KUDLA-MILLSON FORMS AND ONE-VARIABLE
DEGENERATIONS OF HODGE STRUCTURE

LUIS E. GARCIA

ABSTRACT. We consider arbitrary polarized variations of Hodge struc-
ture of weight two and h*° = 1 over a non-singular complex algebraic
curve S and analyze the boundary behaviour of the associated Kudla—
Millson theta series using Schmid’s theorems on degenerations of Hodge
structure. This allows us to prove that this theta series is always inte-
grable over S and to describe explicitly the non-holomorphic part of the
Kudla—Millson generating series in terms of the mixed Hodge structures

at infinity.
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1. INTRODUCTION

The goal of this paper is to study the behaviour under degeneration of
Hodge structure of certain theta series introduced by Kudla and Millson to
study special cycles on Shimura varieties. Unlike previous work that ana-
lyzes the case where S is a special subvariety in a toroidal compactification of
a Shimura variety, here we consider polarized variations of Hodge structure
with h?% =1 over an arbitrary non-singular complex curve S.

1.1. Main results. Let S be a connected compact Riemann surface and
denote by S the Riemann surface obtained by removing a finite number of
points from S. Consider an integral polarized variation of Hodge structure
(Z-PVHS)

(1.1) V=0zQ,F*)

|

S
1
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of weight two with h?? = 1. Here Vz denotes the local system underlying
V and we write @ for the polarization and F* for the Hodge filtration. Let
us write £ for the line bundle F? over S and V% D Vy for the dual lattice
of Vz, that is,

Vi, ={veVgs | Qu,v') € Zfor all v € Vg, }.

In order to state our main results succintly we will assume the following
mild condition on V (cf. Remark 1.3 below).

Hypothesis 1.1. For any s € S, the lattice (Vzs,Q) is even and Vgs is a
simple w1 (S, s)—module. Moreover, the fundamental group of S acts trivially
on V) /Vz and the monodromy of Vz around each P € S\ S is unipotent
and non—trivial.

We will be interested in the Noether—Lefschetz loci of V: for a positive
rational number m and u € V) /Vy, define

(1.2)  NLy(m), ={s €S| Fv € (u+ Vzs) N Fa with Q(v,v) = 2m}.

The locus NLy(m),, C S has a natural complex analytic space structure
[24, §5.3.1]; in fact, by the celebrated theorem of Cattani-Deligne-Kaplan
it is a proper algebraic subset of S with a natural scheme structure. Let us
write deg NLy(m), for the degree of the divisor naturally associated with
NLy(m),, and £ for Deligne’s canonical extension of £ to a line bundle over
S and form the generating series

(1.3)  Z§(r)u = —deg(L)du0+ > degNLy(m), - q™, q= €.
m>0

When S is compact, the series ZQ (1) are known to be modular forms of
possibly half-integral weight. More precisely, let Mpy(Z) denote the meta-
plectic double cover of SLy(Z) and let py, be the Weil representation of
Mp,(Z) on the group algebra C[V)//Vz], which has a standard basis e* in-
dexed by u € V) /Vz. The work of Kudla and Millson [18] implies that the
generating series

(1.4) Zi(r) = Z§(r)u - e
12

is a py,—valued modular form of weight rk(Vz)/2. Their proof proceeds by
constructing first certain theta series

(1.5) Ou(r), € QVU(S), neVY/Vy,

depending on 7 € H, that transform like non—holomorphic modular forms.
When S is compact one can consider the integral [ ©v(7),, which inherits
S

the transformation properties of ©y(7),, and so the modularity of Zg (1)
follows from the identity (cf. [18, Theorem 2])

(1.6) 2 () = /S Oy (7).



KUDLA-MILLSON FORMS AND DEGENERATIONS OF HODGE STRUCTURE 3

The goal of this paper is to generalize these results to the setting of (1.1)
with S non-compact. In this case the differential forms ©v(7), often have
singularities around the points in S\S. Our first result is the theorem below
showing that these are always mild enough that ©y(7), is integrable on S;
note that we do not impose Hypothesis 1.1.

Theorem 1.1. Let S be a smooth complex algebraic curve and V — S be a
Z-PVHS over S of weight two with h*° = 1 such that the action of w1 (S, s)
on V) /Vy is trivial. Then the integral

Zy(T)p = / Ov(T)u
S
converges for every u € V) /Vz and the expression

Zy(m)= Y Zy(r)u-e

HEVY /Vy,

defines a (possibly non-holomorphic) modular form of weight rk(Vz) /2 valued
mn py,.

Our second main result gives the precise relation between the non-holo-
morphic modular form Zy(7) and the generating series Z;/ (7): one can write

Zy(T) = Z(r) = > Zypl7),

PeS\ S

where the term Zy p(7) indexed by a given point P € S\ S is determined
explicitly from the polarized mixed Hodge structure defined by the degen-
eration of V at P. More precisely, let us write V7 for the space of global
multivalued sections of Vyz, that is, the space of global sections of the pull-
back of Vz to a universal cover of S. The pair (Vz,Q) is an even lattice
of signature (R, 2). A point P € S\S determines then an endomorphism
N(P) of Vz®Q (the local monodromy logarithm) and an ascending filtration
W(P)e of Vz ® Q (the shifted weight filtration) such that the quotients

Gl PV = (W(P)p N Vi) /(W (P)_1 N Vi)

are free abelian groups of finite rank. The pair (Q, N(P)) determine bilin-

(P) Vz that define a structure of positive definite even

lattice on GrXV(P)VZ and on a certain sublattice Grgz)(grl‘/z - GrgV(P) Vu;

the elements of Grgvp(frzlvz can be thought of as classes that become Hodge
“at infinity”.
Associated with these data are positive integers 7, (Vz, N(P)) (k = 1,2),

deg(Q3) and Vol(GrXV(P) Vz) as well as holomorphic theta series

w
ear forms @ on Gr,

O 1, (7). Ogwey, (T),

2,prim
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valued in finite-dimensional representations PV ) v and Par WPy, The
Ty ,prim

representations P and P P, (P, admit mtertvvlnmg maps
4 Z

P)V

(P)
2 V Ty ,prim

to py, that we denote by ¢.

Theorem 1.2. Assume thatV satisfies 1.1. For P € S\ S, denote by N(P)
the local monodromy logarithm and by W (P)e the corresponding (shifted)
weight filtration and define

_ . Tl(Vz,N(P)) 1
ZV’P(T) B deg(Q3)  4nlm(7)
if N(P)* =0 and

UOgwmy,)

L m(NEP) 1 /ioo gy, 2 O ()
Vol(GrZV(P)VZ)l/Q 4mi ((z+71)/i)3/2
if N(P)2 #0. Then

Zy(r) = Z5(1)+ Y Zyp(7)
PeS\ S

In particular, the right hand side is a py,-valued modular form of weight
rk(Vz)/2.

Remark 1.3. Hypothesis 1.1 is very mild: let V be an arbitrary Z-PVHS
of weight two with h*? = 1 such that Vg is a simple 71 (S, s)-module (recall
that the category of polarizable Q—VHS over S is semisimple [20, Cor. 13]).
Since the monodromy of a Z-PVHS on the punctured disk is quasi—unipotent
[22, Lemma (4.5)], one can guarantee that 1.1 holds by picking a finite index
even sublattice Vz—module and passing to an appropriate finite cover of S so
that the local monodromies around S\S are unipotent (note that V extends
across any point in S\S with trivial monodromy by [22, Cor. (4.11)]).

Remark 1.4. If V is the PVHS associated with a polarized family X of
K3 surfaces parametrized by S, we can (after replacing S by a finite cover
if necessary) interpret the non-holomorphic terms ZV p in terms of Hodge
classes in the irreducible components of the singular fibers of a semistable
model of X. This follows from the Clemens—Schmid exact sequence (see
e.g. [19]). A similar remark applies if Vo = (Vg, Q, F*) appears as a direct
summand of the PVHS naturally attached to a polarized family of non—
singular projective surfaces parametrized by S.

Remark 1.5. Let
1 n
Ga(q) = Y + E>101(n)q , o1(n) = dE d.

Then G3(7) := Ga(q) + (87y)~! is a (non-holomorphic) modular form of
weight 2 for the full modular group SLa(Z) (see [26, egs. (17) and (21)]);
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moreover, the operator

d
[ qdquJr?sz(Q) f

sends modular forms of weight k& to modular forms of weight k& + 2 [26,
§5.1]. Thus in Theorem 1.2 we still obtain a py,-valued modular form if we
replace any term Zy, ,(7) associated with a point P of type II with any of
the holomorphic expiressions

Tl(VZ, N)
_2mG2(q)@Gr¥K/VZ (7')
or
r1(Vz,N) 2 d

deg(Q3) tk(Vz) —4 Tdq a1, (7)
Stmilarly, the Eichler integral of 6w )V, appearing in the contribution
Ty

Zy p of a type III degeneration is the non—holomorphic part of a weight

3/2-Eisenstein series defined in [25] and so we may replace any term Zy, p(7)
associated with a degeneration of type III with a holomorphic expression
involving the holomorphic part of Zagier’s Eisenstein series.

1.2. Relation with other works. In the setting of the PVHS parametrized
by Shimura varieties of orthogonal or unitary type, several recent works ad-
dress the explicit computation of correction terms to the generating series of
special divisors coming from an appropriate toroidal compactification: the
case of modular curves was treated by Funke in [10] and related computa-
tions for toroidal compactifications of unitary Shimura varieties where only
type II degenerations appear are in [3]. Recently Bruinier and Zemel [4] have
proved a result for special divisors on orthogonal Shimura varieties that is
similar to the modularity statement in Theorem 1.2. Their proof involves
studying the asymptotic behaviour of Borcherds lifts along components of
a toroidal compactification. A different proof (and refinement) using more
geometric methods has been very recently obtained by Engel, Greer and
Tayou in [8]. Our paper contributes the explicit description of boundary
terms in terms of limiting mixed Hodge structures and, like [8], it also clar-
ifies the rationality properties of coefficients along type III contributions.

1.3. Strategy of proof. In contrast to the above works, this paper does not
rely on the theory of toroidal compactifications of Shimura varieties. Instead,
our proofs are analytic in nature and use Schmid’s results on degenerations
of Hodge structure, particularly his characterization of the weight filtration
by growth of the Hodge norm and his nilpotent and SLo—orbit theorems. For
a fixed point P € S\S these results imply that in a neighbourhood of P the
variation V is well-approximated by a special type of nilpotent orbit V™P,
We prove Theorem 1.1 by showing that ©y(7), — Oguip (7)x and Oguu, (7)u
are both locally integrable around P. The proof of Theorem 1.2 reduces
to the computation of the residue of certain canonical Green functions for
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NLy(m), along P € S\S. We show that the residue agrees with that of
the corresponding Green function for rilp , which can be computed exactly
thanks to the explicit nature of nilpotent orbits.

One advantage of our methods over the use of toroidal compactifications
that originally motivated the author’s interest is that the theta series Oy (1)
and Schmid’s theorems are available and in definitive form for arbitrary
PVHS of weight two over the complement of a normal crossing divisor in
a higher—dimensional base. Schmid’s several variables SLg-orbit theorem
[6] approximates a degeneration of Hodge structure in n variables by an
(n—1)—dimensional pencil of one-dimensional nilpotent orbits; in particular,
to use his theorem to study the boundary behaviour of Oy(7) one must first
understand Oy(7) along one-variable degenerations. In future work, the
author hopes to develop the methods in this paper to address the conjectural
(mock) modularity of generating series of Noether—Lefschetz loci for certain
VHS with #%? > 1 that are not naturally parametrized by Shimura varieties;
for a particularly interesting example see [9].

1.4. Acknowledgements. The author would like to thank Nicolas Berg-
eron and Keerthi Madapusi for their interest and feedback, and Richard
Thomas for his questions regarding modularity of Noether—Lefschetz loci
for variations with h?% > 1.

2. WEIGHT TWO PVHS OVER A COMPLEX ALGEBRAIC CURVE

In this section we briefly review some relevant facts on variations of Hodge
structure over a one-dimensional base. We will only consider integral polar-
ized variations of weight two with Hodge numbers (1,n, 1) for some positive
integer n.

Throughout the paper we fix a connected compact Riemann surface S
and a finite collection of points Pi, ..., P, € S, and write

S=8—{P,...,P}.

Sections 2.1 and 2.2 collect definitions and known facts on degenerations
of Hodge structure and approximation by nilpotent orbits. We refer the
reader to [22, 6] for proofs; our exposition follows closely Hain’s account
[12]. Sections 2.3 and 2.4 compute some nilpotent orbits explicitly. The
formulas in these Sections will be used later to understand the behaviour of
Kudla—Millson forms around the points P € S\S.

2.1. Definitions. Consider an integral polarized variation of Hodge struc-
ture (Z-PVHS) V — S of weight two over S. Here V is a triple (Vz,Q, F*)
consisting of:

e a local system Vyz of free and finite rank abelian groups over .S,
e a (locally constant) non-degenerate symmetric bilinear form

Q:Vz xVz = Z,
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e a descending filtration
V=F'o Flor?

of the flat complex vector bundle V := Vz; ® Og by holomorphic
vector bundles F* that are locally direct summands,

such that the fiber Vi = ((Vz)s, Qs, Fy) over any s € S defines a polarized
Hodge structure of weight two. We assume that

h?0 =1k F? =1,

so that F2 is a holomorphic line bundle over S that we denote by L.
For each s € S we have the Hodge decomposition

(2.1) Vs = @prq=2V0.

Let Cs € End(Vs) denote the Weil operator: it acts as the identity on V1!
and as —1 on V2@ V22, The polarization induces a hermitian metric || - ||y,
on V. This is the Hodge metric, defined by

(2.2) Wl = Q(Csv,7), v eV

When only one PVHS is being considered, we will suppress V from the
notation and denote the Hodge norm of v € V, simply by ||v]|%.

The polarization @ induces an isomorphism V ~ VY sending a vector
v € Vs to the linear functional v' — Q(v’,v). Composing this isomorphism
with the canonical surjection V¥ — £V dual to the inclusion £ C V gives an
isomorphism V/F L'~ £Y. In particular, to a section v € HO(U, V) defined
over U C S corresponds a section s, € HY(U, £"). It will be convenient to
define

(2.3) h(sv) = 2|50/ 2v-

Writing v, = XvP? for the Hodge decomposition of v, € V,, the value of
h(sy) at z € U is given by

(2.4) h(sy)= = 2[v20 1} = —2Q(v2°,027).

z

2.2. Local monodromy and limit mixed Hodge structure. The as-
ymptotic behaviour of V. — S around each of the points P € S\S can
be described precisely in terms of limit mixed Hodge structures using the
results of Schmid in [22]. We briefly recall the results that we will use.

Let A = {t € C | |t| < 1} denote the open unit disk in C and let
A* = A — {0} be the punctured open unit disk. Consider a polarized
variation of Hodge structure V = (Vz, @, F*) of weight two over A* with
h*0 = 1.
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2.2.1. Local monodromy and weight filtration. For s € A*, let Vs be the
fiber of V7 over s. This fiber carries an action of the fundamental group
m1(A*,s). We denote by

T € O(Vzs,Q) C GL(Vzs)

the monodromy operator, that is, the image in GL(Vzs) of the generator of

71(A*, s) defined by the loop t + se*™ for t € [0,1]. Then ([22, Thm. 6.1])

T is quasi-unipotent, i.e. there exist positive integers e and M such that
(¢ — )M = 0.

Passing to a cover of A* of degree e, we may assume that e = 1. Moreover,
we can take M < 3 ([22, Thm. 6.1]) and, if 7" = 1, then the polarized
variation of Hodge structure (Vz, @, F*) can be extended to the open unit

disk A ([22, Cor. 4.11]).
Let

k

Then N3 = 0. If T # 1, this leaves two possibilities:

e N? =0 (Type II degeneration), and
e N? =0 (Type III degeneration).

To the nilpotent endomorphism N of Vgs = Vzs ® Q corresponds an
increasing filtration W, (V) of Vgs by Q-vector spaces called the weight
filtration. It is the unique filtration

o CWE(N) S Wi (N) C -
of Vzs ® Q satisfying N - Wy (IN) C Wy_o(N) and such that
N Wi (N) /Wiy (N) = Wi (N)/W_1(N)
is an isomorphism. We write
Wi, = Wi_o(N)

for the (shifted) weight filtration of N. Since N* = 0, this filtration satisfies
W_1 =0 and Wy = Vz; ® Q. Abusing notation, we denote by W, the
corresponding filtration of the local system Vg:

0=W_1CWyCW C Wy CW;3CWy=Vg.
Since N =logT € so(Vgs, @), we have
(25) Q(NU, UJ) = _Q(U, Nw)

It follows that the weight filtration W, is self-dual: writing VVkL for the
orthogonal complement of W} under ), we have

Wik = Ws_y.

M-1

T - 1)k

N =logT = Z(—l)kilu.
k=1

Moreover, the quotients
Gr)V' Vg = Wi /Wi



KUDLA-MILLSON FORMS AND DEGENERATIONS OF HODGE STRUCTURE 9

carry canonical bilinear forms @ defined as follows: if £k > 2 and v, w €
GrZVVQ are represented by v, w € Wy, we define

(2.6) Qu(®, @) = Q(v, N*?w).
If k < 2, then we define Qj so that the isomorphism N27% : Gr}fikVQ —
Gr}/ Vg is an isometry ([22, Lemma 6.4]).

2.2.2. Canonical extension and limit MHS. The vector bundle V = V7;QOax
carries a canonical flat connection V. Let us fix a flat multi-valued basis
V1, ..., Unt2 of Vg. We assume that this basis is chosen so as to provide a
splitting of the weight filtration: that is,

W]C — <U1a CIIR avdika>
for 0 < k < 4. Define a new basis (7;) of V by

3i(q) = exp (2; log t - N) vi(g)

Note that parallel translation of along a positively oriented circle changes v;

to T'v; and exp (22 logt - N> to
m

exp <217T(10gt+2m') ~N> = exp <;7rlogt . N) T

It follows that the basis (9;) is single-valued and so it defines a trivialization
(’)KIQ ~ V over A*. The canonical extension V of V is defined to be the
extension of V as a constant bundle over A, that is, the extension corre-
sponding to OZ+2 under the above isomorphism. We denote by Vy its fiber
over 0 € A. By (2.5), we have

Q(vi(q),v;(q)) = Q(vi, vj)
and so the polarization () extends to a symmetric bilinear form on the fiber
Vo that we still denote by Q.

Schmid’s nilpotent orbit theorem [22, Thm. 4.9] states that the Hodge
filtration F* extends to a filtration F* of the canonical extension V by locally
direct factors. We write Fjj,, = Fo for the limit Hodge filtration, i.e. the
corresponding filtration of Vy. Then we have

Q(Flilm’ Fl?m) =0

2.7
Moreover, the basis 91(0), ..., ¥p42(0) defines a Z-structure on the fiber Vg
that we denote by V7, and the weight and limit Hodge filtrations

(W" Fi:m)

define a mixed Q-Hodge structure on V := Vz®Q. Together with the action
of N and the extension of () to V', these filtrations define a polarized mixed
Q-Hodge structure. More precisely, we have (cf. [6, Def. (2.26)])
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i) (V,W,, F,) is a mixed Q-Hodge structure satisfying (2.7).
i) We = We(N)[-2].
iii) Define
Py =ker(N : Gr¥'V — Grf/' V) C Gr)'V
and, for k # 2, set P, = GrZVV. Then
(2.8) CryV=P,®NP,
and the restriction of the bilinear form @ in (2.6) to Py defines a
polarized Q-Hodge structure of weight k.
We write

Pad _ (1P 0%
hyl = Gthm Grp+q \%4

for the Hodge numbers of the limiting mixed Hodge structure.

2.2.3. Nilpotent orbit. Using the isomorphism OT‘Q ~ f), we extend the
filtration Fj, of Vp to a filtration, still denoted by Ej,,, of V. The corre-
sponding nilpotent orbit is then given by the filtration

@ 1 L]
(29) Fnilp = exp <2m logt . N) ‘Flim C V

Using the uniformisation of A* via the exponential map
7 H— A, 2t = 2™,

we may write

(210) fr]filp = eZNﬂ]fm'
In a small enough neighbourhood of 0, the triple
(2.11) VP = (Vz, Q, Foip)

defines a variation of Hodge structures of weight two polarized by @ with
the same Hodge numbers as V.

The variation V*'P approximates V in the following sense. Let us denote
by DD the period domain parametrising Hodge structures on Vg polarised by
Q with A% = 1: it is the hermitian symmetric domain attached to the Lie
group

GR = Aut(VR, Q)
We write DV for the compact dual of ID; it contains ID and is a homogeneous
complex manifold for G¢. The pullback 7*V to H of the PVHS V defines a
holomorphic map
Py : H—D
satisfying @y (z+1) = e™ ®y(z). Since e*¥ belongs to G, we have eV dy (z2) €
DY for every z € H. This gives a holomorphic map

Uy : H— DY, Uy (z) = e N dy(2)
that is invariant under z ~— 2 + 1, and so ¥y (z) induces a holomorphic map

Ty : A" 5 DY, Ty(e2™) := e Ny (2).
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Schmid’s nilpotent orbit theorem states that Wy extends to a holomorphic
map defined on A [7, §2.3]. For the nilpotent orbit V*!P this map is constant
with
Wynitp (£) = Wy (0) = Fiiy-
The map Py can be written as
Uy (t) = v(t) - Fin
with
¢V A — G(c

a holomorphic map satisfying ¢y (0) = 1 (for a canonical choice of ¥y, see
[5, (2.5)]). Thus we may write

Dy (2) = e N Wy (™) = 2 Nopy (1) FL, = N by (t)e ™Y Spuip (2).
Equivalently, the Hodge filtrations of V and V™" satisfy
(2.12) Fr =Ny (t)e N F2 te A*

Given a norm |- | on End(V¢) and assuming that |Re(z)| < 1/2, we have the
trivial estimate

(2.13) [Ny (t)e™*N — 1] = O(Jt] (log [¢))**)

for some positive integer k.

ilp,t»

2.2.4. Approxzimation and Hodge norm estimates. We also need Schmid’s
estimates for the Hodge norm: fix an angular sector

U="Ul(ty,e) = {t € A™|0 < arg(t — tp) < 2m — €}
of A* and let v € Ve|y. If v € Wy, — Wi_1, then
[v]|f ~ (—log [¢))*2,

uniformly on U (][22, Thm. 6.6’]). In 4.2 we will state a more precise version
that also gives bounds for the derivatives of ||v||?.

2.3. Type II degenerations. We say that a degeneration is of type II if
N? = 0 but N is non-trivial. For this type of degeneration, the Hodge
numbers of the limit mixed Hodge structure are

hLO _ ho,l _ h2,1 — h172 — ]_’ hlll;il = dlmV(C —_ 4

lim lim lim lim
(all other Hodge numbers are zero) and the weight filtration is

Wo=0

Wiy =ImN
Wy = ker N
Wy=Wy=1V.

Below we compute explicitly the Hodge norms |v|* and Chern form Q
associated with the corresponding nilpotent orbit; these computations will
allow us to derive explicit expressions for Kudla—Millson forms for such
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degenerations. Let us assume that the limit mixed Hodge structure is R—
split, i.e. that Vi is the direct sum of pure Hodge structures. This will
suffice for our intended application.

2.3.1. Let Vg = @a,bfa’b (0 < a,b < 2) denote the canonical bigrading
defined by Deligne [6, (2.12)]. Since we assume that V is R-split, this
bigrading is simply given by

(2.14) I = B¢ N FEY N W

Then we have
Wi = @aro<iI™®,  FY

lim
and I"® = Jab_ Let us define

Vi = (@a_;_b:kfa’b) N Wi,

— @aZpIa’b

so that Vg = ®1<k<3Vj. Via the isomorphism
Vi ~ Wi r/Wi—1r = G}’ Vi,

the Hodge filtration on GrkWVR induces on V; a pure R-Hodge structure of
weight k& (with Hodge filtration Fy5,, N Vi c).

Since the form Q(-, N-) polarizes the Hodge structure on Gry Vi ~ Vi,
we can find a vector e>! € I*! such that

iQ(et, Ne2 1) = 1.

We fix such a vector and write eb? = €21 € 12 !0 = Ne2! € 10 and
¥l = ¢10 ¢ 1% Then {e*!,eM?} is a basis for V3 and {0 e%!} is a
basis for V;. Using Q(F&,, Ft,) = 0 and Q(Wy,Ws) = 0, one sees that
Va is orthogonal to Vi @ V3 and that in the basis {e*!, eb? €10 %1} the
restriction of @ to Vi @ V3 is given by the matrix

0 0 0 —i
0 0 i 0
(2.15) 0 i 0 0
—i 0 0 0

2.3.2.  We now consider the nilpotent orbit: for z € H, we write
EF=eNEE
Since N2 = 0 and I'"! C ker N, we have ¢*Y =1+ zN and hence
F2 = (29
El=eNR e =F2oIht,

where
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The Hodge norm of ¢*° can be computed explicitly using (2.15):
1€2°11% = —Q(e2°, e2°)

— QP 4 260 12 4 70

=i(Z — 2)

= 2Im(z).

2,0

(2.16)

We may think of z — €7 as a holomorphic section of the hermitian line
bundle F2. Writing Q for its Chern form, we find

i dzNdz

1 —
: Q=-——00log e} = — s
(2 17) 277_288 0og Hez HV ] Im(z)2

Using (2.16) we can compute the Hodge norm [jv||} of vectors v € Vi.
Fix such v and let v2'? be the components of v € V, = @, ,V2"?. Then

v = f(z)e2”

for some holomorphic function f : H — C. We have v0’2 = @ and hence
Q(u,e2°) = Q(v2?,e2°) = —2f(2)Im(2).
This gives
h(sy) = —262(@5’0,@2’2)
_ 2
]Q(v ez )’2
Im(z)
and, for the Hodge norm,
2|Q(v, ez
©19) ol = Q) + 2Zh(s) = Qo) + 2QL I

Im(z)

Let us consider the special case v € War. Such a vector can be written
uniquely as

(2.20) v =y + ae"? 4 ae!

with vy € Vi and a complex number a. Using Q(W1, Ws) = Q(F,,, Fi2,) = 0
we find that

Q(/U27 zo) Q(/UQa 6271) + ZQ(UZ’ 61’0) =0

and hence
Q(v, 62 0) Q(ael’o +ael! > + zel’o) = —ia.

We conclude that for v € Wy r we have

(2.21) h(sy) = —o—
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and

2lal?
2

(2.22) ol = Qez.v2) + £ 75
2.4. Type III degenerations. We say that a degeneration is of type III if
N2 0. In this case we have

P00 22 _ 4 plLl

lim lim ’ lim

= rankVy — 2,
and all other Hodge numbers are zero, i.e. the real mixed Hodge structure
(Vr, W, F) is Hodge—Tate. The weight filtration is

Wo = Wy = ImN?

Wy = W3 = ImN + ker N.

We will now do some computations analogous to the ones above in the type
IT case. We assume again that the limit mixed Hodge structure is R—split.

2.4.1. Let Vo = @4,I%" denote Deligne’s canonical bigrading [6, (2.12)].
For R-split type IIT degenerations we have 1?2 = 0 if p # ¢ and

PP = FP N FP N Wy,c.

lim lim

The bigrading satisfies
Wapc = @a<i I, FP = @aspl™®

lim —
We set
Vop = I NWyg, k=0,1,2.
Then Vy is a real Hodge structure of type (k, k) and Vg = ®Va.

Since the form Q(-, N?-) polarizes the Hodge structure on Gry Vi ~ Vj,
we can find a vector (unique up to multiplication by +1) e?? € V, such that
(2.23) Q(e*?, N?e*?) = 1.

Then Ne?? € V, and N2e?? € Vj and both vectors are non-zero. Since V;
and V4 are one—dimensional we have
‘/4 — <€2,2>’ % _ <N262’2>.
Let us define
U =ker(N : Vo — Vp)
Under the isomorphism Vo ~ Grgv Vr induced by the quotient map Wor —
GrgVVR, the subspace U C V; corresponds to the primitive part Por C
GrgVVR; in particular, the restriction of Q) to U is positive definite. We have

Vo =U @ (Ne*?).
This decomposition is orthogonal for @ since N € so(V, Q). It follows that
Vk can be written as
(2.24) Ve = U @ (2%, Ne??, N2e22)
with (e>2, Ne®2, N2¢%2) = U~ (in fact this is a decomposition as real mixed
Hodge structures with the natural Hodge filtrations defined by intersecting
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F§,, with each summand). By (2.23), the matrix of the restriction of @ to
U in the basis {2, Ne*? N2e*?}) is

0 0 1
(2.25) 0 -1 0
1 0 0

2.4.2. Consider now the nilpotent orbit corresponding to an R-split type
IIT degeneration: for z € H, let

FF=eNEE |
Since the restriction of NV to U vanishes, we have
F2= ()
F! =N (Vic @ Vac) = Ue @ (€29, Ne20),
with )
20 .= 2N 22 _ 022 4 o224 %N262’2.

Using (2.25) we can compute the Hodge norm of e*°

H620H2 = —Q(e2",e2?)
2.26) —Q 22+ZN622+ 22 \2,2,2 2’2+EN62’2+%N262’2)
. s
=—(5+5 -1z
= QIrn(z) .
Writing  for the first Chern form of the hermitian line bundle F2, this gives
1 = v dz Ndz
2.27 Q=—001 2012, = —=—.
( ) 20 0g ||ez ||V A Im(z)2

The argument we used in the case of type II degenerations shows that

(2.28) hsy) = _2lQ@ P _ Qv &)

Q20,20 Im=)

and, for the Hodge norm,
2|Q(v, ez )|
Im(z)2

Again we consider the special case v € Waor =V @ Va. Such a vector can
be written as

(2.30) v =y + aNe*? + bN2e>?

(2.29) HUH%Z = Q(v,v) +2h(sy) = Q(v,v) +

for unique vy € U and real numbers a and b. Using Q(F,,, Fiz,) = 0 and
Q(v, Nv') = —Q(Nw,v'), we find that

Qvr, €2°) = Q(vyr, €2?) + 2Q(vy, Ne*?) + 2 Q(vy, N2e*?) = 0
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and hence

Q(v, ez’o) = Q(aNez‘2 +bN2e22 22 4 zNe*? + §N262’2)

2.31
( ) =b—axz.

We conclude that for v € Wa g we have

S, ) = M _ CL2 W 2
(2.32) h(sy) = (2 0t < ) >
and
||UH12/,z = Q(UU, UU) — g2 + m
(2.33) e 2
= Q(vy,vy) + a* +2 (Im(z)> .

Remark 2.1. The formulas for Hodge norms will be used in Section 4.5 to
derive explicit expressions for ¢vy(v) for type III degenerations that agree
with those computed by Funke in [10].

3. KUDLA—MILLSON THETA SERIES AND DEGENERATIONS OF HODGE
STRUCTURE

In this section we briefly review some of the needed background regarding
the Weil representation and the construction of theta series attached to a
Z-PVHS V on S by pulling back Kudla—Millson theta series via the period
map associated with V. We will also define certain theta series attached to
limiting mixed Hodge structures.

3.1. Weil representation.

3.1.1. Let L be an even lattice, that is, a free abelian group of finite rank
endowed with a non—degenerate symmetric bilinear form ) : L x L — Z such
that Q(v,v) is even for every v € L. We denote its signature by (b™,b7)
and write

LY={velL®Q|Qw)eZforalwec L}

for the dual of L. Thus L C LY, and the finite group L /L is known as the
discriminant group of L. We denote by

ClLY/L]

its group algebra and by e (u € LY /L) its standard basis.
We write Mp,(Z) for the metaplectic double cover of SLa(Z). Its elements

are pairs of the form
a b
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where (¢4) € SLy(Z) and ¢(7) satisfies ¢(7)* = er + d. It is generated by

the elements
(1))
()

There is a representation py, of Mpy(Z) on C[LY/L] determined by the
formulas

(3.1)

pr(T)(e") = eﬂiQ(u,u) B

emi(b™ — )
(32) pL(S)(BM) b Z 727er (oA

1% |LV/L ALY /L

The representation py, factors through a double cover of SLa(Z/NZ), where
N (sometimes called the level of L) is the smallest integer such that NQ (A, \)/2
is an integer for all A € LY.
3.1.2. Let V=L ® Q and suppose given a filtration

0AFWL CWr CV
of V by Q-vector spaces such that Wy is isotropic and Wy = Wf‘ Define

Ly = W, N L and set Gry' I = Ly/L;. Then Gry L is an even lattice with
respect to the bilinear form induced by @. The group Mp,(Z) acts on

C[(Gry L)Y /GrY L] = C[(LY N Wa) /(LY N Wy + Ls)]
via the corresponding Weil representation PGl L+ The map
(3.3) Lipewp = pL, € Z et

Ae(LVNWi+L)/L
intertwines the Mpy(Z)—actions [21, Prop. 6.1].

3.1.3.  We briefly recall some notions of modular forms for Mp,y(Z) valued
in pr; see [2, Chap. 1] for more details. Let

f+H—=pr

be a smooth function and k™, k™ € %Z. We say that f is a non—holomorphic
modular form of weight (K™, k™) valued in py, if

a7 (TE) = e e (5 )0) 5

cT+d

for every ((a b) gb(T)) € Mpy(Z).
If f:H — pp, is holomorphic and satisfies (3.4) with (k™, k™) = (k,0),

then we may write
7‘) = Z fu . eu’
w
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where the components f,, of f are weakly modular forms of weight k. We
say that f is a modular (resp. cusp) form of weight k valued in py, if it each
component is a modular (resp. cusp) form of weight k.

The most important examples of modular forms valued in p;, arise from
theta series. For a positive definite even lattice L and p € LY, define

@L(T)u: Z eﬂ'iQ()\,)\)T
Aep+L

and set

OL(T) =) _ OL(r), €.
M

Then O(7) is a modular form valued in p, of weight rk(L)/2 ([1, Thm
4.1)).

3.2. Kudla—Millson theta series.

3.2.1. Let V— S be a Z-PVHS satisfying 1.1. Associated with V there is
a period map
Oy : S —>T\D

into a quotient of the hermitian symmetric space attached to SO(h'!,2) (see
e.g. [22, p. 227-228]). More precisely, fix a point so € S and let 7: S — S
be the universal cover of S. The pullback 7%V to S is then a constant local
system endowed with a constant bilinear form induced by @, i.e. of the form
Vg for some indefinite lattice (Vz, Q). It carries a canonical action

(35) 7T1(S, So) — Aut(VZ,Q).

Let now Vg = Vz ® R and denote by D the space of all Hodge structures
on Vg polarized by Q with h?® = 1; thus D is the hermitian symmetric
domain attached to the orthogonal group Aut(Vg, Q). The pullback 7%V
induces a holomorphic map @y : S — D. If T C Aut(Vz, Q) is any
subgroup containing the image of (3.5), then the composite of ® vy with
the projection D — I'\D induces a holomorphic map S — T'\D. Under
assumption 1.1, and identifying V}//Vz ~ V;//Vz, we can take for ' the
group
[':=Ty, ={y€Aut(Vz,Q) | y=id on V}//V3},

and denote the corresponding period map by

(3.6) Oy : S — T'\D.

3.2.2. Let S(Vgr) be the Schwartz space of V. In their seminal works
[16, 17, 18], Kudla and Millson have introduced certain differential forms

e € (Q41(D) @ S(Vi)) 5OV
and associated theta series

OxMm(T)y = Z orn (Y 20)e™ @) ¢ QLID)T ~ QLY \D).
vEU+Vy
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Using the period map ®y we can define differential forms on S canonically
associated with V by pulling back the Kudla—Millson theta series.

Definition 3.1. For u € V) /Vy, define
Ov(7)y = PyOKM(T) -

The results of Kudla and Millson imply that the forms ©y(7), have mod-
ularity properties that can be described most easily by saying that the dif-
ferential form

(3.7) Ov(r) =Y Oy(r),-e" € Q' (S)® py,.
MEV%/VZ

transforms under Mpy(Z) like a non-holomorphic modular form of weight
rk(Vz)/2 valued in py,.

Using the formulas given by Kudla and Millson we can describe Ov(7),
as

(3.8) Ov(T)p = Y ev(y/?v)em ),
p+Vz

with y(v) (which is only locally defined, e.g. on a small disk around a
given point in S) given by

Oh(sy)
h(sy)

We briefly explain the terms in this formula; for more details, see also [11].
The terms ||v||3 and h(s,) have been defined in 2.1: ||v||3; denotes the Hodge
norm of v and the value of h(s,) at z € S is

h(sy). = _QQ(U?O’US’Q)-

The term 2 denotes the first Chern form of L, i.e.

(3.9) ov(v) = eI (—Q 1 ih(s,)0 A B), 6=

(3.10) Q = (2mi) 100 log ||s||3

for any meromorphic section s of £. We will sometimes write

(3.11) oy(v) = e Q)2 (1),
with
(312)  @Y(v) = eI tin(s)0 A D), 6= 8hh<isv>>

3.3. Theta series and limit MHS. We now associate a vector—valued
theta series to a limiting mixed Hodge structure of type II or III.
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3.3.1. Type II. For a type IT degeneration, the polarization ) induces a
quadratlc form on GrQ V' that we still denote by @; note that in this case
Gr V = P, and hence this quadratic form is positive definite. The image

of Vz N Ws in Gr2 V' defines a lattice that we denote by Gr2 V7. We write
19 P, = CUGHY V2)Y /Gely V2]
' =C [Won VY /(Wi N Vy + Wan V)]

for the corresponding Weil representation of Mpy(Z). Associated to the
positive-definite even lattice (Grgv Vz, Q) is the theta series

"
GTXVVZ Z G)GI"WVZ p €

It is a modular form valued in pg,wy,, of weight (rk(Vz) —4)/2.
More generally, the image of VN W}, in Gr}’ V is a lattice that we denote
by Gr)¥ V. Then
N :Gr{'Vg — GV 'V
is an injective map between lattices of the same rank; following [23] we write

Tl(Vz, N)

for the size of its cokernel. The form @ also induces a non-degenerate bilinear
pairing

(3.14) Gry Q : G Vg x Gr)'Vy, — Z.
Let disc(Gr:‘gle) be its discriminant, that is
disc(Grg‘fE/lQ) = \det(Gr%Q(@i,wj))|

for any bases (¥;) of Gry Vz and (w;) of Gr|"Vz. Note that the form
Qs3(v,w) = Q(v, Nw) is symplectic and takes integral values on Gry Vg,
and hence

rl(VZ,N)disc(GrgE/lQ) = | det(Q3(%;,9;))| = deg(Q3)?

for a positive integer deg(Qs3).
Let us write

(3.15) L PGy, PV,
for the Mpy(Z)-intertwining map defined in (3.3); we recall that
(M) = Z eVt
YeE(WINVY +V7) [/ Vg

For p € (Gry V)Y /GrY Vs, define

1/2
_ o Tl(Vz,N) 1
(316) ZV,P(T)N - (dlsc(Gr?ﬁQ)) 47.‘_yC—)GT‘2}VVZ (T)/'L
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and set

(3.17) Zy p(7) = > Zsy p(T) - ().
pe(Gr¥ vV /CrlV vy,

3.3.2. Type III. Let us now consider degenerations of type III. Let
(3.18) Gry iV = ker(N : Wo /Wy — W) C Gry V.
Then Gro prim V' is a vector space over Q of dimension n — 1. The subgroup

Gry . Vg :=Gry . VNGry Vg

2,prim 2,prim

is a lattice in Grg";rimV. Since Wy is Q-isotropic, the polarization @) induces
a quadratic form on Grgf/primV that is positive definite and that we still
denote by (). Let us write

(319) pGrgi,/primVZ = C[(Grg/{)rimVZ)v/Gr%rimVZ]

for be the corresponding Weil representation of Mpy(Z). Associated to the
positive definite even lattice (Grg‘;rimVZ, Q) is the theta series

(aGr‘?/‘,/primVZ (T) = Z 6Grg‘,/plrimVZ (T)/"“ ) e“
n

that transforms under Mp,(Z) like a holomorphic modular form valued in
Pery vy, of weight (n—1)/2.
,prim
The bilinear form @ induces a pairing

GrZ/OQ : Gry' Vg x Gy Vg — Z.
Let disc(GrX%Q) be its discriminant, that is
disc(GryQ) = | det(Gry,Q(;, ;)]

for any bases (9;) of Gry Vz and (@;) of Gry Vz respectively.
Let us now consider the rank one lattice

Grl¥'V; = image of Vz in Gr}/'V,

endowed with the positive-definite quadratic Qu(v,v) = Q(v, N*v) defined
in (2.6).

Lemma 3.2. Let L be the rank one lattice Gry Vy, endowed with the positive—
definite quadratic form v — Q4(v,v).
(i) The lattice L is even.
(ii) The image of L under N : Gr}'V — Gr¥'V lies in GrY V7.
(iii) The image of LY under N : Gry'V — Gr¥'V contains (Gry Vz)¥ n
N(Gr}V'V).
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Proof. For a degeneration of type III we have
N=(T-1)—(T-1)%/2
and so N2 = (T — 1)%2. Hence we can write N = (T — 1) — N?/2 and for
v € V7 we have
Q(v, N*v) = —Q(Nv, Nv) = —Q((T — 1)v, (T — 1)v)

which is an even integer since (I'—1)v € V7. This proves (i). Part (ii) follows
from the identity N = (T — 1) — N?/2, which implies that N = (T — 1)
mod Wy. For part (iii), suppose that w € (Gry Vz)Y N N(Gry V) and write
w = Nv with v € Gr}V. For any w’ € Gry Vz, we have

Q(v, Nuw') = -Q(w,w’) € Z,
ie. Q(v,v') € Z for every v' € N(Gry Vz). Part (ii) implies that N?(L) C
N(Gr¥ Vz) and hence that v € LY. O
The proof the lemma shows that N? = (T — 1)? is integral. Thus
Gt N2 : GV vy — Grf' Vg
is an injective map of lattices of the same rank; we denote its cokernel by
ro(Vz, N).

Writing Vol(GrXVVZ) = Q4(vo,v0) € 2N where vy is a generator of GrZVVZ,
we have

Vol(Gry V) = ra(Vz, N)disc(Gry Q).
Associated to the positive-definite even lattice (Gryy Vz,Q4) is the Weil
representation
Paryy, = ClGH V)" /Grl Ve
of Mpy(Z) and the non-holomorphic unary theta series

1
_ —Q4(v,w)/2
(320)  Rewy, (1) = i E B3/2(2myQa(v,v))q 4(v)/2
vEV—i-GrXVVZ

where -
Bsa(t) = / u= e du,
1
Let us write (Gry V)~ for the negative-definite even lattice defined by
—(@4. By the above lemma, the map
GrgVJ)rimVZGAB(GrXVVZ)* — GrgVVZ, (v,w) —» v+ Nw

identifies Grg,primVZéB(Gr}f/VZ)_ with a sublattice of Grgv V7 of finite index.
This induces a natural Mpy(Z)—intertwining map

(321) pGr2,primVZ ® p(GrXVVZ)_ = pGrgyprimVZ@(GrXVVZ)_ - pGr‘Q/VVZ
: Wiz \V
A e s . 0, if A+ Nv ¢ (Gry VZ.) ,
A+ Nv + Gry' Vz, otherwise.
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Let
(3.22) Lt PGraprimVe @ PGV vy)— — PVs

be the map obtained by composing (3.21) with the map (3.15). For u €
(Gr¥ V7)Y /GrY Vy, define

1/
- B M
ZVJD(T)“ o <2diSC(GrK)Q)>

(3.23)
©Y Rapn Oy )
AM-Nv=p
mod Gri¥V'Vz

and set

(3.24) Zip)= Y Zg (i),

ne(Gr¥ Vi)V /Gl v,

4. INTEGRABILITY OF KUDLA—MILLSON THETA SERIES

4.1. A convergence result. Let S be a compact Riemann surface and
let S be obtained by removing a finite set of points from S. Consider a
polarized variation of Hodge structure V — S of weight two with h?? = 1
and hb! = n satisfying 1.1. In the previous section we have attached to V a
collection of closed differential forms

Ov (), € QVN(S), peVy/V,

that vary smoothly in 7 € H and transform like (non-holomorphic) modular
forms of weight rk(Vz)/2. If S = S, i.e. when S is compact, the integral

(4.1) Zy ()= /S@V(T)u

is obviously convergent, and the results of Kudla and Millson [18] show that
Zy(7), is a holomorphic modular form of weight 1+ n/2 with g-expansion

—deg(L)d0,0 + Z deg NLy(m), - ¢™.
m>0
A little more precisely: the Zy(7), are the components of a modular form
of weight 1+ n/2 valued in py,.

Now suppose that S is not compact; in that case, the differential form
Oy (7) might not extend to a smooth form on S. Fortunately, as we will show
below, the singularities of Oy(7) around the points in S\ S are very mild.
In particular, ©y(7) is always integrable over S and so one can define Zy(7)
as in (4.1) for arbitrary S. This is the content of the following proposition,
whose proof will comprise most of this section. Let us write

N CO PR S 10 S
mE%Q(u,M)JrZ
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O Wmu= Y ¥y %)
veu+Vy,
Q(v,v)=2m

Theorem 4.1. Let V be a Z-PVHS over S of weight two with h*° = 1.
Then the integral

(7 = /S Oy (),

converges for all p € Vj /Vyz. The forms ©%(y)m,, are also integrable over
S for any m and p and we have

Zuh= Y ( / @%}(y)m,u) "
mGQ(u,u)JrZ

The expression

Zy(T) = Z Zy(T)y - et

/LEV%/VZ

defines a (possibly non-holomorphic) modular form of weight 1+ n/2 valued

mn py,.

The following remarks reduce the proof of this theorem to the analogous
local question around each cusp. Moreover, they show that when addressing
the local question we may assume the local monodromy to be unipotent and
non-trivial.

(1)

Fix a point sy € S and a simply connected neighbourhood U of
so and choose a trivialization of Vz|y. The Hodge metric on V|y
can then be identified with a smooth map from U to the space of
hermitian metrics on C"*2. Hence, after possibly shrinking U, the
Hodge metric on V|y is uniformly bounded below by some constant
metric v — |v]o on C"2. Tt follows that on such a neighbourhood
we can find € > 0 so that

oy (v)]s < el

for every s € U and every flat section v € Vz over U. By dominated
convergence, this implies that the above proposition holds locally,
that is, replacing S by a small enough neighbourhood of any given
point sg € S. Taking a finite covering of S shows that it suffices to
prove the proposition for a coordinate neighbourhood of each cusp,
i.e. for S ~ A*. In the rest of Section 4 we will assume that S = A*
and denote by T the local monodromy as in Section 2.2.

Recall that T is quasi—unipotent: there exist positive integers e and
m such that (7 —id)™ = 0. Let 7 : A* — A" be the covering map of
degree e. Then 7*V is a PVHS over A* with unipotent monodromy
T€. Since

O+v(T) = T Oy (1),
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the integrability of ©«y(7) over A* implies that of ©y (7). It follows
that we may assume that 7' is unipotent.

(3) Finally, recall from Section 2.2 that if 7' = id, then the period map
associated to the PVHS V extends to A; in this case the argument
in (1) proves the proposition. So in the rest of Section 4 we will
assume that T is unipotent and T # 1.

So we will prove the proposition for S = A* and a PVHS V — A*
with unipotent non-trivial monodromy. In order to ensure that the only
degeneration of V happens as t — 0, we may and do assume that V extends
to a punctured disk centered at 0 of radius strictly larger than one.

The proof is based on Schmid’s Hodge norm estimates and his nilpotent
orbit and SLo—orbit theorems. As a first step, let us write

@V(T)u = GV(T)L + @V(T)Z,
with

@V(T);L: Z wv(yl/%) em'Q(v,v)x

veEu+Vy,
veEWS

Ouir= Y eulye) ez,
veu+Vy,
vgEWo

(4.2)

and similarly we write ©%(Y)m,u = O%(Y).. + OV (¥)m. -

It turns out that the integrability of ©y(7); and ©%(y)y, , is easier to
prove: it is a straightforward consequence of the Hodge norm estimates. The
integrability of @V(T)L and @%(y);n ,, 18 more delicate: our proof proceeds by

bounding the difference ¢y (v) — @ymip (v) and computing @ymip (v) explicitly.

4.2. Integrability of ©F. Let us fix a Z-PVHS V with h*? =1 over the
punctured unit disk

A*={teC|0<|t| <1}
with unipotent non-trivial monodromy. We will first establish the integra-
bility of Oy (7)” and ©%(7)"..
For this it suffices to work on a fixed angular sector

(4.3) U:={teA%le <arg(t) <2m —e} C A"
In order to estimate the size of differential forms on A*, we work with the
Poincaré metric, defined by declaring that the coframe tlggl 7 and ﬂodgt‘ 7 is
unitary. In particular, a form o € QV1(A*) can be written as
B dtdt
© T e (log 1)

for a unique smooth function aq; on A*, and for t € A* we set

|ale == lan(@)].



26 LUIS E. GARCIA

We say that « is rapidly decreasing if |a|; = O(t%) for some € > 0 and ¢ in
a given U.

Fix a basis vy, ..., v,+2 adapted to the weight filtration as in 2.2.2 giving
a trivialization V|;y = C"*? and denote by h(t) = (h;;(t)) the matrix of the
Hodge metric in this basis: for a flat section v = ajv1 + ... apt+2vp+2 and
t € U we have

(4.4) ol = a*h(t)a =) @ajhi;(t).
i7j

The basis vy, ..., vy+2 gives a splitting of the complexified weight filtra-
tion: writing
(4.5) Yi = (Vi4dimWi_1> - - - Vdimwy) € Ve,
we have Wy, c =Y, @ Wiy ¢ for all £ > 0. Following Kéllar [13, Definition
5.3.(v)], denote by

e V‘U — V’U

the endomorphism of the vector bundle V| that acts on the fiber V; by

v (—log|th)*=2/2%y  ifvey,

and set

h=tethe .

It follows from the Hodge norm estimates that the entries Bij of h and
(det h)~! are bounded. More precisely, write C¥(A) for the set of real ana-
lytic functions on A and L for the set of Laurent polynomials in (— log |¢])'/?
with complex coeflicients and define

BA ={f eC”(A)®L | f bounded}.
Then
(4.6) hij, (deth)™! e BA
(cf. [13, Prop. 5.4]). Moreover, BA is closed under the operators t¢log |t|%

dt

Tog 1] the forms

and tlog |t|%. Hence, in the coframe given by ﬂf:lgtl 7 and -
(4.7) Ohij, Ohy;, OO,

have components that belong to BA; we will refer to forms with this property
as nearly bounded (loc. cit., Def. 5.3). Note that the product of two nearly

bounded forms is nearly bounded.
We can use the bounds (4.6) and (4.7) to give an estimate for the form

oy (v).

Lemma 4.2. There exists a positive constant C such that
v ()]s < Ce™IE (1 4 |Jo)?)

for anyt € U and any v € Vg.
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Proof. Let

(4.8) pv(v) = (—Q+ih(s,)0 ND), 6 :=

Since py(v) = e_””””%pv(v), it suffices to show that

pv(v)le < CA+lvl?)

for t € U and v € Vg. Now the form € is the first Chern form of the
hermitian line bundle F2. It is known to be bounded when the monodromy
is unipotent [27, Prop. 1.11]; that is, |Q|; is bounded on A*. To estimate
the term h(s,)0 A 0, recall that

80h(sy)

7 (50) —0ON6.

—2miQ = 99 log h(s,) =

Multiplying by h(s,) gives
(4.9) h(s,)0 A 0 = 2mih(s,)2 + OOh(s,).

Since h(s,) = 2[[v*°))? < 2[!v||t2Lwe have |h(s,)Q: < 2||v]|?|9s, and so it
remains to estimate the term 90h(s,). Writing v; = Yo}"? for the Hodge

decomposition of v; € V;, we have h(s,) = —2Q(v?"?,v??) and hence
(4.10) lollf = Qo' vi) = 2Q(v°, v)%) = Q(v,v) + 2h(s0)
and

00h(s,) = 27100 =271 @a,;00hi;(t).
Let us next give a bound for the forms 85hm( ). We have hw =e; h”, where
eij(t) = (—log 1t[)%/2 and a;j is the integer defined by a;; = (m 2)+(1-2)
if v, € W, Wm 1 and v; € Wy — W;_;. A direct computation shows that
the forms e, 861], (%U and e, 886” are nearly bounded; writing
88% = hijaaeij + ahijaeij — 8hij6€ij + €Z'j8(9hij
and applying (4.7) shows that e; 8(9th is nearly bounded too. Thus

|00n(sy)e = O _ laiasles (1)),
and by [13, Lemma 5.6], we have

(4.11) > laiajles;(t) = O(|lv]1?).
This finishes the proof. U

The lemma implies the (very coarse) bound

Oyl <0 > eI 4y v)?)

veu+Vy,
vgEWo

<Y ez,

veV)
vgWo

(4.12)
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for some constant C’ > 0 depending only on V and the basis (v;). Using
this bound we can prove the integrability of Oy (7).

Proposition 4.3. For any m and u, the forms @V(T)Z and @%(y)%u are
rapidly decreasing as t — 0, uniformly on any angular sector U. We have

ou(r =3 ([ evti, ) -am

A* m A*
Proof. Fix a basis vq,...,v,42 of V)| adapted to the weight filtration and
denote by | - | the metric on V obtained from the standard metric on C"2

via the corresponding trivialization V| ~ C"2. Define Y as in (4.5). For
v € Vg, let us write v = ka with v € Y. It follows from (4.6) that there

is a positive constant ¢, depending only on V and the basis (v;), such that
for all v € Vg we have

(4.13) lollf > 2¢ " Jox[*(~ log t)* 2.
k

Combined with (4.12), this immediately implies the following bound: let
us write YkZ =Y, NV and let | = 1if V is of type Il and I = 0 if V is of
type III; then

WQHV% :YQZ@(WlmV%) :}/'QZEB}/ZZ
and
VY =YL, e (WanVy) =YL, e Y] Y
and we have
Ov(r)ale < C" 3 el

veV)
vgEWo

0 Y emmlurvruli/z

O;éueY4Z_l
”UEYQZ
wEYlZ

<0 Y el loglpR
Oyéuer_l

_ 2
~ E ' e~ eyl

vGYQZ

— 2(_ -2
x 3 emmerlul(-logl' =

wEYlZ

(4.14)

In the last expression, the sum over u is clearly rapidly decreasing as t — 0,
and the sum over v is independent of ¢. It remains to estimate the sum over
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w. This can be done by Poisson summation: since Y;” = W; NV is a lattice
of rank [ + 1, we have

(4.15) 3 et = 0 (~log Jt]) .

wGYlZ
This shows that ©y(7), and ©F(y)y, , are rapidly decreasing as t — 0. The
identity in the statement follows by dominated convergence. ([

Note that (4.14) and (4.15) give the bound

Oy =0 Y el

vEV) NWa
= O(—log|t]).

This estimate will be useful later but it is not enough to guarantee the
integrability of Oy ()],

(4.16)

4.3. Reduction to nilpotent orbits. Following the strategy outlined at
the end of 4.1, we must now consider the integrability of Oy (7)" and O (y).,,.
Our next goal is to prove the following Proposition, which shows that it is
enough to consider the case where V is a nilpotent orbit.

Proposition 4.4. Let V — A™ be a weight two polarized variation of Hodge
structure with h*° = 1. Assume that the monodromy is unipotent and non—
trivial and let VM be the corresponding nilpotent orbit. For any T € H and
any m and i, the forms

Oy(7), — Oymin (7)), and OY(y)n i — Opmie ()1 € 2V (AY)
are rapidly decreasing ast — 0. We have

@Vv);—@wm(ﬂgzz( 0% () %,nﬂp@);n,u) g

A —\Jax

As a first step towards the proof let us establish an estimate for the
difference between the Hodge norms |[|v|[y; and |[v[|ynip ¢ of a flat section
veVrast— 0.

Lemma 4.5. There are positive constants A, B such that
B
HUH%),t - ”UH%nilpﬂf < A’t’ HUH%;nilp,t
for everyt € U and v € Wg.

Proof. Let m : H — A* be the uniformizing map z — t = ¢>™* and let
®; : H — D and 5 : H — D be the period maps induced by 7"V and
VR respectively. Let us write Gg = SO(Vk, Q) and fix zy € D. Pick
differentiable lifts

o1,02 : H— Gr
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of ®; and ®,, i.e. maps ¢; that satisfy
D;(2) = ¢pi(2)zo, z€H, i=1,2.

(For example, use the Iwasawa decomposition of Gg.) Writing || - ||, for the
euclidean metric on Vg corresponding to x € D, we have the equivariance
property || gv||gz = ||v|| for all g € Gr. Hence

1015 = 10113, 0 = les (&) 0lIZ,.-

and similarly ||vH$,nﬂpt = H(bg(t)*lvHio. Thus it suffices to prove that

llo1(8) " ea()ullz, — lIvllz, | < Al 7|lvllZ,
for all v € Vg, or equivalently to show that the norm ||y (t)  ¢a(t)]|| of the
operator ¢1(t) 'pa(t) € End(VR) satisfies
llg1(8) " g2(t)]* — 1] < AJe[”.

This follows directly from Schmid’s nilpotent orbit theorem [22, Thm 4.12]
(see also p. 244 of loc. cit. for a comparison between the operator norm
and Riemannian distance on D). O

Lemma 4.5 leads to the following upper bound for the difference between
wy and @ynmip.

Lemma 4.6. There exist positive constants A, B and C' such that

v (v) — Pyuie (V)] < CJt[Be ™A,

for anyt € U and any v € Wg.

1+ [olly,)

Proof. Let py be as in (4.8). The proof of Lemma 4.2 shows that

(4.17) [pv(v)]e = 0L+ [[v][ ).

By Lemma 4.5 the same upper bound holds for |pymip (v)|;. Hence it suffices
to establish the bounds

(4.18) |e—7rHvH?;,t _ e_””””inilp,q < C|t|Be_7r(1_A|t‘B)”””%’t||UH]2,7,5
(4.19) [Py (v) = pymie (0) e < CJt17 (1 + [[0][3)-
The first bound is equivalent to
|efﬂ(”U”i““pfHvH%”t) -1l < C\t\Be”AMB”U“%’tHUH\Q/,t,
which follows readily from Lemma 4.5 and the inequality |e” — 1| < |z|el®!

valid for all real z. As to the second bound, let us use (4.9) and (4.10) to
write py(v) as
(4.20) pv(v) = —(1 + 27h(sy))Qz + i00h(s,) -

= —(1+ vl = 7Qv, 1)) + 00|05/
and similarly

anilp(’U) — _(1 + 7T||v||]2)ni1p - WQ('U, ’U))Qﬁnilp "‘ Zag“v”%;mlp/Q
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By Lemma 4.5 and the fact that {2z and € uip are nearly bounded, it suffices
to show that

(4.21) ’QL — Qﬁnilp’t = O(‘t‘B)
and
(4.22) 100(|[0][%4 = 10l mite e = O W]13)-

Both bounds follow from (4.6). Namely, let us write Hv||%,t = a*hy(t)a and
HvH%nﬂp’t = a"hyuip (t)a as in (4.4) and let fi;(t) = ei_jl(hy(t)ij — hymitn (t)i5);
then

W15 = 0w, = D aiages(t) - fij(t).

i7j
Let us write a*ea = %; ja;a;e;;; then |a*e(t)a| = O(HUH%”) by (4.11). Since
the forms e;jlaeij, e;jlgeij and e;jlﬁgeij are nearly bounded, the expressions
|0(a*ea)lt, |0(a*ea)|; and |0d(a*ea)|; are all O(HUH%t) Hence to establish
the bound (4.22) it suffices to prove that the expressions |f;;(t)|, |0fijle,

0fi;]¢ and |00 fi;]; are all O(|t|?) for some positive constant B. Now Lemma
4.5 gives the bound

(4.23) t7B<hV(t)ij — hvnilp (t)lj)) € BA

for some B > 0, and so the required bounds on f;; and its derivatives follow
from the fact that BA is closed under the operators ¢log || 4 and flog \t\%.

It remains to prove the bound (4.21). To see this, pick a non-zero ele-
ment v € Wy; then Q(v,v) = 0 and hence [|v[|}; = 2hy(sy) and [|[0]|5un, =
2hymitp (8) by (4.10). We can then write —27iQ; = 90 log ||v||% and similarly
—2miQ ity = 00 log ||v\|]2}m]p and so to prove (4.21) it suffices to establish
that

oll?,  90)0]Zun,

VI3 V]t

ool vl

[l5 ol

and

t t

are of the form O(|t|?) for some B > 0. This follows the Hodge norm
estimates ||v||3, Hv||]2;ni1p ~ (—log [t|)*~2 (for v € W} — Wi_1) together with
the bounds provided by Lemma 4.5 and (4.22). O

Proof of Proposition /.4. Lemma 4.6 implies that for |t| small enough we
have

v (v) — ymine (V)] < Ct|PeII./2
for all v € Vg. Then

O (r)y = Oymn (1)l < Clil” 37 eI
”UGVZVQWQ
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With the notation of the proof of Proposition 4.3 we have

§ : oIl /2 E : e—meylvl®

’UEV%/ NWs U€Y2Z

— 2(_ -2
x 3 emmerlul(-1ogl)

wEYlZ

(4.24)

and as argued in that proof the last expression is O(—log|t|). This gives

|©v(7);, = Oymito (7)},]e = O(—[t]" log [¢])

and a similar upper bound for [©%(y)y, . — Oymip (¥), ,lt- The identity in

the statement follows from dominated convergence. ]

It will convenient to pass from an arbitrary nilpotent orbit VHlP to a
special type of nilpotent orbit that we denote by V™IP The special feature
of VMIP ig that the corresponding limiting mixed Hodge structure splits over
R; one might refer to V*IP as an “R-split nilpotent orbit”.

To a nilpotent orbit V™' one can canonically attach an R-split nilpotent
orbit V"' The Hodge filtration F* of V"' lives in the same complex vector
space as the Hodge filtration F* of VP and both are related by

f. _ ez‘d}—.
for a certain element § defined by Deligne (see [6, Prop. 2.20, p. 480]). The
two orbits VP and V™! are close in a sense made precise by Schmid’s SLo—

orbit theorem [6, Thm 3.25]. As a result one obtains the following bound
for the difference between the forms yuip (v) and Ygun, (v).

Lemma 4.7. There exists a positive constant C' such that
(4.25) VB0 ;= 10l map | < C(=log [t) ™ [0l min ;
for allt € U and all v € VR.
Proof. As in the proof of Lemma 4.5, this bound is equivalent to a bound
for operator norm of an element g. € Gg relating ®yuip(t) and Pgun, (t).
The relevant bound is proved in [6, pp. 480-481]: in the notation of that
paper, the element

g9: = e"Ng(y)e ™ € Gr
(cf. loc. cit., eq. (3.19)) relates both filtrations, i.e. it satisfies

@Vnilp (t) = gz(p@nﬂp (t)
The bound (4.25) is then equivalent to

v ni
(4.26) ng HV lp’t

- 1] < O~ log t]) .
HUHVnilp,t

Schmid’s SLo—orbit theorem [6, Thm 3.25] shows that §(y) admits a conver-
gent expansion

veVR—0

Gy) =g(c0) 1+ Gy "+ oy >+ ).
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To prove (4.26) it suffices to establish that

1(9:9(00) " = Dw|lymire 4 1(g(00) = L)vllymi 4
and sup

vEVR—0 HUanﬂp,t vEVR—0 HUanilp,t

are O((—log|t|)™!). For the first expression this follows directly from the
above expansion for §(y) together with the fact that g, maps W, g to
Wy4k—1r. For the second expression one uses that g(co) —1 maps W, g to
Wy—ar (cf. [6, Thm. 3.25.(ii) and (iv)]). O

Lemma 4.8. There exists a positive constant C such that
—T )2
[ymin (v) = P (V)]s < C(~log [f)) e 21"
for any v € Vg and any t € U with |t| sufficiently small.

Proof. The proof follows closely that of Lemma 4.6, replacing the use of
Lemma 4.5 by (4.25). The needed bounds

|2 nite — Quip |¢ = O((—log [t]) ™)
and
10010, = [Vt e = OU(=1og [E) ™ [0 i )
follow in the same way as (4.21) and (4.22) using the fact that the subspace
(—log|t|)"'BA c BA
is stable under the operators tlog |t|% and tlog \t\%. O

Combined with the estimate (4.16), the lemma implies the bound
1Oy (7)), = Oguitn (1)t < D [ ymin (V) = g (V)]

’UEV% NWa
4.27 Cmre
420 <O(-loght)™ [ 30 e 2
vEV) NWs
=0(1),

and similarly that |OFmup (¥)m, — OFuip ()i ule is also bounded for all m
and p.

It follows that to prove Theorem 4.1 it suffices to show that @lep( )L
and ©%,,, (y i m,u are integrable over A for all m and p and satisfy

(4.28) [ Ol ( / 62,0 (1) ) o

We will prove (4.28) in the next two sections by distinguishing the nilpo-
tent orbits of types II and III, using the explicit nature of @gu,(v) in each
case.

4.4. Integrability for type II nilpotent orbits.
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4.4.1. Let us first determine explicitly the form ¢y (v) corresponding to a
type II nilpotent orbit V = V™!P_ The setting is that of Section 2.3; in
particular, we assume that the associated limiting mixed Hodge structure is
R—split.

For a vector v € Wy g, we can write v = v + aet? + ae! with vy € Vs,
and by (2.22) we have

(4.29) o () = e ™22 oy (g0 4 el
and
(4.30) lae'? + @e = 2[a|?/Im(z).

For v € Wy, we have
Q(v,v) = 0= [loz!|2 = 2[[v2°|2
and hence
h(se) = 2|[v*°|I2 = (Jo" 12 +2[0*0)12) /2 = |[o]|2/2.
For v € Wy, we conclude using (2.17) that
Oh(sy) Ol 0lm(z)  idz

0 — - - —
h(sv) — vl2 Im(z)  2Im(z)
- dzANdzZ
ONO = = —27i)
" 4Im(2)? ™
and hence
[ o W 0
v)=c¢e + ih(sy )0 N 6O
wan pr(v) == in(sn)o D
= I o2 — 1)0
For v = ae'? 4+ @e”!, by (4.30) we obtain
4.32 Wiaed) =g —— )0
(432) pu(ae” +ae) = ¢ (Im(2)/2)1/2 ) 7
where ¢ : C — R is the Schwartz form defined by
(4.33) d(a) = e ™ (x]af? — 1).
Let us write F¢ for the Fourier transform of ¢. In order to estimate ©vy(7),
we will need to compute F¢(0). Using polar coordinates we find
/ ¢(a)da
2
= / / ¢(rcosf,rsinf)rdrdd
(4.34) 0 2

&0 2
= 277/ e (mr? — 1)rdr
0

o0
=27 (—e_”ﬁz =0.

2
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4.4.2. Using the above description of ¢y we can compute Oy(7)" explicitly.
We write WjZ = Vz N W; and obtain a filtration

0=WEcWEcCcWEcWE=Vy
of the local system V7. The associated quotients
Gr}V' Vg =W} /W], j=1,23,

are local systems of free abelian groups of ranks 2, n — 2 and 2 respectively.
Note that if u ¢ Wa + Vz, then (u+ Vz) N Wy = 0 and ©y(7),, = 0.
Recall the Deligne splitting introduced in (2.3): we have

WeC=1'""¢1%, WwyeC=1r"Ye%grbt.

Since I™! is stable under complex conjugation, this induces a splitting of
the filtration W7 @ R C W5 ® R:

We@R =W @R® (I N k).

We denote by 71 : Wo @ R — Wi @ R and 19 : Wo @ R — (I N VR) the
resulting projections. By (4.29), for v € WZ we have

(435) (pV(U) — 677TQ(7T2('U)77T2(U))SOV(771 (U))
Since Q(W1, Ws) = 0, we can rewrite this as
(4.36) ov(v) = ey (1 (v)).

For the theta series Oy (7)), with u € Wa+V7z we have (u+Vz)NWy = W2
and hence

@V(T);L — Z ¢V(y1/2v)em‘Q(v,v)x

'L)G#"’WQZ
(4.37) Qu)/2 12
= > e > v (o1 + m(v))).
vE(ut+W2)/WE v EWE

We will now use Poisson summation to give an upper bound for the inner
sum. Let us fix flat sections A1, Ag of WIZ giving a trivialization

(4.38) ®:22 S WE, ®((a1,a2)) = ar 1 + ag)s.
Write
(4.39) N = ot + e, i=1,2,

for some complex numbers oy, as. By (2.22), for a vector a = (a1, az) € R?,
the Hodge metric of ®(a) is given by

|®(a)], = 2]laron + a2a2|2/1m(z),

Let us define a Schwartz function ¢ : R? — C by

d(x1,72) = ¢ (100 + T2002) .
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Writing 7 (v) = ®(a) for some a € R? and using (4.32) and (4.33) we have

@40) > v+ m) = Z¢< %)

v eWE nez?

Writing F¢ for the Fourier transform of ¢, an application of Poisson
summation gives

a+mn Im(z) 2wim-a T 1 .m
(4.41) ngz:zgﬁ( \/i/2> % m§2e Fo(\/Im(2)/2y - m).

By (4.34), the term corresponding to m = 0 vanishes, and we obtain the
upper bound, uniform in a,

(4.42)
> eri 4 m)| <5 Y 1A/ 2wl (9
v1€W1Z ' meZ2—-0

This expression decreases rapidly as Im(z) — oo, which implies the integra-
bility of Oy(7)),. Similarly, using Q(W1, Wa) = 0, we may write

YW= . @)

vepu+Wg
(4.43) Yuw)=2m
= > > e (o + m(v))).
vE(quWZ)/WZ v16WZ
Q(v,v)=2m

Note that the outer sum is finite since ) polarizes the pure Hodge structure
GrY¥'V, which is purely of type (1,1). The above bound establishes that
O%(y)y,,, is integrable for all m and implies the identity

Ov(r), = %: <

by dominated convergence.

@%(y)in,u) g
A* A*

4.5. Integrability for type III nilpotent orbits. We now determine the
form @y (v) and theta series Oy (7)), for a type III nilpotent orbit V = yuilp,
We will work in the setting of Section 2.4; in particular, we assume that the
associated limiting mixed Hodge structure is R—split.

4.5.1. Let v e Wagr. Asin (2.30), we may write v = vy + aNe?? +bN?e*?
with vy € U and real numbers a and b. By (2.32) and (2.33), we have

(4.44) oy (v) = e TR oy (aNe?? + bN2e??).
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Differentiating h(s,) = |b — az|?/Im(z)? gives
Oh(sy) a i
0 = =|- d
(s0) h(sy) b—az + Im(z) ?

2
dz Ndz.

and hence
= | b—aRe(z)
70 = ' (b — az)Im(z)

Using (2.27) we obtain

_ 9 .
ih(sy)0 N O = [b—aRe(z)|® idzNdz

2 2
(4.45) blmge(z) 2 )
- (S ) o
For v = aNe*? + bN?e?? we obtain the explicit formula
(4.46) gov(aNeQ’2 + bN262’2) = G_MQQZ) (b —hcfée)(z)) Q,
where ¢ : R — R is the Schwartz function defined by
(4.47) d(b) = e~ 2™ (47b® — 1).

The most important consequence of this explicit description of ¢ is that its
Fourier transform F¢ satisfies

(4.48) Fo(0) =0,

as follows from the identity %(—be*%lﬁ) = ¢~ 2m" (4mb* —1).

4.5.2. Let us now compute Oy(7)" explicitly using the above description of
py. As in 4.4, we define WjZ = W; N Vz and obtain a filtration

OCWE=WEcWi=WEcWEi=Vy

whose associated quotients Gry Vy := WZ/WE | are free abelian groups (of
rank one in the case of Grgv Vz and GryV V7). Let us define

W4 rim = W& Nker N.

Fix a generator vy of WZ and vectors vy, ..., v,_1 of WQZ’prim such that
zZ
WQ,prim = <’U0, V1, .- 7Un—1>7
i.e. so that YQZ’prim ‘= (v1,...,0,_1) is a complement of WZ in W%prim. We

also fix a vector v/, € Vz mapping to a generator of GrZVVZ and a vector
Up € WQZ such that v, = NU;L mod Wy; then the image of v, in Gr‘Q/VVZ
generates the rank one lattice

N(Gr{¥'Vz) = im(N : Gr}/' Vg — Gr¥'Vz)
(cf. Lemma 3.2.(ii)). Define

YQZ = (U1, ., 0p) = Y2Z7prim @ (vn)
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(orthogonal sum). Then WZ + Y is a (finite index) sublattice of WZ and
the quotient map Wy — Gry V induces an isometry

(4.49) V)~ Gry i Vz @ N(Grif Vi)

onto a (finite-index) sublattice of Gry V. With the notation of 3.3.2 we
may then write p = pa + o with s € YQZ ® Q and pg € Wy and

(4.50) Ov(r), = > Ov(Mha
NAv=psa
mod W2
with
(4.51)  Ov(T))\gy = Z v (Y2 (V' 4 v + w))em TR WIFRLY))
v/ ENA+(vn)
”L)GV—FYQZ’prim
wEpo+WE

To estimate this sum, we use (2.30) to write
v = a(v)Ne*? + b(v)N?e*?
(4.52) v =1y (v) + b(v) N2e??
w = b(w)N2e>?,
where 7y : Wor — U is the projection to U and a,b are linear func-
tionals on Wagr. Since Wy is anisotropic and Q(Wy, W2) = 0, we have
Q(ry(v), 7y (v)) = Q(v,v) and Q(v',v") = —a(v')? and hence, by (4.44) and
(4.46),
(o + v+ w) = e )
x py(a(v)Ne?? 4+ b(v + v )N2e>? + w).
(453) — e*ﬂ'(Q(’U,’U)fQ(v/,U/))
% & b(v +v' +w) — a(v')Re(z) Q.
Im(z)
with ¢ given by (4.47). For the theta series Oy(7))\g,, this gives

Ov(hey = YRR

v’ ENA+(vp)

(454) U6V+Y22,prim

y Z 5 (\@b(v + v +w) — a(v’)Re(z)> Q.

Im(2)
wEpg+WZ

To estimate the sum over ug + WOZ = Zvg we apply Poisson summation:
writing F¢ for the Fourier transform of ¢ and

b(v + ' + po) — a(v))Re(2)
m(z)//y ’

A=
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we have

e (4 min) oo 27 (™)

The term corresponding to m = 0 vanishes by (4.48); this gives the upper
bound, uniform in A,

Z s <\/§b(v + v + ;:r)l(;)a(v')Re(z)>

(4.55) wewy :
<\b<mgf)fmz 76 (st 5 }@ oIt

€Z—0
The right hand side is rapidly decreasing as Im(z) — oo. This implies
the integrability of Oy (7 ); Similarly, using Q(Wy, W) = 0, we have

OV (Wmu = D, OVY)margy with

NA+v=p2
mod W2
(4.56)
@V( )m AQu qm = Z qQ(Uﬂ))/Qq(—Q(U',U')/Q)
v EN)\+<U7L>
UGV+Y2 ,prim

Q(v+v' v+v")=2m

b(v+ v +w) — a(v)Re(z
N (S ESEUGLEEA

wepg+W§

The bound (4.55) and the fact that @ is positive definite on Yfprim and

negative definite on N(Gr} V) show that O%(Y)m. ey 18 integrable for all
m. The identity

Ov(r), = <

m

@%(y)'m,u) "
A* A*

follows by dominated convergence.

5. GENERATING SERIES OF NOETHER-LEFSCHETZ NUMBERS

The goal of this section is to determine the Fourier expansion of the non—
holomorphic modular forms Zy(7), in Theorem 4.1. We will see that their
Fourier coefficients can be expressed in terms of the degrees of the Noether—
Lefschetz loci NLy(m),, defined below and some discrete invariants of the
limiting mixed Hodge structures arising from the degeneration of V around
each point P in S — S.
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More precisely, to V one can attach the g-series

Z@(T)M = — deg(Z)éMo + Z deg NLy(m), - ¢™, q= e2miT
m>0

as well as theta series Zy p(7) for each P € S\ S (see (3.17) and (3.24)).
We will prove the following theorem which implies Theorem 1.2.

Theorem 5.1. Assume that V satisfies 1.1. For all 7 € H and p € V) /Vz,
Zy(T)p = ij(T)u + Z ZQ,P(T)M-
PeS\S

The proof proceeds by checking that both sides have the same Fourier
coefficients. That is, let

Z\?,P(T)u = Z Z@,P(y)m,u q"
m

be the Fourier expansion of Zy, ,(7), and write similarly

deg NLy(m),, itm >0,
Zg (T)mp = —deg(£), if (m,p) = (0,0),
0, otherwise,

for the Fourier coefficients of Z;/ (7),,. Theorem 5.1 is then equivalent to the
identity

(5.1) / O Wmp = ZEDmp + S 7 p W)
S PeS\ S

for all m and pu.

5.1. Kudla—Millson forms and Noether—Lefschetz loci. The main in-
put needed to prove Theorem 5.1 is the computation of the residues at the
boundary of certain Green functions g°(y)m,, for the Noether—Lefschetz loci
obtained by pulling back Green functions for special divisors on orthogonal
Shimura varieties. The latter Green functions were introduced by Kudla in
[15]. Let us briefly recall their definition. Consider the Kudla-Millson theta
series
Okm(T)u = Y pru(y'/v)em )
veu+Vy
and let us write

GKM(T)M = Z @%M(y)m,u : qm
mEFQ 1) +7

for its Fourier expansion. One of the main properties of ©Oxn(7), is that it
defines a closed differential form and its Fourier coeflicients Oy (y)m, . are
Poincaré dual to a certain special divisor Z(m, u) (see [14]) whose intersec-
tion with S gives the Noether-Lefschetz locus NLy(m),,.
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In [15], Kudla introduced a Green function g°(y)m, for the special divi-
sor Z(m, p), i.e. a smooth function on I'\D — |Z(m, )| satisfying Green’s
equation
(52)  dd°lg°W)mul + 0z(mpm) = Ok (@)mu — LxM(0)d (1m0 =(0,0)]-

Here d¢ = (4mi)~1(0—0), so that dd® = —(277) 190, and the term S (m,p)=(0,0)
equals one if (m, u) = (0,0) and vanishes otherwise.

Pulling back g°(y)m,. by the period map ®y associated with V, we obtain
a function gy (y)m,, whose main properties are summarized in the following
Proposition.

Proposition 5.2. For v a local section of Vg, define
(5.3) vy(v) = e~ 2mh(sv)
and vy (v) = e WG (v). Then

[e] o [¢] du

(5.4) = [ | vl |
Lo\ otvep+vy
Q(v,v)=2m

defines a smooth function on S — |NLy(m),| that satisfies the differential
equation

(5.5) dd®[g9 (¥)m.u) + INLy(m), = [OV(W)mu + Q(m )=(0,0)]

as currents on S. (Here 6NLv(m)u denotes the current of integration against

the divisor associated with NLy(m),, understood to vanish if m <0.)

Let us fix m and p and choose small disks Dp around each point P in the
support of NLy(m), as well as in S\ S whose radii tend to zero as e — 0.
By the above proposition and the integrability of ©%(y)m,, we have

/S 0% (4) s + o8 (L) 100

= lim (O (¥)mou + Q(m,1)=(0,0))
e—0 S—UDp..
= lim dc Y m
(5:6) B s—omm 99 (Y)m.p
= deg NLy(m), — Z lim d°g9 (Y)m.u
— =0 Jop

PeS\ S Pre

= deg NLy(m), — Z resp 09y (Y)m,u,
PeS\ S

where in the last line resp denotes the residue at P of the (1,0)-form
09y (Y)m,u- Thus to establish (5.1) it suffices to prove the identity

(5.7) —resp 09y (Y)mpu = Zy p(Y)mu
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for all m and g and all P € S\ S. Note that the residue resp depends only
on the restriction of V to a small disk centered at P.

5.2. Local residue computations. It follows from (5.7) that to prove
Theorem 5.1 it suffices to prove the following three lemmas. In their state-
ments we assume that V is an arbitrary Z-PVHS of weight two with h?% =1
satisfying 1.1 on the punctured unit disk S = A*. With the notation of Sec-
tion 2.2 we define

99 (W) = /1 h 3 Vo ((yu)/20) du

0AvE (u+Vz)NWa "
Q(v,v)=2m

The strategy is now the same as for the proof of Theorem 4.1: one first
shows that the residue of dgy(y)m,. agrees with that of ag%nﬂp (y)r. , and

m,p
then one computes the latter residue using the explicit formulas for the

“R-split nilpotent orbit” V™ in Sections 2.3 and 2.4.
Lemma 5.3. For any m and u, we have
resi—0 (9% (Y)m.u — 085nitp (Y)1n,.) = 0.
Lemma 5.4. For any m and u, we have
rest=0 (9ymite (V)i — 05t (V)i ) = O

Lemma 5.5. For any m and u, we have

—Tresy=0 39%”.@ (y){m,u = Z\\ZP(T)m,#'

The proof of these lemmas is analogous to the proofs of similar lemmas
in Sections 4.2, 4.3, 4.4 and 4.5. It will be convenient to define

(5.8) OvWmu= Y, vy
veu+Vy,
Q(v,v)=2m

and write

OV(Y)mu = OV(Y) iy + OVY) s

where in éV(y);ﬂu the sum runs over vectors in Wy while in (:)V(y);;lu it

runs over vectors not in Ws. Since vy (0) = 1 and hence dvy(0) = 0, we can
drop the condition v # 0 in (5.4) when computing gy (y)m,. ; that is, we
have

o * du
(5:9) g5 (W = [ 0B’y

and

099 (Y)m,u = 089 (Y)m + 089 (1)
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with
o/ N/ * oz , du

agV(y)m,,u = 8@V(uy)m,u7
(5.10) ! i

89V / 8@V Uy mu
Proof of Lemma 5.53. This reduces to
(5.11) resi—o 9gv(y)m, , =0
(512) rest=0 (ag(%)/(y);n,,u - 8gVnilp (y)m,,u) =0.
To prove (5.11) we can use (5.10) and the explicit expression
(5.13) Oy Pv) = O(e7PmMe)) = PTG (—ydo][)

(recall that ||v]|3 = Q(v,v) + 2h(s,) and hence 20h(s,) = 9||v[|}). With the
notation of (4.4), we have

vl = @a;0hi;(t).

1,J
As in the proof of Lemma 4.2 one shows that the forms e;; th are nearly
bounded and hence that
(5.14) llvlIBle < Cllvll$,
for some positive constant C', giving the bound

00y (uy)y e < C - Y eI ryy||v|?
veV)

vgEWo
Q(v,v)=2m

<c. Y [T ermedny i

veV)

and hence

|08 (Y)m, e

vgEWo
Q(v,v)=2m
- C. Z e—27ryh(sv) HUH

(5.15) veV)
vgEWo
Q(v,v)=2m

-1
_ omympy —aylll? (1 _ 2
=Fmme. t<l iz

UGVZV

vgEWo
Q(v,w)=2m
By (4.13), the factor (1 — 2ml[v||;?)~! in the last expression is bounded
above by an expression of the form (1 — A(—log [t|)™}) ™! for some A > 0.
The argument in the proof of Proposition 4.3 now shows that [9g3(y)y, ,.l¢
is rapidly decreasing as ¢t — 0, proving (5.11).
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To show that (5.12) holds one can follow closely the arguments proving
Lemma 4.6 and Proposition 4.4. One first shows by differentiating (4.23)
that

(5.16) 010115, = ON0lmito oe = O W13
for some positive constant B. Multiplying (4.18) by ¢ @) vields
p plying Yy y
(5.17)  |e 2mhv(s0) _ g=2mhyuin (s0) |, < C|t|Beiﬂ-(2h’V(s’U)7A‘t|BHvH%,t)”,UH%;’t‘
Combined with (5.14) and (5.16), this gives the bound

(5.18)
1015 (v) — OV, (V)] < CJt|Pem™ @ =AW -y 121+ 0]})

for some positive constants A, B and C. Writing f(v,t) = 2hy(sy) —
Alt|Blv||3, we have

e e} d —TFf(U,t)
| e el = i3S
1 u

Vo f(v,t)
and

) du e~ f(vt) e~ f(vit)
O T + .
/1 e u ||U”V w ||UHV (Wf(v,t) (—Wf(U,t))2

By (4.13), there exist A > 0 and k € Nsuch that f(y"/%v, )™ < Ay~ ((—log |t|)*)

for all non—zero v € V}/, and so for v € V) with Q(v,v) = 2m we obtain

oo du
oS ((yu)?v) — O w2y

(5.19) /1 905 ((yu)™ ) yaite (Y1) 70) ¢ "

< Cly" +y 2)[t|P(—log |t]) K e2myme il /2

for positive constants B, C' and K. Property (5.12) now follows as in the
proof of Proposition 4.4. O

Proof of Lemma 5.4. 1t suffices to show that
|ag§/nilp (y);n,u - ag%}nilp (y);n,uh

is bounded for ¢ in a fixed angular sector where | - |; denotes the Poincaré

metric, i.e. that the form g, (¥)5,,, — 09 mitp (4)m. . s nearly bounded.

To see this, let us write V = VP and ¥V = VP, Using (5.13), (4.25) and
the elementary inequality |e® — 1| < |z|e!®l we estimate

T Wi () — OV (V)2
_ |6727rhv(8v)8”v||% _ e’%h\?(s”)aﬂvﬂéh
(5.20) < |em2mvis) — em2mhp ()| (g]|u )12,
+ e 9)|u )| — lvl|3 )

< Cem™v ) (~logt])
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where C' depends only on m. This gives

(5.21)
[¢] [e] o o o du
0050 (5) = 05 < [ 2 W (00 720) = 5 () 0
1 veu+Vy,
Q(v,v)=2m
oo
d
< C(—log ]t|)_1/ Z e~ myuhy(s0) YU
1 veEu+Vy, u
Q(v,v)=2m

The proof of Lemma 5.5 will show that the integrand in the last expression
is O((—1log|t|)/v/u). It follows that dgSu, ,,(y) — 8g%nﬂpm(y)' is nearly
bounded. (]

Proof of Lemma 5.5. We consider the type II and Type III cases separately.

Assume first that VP has a degeneration of type II at P; this is the set-
ting of Section 4.4. Arguing as in that section, and with the same notation,
we note first that for v € WZ we have

(5.22) Yy (0) = €727 (50) = =T Im I}
(cf. (4.36)). For (:)vmlp (uy)n, . this gives
évnilp (uy)'lm,“u = Z Vg/nilp((uy)l/2v)
vEU+WE
Q(v,v)=2m

(5.23)

— E { Z e—myullvi+m (V)3

Ve (Ut WE) WP vy eWF
Q(v,v)=2m

The singularity of the inner sum as t — 0 can be determined using Poisson
summation: with ® as in (4.38) we can write

(5.24)
Z e—myullvitm )3 — Z o~ 2T (e (@ Fm)ar+(ar+na)as ?
v EWE nez?
N\ -1
a; ap Im(z)
= |det _ I
e <a2 a2> u + o(Im(z)/yu)

~1
- (—log|t]) 4 o((—log [t])/(yu))-

a1 Q1
et ( ! 1)
(O 7 N eY)

- 2wyu
To compute the determinant, recall that a1, as are defined by
Aj = ajel’o +07j60’1, 73 =12,

where A1, A2 are a fixed basis of WIZ. Pick i, My € Vi such that N):j = \j;
then

Aj = aj62’1 +07j61’2 mod Wy g, 7 =12,
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and by (2.15) we have

g i 0 1o g — t 0y
QU M) = (ialag — oo 0 > '

It follows that

det <‘“ O“) ‘ = 2|Im (o a3)|

g Qi
(5.25) = | det(Q(Aj, A)['/?
disc(GrgEqQ) 2
:< r1(Vz, N) )
and hence

[ B )i = 25 e (108 t2)+ o((~ o 1)/ V),

which implies the statement for type II degenerations.

Let us now consider the case when V™'P has a degeneration of type III at
P; this case was considered in Section 4.5. Arguing as in that section, and
with same notation, note first that (2.32) and (2.33) imply that for

v =y + aNe?? + bN2%e22 ¢ Waz,

we have
V\?/nilp (U) — 6727rh(sv) — 6727ra26727r(b70LRe(z))2/Irn(z)2
(cf. (4.44) and (4.46)). The same argument that led to (4.54) shows that
é@nilp (yu);n,,u = Z é@nilp (yu);n)\(@zz
MNv=p
mod GrZVVZ
with
é@nilp (yu)/m,A(X)u = Z e27ryuQ(v/,v’)
v ENA+(vp)
veV+YQZ,prim
(526) Q(v+v' v+v')=2m

YU ! —a(v')Re(z
T S ————
wepo+WZ

Again the leading term of the inner sum as ¢t — 0 can be determined using
Poisson summation: writing vg for a generator of WOZ , we have

—27 725 (b(v-+v’ +w) —a(v')Re(2))>2 Im(z)
e “TIm(z)2 =—— "7 4+ o(lm(z yu
> (w)]yzga | OUmE/ Vi)

__ —logftl L e :
= To(vo)2mv/Zya ((=log|t])//yu).

wEpo+WE
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To compute b(vp), pick 0y € Vg such that N 259 = vo; then

disc( Gr}fo Q)

Q(@O,UO) - T‘Q(VZ N)

On the other hand, since vy = b(vo)N2e2’27 we have g = b(vo)e2’2 mod W r
and hence Q (g, v0) = b(vp)?. Using the notation

ro(m)y ={vep+L|Q(v,v)=2m}

for the representation numbers of a definite lattice L, this shows that

1/2
~ T2 VZ7N
@@nilp(uy);n,u“’ (—W)
2disc(Grg(Q)
e47ryub 5
X ryz  (a)y T,y ()N —— | - (—log |t]7),
T g @ e O | - (losltf)

as t — 0. As remarked in (4.49), the quotient map Wy — GryV induces
isometries Yfprim o~ (Gr%rimVZ,Q) and (vy,) ~ (Gry Vz, —Qy4). The state-
ment in case III follows. (]
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