ON SOME GEOMETRIC THETA SERIES AND THEIR
BOUNDARY BEHAVIOUR

LUIS E. GARCIA

Our goal in this partly expository note is to survey some recent devel-
opments around classical work of Kudla and Millson on the modularity of
generating series of special cycles in locally symmetric spaces. We briefly
review their construction [26, 27, 28] of special geometric theta series as
well as the alternative approach developed in [16], using Quillen’s notion
of a superconnection, and related subsequent developments. We also dis-
cuss recent results of Bruinier—Zemel, Engel-Greer—Tayou and the author
[10, 11, 18] on boundary contributions to generating series of special cycles
on orthogonal Shimura varieties. Finally, we explore the boundary behaviour
of Kudla-Millson type theta series on certain simple nilpotent orbits, pro-
viding a mild extension of the results of [18] to minimal degenerations of
some non-classical variations of Hodge structure.

1. SPECIAL CYCLES AND KUDLA-MILLSON FORMS

1.1. Let us begin by reviewing the definition of special cycles due to Kudla
and Millson. These cycles exist on locally symmetric spaces of orthogonal,
unitary and quaternionic types, but for concreteness we restrict our discus-
sion to the case of orthogonal groups attached to quadratic spaces defined
over the field of rational numbers.

Let us fix a lattice L of finite rank n, endowed with a Z-valued non-—
degenerate bilinear form

Q:LxL—7Z.

We assume that the lattice is even and indefinite, that is, the real quadratic
vector space V = L ®R has signature (p, q) with p > 0 and ¢ > 0. Let us fix
an orientation of V once and for all. Let Gr(gq, V') denote the Grassmannian
of oriented g—dimensional subspaces of V' and define

X ={WeGr(q,V) | Qlw <0}

to be the subset of Gr(g, V') consisting of subspaces where the restriction of @
is negative—definite. Then X has two connected components and the group
G = O(V) acts transitively on X. We fix a basepoint 9 € X and write
X for the connected component containing xy and G for the connected
component of GG; we obtain

Xt ~GY/K,
1
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where K ~ SO(p) x SO(q) is the stabiliser of z5. Thus X is a differentiable
manifold of dimension pg that can be identified with the symmetric space
of GY.
We now consider quotients of X by arithmetic subgroups I' < G. More
precisely, let
LY={velL®Q|Ql) €Zforeverylc L} DL
be the dual lattice of L and define

I'p ={y€SO(L,Q) [ v[rv/r =id}.
Let us fix a neat subgroup I of I'y, of finite index; then the quotient
Xr:=T\X

is a locally symmetric space. When p = 2 or ¢ = 2 it is in fact a complex
quasi—projective variety, but for general (p,q) it is simply an (orientable)
Riemannian manifold with no complex structure.

1.2. Let v € LY be a vector with Q(v,v) > 0. Attached to v is a submanifold
X, C X defined to consist of all negative—definite ¢-dimensional subspaces
of V' orthogonal to v:

(1) X,={WeX|vlWwh

The stabiliser G, of v in G acts transitively on X, and so each connected
component of X, can be identified with the symmetric space of G,. Let us
write I';, = I' N G,,. Then the inclusion X,, C X induces a map

T F@\Xv — XF

that is known to be proper. Moreover, one can always (cf. [28, Lemma 2.1])
find a subgroup IV < T of finite index inducing a commutative diagram

A\X, — Xp

l lp

r,\X, — Xr

where the vertical arrows are covering maps, the manifold Xt is naturally
oriented and the top horizontal arrow is a proper embedding onto an ori-
ented totally geodesic submanifold of Xt of codimension ¢. Integration of
compactly supported differential forms on this manifold defines a functional

HPVYXp) 5 R, o LT CL.
T\Xy
By Poincaré duality this functional defines cohomology classes
Z(v)r € HI(Xp)

and
Z()r = (e ) Z(0)r) € HI(CKr),
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Note that for a non-zero vector v with Q(v,v) < 0 we have X, = () and so
we set

Z(v)r = 0.
The special cycles introduced by Kudla and Millson are linear combinations
of the cycles Z(v)r. Given a rational number n # 0 and an element p €
LY /L, one can show that the number of orbits of " on the hyperboloid

Ln,p)={vep+L|Qv,v)=2n}
is finite.

Definition 1.1. Given a rational number n and u € LV /L, define

Z(n,wr =Y Z(v)r € H(Xp).

vEL(n,u)
mod T

In their series of papers [26, 27, 28], Kudla and Millson show that the
cycles Z(n,pu)r can be arranged into generating series that transform like
modular forms. More precisely, denote by Wr the tautological vector bundle
of rank ¢ over Xp. Then Wr is naturally oriented and we define

Z(O)r = 6(WF) S Hq(XF)
to be its Euler class. Define
Z(7-¢ M)F = Z(O)F(SO”M + Z Z(”a /UJ)F : qn’ q= 627ri7—-
ne€Q(p,p)/2+Z
Let us write Mp,(Z) for the metaplectic double cover of SLy(Z) and denote

by pr the standard Weil representation of Mp,(Z) on the group algebra
CILY/L] (ct. [8, §4]).

Theorem 1.1. [28] The generating series

Z(T)r = Z Z(1,u)r ® et
peLY /L
is a modular form of weight (p + q)/2 for Mpy(Z) valued in HI(Xt) @
C[LY/L).

1.3. Kudla and Millson prove Theorem 1.1 by explicitly constructing canon-
ical differential forms Poincaré dual to special cycles. The key to their proof
is the introduction of certain classes in the continuous cohomology group

HE (G, 8(V™).

Here n is a positive integer and S(V™) denotes the Schwartz space of V™,
which carries a natural action of GG. Let us briefly review their construction
as described in [28].

Denote by QF(X) the smooth differential k-forms on X. By a theorem
of van Est, the continuous cohomology groups HY, (G, S(V™)) are the coho-
mology groups of a complex whose k-th term is

(QHX) @ S(V™)“.
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That is, a class in H¥, (G, S(V™)) can be represented by a G-invariant closed
differential k-form on X valued in S(V™).

Let us write K C G? for the maximal compact subgroup of G stabilising
xo and let € and g denote the Lie algebras of K and G° respectively. We
then have the Cartan decomposition g = p ¥ where p can be identified with
the tangent space T, X. Restriction to zy gives an identification

OF(X) ~ (AFp* @ c=(G)E.
More generally, for any positive integer n we can identify
(2) (QHX) @ S(V™)7 = (W o S(V™)K.

Let us write W for the negative—definite subspace of V' of maximal di-
mension corresponding to our fixed basepoint x¢ and W for its orthogonal
complement. We obtain an orthogonal decomposition V. = W @ W+ and
hence a positive-definite majorant )¢ of ) defined by

QO(va U) = Q(wa ’U)) - Q(wl7 wL)
for v = w4 w' with w € W and w' € W'. Associated with Qq is the
Gaussian
w‘gn)(vl, ceyUp) = e ™Ei=1Qo(v;,v5) ¢ S(V”)K.
In [26], Kudla and Millson introduce the so—called Howe operator
(3) VAP @S(V™) — A*Thp* @ S(V™).
Using it they define the Kudla—Millson form
e = V- 96" € (A @ SV,

Let us write G’ for the metaplectic double cover of Sp,, (R) and w for
the Weil representation of G’ x G on §(V™). The group G’ has a maximal
compact subgroup K’ that maps to the standard maximal subgroup U(n) C
Sps,(R). The group K’ has a character det'/? . K’ — S whose square
factors through the map to U(n) and defines the determinant character
det : U(n) — S*.

Theorem 1.2 ([26]). (1) The form go%)/[ is closed.

(2) We have (p%\)/[ = %2/[ Ao A @ER\/I

(3) The group K' acts on gp%&l via the character det®+9/2,

Part (1) of the theorem implies that ¢k defines a class in H{ (G, S(V™)).

1.4. The forms (p%\)/[ enjoy several additional useful properties; let us elab-
orate on two crucial ones. The first such property is that the class in
HY(G,S(V")) defined by gp%& is holomorphic. That is, let g’ and ¢ be
Lie algebras of G’ and K’ and write g’ = p’ @ ¥ for the Cartan decomposi-
tion. The complex structure on the symmetric space for Sp,,, (R) induces a
decomposition

pPeC=ptop,
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with p~ corresponding to the anti—holomorphic tangent space of the base-
point. The Lie algebra g acts on S (V™) through the Weil representation,
and hence also on the cohomology groups HY (G,S(V"™)). The classes fixed
by p~ form the subspace

He (G, S(VM)P < Hif (G, S(V™))
and are said to be holomorphic. Kudla and Millson show that indeed
el € H (G, S(V™)P

(cf. [28, §8]).
The second crucial property of Lp%\)/[ is that it can be used to construct
explicit differential forms that are Poincaré dual to special cycles. To do

this, let us restrict our attention to gogg/l, which we regard as a differential
form
€ (QUX) 2 S(V)©
P € (QU(X) @8(V))
via the isomorphism (2). For a rational number n, a complex number 7 =
x+iy € Hand p € LV/L, define

Orm(Tin ) = Y iy v)emim.
vEL(n,u)
The sum converges rapidly to a smooth differential form on X. Moreover,
the G-invariance of cp%z/[ implies that Oy (7;n, @) is invariant under I, that
is
Ot (i, ) € Q7(X) = Q(Xp),
and so Ogm(T;n, ) can be regarded as a closed differential g-form on Xr.

The following property gives the crucial link between special cycles and
Kudla—Millson forms.

Theorem 1.3. Let o be a rapidly decreasing form on ')\ X of degree (p —
1)q. For any positive rational number n we have

Z / / a N Ogm(T;n, 1).
FU\XU Ly\X

veL(n,u)
mod I

Writing [Oxwm (T, n, )] for the cohomology class defined by O (7;n, 1),
this implies
[@KM(T; n, M)] = Z(nv N)F q".
The modularity of the generating series stated in Theorem 1.1 follows
easily from this: for 7 € H and u € LY / L, consider the theta series

@KM T :U' Z (‘0 1/2 ﬂiQ(v,v)m‘
veEp+L

The sum converges rapidly to a smooth closed differential form that is in-
variant under I', hence we have

@KM(T, u) € Qq(X)F ~ Qq(XF).
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As in the proof of modularity of classical theta series, an application of Pois-
son summation combined with Theorem 1.2 shows that }_ ¢ /v, Okm(T, 1)®
et transforms under Mpy(Z) like a (non-holomorphic) modular form of
weight (p 4+ ¢)/2 valued in py. The modularity statement in Theorem 1.1
follows from these facts by taking cohomology classes in the identity

eKM(Ta M) = Z GKM(T7 n, ,U,)
neQ

2. THE MATHAI-QUILLEN FORMALISM

The construction of the forms pkn outlined in the previous section relies
on the introduction of the Howe operator (3). Moreover, the proofs of the
main properties of these forms depend on computations using the explicit
formulas for V. We now briefly review the author’s alternative construction
of the Kudla—Millson forms. In this approach the Howe operator does not
appear, and the forms arise from a version of Chern—Weil theory applied to
certain natural complexes defined over the symmetric space X. Moreover,
this point of view allows to define some secondary invariants and to consider
similar constructions for other symmetric spaces, as we will briefly see below.

Let us briefly recall the classical construction of characteristic classes of
vector bundles due to Chern and Weil.

2.1. Let M be a differentiable manifold and let F be a complex vector
bundle over M. Associated with I are certain characteristic classes, e.g. the
Chern classes cx(F) € H**(M,Z), k=0,1,2,..., and the Chern character

ch(E) € H*(M, Q).

These classes are functorial under pullbacks: if f : M’ — M is a differen-
tiable map, then

[ (ew(E)) = ar(fTE),
and a similar identity holds for ch(E).

The main content of Chern-Weil theory is that the characteristic classes
above can be represented by characteristic differential forms once we fix a
connection on F. That is, for each connection V on F there exist closed
differential forms

cr(E,V), ch(E,V)ec Q*(M)

that represent the classes ¢, (E) and ch(E) in cohomology and are moreover
functorial: for any f : M’ — M we have

[ (ex(E,V)) = ck([*E, f*V).

The construction of the Chern—Weil forms proceeds as follows. Let us
write I'(E) for the space of smooth sections of E. The connection is an
additive map

V:T(E) = QY(M)®T(E)
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satisfying the Leibniz rule
V(fs)=df ® s+ fVs
for any f € C*°(M) and s € I'(E). It can be extended uniquely to a map
VM X)®I(E) - QX)) (E), k>0,

satisfying

Viw®s)=dw®s+(—1)fwAVs
for any w € QF(M) and s € I'(E). A simple computation shows that the
composite

V2:=VoV:Q¥NM)aT(E) - Q2o T(E)
is C°°(M)-linear, so that in fact V2 lies in the subspace
Q*(M) ® End(E) C End(Q*(M) @ I'(E)).

The quantity V? is called the curvature of the connection V. The Chern
form of V is defined to be

. [ee) . k 2k
Lv2 (3 Vv
= 2 = — —
ch(E,V) =tr(e2r ") Z <27r> tr ( o ) .
k=0
Note that the sum is finite since V2¥ = 0 as soon as 2k > dim(M). Hence
ch(E, V) belongs to Q% (M) = ®;>0Q*(M). One can show that ch(E, V)
is closed and that its cohomology class represents the Chern caracter ch(E)
of E.

2.2. In [30], Quillen extends the above construction by introducing the no-
tion of a superconnection. Let us explain this in a special case that relates
to Kudla—Millson forms.

Consider again a complex vector bundle £ of complex rank N over M
endowed with a connection V. Suppose also that E carries a hermitian
metric compatible with V: writing (e, /) for the hermitian inner product of
two local sections e, e’ of E, we require that

dle, e’y = (Ve,€') + (e, Vé').
We can then form the exterior algebra
AE =@ AP E,

with its natural Z/2Z-grading given by (AE)? = @ even AF E and (AE)! =
@k odd A E. The metric on E induces a metric on each summand AFE
and hence a metric on AE where different summands are orthogonal to each
other; similarly one obtains a compatible connection V g on AE as a sum
of the connections on each summand AFE induced by V. The Chern-Weil
character

Lv2
ch(AE,Vg) = tr(e2r ¥ 1E)
represents the Chern class of AE; in particular, its component
chon (AE, V) € Q2N (M)
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in degree 2N represents the top Chern class con(FE) (this follows from the
identity
ch(AE) = exn (E)Td(E),
where Td = 1+ --- € H?*(M) denotes the Todd class).
Suppose now that we are given a section s of the dual bundle EV. The
section can be used to deform Vg into a superconnection Vg, as follows:
contraction with s defines maps

s:ANFE S AR B>

which induce an endomorphism of AE that we still denote by s. Let us
write s* € End(AFE) for the adjoint of this endomorphism with respect to
the metric on E. Note that Vg, s and s* can all be regarded as linear
endomorphisms of the algebra

O (M)&T(AE).

Namely, Vg preserves each subspace Q*(X) ® T'(AFE) (k > 0) and the
endomorphisms s and s* preserve each subspace Q" (M) ® I'(AE) (n > 0).
The symbol & denotes the usual tensor product, but where multiplication
is subject to the Koszul rule of signs, so that

(w1 & 81) . (WQ ® 82) = (—l)deg(WQ)'deg(sl)wlcUQ ® S$159.

Let us define
VS — V/\E + 'L(S + S*).

This is an odd endomorphism with respect to the natural Z/2Z-grading on
QO*(M)®T(AE). Moreover, it satisfies

Viw®s) =dw®s + (—1)e@y @ v (s).

Such an endomorphism is called a superconnection. As for a classical con-
nection, one can show that its curvature V2 is Q*(M)-linear and so can be
identified with an even element

V2 € O (M)®¢o (an End(I'(AE)).
The supertrace on the bundle End(AF) induces a functional
str : O (M) &cee (1) End(D(AE)) — Q*(M)
that can be used to define characteristic forms.
Definition 2.1. The Chern character form of (ANE,Vs) is
ch(AE,V,) = str(eV?) € Q2*(M).

The main properties of the Chern forms extend to ch(AE, V):
(i) The form ch(AE, V) is closed.
(ii) For any map f: M’ — M, we have

f*(ch(AE,Vs)) = ch(Af*E, f*V5).
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(iii) Let us write [chay(E, V)] for the class in H?*(M) defined by the
component of ch(AE, V) of degree 2k. Then

> <Z>k [chok (AE, V)] = ch(AE) € H*(M).

2T
k>0

(iv) Suppose that E is the orthogonal sum of hermitian bundles E’ and
E" and V is the sum of metric connections V' on E’ and V” on
E". Let s’ and s” be the projections of s to the duals of £/ and E”
respectively. Then

(4) ch(AE,Vs) = ch(AE',Vg) A ch(AE", V).

Of course, if s is the zero section, then the superconnection V4 becomes
the connection Vg and so we recover the Chern-Weil form ch(AE, V).
However, for a general section s, the forms ch(AE, V) and ch(AE, V) will
look quite different. To see this, let us write

Vg = (Vag +i(s+ 5*))2
= Vip +ilVag, s+ s — s

The last summand corresponds to the operator of multiplication by —|s|?
on 0*(M)®cee () (AE), which commutes with the other two summands.
Since exp(A + B) = exp(A) exp(B) for commuting operators A and B, we
obtain the alternative expression

(5) Ch(E7 vs) = 67|S|2 . str(@ViEJri[VAE,SJrs*])'

Note that the expression inside the supertrace is now a finite sum since the
exponent has strictly positive differential-form degree. We conclude that for
non—zero s the form ch(F, V) is Gaussian—shaped and peaks at the locus
Z(s) where s vanishes. In fact, for a regular section s it can be shown that
as t grows, the form chon(FE, Vi) converges to the current of integration on
the cycle Z(s), i.e.

tlggo chon (B, Vis) = 675

(cf. [6, Thm. 3.2]).

A formula due to Mathai and Quillen [29] gives a more explicit expression
for ch(E, V). We will use this formula below in a special case: suppose
that E is a holomorphic line bundle with hermitian metric. Let V be the
corresponding Chern connection and €2 be its curvature. Then the degree
two component of ch(AE, V) is given by

0|s|> A 0|s|?
Rt il M e I

(6) chy(B, V) = e (@ )
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2.3. We now return to the setting of symmetric spaces. Let us first consider
the hermitian symmetric space X associated with an orthogonal group O(V')
for a real quadratic vector space (V, Q) of signature (p,2) for some positive
integer p.

In this case X is a complex manifold, more precisely a quadric in P(V¢),
and the vector bundle V over X with constant fiber V¢ admits a filtration

V=F'>F' > F

by holomorphic vector bundles. Here F? is the pullback of the tautological
line bundle O(—1) on P(V¢), hence it is a line bundle that we denote by
L; the quadratic form @ vanishes on £, and we define F' O L to be the
annihilator of £ in V under ). The form  induces a metric on £¥ and an
isomorphism

FOFt~ V.

In particular, to a vector v € V" we can attach a section s, € T'((LP™)Y).
Thus we have all the necessary ingredients to define a superconnection. Let
us fix n € N and write V for the Chern connection on £". For each v € V"
we define a superconnection V, on A(L") by

Vo = Vacn +iV2m(s, + 5.
The following theorem is proved in [16].

Theorem 2.1. For v € V™ we have

. n
ga%lz/[(v) = <2277> e chy, (ALY, V).

The proof follows from a computation of both sides, using the explicit
formulas for the Howe operator in [26]!. Note that properties (1) and (2)
in Theorem 1.2 follow immediately from this result and the general proper-
ties of Chern forms, and property (3) can be checked by a straightforward
computation (cf. [16, Lemma 4.3]).

2.4. Consider now a different setting: let X be a differentiable manifold and
7 : W — X be a smooth real vector bundle. Assume that W is oriented
and is equipped with a euclidean metric and a compatible connection. For
such a bundle, Mathai and Quillen [29] construct a canonical Thom form

Ung(W) € QU(W), ¢ =1kW,
characterized by the following properties:
IWhile the approach developed in [16] (and further in [9]) recovers all the fundamental
properties of the Kudla—Millson forms i, the construction does not involve the Howe

operator. It would be interesting to understand the relation between Quillen’s formalism
and this operator.
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(1) For any map of vector bundles

w o w

L,

x' —2-Xx
preserving the metric, orientation and connection, we have
S (Unq(W)) = Unmq(f*W).
(2) The form Unq(W) is closed and rapidly decreasing along the fibers

of W.
(3) For any x € X, we have

/ m Uniq(W) = 1.

(4) For W = R? with standard euclidean metric and orientation we have
Uniq(W) = 792~ =" "idp) Ao Aday.

Let us now take X to be the symmetric space associated with an orthog-
onal group O(V') of a real quadratic vector space of general signature (p, q).
There is then a tautological real vector bundle

W - X

of rank ¢ whose fiber over the point z = [WW] € X is the vector space W
itself. The vector bundle W carries a natural orientation, euclidean metric
and compatible connection. As in the case of signature (p,2), the Mathai—
Quillen construction allows one to recover the Kudla—Millson form. More
precisely, note that a vector v € V' defines a section s, € I'(W) whose zero
locus is the special cycle X, in (1). The following generalisation of Theorem
2.1 was proved by Romain Branchereau in his Ph.D. thesis.

Theorem 2.2. [9] For any v € V we have
P (v) = 2755 (U (W)).
The Poincaré duality property in Proposition 1.3 follows from this de-
scription and the defining properties of the Thom form Uniq(W).

2.5. The Mathai—Quillen construction also allows to define other character-
istic forms arising as transgressions of the Chern character and Thom forms.
One example is the 9-transgression introduced by Bismut-Gillet-Soulé [5].
In our setting it leads to the following definition: assume that X is asso-
ciated with SO(p,2) and let N € End(A(L®")) be the operator acting on
AF(£®") by multiplication by —k. For v € V", define

(™) (v) = e‘”Q(”’”)Str(Nevg)zn—z-

The results of [5] imply that the forms v (v) € Q**~2(X) and gp%)/l(v) €
02"(X) are related by the following differential equation. Let us assume for
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simplicity that n = 1 and denote by w the Weil representation of g’ = sly »
on §(V). Let X_ € p~ correspond to the differentation operator —2idz|,—;.
Then

WX )piay(v) = 99V (w),
which recovers an identity first proved by Kudla [24, 25]. This equation
implies that the class defined by gp%&(v) in H/(G,8(V™)) is holomorphic.
The forms (™ can be used to construct canonical Green currents for higher—
dimensional special cycles [17] with properties predicted by Kudla’s conjec-
tures.

Coming back to the setting of real euclidean vector bundles 7 : W —
X equipped with a euclidean metric and compatible connection, Mathai
and Quillen [29] also introduce a transgression mvq(W) of the Thom form
Unmq(W). Let ¢ : X — W be the zero section, so that R~ acts on W\¢(X)
by rescaling each fiber. Then myq(W) is a functorial (¢ — 1)-form defined
on W\¢(X) that is basic with respect to this action and satisfies

dTMQ(W) = W*L*UMQ(W).

This form has many applications to the construction of secondary invari-
ants of K-theoretic nature. For example, it was used by Bismut—Cheeger
[7] in their classical work proving Hirzebruch’s conjecture on the signature
defect of Hilbert modular varieties. In a suitable equivariant setting it is the
main character in work of Bergeron, Charollois and the author [3, 4] giving
a topological approach to several constructions in the literature known as
Eisenstein cocycles.

3. BOUNDARY CONTRIBUTIONS TO GENERATING SERIES OF SPECIAL
CYCLES

3.1. The modularity of the generating series in Theorem 1.1 underlies some
striking applications to enumerative geometry. Following [23], let us consider
an example related to counting curves on families of polarized K3 surfaces.

Let X — S be a family of K3 surfaces parametrised by a smooth quasi—
projective variety S. The integral cohomology H?(Xj,Z) of the fibers, en-
dowed with the symmetric bilinear form given by the cup product

H?(X,,Z) x H}(X,,Z) — HY(X,,Z) ~ Z,

is an even unimodular lattice of signature (3,19). Let us fix a polarisation
of this family; in particular, this gives a primitive class Ay € Pic(X;) C
H?(X,,Z) on each fiber, of self-intersection 2d € 2N, and a sublattice of
primitive classes

02, (Xs) = {a € H3(X,,Z) | a- Ay = 0} € H*(X,, Z)

prim

of signature (2,19). Let us assume for simplicity that the generic Picard
rank of the family is one; in other words, away from a countable collection
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of subvarieties of S, the class in H?(Xj,Z) defined by any algebraic curve in
X, is a multiple of A\s. Then, for each positive integer n, the locus

Z(n) ={s €S| 3o € Pic(X,) NH2,,(Xs), a-a=—2n}

prim
is a proper closed analytic subset of S. Suppose now we are given a complete
curve C' C S. Then C intersects each Z(n) at finitely many points, to which
one can assign intersection multiplicities to define a non-negative integer

C - Z(n). Let £ be the line bundle over S with fiber £, = H(X,, Q?).

Theorem 3.1. The series

—dego (L) + Y (C-Z(n)) - q"

n>1

is a modular form of weight 21/2.

This is a simple consequence of Theorem 1.1: the variation of Hodge
structure V underlying ngim(Xs) induces a period mapping ®y : S —
I"\D, where D is the hermitian symmetric domain associated with SO(19, 2).
Pulling back the generating series in Theorem 1.1 by ®y and evaluating on

the fundamental class [C] € Ha(S) one obtains Theorem 3.1.

3.2. In order to generalize Theorem 3.1 to non-complete curves in S, one
would like to extend Kudla and Millson’s modularity Theorem 1.1 to cycles
in an appropriate compactification of I'\X. There has been much work in
this direction, e.g. the original results of Hirzebruch and Zagier [21] and
work of Funke and Millson on Borel-Serre compactifications [14, 15].

Recently Bruinier and Zemel [10] have proved a result regarding modu-
larity of generating series of special divisors on general toroidal compactifi-
cations of orthogonal Shimura varieties. They fix a quadratic vector space
(V,Q) over Q of signature (n,2) and a subgroup I' = I'z, assumed to be
neat, associated with an even lattice L C V; the quotient X = I'\ X is then
a complex quasi—projective variety. Fix also a smooth toroidal compactifi-
cation

Xr C Xltﬂor

with boundary a normal crossing divisor. By appropriately adding boundary
components to the closure of the divisors Z(m, u) in X', they define divisor
classes

Z""(m, p) € CHY(X{) @ R

: Q(p,
indexed by p € LV/L and m € (+“) +Z.

Theorem 3.2. [10] Assume that n is greater than the Witt rank of L. Then
the generating series

—c1(L)dp e + Z Z Z%(m,p) - ¢™ @ et
©n m>0

is a modular form of weight 1 + n/2 for Mpy(Z) and representation pr,
valued in the group CH'(X¥") @ R.
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The proof in [10] proceeds by analyzing the boundary behaviour of certain
automorphic Green functions associated with the divisors Z(m, ). Very
recently a similar result has been proved by Engel-Greer—Tayou [11] which
improves on the above modularity result by removing the hypothesis on
the Witt rank. Another approach has appeared in [18]. It is based on
studying directly the singularities of the theta series Oy using Schmid’s
analytic results on degenerations of Hodge structure rather than the theory
of toroidal compactifications. This method should extend to variations with
h?Y > 1, as we explain next.

4. MINIMAL DEGENERATIONS OF CERTAIN VHS OF WEIGHT TWO

In the preceding section we have restricted our attention to variations of
Hodge structure (VHS) with h*? = 1. It would be desirable to obtain analo-
gous results regarding Hodge loci in VHS with A%Y > 1, coming for example
from the primitive cohomology of polarized families of surfaces X — S
parametrized by a complex smooth quasi—projective variety S. Natural ex-
amples arise from considering families parametrizing hyperplane sections of
a Calabi—Yau threefold; recent work [1, 2] suggests that the naive generat-
ing series of Noether-Lefschetz classes is not modular, but that modularity
can be restored by adding terms related to degenerate fibers. The resulting
series is no longer holomorphic and is expected to be a mixed mock modular
form (see [12]).

It is natural to tackle this problem using the work of Kudla and Millson.
Let V — S be a Z-PVHS of weight two. Let ¢ = h?° and assume that

g < dim(9).
The variation V defines a period map
@V’:S-%>F\D>

to an arithmetic quotient of a period domain classifying Hodge structures
of type (g, h'!,q). One can define a Kudla-Millson theta series

Okm(r) € Q2YT\D) ® C[L"/L).
We set
Oy (1) = &L (OkMm(T)) € N29(S) € C[LY/L).

More explicitly, we have

(7) ovm = 3 | 3 vty uemieern | e,
pELY /L \veu+Vy

where
py(v) = e_”Q(”’”)chgq(/\]ﬂ, Vo)

and F? denotes the Hodge bundle. One hopes that integrating Oy(7) over
S gives rise to modular generating series related related to the Hodge loci of
V. Since Oy (7) has singularities on the boundary of S, it is first necessary
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to show that these singularities are mild enough for Oy to be integrable over
S.

When S is a punctured Riemann surface and ¢ = 1 this program was
carried out in [18], which showed, extending previous work of Funke [13]
that successfully handled the case when S is a modular curve, that Oy(7)
is integrable under very mild hypotheses on V and found that the Noether-
Lefschetz degrees are the coefficients of a mixed mock modular form, with
other contributions explicitly determined by the mixed Hodge structures at
the punctures of S.

For arbitrary weight two variations V with A%0 > 1, these results suggest
that ©vy(7) may be integrable under very mild hypotheses on V; or more
precisely, that given a compactification S of S by a normal crossings divisor,
Oy (1) may extend to a current on S. Below we offer some evidence for this
hope by showing that a mild extension of some arguments in [18] allows to
prove that Oy(7) is indeed integrable for some of the simplest degenerations
of variations with h>? > 1. We note that the hypotheses below are certainly
too strong to be useful in variations arising in practice. We intend to return
to the general case in later work.

4.1. We write A C C for the open unit disk and A* = A\{0}. We fix a
positive integer n and consider families of one—variable degenerations

\Y%

|

A* x AnL

with unipotent monodromy. We write N for the monodromy logarithm and
W, for the corresponding weight filtration of the local system Vg (we refer
the reader to [20] for a summary of the results we will need regarding degen-
eration of Hodge structures). We use ¢t and wy, ..., w,—_1 for the coordinates
on A* and A" ! respectively and let ¢t = €2™* with z € H. We write F* for
the canonical extension to A" of the vector bundle e *N F* and

k -k
‘Fiim =F |t=0’

which gives a filtration of )N)\t:() by holomorphic vector bundles. Then, for
each w € A", the triple (W, Q, (Ff,)w) defines a limiting mixed Hodge
structure polarized by (). We assume that

(i) V = V"iP is the corresponding nilpotent orbit, that is,
k N 1k
Fr=eNgk  k=0,1,2.

(ii) The weight filtration splits over R so as to give rise to a direct sum
of R-VHS on AL,

(iii) The degeneration corresponds to a minimal orbit in the period do-
main (cf. [19, Thm. 1.7]).
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More precisely, (ii) means that we assume the existence of a splitting
Wy, ® R = @<, Vi such that for each k the decreasing filtration

‘Fl:,lim = 'Fl:m N (Vk & OAnfl)

of Vi, ® Oan-1 defines a VHS of weight & on A™~!. We write hi2? for the
Hodge numbers of these VHS. Then (iii) leaves two options::

- Type II: we have N? = 0,

hit =rk(Vz) — 2 — 2¢

lim
02 _ ;20 _
hlim - hlim =4q 1
1.0 _ ;01 4,12 ;21
hlim - hlim - hlim - hlim =1

and all other Hodge numbers are zero.
- Type III: we have N2 # 0,

hit = rk(Vz) — 2¢

lim
0,2 _ ;20 _
hlim - hlim =q—1
22 4,00 _
hlim - hlim =1

and all other Hodge numbers are zero.

(The terminology agrees with the standard one describing the semistable
reduction of K3 surfaces when ¢ = 1).

To estimate the size of differential forms we use the product of the stan-
dard metric on A"~ ! and the Poincaré metric on A*, so that for a volume
form

dtdt
— . — n— O (A* An_l
w = fdwrdwy - - - dwy,_1dW,_1 12 Tog 12" feC™(A* x )
we set
lwltw = |f(t,w)].

We say that « is nearly bounded if |as,, is bounded in t locally uniformly
in w; since the Poincaré metric has finite area, a nearly bounded form is
locally integrable.

We will show that ©v(7), A« is nearly bounded for any o € Q"= "9 (A").
The proof will use Schmid’s analytic interpretation of the weight filtration:
for a section v of Vg, we have v € W}, — W), if and only if its Hodge metric
satisfies

(8) [0l ~ (—log [¢))*

for ¢t in any angular sector, locally uniformly in w.
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4.2. As a first remark (see [18] for details), let us split the inner sum Ovy/(7),
over f1 + Vz in (7) into summands ©%(7), and ©y(7),, where

(9) Oy()u= Y eu(y"Pv)eredty)

veu+Vy,
veWy

and ©F(7), given by a similar sum over v ¢ W5. Note that (5) shows that
oy (v) = e ™RV chy (AF?,V,) = e_”””HQpV(v),

where ||v||* denotes the Hodge metric and py(v) is a polynomial in v with
coefficients in curvature and connection forms associated with the hermitian
connection V. Since these forms grow at most polynomially in — log || [22],
the bound (8) easily shows that ©y(7), A « is nearly bounded. Thus it
suffices to prove that ©%(7), A « is nearly bounded.

I

4.3. Setting

N F!

a4 _ TP
Pt =F lim 1 Vpt+q,0

lim
we may then write

2 7?20 7%, (type II)
lim 7?09 122, (type III).

Since N is an operator of type (—1, —1), we have NZ?° = 0. It follows that
(10) f2 — eZN}'l?m — 12,0 e ﬁ,
where L is the holomorphic line bundle given by

r_ eANT21 (type II)
T e#NT22) (type II).

Lemma 4.1. The decomposition F? = I?° @ L is orthogonal for the Hodge
metric.

Proof. For a general degeneration of Hodge structure we have Q(Wy, Wa) =
0 and Q(Fﬁm, Ffm) = 0. Let us assume that the degeneration is of type II

and pick v, € Igjl and vy € IZ;O. Then e*Nv; = v1 + 2zNwv; and hence
Q (w5, e*Nv1) = Q(g, v1) + 2Q (w5, Ny ).
We have Q(vg,v1) = Q(vo, 1) = 0 since Q(Z*°,71?) = 0, and Q(vg, Nv1) =

—Q(Nvg,wy) = 0 since N is of type (—1,—1). The case of type III degen-
erations is similar. O

Using this Lemma we will factor the form ¢vy(v). For k > 2, define
Veprim = Vi Nker(N*~1)
and V(l) = @kzoNkVHz,prim Explicitly we have
Vo prim = Va2 Nker(N)
V3 prim = V3
V4 prim = V2
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and

Vio) = V2,prim

Vipy=V1®Vs

Vigy = Va® NV, & N?Vy.
Then N preserves each subspace V(;) and we have

Ve = Vio) © Vi) © Vi)

([31, Lemma 6.4]). Moreover, the form @ and the filtration 7 define on
Gr%rimv@ = (Wa Nker(N))/W; a Q-PVHS on A" ! that we denote by
Gr%rimV. Note also that V(g) = 0 (resp. V(3 = 0) for type II (resp. III).

Thus for v € Wy ® R we can write v = vy + v’ for unique vy € V2 prim and
v € Vp (type II) or v’ € NV, @ N2Vj (type I1I).

Lemma 4.2. Forv € Wy ® R we have
SDV(U) = SOGrgv ' V(UQ) A eiﬂQ(v,m/)Ch?(/\ﬁ? V”U’)'
,prim

Proof. Since the bundles Z?Y and £ are holomorphic and the decomposi-
tion F2 = 72° @ L is orthogonal for the Hodge metric, the Chern con-
nection on F? is the sum of the Chern connections on Z>° and £. Next
note that the sections s, and s,, of (F?)V restrict to zero on Z*° and

L respectively: this follows easily from Q(F}, . Fi.) = Q(Ft.. Fin) =
Q(Wr,Ws) = Q(Wy, W3) = 0. Thus the superconnection V, is the sum of
Vo, and V,s. Then (4) implies

ch(AF?,V,) = ch(AZ*Y,V,,) A ch(AL, V)
and the statement follows. O

Since the forms @q,w y(v2) extend to A", the lemma implies that to
,prim

extend O (7), as a a current it suffices to prove the following.
Lemma 4.3. The form
> chy(AL, V) € QMH(AT x AT
veEW 1INV,
defines a current on A",

Proof. The proof proceeds by computing the Chern forms ch(AL, V,) ex-
plicitly. Define [ = 1 in case II and | = 2 in case III. Note that the line

bundle Z?! on A"~! has a natural metric given by the form i!Q(-, N'(-)); let
us denote the metric on Z5' by h3', so that h3'(v) = i'Q(v, N'D). In case
II, for v € 75! we have

—Q(e*Nv, e*Nv) = —Q(v+2Nv, 14+2ZN7T) = (2—2)Q(v, NT) = 2Im(2)'h3! (v).
A similar computation shows that the identity

—Q(e*Nv, e#Nv) = 2Im(2)'h % (v)



ON SOME GEOMETRIC THETA SERIES AND THEIR BOUNDARY BEHAVIOUR 19

also holds in case III. Thus under the identification of £ ,, with L%’l provided
by v — e*Nv, the metric becomes rescaled by 2Im(z)! and so the curvature
forms Q, and €172, are related by
— 1 dzdz
Qﬁ = QIQ,Z + laaIm(Z) = 922 —+ ZEW

Using the explicit formula (6) we may write

dtdt )
[t (log [])2 ™
where ag(v) contains no dtdt term. Given a compactly supported form
a € QY AM) we have |ag(v) A a tw < p(v)[t] - (—loglt|) for some
polynomial p on W;r. An application of Poisson summation then shows
that

cha(AL.Vy) = =25 /M) (00 (1) + oy (v)

S e MO g (0) | Aa| = O(t(log |1])?).

veW1NVy tow
b

The contribution from terms coming from «a;(v) was analysed in [18]. Writ-
ing [[v]|7,, = 2h%! (v) /Im(2)! for the Hodge metric of v € W7, we have

e Ml (ol = 1), type TI,
e M 27 J0l|7,, — 1), type TIT
(cf. [18, (4.35), (4.46)]. The argument in op. cit. then shows that the

contribution of «a to the theta series in the statement is rapidly decreasing.
This finishes the proof. O

efZWh%U’l(v)/Im(z)l oy ('l)) —
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