H(Ay).

Definition 3.18. Let T' € Symy(F) be a totally positive definite matrix and p € .7 (V (Af)?)
fixed by K. With (vg, wp) and §; as above and Re(s) > 0, define

(T, ¢, 8)k = Z@(ffl (o, wo)) - ®(vo, wo, &, )k

We denote by [®(T, ¢, s)k] the corresponding current in 2" (Xy).

Note that ®(T, ¢, s)k is independent of the choice of {&1,..., &} by (1) and (2) of Lemma
3.16. The behaviour of (7', ¢, s) x under pullbacks coming from compact subgroups K’ C K
is simpler than that of the forms O (v, w, h, s)k defined above. The next proposition proves
this and an equivariance property for the action of H(Ay).

Proposition 3.19. (1) Let K' C K be an open compact subgroup of H(A¢) and consider
the natural map pr : Xgr — Xg. Then

pri(®(T, ¢, 8)k) = (T’ 0, 8) 0
(2) For any h € H(Ay), we have
O(T,w(h)p, 8)nxn—1 = (T, ¢,8)k - h ™.
Here w(h)y denotes the Schwartz function defined by w(h)p(v,w) = ¢(h~ v, h'w).
Proof. To prove part (1), let (vg,wy) € Qr(F) and denote by Hy the pointwise stabilizer

in H of the plane spanned by vy and wy. Note that the map h + h™* - (v, wp) induces a
bijection Hy (Af)\H(Af) = Qr(Ay). Now we use Lemma 3.17 and obtain

p?"*((I)<T,(p, S)K) = Z w(h)(p(v(wa) 'pr*(®(007w0,h, S)K)
heHy (Ap)\H(Ay)/K

= Z Z w(h)p(vy, we)P (v, w, hk, s) K

heHy (Ap)\H(As)/K keh=1 Ky ,h\K/K’
Z W(h)@(’l}o,wo) ’ (I)(U07w0aha S)K/ = @(T,QD,S)K/
hEHU(Af)\H(Af)/K/
Part (2) follows directly from part (4) of Lemma 3.16. O
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We can also define a weighted version of the currents [®(v, w, h)k] in (3.43). Namely, for
T € Symy(F)so and ¢ € Z(V(A;)?) fixed by K as above and §; as in (3.48), let

(3.49) (T, p)K] = Z@(&-_I + (vg, wo)) * [®(vo, wo, &) i) € P (Xk).

See 4.2.4 for an example. It follows from (1) in Proposition 3.19 that the currents [®(T', ¢, s) &]
and [®(T, p)k| are compatible under inclusions K’ C K and hence one can define

(3 50) [(I)(T> P, 3)] = ([(I)(T7 P, S)K])K € QI’I(X) = @1 @171<XK)7
| ®(T, )] = (O(T, 9)x])x € " (X).

Moreover, the space 2"'(X) carries a natural left action of H(A;) induced by the maps
r(h)™!': Xg — Xpgn-1; we denote the action of h € H(Ay) on ® € 21(X) by ® - r(h)™".
Then, for any h € H(Ay), we have
[@(T,w(h)p, s)] = [B(T, ¢, )] - r(h) ",

(T, w(h)p)] = [B(T, @)] - (k)"
That is, the assignments T'® ¢ — [®(T, p, s)] and T ® ¢ — [®(T, ¢)] induce linear maps
(3.52) C[Syma(F)so] @ & (V(Af)?) = 2V1(X)
that are H(Ay)-equivariant.

(3.51)

3.8. A regularized theta lift. From now on and to avoid dealing with metaplectic groups,
we will assume that V' has even dimension over F. Our next goal is to show that, for
Re(s) > 0, the form ®(T), p,s) can be obtained as a regularized theta lift. More precisely,
below we introduce a function .#7(g, s) defined on a certain subgroup of Sps(Ar) and a
theta function 6(g;¢) that takes values in &/'(X). We then define a regularized theta
lift (Ar(s),0(;¢))"“. The main result of this section (Proposition 3.21) shows that the
regularized theta lift converges on an open dense subset of X and moreover agrees with
O (T, p,s) there. The next two subsections define the functions just mentioned.

3.8.1. Schwartz forms. For z € D, note that the map v — Q(v,1) — Q(v,) defines a positive
definite quadratic form on Vi. We write

(3.53) (v, 2) = ¢ 2MQ.L)—Q))

for the Gaussian associated with z. Note that " (v, z) € (V1) ® €>°(D) and that it is fixed
by H(R), i.e. ¢°(hx, hz) = ¢°(x, 2) for every h € H(R). Now define

(3.54) P (v, w, 2) € [L(V) @ 7V (D)]E

by

) P 00,2) = B0, 080, 2) )

= 0" (w, 2) A O’ (v, 2) + ¢°(w, 2)00¢° (v, 2).

For a quadratic vector space (W, Q) with positive definite quadratic form, let ¢ (v, w) €
Z(W?) be the standard Gaussian defined by

(3.56) P (v, w) = e 2M@WTQ).
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For v € V(R), denote by v;, i = 1,...,d the image of v under the natural map V(R) —
V ®@p,; R. Define

(3.57) v € [Z(V(R)) © &/ 2(D)H®
by
(358) 90})2)1(1)) w, Z) = 901’1(1)1, Wy, Z) ® 903—('027 w2) ®...0 @g(vm wd)‘

Denote by w = wy, the Weil representation of Sps(Ax) on .#(V(A)?) with respect to our
fixed character ¢ (see e.g. [Kudla and Rallis, 1988] for explicit formulas). For g = (g7, goo) €
Sps(Ar), h € H(A;) and ¢ € #(V(A)?) fixed by an open compact subgroup K of H(A),
the theta function

(3.59) Olgox =D wlgne(v,w) wlgs)ok (v,w)

(v,w)eV (F)2

defines a (1,1)-form on Xk.

2
3.8.2. Regularized lifts. Let k = % For a € R, define:

(4ma)~t

(3.60) Wa(y) = m . yﬁ/26727ray’ y > 0.
Note that
> K —4TTQ dy
(3.61) / Wa(y)y™?e ™= = 1.
0 Y

Consider the following subgroups of Spy p:

1o, X ¢
(3.62) N(k)=qn=n(X) = 1 |1 X =X € Symy(k) ¢,

2
)
(3.63) AR =da=mtv) =] ! - ly,t € kX
i1

Let dn be the unique Haar measure on N(A) such that Vol(N(F)\N(A),dn) = 1. Denote
by A(R)? the connected component of the identity in A(R). Let da be the measure on A(R)°
defined by

dyl dtl dyd dtd
3.64 / fada:/ / fmyl/Q,tln,...,myl/Q,zfl/2 . S,
( ) AR ( ) (Roo)d J (Roo)d ( ( 1 1 ) (d d )) y% t% yg t?[

where dy;, dt; denote the Lebesgue measure.
For a symmetric matrix 7" € Symsy(F'), define a character ¢y : N(F)\N(A) — C* by
Yr(n(X)) = ¢(tr(T'X)). For such a symmetric matrix 7= (¢%) and i = 1,...,d, we write

oi(T) = (3:%)

where a; = 0;(a), b; = 0;(b) and ¢; = 0;(c). We also write T* = (¢ ?).
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Definition 3.20. For 7' = (¢ %) € Symy(F) totally positive definite, the function
Mr(na,s): N(F)\N(A) x AR)" — C
is defined by
%T(nm(yl/Qv t1/2)7 ) (2 /{dlin(V)) ' ¢ (n) ' Mo‘1(T) (yl, )MU1(T)L (tla S)

d
(yit1)" H We, (t:),

(3.65)

where k4 = 2 and k,, = 1 for n > 5.

Given a measurable function f : Spy(Ap) — C that satisfies f(ng) = f(g) for all n €
N(F), define

(3.66) (AMr(s), [) = / / Mr(na, s)f(na) dnda,
A(R)? JN(F)\N(A)

provided that the integral converges.

Proposition 3.21. Let T € Symo(F) be a positive definite symmetric matriz, ¢ be a
Schwartz form in 7 (V (As)?) fized by an open compact subgroup K C H(Ay) and 0(g; p)x be
the theta function defined in (3.59). Then there is a dense open set U C X with complement
of measure zero such that for Re(s) > 0, the reqularized theta lift

(Ar(s),0(50)K)" 7

converges and equals (T, p, )k on U.

Proof. Unfolding the sum defining 6(na; @)k and the inner integral in (#r(s), 0(-, h; ©) k)"’
leads to

/A(R)O Mr(as) Y plv,w) - wa)pk(v,w, z)da.

Let
U=D- U(v,w)EQT(F)ﬂSupp(go) (]D)v U Dw);

so that U is an open dense subset of D whose complement has measure zero. By Fubini’s
theorem and Lemma 3.22 below, the sum and the integral can be interchanged whenever
z € U; thus the above equals

Z p(v,w) - Mr(a, S)W(a)go})gl(v, w, z)da.

(v,0)€Qr (F) AR)®

The integral can be computed using equations (3.23) and (3.61). We obtain:
/ Mr(a,s) - w(a)pit(v,w, 2)da =2 - w(v,w, 2, 5).
A(R)O

Assume first that n > 2. Then H,(Q) acts transitively on Qr(F) (cf. [Kudla, 1997, Lemma
5.5]); fixing (vo, wo) € Qr(F') we see that for z € U, the integral (#r(s),0(-;¢)k)"™ equals

I(vg, wo, p, 8) = Z e(v,w) - w(v,w, z,8).

(va)EH+ (Q)'(U07w0)
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With hj, j=1,...,7 as in (2.8), we have
I('Uo,wO,QD, 8)‘th\IDJ+ = Z W(h])g0<'l},l()) 'W(U,’U),Z,S).

(v,w)eH . (Q)-(vo,wo)

Let &, i=1,...,k be as in (3.48) and define
Sj.i(vo, wo) = Hi(Q) - (vo, wo) N hy K& - (v, wp).
Note that w(h;)p(v, w) = @& - (vo, wy)) for every (v, w) € S;,(vy, wy) and

k
H(Q) - (vo, wo) N Supp(w Hng Vg, Wo).-
i=1

Hence
k
]('UvaO?%Oa S)|th\D+ = ng(gl—l ' (Uo,wo)) : Z w(v,w,z,s).
=1 (’U,’u})ESj,i(’Uo,’wo)

Note that the set S ;(vo, wo) is stable under I'y;, = H,(Q) N thhj_l, so that we can write

Z w(v,w, z,8) = Z Z wy v,y tw, 2, 8)

(v;w)€Sj,i (vo,wo) (v;w) €L \Sj,i(v0,w0) YE(Th;)v,w\lh;

- Z @(U,w,z,s)phj.

(v,w)€ln;\Sj,i(vo,wo)

By [Kudla, 1997, Lemma 5.7.i)], the set of orbits I';;\S;(vo,wo) is in bijection with the
double coset (where we write Hy for Hy, )

(Hu)+(Q\Hy(Ap) N Hy(Q)h; K& [ Kug,.

Moreover, the bijection is as follows: suppose (v, w) € S;;(vo, wp) is of the form - (vo, wy) =
hjk&™ - (vg, wp). Then [y, - (v, w) corresponds to the double coset (Hy) +(Q)y ' hjké ' Kyg, .
Thus, by definition of ®(v,w, h, s)x we have

Z (I)(vavza S)F = (1)<U0a1007€i7S)I(|1—‘hj\]D)+

(v,w)€LR;\Sj,i (vo,wo)

and hence

I(U07w07 ®, S>|th\]D)+ = Z@(éz_l ’ (U07w0)) : (I)(Uﬁ)wmfia S)Klfhj\ﬂ)+
=1

for every j, as was to be shown.
Assume now that n = 2. By [Kudla, 1997, Lemma 5.5], the group H,(Q) acts with

two orbits on Qr(F), and we have Qr(F) = H (Q) - (v, wp) HH+(@)70 - (vg, wp) for any
Y0 € H(Q) that fixes the plane Uy spanned by (vo, wo) but reverses its orientation given by
the ordered basis {vg, wo}. Thus, for z € U, the integral (.#r(s),8(-; ) k)™ equals
I(vo, wo, 0, 5) + 1(70 - (vo, wo), , ).
Define
Sj.i(vo, wo,70) = H (Q)y0 - (vo, wo) N hy K& - (v, wp).
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Then S;;(vo, wo, Yo) is stable under I';; and one shows as above that

k

[('70 . (Uo,wo),@, 3)‘th\ﬂ)+ - ng(fz_l ’ (UO?wO» Z (I)(U,’LU,Z,S)F,LJ_.

i=1 (v,w) €Ly \Sj,i (vo,w0,70)

Note that we can choose 7y so that 7o - vg = vg and 7 - wy = —wp. Since w(v,w, z,s) =
w(v, —w, z, 8), we conclude from [Kudla, 1997, Lemma 5.7.ii)] that

®(vg, wo, &, S)K|1"hj\]1])+ = Z O (v, w, z, S)th

(v,w) €Ly ;\Sj,i (vo,wo)
+ Z O (v, w, z, S)th
(v,w) €l ;\Sj,i(vo,wo,70)
and the claim follows from this. O

The following lemma completes the proof of Proposition 3.21.

Lemma 3.22. Let T € Syms(F) be totally positive definite, ¢ be a Schwartz form in
S (V(Ay)?) and let

U =D — Upwenr@nsupm(s) Do U Dy).
Then, for Re(s) > 0, the sum

(3.6) > tewwl- [ Lo )] le@p 0w da

(v,w)eQr(F)
converges for every z € U.

Proof. Let (v,w) € Qr(F). It is enough to show that, for Re(s) > 0 and any I' C H, (R),
the sum

> [t ek w2
YET v, w\I' AR)?

converges for z € DT — (I'- D UT - DY), since (3.67) is a finite linear combination of sums
of this form. Note that if w(v, z) is any of the forms d¢°(v, 2), 9¢°(v, 2) or 09" (v, z), then

we can write
lw(v, 2)|| =D [|Pi(v, 2)]| - (v, 2)

where the sum over ¢ is finite and the functions P;(v, z) are polynomial functions of v for
fixed z satistying || P;(hv, hz)|| = || Pi(v, 2)|| for every h € H(R). In particular, there exists a
positive constant C' and a natural number £ (in fact, k£ = 2 will do) such that ||P;(v, 2)|| <
C - Q(v,1)"* for every z € D™ and every v of fixed positive norm Q(v) = m > 0. Now choose
€ > 0 such that |Q(yv 'v).| > € and |Q(y 'w).| > € for all v € . Then there exists a
constant C, > 0 such that

s+s
/A( . | A1 (a,s)|- HW(G)SO(:;}( —11), —1w, 2)||da < Ce - 1Q( —1U>ZL ) Q(v‘lw)zq‘ -0 k’
R ) ) v +

and hence the claim the follows as in the proof of Proposition 3.6. 0J

Theorem 1.1 now follows from Proposition 3.12 and Proposition 3.21.
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3.9. Higher Chow groups and regulators. We next focus on the relationship between
the currents ® (7', ) introduced above and the currents in the image of the regulator map

(3.68) rg: CH*(Xg, 1) = 28 (Xk).

Let us first recall the definitions of the higher Chow group C'H?*(X,1) and of the above
map.

Let Y be an irreducible algebraic variety defined over a field k. The group CH?*(Y, 1) is
defined as a quotient

(3.69) CH*(Y,1) = Z*(Y,1)/B%(Y, 1).
An element ¢ € Z*(Y, 1) is a finite linear combination
(3.70) c= a(m: Zi =Y, [),

where Z; is a normal variety over k of dimension dim(Y') — 1, 7; is a generically finite proper
map, f; is a meromorphic function on Z;, and a; € Q; it is also required that

(3.71) Za - (m)(div(f;)) =0

as a cycle of codimension 2 in Y. For a description of B*(Y, 1), see [Voisin, 2002].
Suppose that £ C C. Define a map

rg: CH*(Y,1) — 2V (Ye)
(3.72) S s 25 Vo) o 2 S ). (o £,

where (7;).(log | fi]) € 2" (Y¢) is the current defined by

(3.73) (). (log | i), o) = / 7 (@) log | £

for a € &2 dim(y)’Q(Y@). The map r4 is known as a regulator map; it is linear and its image

defines a rational vector subspace of 2 (Y¢). Note also that for any ¢ € CH?*(Y,1), the
current r4(c) is dd°~closed: this follows from the identity of currents

(3.74) dd®(m;).(1og | ;) = bai(s)
and condition (3.71).

Note that the currents [®(7), )] in (3.50) are not dd°-closed. In fact, for the currents
[@(v,w)r] in (3.31), we have
(375) ddc[q)(ﬂ, UJ)F] = 5Z(U,w)r‘ —+ ddCG(’U7 w)r . 5X(’U)1’"
Here dd°G (v, w)r extends to a smooth 2-form defined on X (v)r, and the current dd°G(v, w)r-
dx () € .@1’1(Xp) is defined by

(dd°G(v,w)r - 6x (), @) = / dd°G(v,w)r A «
X(v)r
for aw € &1 H(Xp).

Since (T, ¢) is not dd-closed, it is not in the image of the regulator map defined above.
It is natural to ask for necessary and sufficient conditions for a finite linear combination
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Za(T, ©)[®(T, ¢)] with a(T,¢) € Q to belong to the image of the regulator. The next
Ty

proposition proves a weak result in this direction when n > 4. It turns out that in this case
being dd°-closed is also sufficient.

Proposition 3.23. Assume thatn > 4. Let $ = ZQ(T, ©)[®(T, p)k] € 2" (Xk), where
Ty
the sum is finite and a(T, ) € Q. Then dd°®x = 0 if and only if Px = ry(c) for some
c e CHQ(XK, 1)
Proof. Above we showed that ry(c) is dd°~closed for any ¢ € CH?*(Xg,1). Now let &y =
Z a(T, )[®(T, p) k] as in the statement and assume that dd°®x = 0. We compute
Ty
(3.76) 0=dd®x =Y a(T,¢) Oz + YT, 9)k),
Ty

where U(T, @) € 2" (Xk) is a current whose support is a finite union of special divisors
on Xg. More precisely, we have

\IJ(T, 90)1( = Z dd°G; - 5X('Ui7hi)K’

where the sum is finite and (; is a finite linear combination of Green functions of the form
(3.6) on X(v;, h;)k with logarithmic singularities on special divisors. Since the currents
U(T, @)k and 071, are supported in different codimensions, it follows from (3.76) that

(377) Z CL(T, 90) ' 5Z(T7§0)K = 07
(3.78) > a(T,p) - U(T, )k = 0.

(To see this, pick a basis of open neighbourhoods (U;);>1 of Ur,Z(T, ¢)k and compactly
supported smooth functions ¢; : U; — [0, 1] such that ¢;|z(r,), = 1. Fora € A (X,
evaluate (3.76) on the sequence (¢;«);>1 and apply dominated convergence on each X (v;, h;) )

Now write
Z a(T7 90) [(I)(T7 QO)K] = Z GiaX(vi,hi)K’
Tp %
where the sum over 7 is finite and G; is a Green function on X (v;, h;)x. Equation (3.78)
implies that the summand corresponding to a connected special divisor X (v)r in this sum
is of the form G(v,T) - 6x(v),, where G(v,I') is a Green function on X (v)r that satisfies
dd°G(v,T') = 0. Since n > 4, we have H*(X (v)r,C) = 0 (see [Vogan and Zuckerman, 1984,
Theorem 8.1]) and it follows that G(v,I') = a(v,I') -log | f,.r| for some meromorphic function
for € k(X (v)r)* and some a(v,I') € Q. Thus, denoting by 7, the map X (v)r — Xk, we
find that &5 = Z a(v,I)-(myr)«(log | for|), where the sum is finite. Consider now the formal
v, I’
sum » _ a(v,T)-(mor : X(v)r = X, fur). By (3.77), we have Y a(v,T)-(m,r).(div(for)) =
v, I
0 and hence it defines an element ¢ € CH?* (X[, 1) satisfying r4(c) = k. O
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3.10. Evaluating currents on differential forms. Let o € /""" "!(Xf) be a compactly
supported form. Since Proposition 3.21 shows that the forms ® (7', p, s)k are theta lifts, one
can try to evaluate

B(T, 0. 5)xc) (1) = /X (T, 5)x N

by interchanging the integrals. However, this interchange is not justified since the resulting
integrals are not absolutely convergent. In this section, we will introduce certain currents
[®(T, p, s)] closely related to the [®(T), ¢, s)]. These currents will be meromorphic in s € C
(modulo im(9) + im(d) as before) and we will show that their constant term at s = sq is
a certain Q-linear combination of the [®(T, ¢)]. Moreover, following ideas in [Bruinier and
Funke, 2004], we will give an expression of these currents as regularized theta lifts that allows
to evaluate them by interchanging the integrals (see Proposition 3.27).

For a pair of vectors (v, w) € V(F)? spanning a totally positive definite plane, consider
the (1, 1)-form

(3.79) 5(v, 0,7, 5) = B(v,w, 2, )00 (w, v, 7, )
in &7 (D — (D, UD,)). The form &(v,w, z, s) is related to the form w(v,w, z, s) as follows:
(3.80)

w(v,w, z,8) +w(w,v, z,8) = 0p(w, v, z, ) A Od(v,w, z,8) + ¢(w, v, z,5)00¢(v,w, 2, 5)
+ 8¢(,U7 w? Z? S) /\ EQS(/LU? U’ Z7 S) + ¢(U7 w? Z? S)aEQS(w, U? Z? S)
=w(,w,z,s) —w(w,v,z,s).

For I' € H{(R), define a (1,1)-form on Xr by

(3.81) d(v,w, 2, 8)r = Z (v v,y tw, 2, 8).
YEDy,w\I'

The proofs of Proposition 3.6 and Proposition 3.9 apply to this sum and show that it con-
verges normally on Xt — (X (v)r UX (w)r) and defines a locally integrable (1, 1)-form on Xr.
We define forms i)(v, w, h, s) g and CiD(T, ©, )k as in Section 3.6 and Section 3.7 by replacing
w(v,w, z, s) with & (v, w, z, s) throughout. As before, denote by [®(T, ¢, s)k] the current in
9" (Xk) corresponding to the form @(T, ¢, 8)k. The proof of Proposition 3.19 shows that
the currents [®(T), ¢, s)k| for varying K form a compatible system under the maps induced

by inclusions K’ C K, so that we obtain a current [®(T, ¢, s)] € 241(X) = T&n_@l’l(XK).
K
Let us now describe the relation of the currents [®(7 ¢, s)] with the currents [®(T, ¢)].
For T = (%) € Symy(F)so and ¢ € #(V(Af)?), define
(3.82) T'=(52), ¢ (vw)=p(wuv).

Then it follows from Proposition 3.12 and (3.80) that the image of the current [®(T, ¢, s)]—
[D(T, ¢", s)] in 2"'(X) admits meromorphic continuation to s € C and that its constant
term at s = so = (n — 1)/2 is given by
(383) CTS:SO [(i)(T’ ¥, S)] - [&)<TL> 90L7 S)] = [(I)(T7 (P)] - [(I)(TL7 (pL)]v

where = denotes equality of currents modulo 0 + 0. See 4.2.5 for an example of a current of
this form.
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Remark 3.24. From the point of view of regulator maps 79 r : CH*(Xg,1) — 2" (Xk),
the currents on the right hand side of this equality are quite natural objects. Namely, let
[®] € 2" (XT) be any current of the form [®] = ry(c) with ¢ = Zni(@, f;) € CH*(Xt,1)
(see Section 3.9 for definitions) such that the C; are special divisors and the f; € k(C;)* @ Q
are (pushforwards of) the meromorphic functions constructed by Bruinier [2012, Thm. 6.8].
Then condition (3.71) implies that [®] is a linear combination with Q-coefficients of currents
[®(v, w)r] — [®(w,v)r] for some pairs (v,w) € V(F)?. The current [®(T,¢)] — [®(T*, ¢")] is
just a finite sum of such currents, weighted by the values of .

Our next goal is to obtain an expression of i)(T, ©, )k as a regularized theta lift with good
convergence properties. To do so, we will use a relation between 09¢"(v, z) and Qg (v, 2)
established by Bruinier and Funke.

Denote by
(3.84) prm € [ (V) @ o (D)) T
the .7 (V})-valued, closed (1, 1)-form constructed by Kudla and Millson in [1986]. We have
(3.85) wru(v,2) = P(v,2)¢"(v, 2),

where P(v,2) € [¢°(V1) @ 51 (D)]#®) is, for fixed 2, a polynomial in v of degree 2 (see
[Kudla, 1997, (7.16)] for an explicit description of P(v, z); our @ is denoted @) there).
yl/2 gy=1/2

Let 7 = x + iy be an element of the upper half plane and let g, = < Y > € SLy(R).

Define
(3.86) P(0,7,2) =y T w(g)e’(v,2) = y - e(Qua1)T + Qu.)T),

(3.87) o (v,7,2) =y~ T w(gr) e (v, 2).
Here w denotes the Weil representation of SLy(R) on .#(V}) and e(z) = ™. Our presen-

tation of [®(T, ¢, s)k| as a regularized theta lift will use the following result.

Proposition 3.25. [Bruinier and Funke, 2004, Thm. 4.4] Let L = —2iIm(7')2§_ be the
T

Maass lowering operator. Then

(3.88) dd“¢®(v,7,2) = —Logn(v, T, 2)
where d and d° = — (0 — 0) are the usual differential operators on .

471

Using this result, we can find a different expression for the form 90¢(v,w, 2, s). Let L be
the lowering operator in the previous Proposition. For a symmetric positive definite matrix
T=(¢% and 7 =z + iy € H, define

N P .

(3.89) Mr(t,s) = 47ry2;(MT(y, 5)e2miary,
T

One computes

(3.90) Mi(r,s) = O(T, ) -y - My_y /oo (

dm det<T)y'> My X 6—27riax
C

with C(T, s) = wiC(T, s) - (s + o).
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Lemma 3.26. For v,w € Qp(V;) and Re(s) > 0, we have

_ % __ d
8a¢(vvw7275> = / MT(yﬂg)(pKM(Uuva)y_g
0

Proof. Recall the integral expression for ¢(v,w, z, s) given in (3.23). In terms of ©°(v, 7, 2),
we have

d
o(v,w, z, ) /MTy, Uy,)y
y?

, dxd
R L
0 0

Y

Using (3.88), we obtain

00 1 ] dad
ddc¢(v7 w, z, 8) - / / MT<y, 8)6_27T2Q(v)xddcg00 (U, T, Z) 1'2:1/
Y

dxd
= / / My (y, s)e ™0 Lo (v, 7, 2) 7 /

= —/ / Mr(y, 8)e 2™ QW 9(prar(v, T, 2)dT)
o Jo

= — lim My (y, s)e” 2 R0 (s (v, 7, 2)dr),
N—oo yN

where %y = [0,1] x [N"!, N] € H. Applying Stokes’s Theorem, we find

o) 1
ddc¢(vv w, 2, 5) = / / 5(]\4T(ya 8)6_2mQ(v)m) N SOKM(Ua T, Z>d7—
o Jo
- ]VIEHOO(MT(N7 s)prn (v, N, 2) = Mp(N7H s)prar(v, N712)).
Since dd® = —(2mi) 100, we see that to establish the claim it suffices to show that the second

term in the right hand side vanishes. This follows for z ¢ D, from the asymptotic behaviour
of Mr(y,s) given by (3.17) and (3.18). O

We can now express ®(T,¢,s)x as a regularized theta lift. Namely, for T = (¢%) €
Syms(F') totally positive definite, define a function

Mr(na,s): N(F)\N(A) x A(R)® — C
by
AMr(nm(y'? £2),5) = 265 ) wn) + M,y (y1, ) Mo,y (t1, )

HWa yz : cz z)

(3.91)

We also need to specify a Schwartz form
Po € [L(V(R)?) ® &7V (D)]H®
to define the regularized theta lift. Define
(3.92) P (,1,2) = (0, 2) - prear(w, 2) € F(VE) @ /(D)
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and

(393) 9500(’0, w, Z) = 95171(1}17 wry, Z) ® 90(3%(1}2’ w?) ®...Q0 SD(—)Q-(Udv wd)7

so that for every g € Spy(Ar) and ¢ € ﬂ(V(Af)Q) fixed by K, the theta function
(394) 9(97@®¢0®)K = Z UJ(gf)SO(/an) 'w(goo)@oo(vaw)

(v,w)eV (F)2

defines a (1,1)-form on Xg. Given a measurable function f : Sps(Ap) — C that satisfies
f(ng) = f(g) for all n € N(F), define

(3.95) RZENIEE | Mr(na, ) (na) dnda,
A(R)® JN(F)\N(4)

provided that the integral converges. Then we have the identity

(3.96) (T, 0, 8)5 = (Mr(5), (50 © Goo)i)'™,

valid in an open set U C X whose complement has measure zero. This is proved in the
same way as Proposition 3.21.

The following is the desired result that shows that one can evaluate [®(T) ¢, s)] by inter-
changing the order of integration.

Proposition 3.27. Let K C H(Ay) be an open compact subgroup that fives ¢ and let
a € A" X ). Then, for Re(s) > 0, we have

(@ gsila)= [ [ s [ o euna dnd
A(R)? JN(F)\N(A) Xr
Proof. Performing the integration over N(F)\N(A), we find

(B(T. ¢, )], ) = / /A(/?;m,s) S w,w) - w(@)fu(vw,2) Aa
Xg J A(R)O (

v,w)EQ (F)

and we need to prove that this expression is absolutely convergent. Since K has only finitely
many orbits on the support of ¢, it suffices to show that

/ %(aa 8) 'w<a>¢oo(vawaz) A
Ty,w\DT JAR)O

is absolutely convergent, for any vectors v,w € Qr(F) and any compactly supported form
n € "B HT\D"). This will follow if we can show that

[ lalas)] @t w. ) [dadu(:) < o,
y,w\Dt JAR)O

that is, we need to show that the inner integral in this expression yields an integrable function
on I', ,\D. Denote this inner integral by f(v,w, z,s). Note that

||Poc (v, w, 2) || = Z 1P (w, 2)[] - ¢° (v, 2)¢° (w, 2),

where the sum over i is finite and, for fixed z, the P;(w, z) are polynomials in w (valued in
differential forms). These polynomials satisfy ||P;(hw, hz)|| = ||P;(w, 2)|| for all h € H(R)
and have degree 2; see [Kudla, 1997, (7.16)]. Hence we have

||9500(va7 Z)H <C- Q(wzl) : 900(1)7 z)gpo<w, z)
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for some constant C' > 0. Using this estimate, we find that

S0

flo,w,2,8) = O(Q(v,1)” 7" - Q(w.r)~2"),  when |[Q(v.)],|Q(w.)| > € >0,
Flo,w, z,8) = O(log(|Q(v.)]) - [Q(w, )|~ 241, as [Q(v.)] — 0,

flv,w,2,5) = O(log(|Q(w.)]) - |Qu.r)|~72"),  as |Q(w.)] = 0.

Since f(v,w,h'z,s) = f(v,w,z,s) for i’ € H'(R) = (H,)(R) N (H,);(R) and the quotient
F%w\]D)Ufw has finite volume, the claim follows from these estimates by Lemma 3.8 applied
to H'(R)\D™. O

Corollary 3.28. Let K C H(Ay) be an open compact subgroup that fizes ¢ and let o €
"X k) be a closed form. For g € Spy(Arp), write

0(g; ) = /X 0(9; 9 @ Poc) N .
Then ’
([O(T, )x] = [B(T", ") i, @) = CTocu1y oA (s), 6(5 9, @)™
— (Mr.(5),0( ¢, ).
Proof. This follows from (3.83) and the Proposition. O

4. AN EXAMPLE: PRODUCTS OF SHIMURA CURVES

The goal of this section is to illustrate the main constructions and results above in one of
the simplest cases: when the Shimura variety attached to GSpin(V') is a product of Shimura
curves attached to a quaternion algebra B over Q. In this case, the currents in Section 3
can be described in the more familiar language of Hecke correspondences and CM points.
We give this description in Section 4.2.

Throughout this section, we fix an indefinite quaternion algebra B over Q; we assume that
B 2 M5(Q). We write S for the set of places where B ramifies and d(B) for the discriminant
of B. Denote by n : B — F' the reduced norm and let V' = B endowed with the quadratic
form given by Q(v) = n(v). Then (V,Q) is a non-degenerate quadratic space over Q with
signature (2,2) and yy = 1.

4.1. Quaternion algebras and Shimura curves. The group H = GSpin(V) can in this
case be described more concretely. Namely, consider B* as an algebraic group over Q defined
by

(4.1) B*(R) = (B®g R)"
for any Q-algebra R and let
(4.2) B* xg1, B ={(g1,92) € B* x B*| n(g1) = n(g2)}-

The group B* x B* acts on V by sending (g1,¢2) - * = ¢gizg,'. This induces an exact
sequence

(4.3) 1 —-G,, » B xg, B* - SO(V) =1
showing that
(4.4) SO(V) = G, \(B* xgr, B*), GSO(V)=G,\(B* x BX)
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and in fact one has
(4.5) H >~ B* xgp, B*.

The theory in Section 2 applies to this case. If we denote by H the Poincaré upper half
plane, we have

(4.6) Dt =~ H x H.

Fix once and for all an isomorphism ¢ : B ®q A® = M,y(A®). For p € S, denote by Opp the
maximal order of B ®q Q,. Let

(4.7) Op =" M(]]20) x [ OBs:  Ki =05

pES peES

Then &y is a maximal order of B ®gAs and Kp is a maximal compact subgroup of B(A)*.
Define the (full level) Shimura curve attached to B to be

(4.8) Xpx = B*(Q)\(H* x B*(A))/K.

Then Xp  is the set of complex points of a complete curve Cx defined over Q. Let K =
(Kp x Kg) N H(Ay) and define the (full level) Shimura variety:

(4.9) Xk = H@Q\D x H(Af))/K.

Thus Xp f is the set of complex points of the surface Cx x Ck. By (2.8), the surface Xp x
is connected.

Given v € V of positive norm and denoting by W C V its orthogonal complement, we
have

(4.10) H, = GSpin(W) = B*

as algebraic groups over Q. The special divisors Z(v,h)k are hence given by embedded
Shimura curves in X.

4.2. Examples of (1,1)-currents. Let us give some explicit examples of the currents intro-
duced in Section 3 in the case when X is a product of Shimura curves, in the more classical
language of Hecke correspondences and CM points. Assume that ' = Q for simplicity and
denote by d(B) = p; - - - pa, the discriminant of B. Let Op and Kp = ﬁ’ be as in (4.7) and
let K = (K x Kg) N H(Ay). Then 05 = BN O is a maximal order in B. Denote by
O C O % be the subgroup of units of reduced norm 1. The group & acts on H through
the embedding to, : 05 — SLy(R) and we conclude that

(4.11) Xpx = Op\H = XP

is the full level Shimura curve X(? and that Xg = Xég X Xég )

4.2.1. Special divisors. Consider the vector vy =1 € B =V of norm 1. Then the inclusion
H,, C H corresponds to the diagonal embedding A : B* — B* X1, B* and hence the map
iv 1.k - X(v1) g — Xk defined in (2.15) is just the diagonal

(4.12) A XP— XEx xP.
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More generally, suppose v € O has reduced norm d and consider the map i, 1 x : X (v)x —
Xgk. If d equals a prime p 1 d(B) then the intersection H,(Q) N K is an Eichler order &5 (p)
of level p in B and the map 4,1 i : X(v)x — Xk equals the map

(4.13) XB(p) — X x x¢

whose image is the Hecke correspondence T'(p). Similarly, if d is a divisor of d(B), we obtain
the graph of the Atkin-Lehner involution wy.

4.2.2. Currents for connected cycles: G(v,w)r and [®(v, w)r]. Consider now v, w € B span-
ning a positive definite plane. To simplify matters, let us assume that v = 1 and that
w € Op is such that R := Z[w] is the full ring of integers of an imaginary quadratic field
L = R ®z Q; such an R is then automatically optimally embedded in &5 (recall that an
embedding j : R — Op is said to be optimal if j(L) N Op = j(R)). The diagram (1.3) in
this case becomes

A

{Tpvi (w)} H H x H
J{ lpr lprxpr
A
{Pu = pr(m, )} Xy Xg x Xg

and P, € XZ is a point with CM by R (for one of the two CM-types of R). The function
Gv,w)r € €*(XP — {P,}) defined by (3.9) is a Green function for the divisor [P,] €
Div(X[); we denote this function by Gp,] and the associated current in 2°°(XJ) by
[Gp,)]- The current [®(v,w)r] in (3.33) is given by

(4.14) (@ (v, w)p] =271 - A ([Glp,]),
so that for a € @ (XF x XP) we have
(4.15) [P (v, w)r|(a) = 270 - N Gip,) - A ().
XO
4.2.3. The current [®(v,w,1)k]. Our next goal is to write down an explicit example of the
current [®(v,w, 1)k] in (3.43). We have
(4.16) H, ., = GSpin(Q(v,w)) = L™

as an algebraic group over Q. The embeddings H, ., — H, — H correspond to embeddings
of algebraic groups

(4.17) L* = B* 3 B* x¢, B,

defined over Q, where the second embedding is just the diagonal. Note that H, ,,(R) = (K®q
R)* = C* with spinor norm the usual norm on C. In particular, every element of this group
has positive spinor norm and hence (H, )+ (R) = H,,(R) and (H, )+ (Q) = H,,(Q) = L*.
Moreover, since R — € is optimal, we have

(4.18) (Ho)+ (Q\Hyu(Ag) /Ky 2 L\A} /67 = Pic(0y).

Let {hil¢ = 1,...,s} be representatives for this double coset and write h, = ~;k; with
v € Hy(Q) and k; € K. Note that we can find v; € (H,)+(Q) and k; € K N H,(Ay). With
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such choices, we have

(4.19) > [0 v,y w)r] =D (@077 w)r]

The sum Z[’yf L. p,] defines a divisor on X[’ of degree h(€0y). In fact, by Shimura’s

description of the Galois action, this divisor coincides with the orbit under Gal(H/L) of
P, € XP(H), with H the Hilbert class field of L. Hence we can write

(Here tg/1, stands for taking the trace from H to L). Since in this case n = 2, the current
[®(v,w, 1) k] involves an additional sum. Namely, we need to choose 7o € H(Q) such that
7 - Df; = Dy;; we can find such an element satisfying additionally that v - v = v and
Y0 - w = —w. Now we have to find k;, € K and v;, € H,(Q) such that yoh, = 7 ki, With
our choice of K this is easy to do explicitly: let € € & be a unit of norm —1; such an element
always exists by [Vignéras, 1980, Corollary 5.9]. Then (e,¢) € H(Q) N K. If k) = ~;k; as
above, then we can choose v, = 0% - (€,¢)”" and k;, = (¢, €)k;. Then we have %_01 ‘v =
and 7;,' -w = —(e,¢) - ;" - w and hence

(1.21) S 005w 07w = Y[, (e, Oy )]
since [@(v, w)r] = [®(v, —w)r]|. By Shimura’s reciprocity law ([Ogg, 1983, (5)]), if P is the

point of XéB corresponding to D,y C D = H*, then its complex conjugate P, corresponds
to D(e,e)wr- It follows that

(4'22) Z[%_lpw] + th’_olpw] = tH/@[Pw]
and hence
(4.23) [®(v,w, 1) ] = 2mi - A*([GtH/Q[pw]]),

with Gy, o(p,) @ Green function for the divisor /[P, on X5

4.2.4. The current [®(T, ¢)k]. Consider now an order R = Z[a] in an imaginary quadratic
field L C C and let 22 — t2 + n be the minimal polynomial of . We assume that L admits
an embedding into B and (for simplicity) that (d(L),d(B)) = 1 and that R = O}, is the ring
of integers of L. Define

(4.24) '= ( t}Q %2 )

¢pz = characteristic function of 0%

and let us describe the current [®(T', g2 )] in (3.49). To do so, we need to describe the set
of K-cosets of Supp(¢gz) NQr(Ay). We have

R\[Supp(pp2) N Qr(Ag)] = (O x50 O5)\Qr(6F)
(4.25) =TG5, xzx O5.0\20(6%,)

vfoo
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Note that the assignment j — j(«) induces a bijection between the (optimal) embeddings
Jj : R — Op and the set of elements w € Op with t(w) =t and n(w) = n, and this statement
holds true locally too. It follows that the map (1, w) +— w induces a 1-1 correspondence

(4.26) (Of. Xzx ﬁgm)\QT(ﬁé,v) < {j: R— Op, optimal} /0y,

where the equivalence in the RHS is with respect to conjugation by & ,. The set in the
RHS has cardinality 1 if B, = M5(Q,) and 2 if B, is division; moreover, in the latter case the
local Atkin-Lehner involution permutes the two elements (see [Vignéras, 1980, Thm. 11.3.1,
11.3.2]). Hence the set

(4.27) K\[Supp(pgz) N Qr(Af)]

is a torsor under the Atkin-Lehner group Wg. Since the set CM (&) of points in X with
CM by 0O, is a torsor under Pic(0) x Wg, we conclude that

(4.28) [‘1’ (( t/12 %2 ) Mag)J = 2mi - (X3 5 X§ % XP)o (Gl glemon)

is the pushforward along the diagonal of a Green current [G,, /Q[CM(@)}] for the divisor
tjalCM(0L),

Note that by choosing ¢ € . (V(A;)?) to have support in a single K-orbit of (4.27), we
recover all the currents of the form (4.23).

4.2.5. The current [P(T, ¢) k] — [P(T", ¢*)k]. Recall that we have defined an involution ¢ on
the set of pairs (T, ¢), given by (3.82). Our next goal is to give an example of the action of
L.

Let p be a prime, p =1 (mod 4) and not dividing d(B), and define

(4.29) = ( 1 P)

pp2 = characteristic function of 0%,

The previous computation of [®(T, Po? )] shows that this current is supported on the diagonal
A, and more precisely that

1 . R
{(D (( p ) ’%23) } = 2mi - (Xg = X5 % X0)« (G gtemerv=m)):
K

Note that ¢j. = ¢,z and that T* = (). In particular, the current [@(TL,cpfﬁ%)] is

different from [®(T, o2 )], as the former is supported on the Hecke correspondence T'(p).
More precisely, the same argument as above, with trivial modifications, shows that

2((7 1) 0) ] =ari- 0 8 600G onim

where here [C'M (Z[/—p])] denotes the divisor consisting of all points in X (p) with CM by
Z]\/—p] (for some CM type of Z[/—p]).
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