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EISENSTEIN COHOMOLOGY CLASSES FOR GLy OVER IMAGINARY
QUADRATIC FIELDS

NICOLAS BERGERON, PIERRE CHAROLLOIS, AND LUIS E. GARCIA

ABSTRACT. We study the arithmetic of degree N — 1 Eisenstein cohomology classes for locally
symmetric spaces associated to GLy over an imaginary quadratic field k. Under natural condi-
tions we evaluate these classes on (N — 1)-cycles associated to degree N extensions F/k as linear
combinations of generalised Dedekind sums. As a consequence we prove a remarkable conjecture
of Sczech and Colmez expressing critical values of L-functions attached to Hecke characters of F'
as polynomials in Kronecker—Eisenstein series evaluated at torsion points on elliptic curves with
multiplication by k. We recover in particular the algebraicity of these critical values.
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1. INTRODUCTION

The relationship between Eisenstein series, the cohomology of arithmetic groups and special
values of L-functions has been studied extensively.

A classical example is that of weight 2 Eisenstein series associated to a pair (o, 8) € (Q/Z)2.
Such a series can be defined as limits of finite sums:

] M ] N, 62i7r(ma+n,6’)
E2’(a’5) (T) - Mlinjoo ZM Ngrfrloon_ZN (mT + n)2 (T < %)

m=—

Here the prime on the sum means that we exclude the term (m,n) = (0,0). When (a, 5) # (0,0), the
holomorphic 1-form Es (, g)(7)dT on Poincaré’s upper half-plane 7 is invariant under any subgroup

' C SLy(7Z) that fixes (a, 8) modulo Z*. This holomorphic form then represents a cohomology class
in H(T, C). A remarkable feature of these classes is that they are rational and even almost integral.

A convenient and compact way to state the precise integrality properties of these cohomology
classes is to consider for each prime integer the ‘p-smoothed Eisenstein series’

P
Eé{)()a,,b’ :Z a-i-]/p/o’ ) pEQ,(a,ﬂ)(T)

(E2 (paﬁ y(p7) = PE3 (0,8)(T)),



and suppose furthermore that I' C T'y(p). Then E () (1) yields a homomorphism @EZ ) DK r-=c

2,(c,3)
by the rule
(p) T ()
()= | Eyap(n)dr

70

for any base point 79 € .#, and it is classical (see e.g. [35, Theorem 13]) that we have:

0, if c=0,
(1.1) 3P @ by _ pa a
: (@B \ ¢ d (2m)? - sign(c) - <Dpa75 <|C|> —pDap <\c]>> , otherwise.

Here D, g denotes the generalised Dedekind sum

pus(®) =5 ((22)) (92 -a)) o e20 ant (@t

J=0

where the symbol ((x)) is defined by

((2)) = x —[z] —1/2 if x is not an integer,
=V 0 if z is an integer.

These sums define rational numbers and enjoy many beautiful arithmetical properties, see e.g. [28].
On the other hand a formula of Siegel [35] expresses the values at nonpositive integers of the (-
functions attached to real quadratic fields as periods of Eisenstein series. The expression (1.1) can
therefore be turned into a very explicit expression for these special values. This implies in particular
that they are essentially integral which is the key input in the construction by Coates and Sinnott
[10] of p-adic L-functions over real quadratic fields.

Using Selberg’s and Langlands’ theory of Eisenstein series Harder has vastly generalised the above
mentioned ‘Eisenstein cohomology classes.” In [19] he constructed a complement to the cuspidal
cohomology for the group GLo over number fields. However it is hard to check that these classes are
rational and the automorphic form theory is not well adapted to the study of integrality properties
of these classes.

For the group GLy over a totally real number field, Nori [26] and Sczech [31] have proposed
constructions of Eisenstein cohomology classes that have turned out to be very efficient in practice
to study the fine arithmetical properties of L-functions over totally real number fields, see e.g. [18, 7,
8, 2]. Sczech’s approach more generally gives formulas analogous to (1.1). The goal of this paper is to
prove similar formulas for the group GLy over an imaginary quadratic field k. As a consequence we
prove a remarkable conjecture of Sczech and Colmez [11, Conjecture p. 205] expressing critical values
of L-functions attached to Hecke characters of finite extension of k as polynomials in Kronecker—
Eisenstein series evaluated at torsion points on elliptic curves with multiplication by k.

We now describe in more details our main results.

1.1. An Eisenstein cocycle for imaginary quadratic fields. Fix a positive integer N > 2. Let
k be a quadratic imaginary field with ring of integers ¢ and let p C & be an ideal of prime norm Np.
Our first main result is the construction of an (N — 1)-cocycle for the level p congruence subgroup

1t ={ (2 5)esta)

acObeo™NtcepVN ' De MN_l(ﬁ)}

of SLy(0) taking values in the space of polynomials in certain classical series called Kronecker—
Eisenstein series.
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Let us recall the definition of Kronecker—Eisenstein series (see |36, I1.§12]). We fix once and for
all an embedding o : kK — C. For a fractional ideal J of k and non-negative integers p and ¢, define

z+ N
1.3 KP9(z,3,5) = p!
(1.3) (2,3,8)=p AEZU(;) CES\EIPFBYEE

where we assume that z € C satisfies z ¢ o(J). The series converges when Re(s) > 1+ g — p and
has analytic continuation to s € C that is regular at s = 0. It is a classical result due to Damerell
[13] that the values at s = 0 have the following algebraicity property:

(1.4) KP4(2,3,0) € Q1PH779Q  for z € k\o (7).

Here Q4 denotes the real period of an elliptic curve with CM by k defined over Q. In fact these
series have almost integral values; we refer to [24] for precise results.

Next we introduce polynomials in the series KP9(z,7,s). For fractional ideals J;,...,Jx and
multi-indices I = (iy,...,iy) € Zgo and J = (j1,...,JN) € ZJEVO, we set
(1.5) KI’J(z,Jl ®--DIn,s) = K91 (2,31,8) - K'NIN (2, TN, 5).

More generally, for an @-lattice A C k™, we pick fractional ideals J1, ..., I such that J;®--- &Iy
has finite index in A and set

K (2, A, s) = Z KM (24 0(0),51@--- @Iy, 8)
AEA/T1 BTN

S IT i 2+ o ()"
ip+1 25"
AEA 1<k<N (21 + (M) %+ 2 + o (M)

(1.6)

As the last expression shows, K’ "](z,A, s) does not depend on the choice of the fractional ideals
Ji. We set

(1.7) K5 (2, A) == KB (2, A,0).

Each K'7/(z,A) defines a smooth function on an open subset of CV obtained by removing all
A-translates of a finite number of hyperplanes. We write

(1.8) F = (K" (yz,A) | v € SLy(k), A C kY an & — lattice)

for the C-span of SLy (k)-translates of all functions K77/ (z, A).
Next we introduce the p-smoothed series

(1.9) Ky (z,0N) = KM (2,97 @ 6N = Np - K1 (2, 07)
and, for A € Myn(0), we define the generalised Dedekind sum Dé"](z, A) by
(1.10) Dy (2, A) = det ATVK) T (A7 2, AT ON)

if A is invertible and set Dg’J(z,A) = 0 otherwise. These sums are natural generalisations of
Dedekind sums for imaginary quadratic fields and N variables.

Our first theorem shows that the series D; (2, A) can be combined into a homogeneous (N — 1)-
cocycle for T'o(p). In the following statement, for a multi-index I € ZY, we write |I| = i1+ - - +iy.
When I (resp. J) runs over multi-indices with |I| = p (resp. |J| = ¢), the vectors

GI = eill - 67];(} c Symp(CN (resp 6 61]1 . NjN S W)

form a basis of SymPCY (resp. of Sym?CN).



Theorem 1.1. Given v1,...,vn € Io(p), define

A(Y) = (mea| - lver) € Mn(0).
The map
@07 To(p) — F @ Sym’CN ® Sym?CN
given by
Uz = Y, DyY(AR) @ AR)( @)
[T|=p.|J|=q

is a homogeneous (N — 1)-cocycle. Here the sum runs over all multi-indices I, J € Zgo with |I| =p
and |J| = q.

More concretely, the cocycle property of ®p¢ means that

(1.11) vz, N) = BNz, )
for any v,71,...,7v € I'o(p), and
Z (71)k_1@€’q(zayl7"'a%7'"arYNJrl):O
1<k<N+1

for any v1,...,vn+1 € To(p) (here as usual the notation 4 means that the term 7y is to be omitted).
More generally, in the body of the paper we introduce a cocycle ®}°(z,~, A(J)) for the O-lattice

AQ)=TteoN 1t of kN,
1.2. Application to critical values of Hecke L-functions. We refer to [15, Section 1| or |9,
33, 29| for generalities on Hecke characters. Let L/k be a field extension of degree N > 1 and let

n : L — k denote the norm map. We fix an algebraic Hecke character i of k of infinity type
(p,q) € Z? and a Dirichlet character y of L, and consider the algebraic Hecke character

¢ =x-(ron)
of L. We denote the conductor of ¢ by f, so that for « =1 mod f we have

q
¢((@)) = n(a)’n(a)".
Note that if k is a maximal CM field in L then any algebraic Hecke character ¢ of L is of the above

form.
The Hecke L-function of ¢ is

L(g,s)= [ 1=oBNP*) "= > é(a)Na,
(B.)=1 (a,f)=1

where the sum, resp. the product, runs over integral ideals a, resp. prime ideals 3, of &, coprime
to f. The global L-function of ¢ is A(¢, s) = Loo(¢, s)L(¢, s), where

LOO(¢7 S) = H F(¢U7 8).

v|oo

Here each ¢, with v|oo is of the form

)

= (et (2)

z
with w = p 4 ¢ (the weight), and

(b, 5) = 2(2m) (5= w/2+p=dl/2 (S _ % L - q|> |
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The value L(¢, so) at an integer so € Z is said to be critical if and only if
ords—sy Loo (¢, 8) = ordg—sy Loo (61,1 — 5) = 0.
In our case this is equivalent to

w |p—dq

p— Q\
1
5 5 < 50 < +2+ 5

Our second main result is that for critical sy the value L(¢,sp) can be expressed as an ex-
plicit polynomial in Kronecker—Eisenstein series; answering positively to a conjecture of Sczech and
Colmez [11, Conjecture p. 205]. Note that the complex conjugate v has weight (¢,p) and that
multiplying ¢ by an integral power of the norm character shifts s by an integer. Thus we may
assume that p < 0 and ¢ > 0 and consider only the critical value L(¢,0).

Our result is more conveniently expressed in terms of partial zeta functions, as follows. For
integers p, ¢ and integral ideals a, f of &, define

(1.12) Pias)= > n(x)pﬁ(j;(m”%, Re(s) > 0.

z€U(f)\14+fa~1

Here U (f) denotes the group of units of &/ that are congruent to 1 modulo f. (Since uw = 1 for every
u € 0, this is well-defined provided that p+ ¢+ 1 is divisible by the order of the subgroup n(U(f))
of 0, which we assume.) Choosing integral ideals ay, ..., a, giving a system of representatives for
the ray class group Cj we can write

s) =Y ¢(ay)Na; ¢ P (ay, 5).
J

Given two distinct prime ideals 3 and 9 of @, coprime to f and a, we define also the ‘smoothed’
partial zeta functions

Grp(a,s) = NPT (@, 5) — NP °¢P(a, )

(4 (05) = NR AR, 5) - NPy, 5).

These modified zeta functions appear in an expression for L(¢, s) with modified Euler factors at 3
and B. Namely, setting

Ly(¢-N,s) = (1= g(BNB' )", Ly(d,s) = (1 - p(B)NP )~

and using the fact that a;B, ..., a.B is also a system of representatives of Cj, we have

Ly(¢-N,5) "' L(¢, s) Z¢ a;P)Na; ¢k (ay, 5),

(1.13)

(1.14)

Lyy(¢,8) ' Lop(¢- N, 8) ' L(6, 5) Z¢ a; PPNy *C o (a, 5).

Theorem 1.2 below shows that, for appropriate choices of 8 and ‘ﬁ, the zeta function C;g%l’q(aj, s)

P

can be expressed using the Eisenstein cocycle of Theorem 1.1.

Let uy,...uny—1 € U(f) be norm 1 units whose images in U(f)/U(f)tors form a generating set.
We also fix a isomorphism o : L — k" of k-vector spaces and denote the @-lattice a(fa™!) ¢ kN
by A(fa_l).1 Through the isomorphism « the automorphism of L defined by multiplication by
u; corresponds to a matrix U; that belongs to the intersection T'(A(fa™!)) of Autg(A(fa™t)) with
SLy (k). Moreover, given a prime ideal B of &, coprime to § and a and of prime norm p = n(*g),
the matrices U; belong to To(p, A(fa™1)).

n Lemma 4.1 we prove that A(fa~') is of type A(J).
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We denote by o1, ...,0n the embeddings of L into C that restrict to the fixed embedding o :
k— C.

Theorem 1.2. Let p,q be non-negative integers, § be an ideal of O, and let ai,...,a, be integral
ideals that form a system of representatives of the ray class group Cs. Then there exist vy € EN and
two prime ideals B and B with p = n(P) prime, such that

det(i(a(e;))C"8 (@, 0)
1

N,qN — - T 14
~ oy O () X @+ (). A ) (oo @ noa )
7ESN -1 zeP i/
z#0
fora € {ay,...,a.}. Here the first sum runs over the symmetric group Sy—_1 of permutations on

N —1 letters and for o € Sy_1 we set u, = (1, Uy(1y, Us(1)Us(2)s - - - Us(1) - - Up(n=1))-

Note that each term of the double sum on the right hand side is a generalised Dedekind sum and
therefore a polynomial in Kronecker—Eisenstein series evaluated at torsion points on elliptic curves
with multiplication by k. From (1.4) we deduce the following corollary. Note that ¢(a;) € Q, so
that the algebraicity of L(¢,0) follows from that of the Cffpfl’q(aj, 0).

Corollary 1.3. Let Qs € R be the real period of an elliptic curve with complex multiplication by
k, defined over Q. Assume that p <0 and ¢ > 0. Then

L($,0) € QYa=P)r=Naq,

Remark. As was pointed out to us by Don Blasius, one can take {2, to be the real period of an
elliptic curve defined over k,, — the maximal abelian extension of k. Then

L(¢,0) € Qe PN, B,

where E is the CM field generated by the values of ¢. This follows from the fact that the ratio of
two arithmetic automorphic functions with Fourier coefficients in Qg;, and having the same weight,
takes value in ky, when evaluated at a CM point.

In fact, one can be more precise: Blasius [5] proves a reciprocity law for values at CM points of
modular forms which generalizes that of Shimura for functions. According to it, if a value transforms
by a Hecke character, then it is the Deligne period of the motive attached to the Hecke character.
Since Theorem 1.2 expresses the L(¢,0) as a linear combination of products of values of L-functions
of modular Eisenstein series, the general law of Blasius should apply to show the following: Let
M () be the motive — defined over L, with coefficients in F, and of rank one — attached to ¢ and
let c*ResL/QM(gﬁ) be the period attached by Deligne [14, §8]|, we have

L(Resp oM (¢)) = ¢"Resp oM (¢) € (E®C)*/E*.

This was conjectured by Deligne [14] as part of a much more general picture. We shall provide
details in a forthcoming work.

Relation to other works. In the case N =2 Theorem 1.1 is proved by Sczech [30] and Ito [22],
in case (p,q) = (0,0), and Obaisi [27] proved the corresponding Theorem 1.2. In general, partial
results towards both Theorem 1.2 and Corollary 1.3 are obtained by Colmez in [11]; see also [16]
for related works.

Corollary 1.3 is not new. In the case L = k it is due to Damerell [13]|. In the case N = 2 it is
due to Ito [22]. In general it is a particular case of a theorem announced by Harder in |20, 21| that
deals with Hecke L-functions associated to extensions L/k with k an arbitrary CM fields. When
L = k is CM this was known before thanks to works of Shimura [34] and Blasius [5]. To the authors’
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knowledge the full details of Harder’s proof have never appeared in print. However the fact that the
(regularised) L-value of the Hecke character divided by the ‘Katz period’ is algebraic has recently
been fully proved by Kings and Sprang [17] using completely different techniques that allow them
to deduce good integrality results. This generalises works of Shimura and Katz in the case of a
CM field to arbitrary extensions of CM fields. In the case where k is a quadratic imaginary field,
integrality results of the same quality could be deduced from Theorem 1.2 and works of Katz [24]
showing that certain regularisation (‘smoothing’) of the expression (1.4) are algebraic integers. We
expect that, in combination with recent work of Andreatta and Iovita [1], the explicit formula of
Theorem 1.2, conjectured by Sczech and Colmez, could be used to p-adically interpolate L-values
of algebraic Hecke characters of F' in the non split case.

Note that, quite similarly as in the work of Kings and Sprang, the cohomology class studied in
this paper takes its roots in a certain equivariant cohomology class; we discuss the latter in [4].
The topological origin of this class is enough to give an elementary direct proof of the integrality of
critical values of Hecke L-functions associated to totally real fields, see |26, 2, 3].

To conclude let us mention that it is not clear to us if the formula of Theorem 1.2 can be
generalised to the case where k is an arbitrary CM field.

1.3. Notation and conventions. We write |S| for the cardinality of a set S. Throughout the
paper we fix an integer N > 2 and let

V =CV (column vectors).

We write V = V ®c C for the complex conjugate of V and V" for the (C-linear) dual of V; we
identify V' with the space of length N row vectors using the standard dot product. We write

e1,...,eyn for the standard basis of V and z1,...,2zyx for the standard coordinates on V and set
0, = 0/0z;. For a multi-index I = (i1,...,in) € Z]ZVO, we write

e! :eill---e%\’ e Sym™V VvV

2! :zil---zj{,\’ € Sym™V vV

I _ —v
=z .z e SymNV .

We denote the transpose of a matrix X by 'X and set X* = ‘X. We denote by 1y the identity

matrix of rank N and by diag(t1,...,tn) a diagonal matrix with diagonal entries ¢1,...,¢ty. Let
G = SLy(C)
K =SU(N)

X = SLy(C)/SU(N).

The Lie algebras of G and K are denoted by g and ¢ respectively.

We write A*(X) for the space of smooth differential forms on X.

Throughout the paper we fix an imaginary quadratic field k£ and an embedding o : kK — C. We
write Np for the norm of a prime ideal p. We denote by & the ring of integers of k£ and define

Vi = kKN (column vectors)
G = SLy(k)
G = I%(BSk/QSLN,]C
The standard simplex (a simplicial set) is denoted by Ay, and its geometric realization by |Ay]|.

We write Ay x A, for the join of two simplices.
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2. DIFFERENTIAL FORMS ON THE SYMMETRIC SPACE OF SLy(C)

Fix an integer N > 2 and let V = CV (column vectors). We identify the points of the symmetric

space
X =G/K
of G = SLy(C) with positive definite hermitian N-by-N matrices h of unit determinant via the
map
gK — h:=tg 1. g%

under this identification the action of g € G on X by left multiplication corresponds to the action
g-h :="'g'hg7!. A matrix h € X defines a positive definite hermitian form on CV given by
v = v*hv. The entries h;; (1 <i,j < N) of h define smooth functions h;; : X — C.

We write (V') for the space of Schwartz functions on V. For p,q > 0, let

(2.1) VP4 = Sym?VY ® Sym?V;

it is naturally a representation of G. We will identify elements of VP with linear functionals on
the tensor product of the complex vector spaces Sym”V (homogeneous holomorphic polynomials of

degree p on V) and Squvv (homogeneous anti-holomorphic polynomials of degree ¢ on V).
The natural action of G on .7 (V) defined by (g-f)(v) = f(¢~ v) turns #(V)®@VP? into a smooth
G-module. Let A*(X; .7 (V) ® VP19) be the space of differential forms on X valued in .77 (V) @ VP4,

This space carries an action of G given by
(gw(@ Y)) =g -w(glz,g7Y), ze€X,Y eAT,X.
In this section we introduce G-invariant differential forms
(2.2) PPl e ANH X, (V) @ VP9)E
valued in this G-module.

2.1. Polynomial forms. Fix a vector v € V. We write (hv)1, ..., (hv)y (resp. (dhv)1,..., (dhv)yN)
for the components of the vector hv (resp. dhv):

(hv); = > hijv; € CP(X).

(2.3) 1<j<N
(dhv); = > dhiv; € AY(X).
1<j<N
Define
2.4)  plo) = NOV=D/2 3 (1) (ho)i(dho)x A -+ A (dho); A -+ A (dho) € AVTH(X).

i>1

(Here, as usual, the term under the symbol ~ is to be omitted). Note that, as a function of v, p is
a (holomorphic) polynomial of degree N and so defines a form

pe ANTHX;CV)).
The conjugate polynomial p(v) defines a form in AV ~1(X;C[V]). Since h is hermitian, we have
(hv)i =Y hijo; = Y Tihji = (v"h);
J J
and so we can write
(25)  plv) =2(-)NVD23 (1 R)i(v*dh)y A -+ A (0 dR); A~ - A (v*dh)s.

1>1
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Lemma 2.1. The form p is G-invariant. That is, for g € G we have

g*'p(gv) =p(v), vEV.

Proof. This follows from the fact that given a representation of a group G on an N-dimensional
complex vector space W, and a basis ey, ..., ey of W with dual basis e, ...,eX € WV, the element
e1®ey +---+ey®ex of W WY is G-invariant.

Namely, consider the C-vector space W C ¢°°(X) spanned by (v*h)1,...,(v*h)N. For g € G we
have

(9v)*(g-h) = v*'g('g thg™") = v*hg ™.
This shows that W is naturally a representation of G that is isomorphic to the dual VY oof V.
The same statement (with same proof) holds for the C-vector space W < A'(X) spanned by
(v*dh)1,..., (v*dh)N.
Consider the map
WA = AW, wed = dwAb.
Here ANW ~ C - (v*dh)n A ... A (v*dh); is isomorphic to the trivial G-representation via the map
z-(v*dh)§ A ... A (v*dh); — z. Thus we obtain a pairing W @ AN 1T — C. A direct check shows
that the basis (—1)N " (v*dh)y A+ A (v*dh); A--- A (v*dh)1 (1 < i< N) of AN"1W is dual to the
basis (v*h); (1 <i < N) of W, and the lemma follows. O
Lemma 2.2. Let v # 0. Then the form
(v"ho) N p(o) € ANI(X)
15 closed.

Proof. An equivalent statement is the equality

(2.6) Nd(v*hv) A p(v) = (v*hv)dp(v).
Differentiating (2.5) we obtain

. dp(v) = 2(~1)VND2q [ 3 (1) (W dR)i (vt dh)w A - A (URdR); A - A (0" dR)y
. i>1

= N (=1)NFDN=D20*dp)y A -+ A (v*dR)1.
On the other hand we have d(v*hv) = > (v*dh);jv; and hence
J

Nd(v*hv) A p(v)

= 2N (~)VVI2 [N (wrdh)op | A | ST (=1 0 h)i(FdR)x A A (0tdR); A - A (0FdR)
j i>1
= 2N (=N D2 N (1) (ot dh) oy (") (0" dR) A - A (0RdR) A - A (0" dh)y
J
= 2N(=1)WHEIWN=D2 N5 (0 h); | (0™ dh)n A -+ A (V*dh)y
J
= (v*hw)dp(v).

and the assertion follows. O



2.2. Schwartz forms. We can now define the forms ¢*? mentioned in the introduction to this
section. First we consider the case p = ¢ = 0: for v € V', we define

(2.8) 4O0(v) = e (o).

Remark. The form *° arises naturally as a component of a characteristic form defined by Mathai
and Quillen. More precisely, the vector bundle ¥ = X x V over X with fiber V carries a tautological
metric, and the main result of [25] is the construction of a canonical Thom form U € A?M (X x V)
and an infinitesimal transgression U of U in AN 71(X) (denoted —ixU; in [25, §7]). A vector v € V
defines a section of ¥ over X, and the form ¢0’0(v) is essentially obtained from U by contracting
with the vector fields d.,, ..., ., (this gives a form in AN ~1(X x V)) and then pulling back by this

section. We refer to [3] for more details on this perspective.

Note that the hermitian form v — v*hv on V is positive definite and so 1), as a function of v,
belongs to the Schwartz space .#(V'). Also note that, for any g € G, the expression v*hv is invariant
upon replacing h with ¢g*h and v with gv, and so Lemma 2.1 implies that ¢*° is G-invariant:

(2.9) g™ (gv) =¢*(v), geG.

Thus ¢ € AN=Y(X; 7 (V).
For arbitrary p,q > 0 we define

pPl e ANTYX; A (V) @ VP)©

so that its value on P® Q, where P (resp. Q) is a holomorphic polynomial of degree p on V" (resp.
a holomorphic polynomial of degree ¢ on V'), is given by

(2.10) YPUv, P @ Q) = Q@) P(=0.,,. .., 0., )00 (v)

From now on we often omit the indices p, ¢ and simply write ¥ (v, P ® Q). One can give a more
explicit expression for (v, P ® Q): the identity

(2.11) — 0y (e_“*’“’> = (v*h)je v

gives

(2.12) P(~8,,,...,—8.,) (e—v*’w) = P((W*R)1, ..., (0" R)N)e s

since if gm is an anti-holomorphic polynomial we have 8zim = 0 for all 7, and we conclude that
(2.13) ¥(v, PO Q) =e""p(v, P,Q),

with

(2.14) (v, P,Q) == Q(v) P(v*h)p(v).

Note that p(-, P,@) is an anti-holomorphic polynomial in v of degree N + p 4+ g. This expression
shows that, generalizing the invariance property (2.9), we have

(2.15) 9" (g, gP @ gQ) = ¥(v, P Q).

The following is a generalization of Lemma 2.2.

Lemma 2.3. Let v # 0. For any P € Sym?V and Q € Sym?V", the form
(v"ho) =V Pp(v, P,Q) € ANTH(X)

1s closed.
10



Proof. Since dQ(v) = 0, it suffices to assume that @ = 1 and that P is monomial, say P = el for
some multi-index I of degree p. Then P(v*h) = (v*h){' --- (v*h) and

h) = (sz d((::)iﬂ) P(v*h),

dP(v*h) A p(v)
= 2(—1)NWV=D/2p () (Z : ) ( YL (W R); (v dR) N A -+ A (0*dR)i A -+ A (v*dh)l.)
J

=2(-=)NWTURPW )Y i (—1)7 (v dh); A (v*dh)x A~ A (vrdh); A A (vRdh)y
J

_ 2( ) (N+2)(N-1)/2 (ZZ ) *dh) A (?}*dh)l

= pN ™ P(v"h)dp(v),

and so

where the last equality follows from (2.7). Using (2.6) we compute

d((v*hv) NP P(v*h)p(v))
= (v*ho) NP1 [—(N + p)d(v*hv) A P(v*h)p(v) + (v ho)dP(v*h) A p(v) + (v*ho) P(v*h)dp(v)
= (v*hv) VP [<(N 4+ p)N~! + pN~t + 1] P(v*h)dp(v)

0

2.3. Mellin transform. We define (v, s) to be the Mellin transform of ¢(v); that is, for holomor-
phic polynomials P and @) define

(216) we P Q) = [ vl PeQuet il
0

Then

(2.17) g'n(gv,gP ® gQ,s) =n(v,P®Q,s), geG

because v is G-invariant. Since p(tv, P, Q) =tV PTp(v, P, Q), we have

— > * dt ——————
n(v7 P® Q, 8) — / e—t2v hvts+2N+2p7p(,U’ P, Q)
0

= 27I0(N + p+ s/2)(v*ho)~*/>"N"Pp(v, P, Q).

(2.18)

Lemma 2.4. We have

dn(v, P © Q,5) = c(s)(v*hv) />N PQ(v) P(v"h)dp(v),

where ¢(s) = (—AN)"LsD(N + p + s/2).
11



Proof. By Lemma 2.3 we have d((v*hv) N Pp(v, P,Q)) = 0. Using (2.6), we compute
2T(N +p+s/2) " 'dn(v, P® Q, s)
= d((v*hv) "2 (v*ho) N "Pp(v, P, Q))
= —27Ys(v* hw) T 2d (v o) A (v*ho) "N Pp(u, P, Q)
= —(2N) Ls(v*h) 2N PQ(u) P(v* h)dp(v).
([l

Using Lemma 2.4 we can represent the form dn(v, P ® Q, s) as a Mellin transform: we define

e AN(X; S (V)@ V)<

by

(2.19) ¢(v, P® Q) = e " Qv)P(v*h)dp(v);

then the above lemma implies that

(2.20) dn(v,P® Q,s) = —;V/OOO ¢(tv,P®Q)tS+N+P*q%.

For further reference we note the homogeneity property (which follows from (2.18)):
(2.:21) (20, P(z) © Q(z71),5) = 2|2 M(v, P© Q, )

for z € C*.

2.4. Example: the case N = 2. We compute the form ¢*°(v) when N = 2. We have
0 (v) = =27 (), (dhv)a — (hv)y(dhv)1)

—v*h ) S )
= —2¢ Y "(w1107” + w1271 03 + waolz”),

(2.22)

with
wi1 = hi1dhar — ha1dhiy = hiidhia — hiadhay,
(2.23) w12 = hi1dhog — hiadhoy + hoidhya — hoadhyy,
waz = ho1dhag — hoadhsy.

Let us rewrite the expression in classical coordinates. For 7 = (z,y) € H? = C x Ry, write

gr = <y10/2 zyy:ll//; ) The map 7+ g, K identifies H®> with X = SLy(C)/SU(2). In these coordinates

we have
—1/2 0 —1/2 12 1 —z

he =tg1lg1 = [ Y Y Y — 1 7

T 9r 9 —Ey_l/Z y1/2 0 y1/2 Yy > y2+ ‘2‘2
and

v*hev = lg;7 o =y~ (Jor — z0af® + Jywa]?).
Hence
1 —z 1 —z
dhy = —y2dy | “la
Yy y<z y2+’2|2>+y <Z y2+|z\2>

(2.24)

_ 1 -1 0 —dz
= —heydy+y (—dz 2ydy + 2dz + zdz>

12



and we compute
win =y 2dz,
(2.25) wip = =2y tdy + y~%zdz),
woo = 22y~ tdy — dz + 72y 2dz.
Writing 1*°(v) = ¥(v)ydy + ¥ (v),dz + 1(v)zdZ we obtain
b(v)z = 2e I 5?

(v)y = =2 " (—2y~ ormg + 22y 1057)

(226) _ 4y—16—v*h7—v(vl _ 2,1)2),02
Y(v), = —2y7267”*h”’(1712 — 2z0109 + 221722)
P
=2y 2e VMY () — zug) .

The Mellin transform 7%%(v,s) = n(v, s),dy + 1(v, s).dz + n(v, s)zdz (defined in (2.16) below) is
then given by:

(yv2)*

,s)z =D(s/2 + 2)y*/?
17(1) S)Z (S/ )y (|'U1 _ Z'UQ’Q + ‘y02|2)5/2+2

(v1 — zv9)yve
(Jon— ol + Iyl 77272

(2.27) n(v,5)y = 20 (s/2 + 2)y*)?

—
(v1 — zv9)
(lvr = zva|? + |yva |?)s/2+2

n(v,8): = —T(s/2 +2)y**
Thus we recover the form introduced by Ito in [22].

2.5. Fourier transform. Recall that the Cartan decomposition g = p & ¢ identifies the tangent
space T.x X at the point eK € X with p. Given Y € /\N_lp and polynomials P and @, evaluation
at Y defines a Schwartz function

P(Y,P®Q) €S (V)
given explicitly by
Y(0,Y;P©Q) =e " "p(v,Y; P,Q),

with p(v, Y P, Q) = Q(v) P(v")p(v, ).
We write (-, ) for the scalar product on V' defined by (v, w) = 2Re(w*v) and given a Schwartz
form f € .7(V), we define its Fourier transform .# f € . (V') by

F ) = /V F ()0 s,

where dw denotes the Lebesgue measure on CV. Since the polynomial p(v,Y; P, Q) is anti-holomorphic,
it is also harmonic and hence we have

(2.28) FY(Y,P®Q)=Cy(Y,P®Q)

for some constant C' satisfying C* = 1. In particular, FZY(0,Y;P®Q) = v(0,Y;PRQ) = 0.
Similar statements hold for ¢(Y, P ® Q) for any Y € ANp.
13



2.6. Integral on a maximal torus. Let T' C G be the torus of diagonal matrices. The inclusion
of T in GG induces an embedding

T/TNK —- X
identifying T'/T N K with the submanifold of X consisting of diagonal hermitian matrices. This
submanifold is diffeomorphic to Ré\fo_ 1 In fact, the standard coordinates diag(t1,...,tn) — t;
identify the quotient T'/T N K with
(2.29) C={(tr,....tn) eRYy | t1 -+ tn = 1}.

We use this identification to orient T'/T N K as follows: forgetting the coordinate ¢ty gives a diffeo-
morphism C' ~ R;VO_ 1. We orient C, and hence T/T N K, by pulling back the standard orientation

of Rg&l (given by the volume form ‘%1 ARRRWA Cftis:l ).

Lemma 2.5. Let v # 0. If Re(s) + 2N + 2p > 0, then the form n(v, P ® Q,s) is integrable on
T/TNK. For P = 2" and Q = 2’ monomial with T = (iy,...,ix) and J = (j1,...,jN) multi-
indices, we have
nw, P®Q,s) (—+1+zk)7. :
T/TNK Pty |v;.c|5/]\’v,’€’”rl
Proof. Since n(v, P®Q,s) = Q(v)n(v, P®1, s), we may assume that @ = 1. In the above coordinates
for C we have h = diag(?, .. ) and dh = 2diag(t1dti,...,tndty), and so the restriction of
P(v*h)p(v) to T/T N K is given by

N

H (t7)" 1NW= 1)/22 Tl (On2tndtn) A A (T32tdE) A - A (T12tdt)

N (LN D2 T (it JldtN A0 ' =
=2 Ht e Z A , A A » (since t1 -+ -ty = 1).

For t € C and u > 0, set u; = t;u. This gives u1 -+ -uny = uV and % = % + %“, and hence

o dt dt; dt du  du du
Sy t=Ea AT Aa A= A= ==F A A
; tN tj tl u (3 (51
The map ((t1,...,tn),u) — (u1,...,uy) induces a diffeomorphism C x Rsg =~ Révo. Using this as

change of variables, we compute

o0 d
[ wwpos= [ [Tupepee
T/TNK cJo U

N
_ 2N(_1)N(N1)/2/ e—Zu§|v]~\2 Ht?ijuij+17jij+l us+N+pdu7N A A %
RN

e uN uy
— 9N ﬁvjzj+1/ —u2|v]|2 (S+2N)/N+21J du]
J=1 i
N s DA
:]le(QN +1+z]> HS/NW

14



The above lemma shows that the integral of (v, P ® @, s) on T/T N K has meromorphic contin-

uation to s € C that is regular at s = 0. Its value at s =0 for P = ¢! and Q =z’ is

%]k
H Zk Zk+1

(2.30) /T/TmK (v, P®Q,s)

s=0

It follows easily that for arbitrary P we can write

L/TQK ,’7(/1)? P ®©7 S) = C(S)WP(—8217 et H |/U |S/N+2 )

for some meromorphic function C(s) such that C(0) =

3. EISENSTEIN COCYCLE

Let k be an imaginary quadratic field with ring of integers &¢. We fix an integer N > 2 and let
Vi = kY and Gy = SLy(k) (recall that V = CV and G = SLy(C)). We also fix an embedding
o : k — C, which makes V' a k-module and induces inclusions V}, C V and G; C G.

Given a non-zero ideal J of &', define

(3.1) AD)=T"1aoN .

It is an @-submodule of k™ that we regard as a lattice in C? via the embedding & — CV induced
by o. We write I'(A(J)) for the intersection of Autg(A(J)) with SLy (k); more explicitly

(3.2) I(A(3)) = { (i tDb> € SLy (k)

Let p C € be a prime ideal coprime to J. We define a congruence subgroup I'g(p, A(T)) of T'(A(T))
by

acO0,DeMy_1(0),be (3 HN 1 ce ’JNl}.

ty ~ N
(33) roeA@) = { (4 5) erao | ecem¥
thus To(p, A(J)) =T (A(pT)) NT'(A(T)). When J = & we have I'(0) = SLy(0) and T'o(p, A(O)) =
To(p) is the standard level p subgroup of SLy(0).
In this section we prove Theorem 1.1. We first define a more general cocycle

(3.4) ®PI(A(T)) : To(p, AQ))N — F @ VP,

where VP4 is given in (2.1) and .% is a certain space of functions defined on complements of unions
of affine hyperplanes in V', endowed with a natural action of SLy(k). In the last section we will
show that its cohomology class is non-trivial by computing its value explicitly on the units of degree
N field extensions of k.

3.1. Definition of the cocycle. Let J C k be a fractional ideal. Then ¢(J) C C is a lattice. Given
a pair of non-negative integers p,q € Z>o and z € C, define the Kronecker-Eisenstein series

| T4
(3.5) KPi(z,3,5) = 2 3 : Zra 2 ¢ o(d,
a

p+1 s’
&0 2+ a)Ptlz 4 q

The sum converges absolutely for Re(s) > 1+ ¢ — p and for z in a compact subset of C. The series
KP9(z, a,s) has an analytic continuation to the whole s-plane that is regular at s = 0, see e.g.
36, 11, 12].

15



More generally, for an -lattice A C kY, let U (A) be the open subset of C obtained by removing
all translates of coordinate hyperplanes by A € o(A). For I = (iy,...,iy) and J = (ji1,...,jn) in
Zgo and z € U(A), define

(3.6) K (z, A, s) = Z H DV

(2 + Ag) "+ 2 + A
Aeo(A) 1<k<N ko A o o+ Agl

The function K’ "](z, A, s) can be expressed as a homogeneous degree N polynomial of Kronecker—

Eisenstein series: pick non-zero fractional ideals J1,...,Jn of k such that A D J; & --- & Jn.
Then
(3.7) KMz As)= > K'Y (z+o(0),di@-@0y,s),
XEA/T10--BTIN
and
(3.8) K'Y (0@ @dy,s)= [ K**(zk ).

1<k<N

Thus K57 (2, A, s) converges absolutely for Re(s) > 1+ max{jj, — i} and has analytic continuation
to all s € C that is regular at s = 0. We set

(3.9) K5 (z2,A) = K5 (2, A,0)

and define
F = span(K17 (y712,A) | v € SLy(k), A an O-lattice in k),

which carries a natural action of SLy (k).

Definition 3.1. Let A be a matrix in End(A(J3)) N GLy (k). Then A7 A(3) D A(3) and we define

the generalized Dedekind sum

DI (2, A, A(3)) = det AT KD (A7, ATIA(D))

=detA™" Y KM(AT(z+0(N),AQ)).
AEA(3)/AA(T)
Let p be a proper ideal of &' coprime to J and Np be its norm. Define
Dy (2, A,A(3)) = D' (2, A, A(pT)) — Np - D17 (2, A, A(T)).
If A€ End(A(J)) but A is not invertible, set
D (2, A,A(3) = Dy (2, A, A(3)) =

For p,q € Z>, recall the G-representation VP introduced in (2.1). A basis of VP is given by
the vectors

(310) eI’J = ((tel)il . (teN)iN) ® (a]l .. .ajN),
where I,JEZJZVO satisfy i1+ ... +iy =pand j1 + ...+ jn = q.

Recall that given a group I' and a Z[I'J-module M, a map « : 'V — M is said to be a homogeneous
(N — 1)-cocycle if it is equivariant, that is,

(3.11) (Y715 YIN) = vV, - IN), VY-, N €T

and satisfies

(312) Z (_1)i_1a(717--~7’Yi—1;'7i+1;---fYN—i—l) :0, Y1y- -5 YN+1 erl.
1<i<N+1
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Theorem 3.2. Let J,p C & be non-zero coprime ideals of € and assume that p # 0. Given
Y= (717 s ,/VN) € FO(paA(j))Nf let

A(y) = (mer| -+ |vver) € Mn(0)

be the matriz formed by the first columns of y1,...,yn. Then A(y) € End(A(J)). For fized p,q in
ZL>y, define a map

®P9(A(3)) : To(p, ()Y — F @ VP4
by
®,%(z,7, A Z DIJ (2, A(7),A(3)) ® A(y)e"’

Then ®39(A(J)) is a homogeneous (N — 1)-cocycle.

Note that the first row of the matrix A(y) in the statement has entries in & whereas all its other
rows have entries in J. The statement that A(y) € End(A(J)) follows. Note also that

(313) A(’Y’YMJVPYN):"}/A(,VD?’YN)? 7771777N€P0(p7A(j))
The equivariance property (3.11) of ®,"?(A(J)) follows from this. Thus it remains to show the
cocycle property (3.12). To prove it we will next define — as an Eisenstein series — a closed
To(p, A(J))-invariant differential form
(3.14) Ey(z, 97, A(T)) € ANH(X)
and (N — 1)-dimensional submanifolds
(3.15) A(y)C X, v €To(p,AD)Y
such that
(3.16) ®19(2,7,A(7)) = Ey(z, P9, A(T)).
B Al)

The cocycle property will follow from the fact that for v1,...,yn+1 € To(p, A(J)) we can find a
simplex

(3.17) A(’yl,...,’yN+1) cX

with boundary

(3.18) OA(Y1, - YN41) = Z (=1 PA(, i1 Vit -5 IN )
1<i<N+1

and such that FE,(z, 9", A(J)) decreases rapidly on A(vy1,...,yn+1) for fixed z.

3.2. Eisenstein series. For v € V, an O-lattice A C V}, and a holomorphic polynomial P (resp.
Q) on VY (resp. on V), consider the theta series

(3.19) 0(v,P@ Qs A) = v+ PRQ).

AEA

The series converges rapidly as ¢ (v, P ® Q) is rapidly decreasing. By (2.15), we obtain a differential
form A(v, P ® Q; 9, A) € AN"1(X) satisfying

(3.20) Y O(yv,yP @ 4Q;9,A) = (v, PR Q;9,A), v €T(A):= Auty(A) N SLy (k).
17



The Mellin transform of (v, P ® Q;4, A) is the Eisenstein series

— +o00 o gt
E(w,P®Q;¥, A, s) = / O(tv, P @ Q; 1, tA)tS-‘rN—‘,-p—q?
0

=) nv+APQ,s),

A€A

(3.21)

where 7n(v, s) is given by (2.18). Here the sum converges when Re(s) > 0 but can be analytically
continued to the whole s-plane in a standard way using Poisson summation. To do this, consider
the scalar product (-,-) on CV given by

(3.22) (v,w) = 2Re(v - w")
and define
(3.23) AN ={weC"|(vw)yeZ VveA}.

Given g € G and a tangent vector Y € p = T, x X we can define a vector g,Y € Ty X. The
invariance property (2.15) can be rewritten as

Y(gv, 9:Y ;9P ® gQ) = (v, Y; P ® Q).

By (2.28), ¥(,Y;P ® Q) € .#(V) is an eigenvector for the Fourier transform and so Poisson
sumation gives

(3.24)
Z Pt +A),0.Y;PRQ) = Z Dtg 0+ N),Y:g (P2 0))
AEA AEA
= C Vol(CV/A)THT2N Y 2N gIA Vg T (P @ Q).
AEAY

Using this we can write

(3.25) E(v,9.Y; P ®Q; 9, A, 5)
=/ 9(tv,g*Y;P®@;1/)7tA)tS+N+p_q?
0

= / 0(tv, g.Y; P ® Q; 1, tA)ts+N+p_q% + C Vol(CN/A) !
1

> 62M<U’A>/ w(tg*/\,Y;gfl(P®@))t*S+N+q*p%
1

AEAY
The last expression converges for all s € C and gives the desired analytic continuation (with no
poles since 1(0) = ZF1(0) = 0) of E(v, P ® Q; ¥, A, s). We set
(3.26) E(v, P® Q;¢,A) = E(v, P® Q;1,A,0) € AV (X)),
Proposition 3.3. For fized v € C and polynomials P and Q, the form E(v,P®Q;,A) is closed.

Proof. For t > 0 define the theta series
O(tv, P© Q;9,tA) = Y ¢(t(v+ ), P®Q),
AEA
where ¢ is given in (2.19). The same argument used above shows that

E(w,P®Q;¢,\,s) := / O(tv, P ® Q; ¢, tA)tS*N“’*q%, Re(s) > 0,
0

18



admits analytic continuation to s € C (with no poles). The relation

(3.27) dE(v,P @ Q; ¢, A, s) = —%E(U,P@)Q; o, A, 5),

which follows from (2.20), proves the claim. O

Thus we may regard E(-, P ® Q;,A) as a closed differential (N — 1)-form on X valued on the
space of smooth functions €°°(V'), and by (2.17) we have the equivariance property

(3.28) YE(yw,vP®7Q;¢,A) = E(v,P®@Q;¢,A),  ~veT(A).
For A = A(J) defined in (3.1), we set
(3.29) Ey(v, P® Q;9,A(3)) = E(v, P ® Q;¢, A(pT)) — Np - E(v, P ® Q;1, A(7))

and again we regard Ey(-, P ® Q;¢,A(J)) as a closed differential (N — 1)-form on X valued in
¢ (V), equivariant under I'g(p, A(J))(= I'(A(pT)) NT(A(T))).

3.3. Behaviour on Siegel sets. Fix two coprime ideals p and J of & with p of prime norm. Recall
that proper rational parabolics of G, = SLy (k) are in bijection with proper flags

(3.30) We:0CWo G- CW, kYN, r>0.
Before stating our next result we recall the definition of Siegel sets. For a strictly increasing

sequence J = {j; < --- < j,} of integers in {1,...,N — 1}, let W}, = (e1,...,¢ej,) and Py be the
standard parabolic of SLy (k) stabilizing the flag

Wy:0CW;, €---CW;, CV.

r

We can write Py = NM A, where (setting j,11 = N — j,

(3.31)
( 1j1 *
0 1;
N =Ny = o
0 0 " *
0 0 0 1jr+1
A O 0
0 A
M= Mjz= Ay € Gij ((C), |det(Ak)| =1
0 0 0
0 0 0 A
tl, 0 e 0
0 tolj, .- 0
A=A3= a(tl,.--,tr-i-l) = tr > 0, deta(tl,...,tr+1):1
0 0 . 0
0 0 0 tr+11jr+1

An element g € G can be written as
g=nmak, n€N, meM, a€ A, ke SUN).

In this decomposition n and a are uniquely determined by g and m and k are determined up to an
element of M NSU(N).
For t € R+q, let
Ay ={alt1,...,tr41) € A | tg/tiy1 >t for all k}.
The Siegel set determined by ¢t > 0 and a relatively compact set w C NM is
S(t,w) :==wA - SU(N) C SLy(C);
19



we refer to its image in X also as a Siegel set.
More generally, suppose that W, is a proper flag of k™. A Siegel set for the cusp defined by W,
is a set of the form

S(g,t,w) := g twA;g - SU(N)
where g € SLy(k) is such that g~'W, is a standard flag (i.e. of the form Wj for some J).
We say that W, defines a good cusp if ve; € Wy for some v € T'o(p, A(T)).

Proposition 3.4. Suppose that We defines a good cusp. If v € kN satisfies (v+A(PI)NW, =10,
then Ey(v, P ® Q;v,A(3J)) is rapidly decreasing on every Siegel set for the cusp defined by Wi.

For the proof it will be convenient to work with adeles. Given a finite Schwartz function ¢ €
y(Vk(Af)) and t > 0, let

(3.32) 00, t, PR Q;dr @) = > ¢r(NY(t(v+A), PR Q)
AekN

and

E(v, P®Qi¢r ®¢,s) = /OOO 0(v,t,P 2 Q;¢s @ w)tS+N+p—q%

=Y bW+ A PRQ,s).

AekN

(3.33)

Using Poisson summation as in Section 3.2, for Y € AN "1p we may write
= C Vol(CV/A@) T ST 4N N gt g A Y g7 (P @ Q)

AEVY
and
(3.35) E(v,0.Y,P®Q;¢5 @, 5)
_Z¢f / Y(tg™ 1U+)\)Yg (P@Q))tS+N+P qcit
vEVE
+OVEY AN TGN [T uttg T (PR,
1

AEV

showing that E(v, P ® Q; ¢f ®1, s) admits analytic continuation to s € C that is regular at s = 0.
Note that we can write

(3.36) Ey(v, P® Q;9,A(3)) = E(v, P ® Q; ¢7(p,T) @ ¢, 5)|s=0

where ¢¢(p,J) € (Vi,(Ay)) is given by

0, it A ¢ A(pJ) @0 0,
(3.37) dr(\;p,J) = 1, if A€ A(pJ) @y € and Ay ¢ J_l ®e O
1—=N(p), fAXeADpI)®e Oand \ €T ' 04 0.

Proof of Proposition 3.4. Fix Y € AN~1p. polynomials P and Q and a vector v € k¥ and define
o5 € S (Vi(Af)) by ¢r(X) = ¢dp(A—v;p,7T). For g = (g9¢, goo) € SLN(Af) and ¢ > 0, define

)= ¢rlgr " Ne(tgx' \Y; P Q)
AekN
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and

o0 dt
Blo.s) = [ 6o t>t5+N+P—q7

= > orlg; Mnltg N\ Y PR Q, ).

AekN

It suffices to show that E((gf = 1,9c),s) is rapidly decreasing on every Siegel set of W,; since
E(g,s) is an automorphic form, we can check this by showing that the constant term

E(Qas)N:/ E(ngvs)dn
N(Q)\N(4A)

vanishes (here N denotes the unipotent radical of the parabolic P corresponding to W,). By
transitivity of constant terms, we may assume that P is maximal, i.e. that the flag W, consists of
just one proper subspace Wy of k™. Note that under our assumptions on v we have qb~ #(A) =0 for
X\ € Wy. For A € kY — Wy, the orbit of A under N(Q) is A\ + Wy (with trivial stabilizer). It follows
that we can write

. dt
Blloy = Lom)on = [ > ditoy W [T uttadndnyip @t ) dn
N(Q)\N(4) t

AekN —
= D > bp(('np)  Nn(tged (n'nse) A Y PR Q,s) | dn
)\Ek:N/W ( )\N(A) ’EN(Q)
- Z / dnf/ Ntgnod N, Y; P @ Q, s)dneo.
AekN /Wy N(R)
A0

Let v € T'o(p, A(J)) such that [ := (ye;) € Wy. Since the Schwartz function ¢,(J) satisfies
(3.38) / ¢p(w + zer; T)dr =0, w € Vi(ky),
kp

using that ¢,(J) is invariant under I'g(p, A(J)), we compute

/ br(n7 N dny = / b\ 4 w)dw
N(Af) Wo(Ay)

/ gzﬁf(—v+)\+w/+a:’yel)da:dw’
Wo(Ar)/U(Ay)

0,

showing that indeed the constant term is zero. O

3.4. Tits compactification and modular symbols. First recall that the Tits building Ag(G)
is a simplicial set whose non-degenerate simplices are in bijection with (proper) rational parabolic
subgroups P of G, or equivalently with proper k-rational flags

We:0CWoC---CW,CkYN, r>o0.
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The stabilizer P(W,) of this flag is a rational parabolic of G that defines an r-simplex in Ag(G).
Its i-th face is the simplex corresponding to the flag obtained from W, by deleting W; (degenerate
simplices correspond to proper flags where we allow W; = W, for any i).

For a parabolic subgroup P, denote by Np its unipotent radical and write Lp = P/Np for its
Levi quotient, Sp for the maximal Q-split torus in the center of Lp and Ap = Sp(R)° for the
identity component of the real points of Sp. Writing X (Lp)g for the group of rational characters
of Lp, we define Mp = N, X(Lp)g ker o?. Then we have the direct product decomposition

Lp(R) = Mp(R)Ap.

The simplex in Ag(G) corresponding to P admits a natural geometric realization. To define it,
let ap and np be the Lie algebras of Ap and Np respectively, and let ®* (P, Ap) be the set of roots
for the adjoint action of ap on np. These roots define a positive chamber

ap={H€cap |a(H)>0, acd® (P Ap)}.
Writing (-, -) for the Killing form on g, we define an open simplex
ap(oc) ={H €as | (H,H) =1} Ca}

and a closed simplex

ah(c0) = {H cap | a(H) >0, (H,H) =1, acd(P,Ap)}

in ap. Note that for P maximal the Lie algebra ap is one-dimensional and so a;ﬁ(oo) is just a point.

Moreover, if Q is another rational parabolic, then aa(oo) is a face of g(oo) if and only if P C Q.

It follows that g(oo) gives a geometric realization of the simplex in Ag(G) corresponding to P,
and so the Tits building Ag(G) admits the geometric realization

(3.39) Ag(G) ~ [T ap(c0)/ ~,
P

where the union runs over all proper rational parabolics P of G and ~ is the equivalence relation
induced by the identification of aa(oo) with a face of aj(c0) whenever P C Q. As a set we may

write
Ag(G) = [T ap(o0)
P
as a disjoint union of open simplexes ag (o).

3.4.1. Tits compactification. Here we follow [23] and [6, §III.12]. The Tits compactification @YT
has boundary Ag(G): as a set we have

QYT =XU Ha;;(oo)
P

The topology on QYT can be described in terms of convergent sequences (for a full description
see [6]). Note that we have fixed xyp € X corresponding to the maximal compact subgroup K =
SU(N) € G = G(R) and hence a unique Cartan involution 6 of G that fixes K and extends to
G (namely, 6(g) = 'g~!). There is a unique section iy : Lp — P of the quotient map P —
Lp with image invariant under . We write P = P(R), Np = Np(R), Ap(z9) = io(Ap) and
Mp(zg) = io(Mp(R)) and obtain the Langlands decomposition (explicitly given by (3.31) for
standard parabolics)

P = NPAP(xo)MP(xo).
Writing Xp = Mp (z¢)/(K N Mp(xq)), this induces a diffeomorphism
(3.40) Np x Ap(x0) X Xp = X, (n,a,mK) — namkK.
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The topology on QYT is characterized by the following properties:

(1) The subspace topology on the boundary Ag(G) is the quotient topology given by (3.39).

(2) Let x € X. A sequence x,, € @YT, n > 1, converges to x if and only if z,, € X for n > 0
and x,, converges to z in the usual topology of X.

(3) Let Ho € aj(c0) and let (z;);>1 be a sequence in X. Write z; = nj exp(H;)m; for unique
nj € Np, Hj € ap and m; € Xp according to the horospherical decomposition (3.40). Then
xj — Hy if and only if z; is unbounded and

(i) H;/||Hj|| = He in ap,
(il) d(nymjzo,x0)/||H;|l — 0,
where d denotes the Riemannian distance on X.
With this topology, QYT is a Hausdorff space on which G(Q) acts continuously.
Given points z € X and 2’ € @YT, we denote by [z, 2] the unique oriented geodesic segment
starting at x and ending at z’. More explicitly, if 2’ € X, we define [x,2'] to be the image of

(3.41) s(z,2') 1 [0,1] — QYT; t— s(t;x,a’),
the constant speed parametrization by the unit interval of the unique oriented geodesic segment
with s(0;z,2") = 2 and s(1;x,2') = 2’. If 2’ belongs to the boundary of @YT, then there exists a

unique parabolic subgroup P such that 2’ corresponds to Hy, € a;(oo). In the coordinates given
by (3.40), we have x = nexp(H)m, and we define [z, 2] to be the image of

nexp(H + mﬂm)m, ift <1,

(3.42) s(z,2))  [0,1] = X 5 (t,5) = s(t;z, 7))
x, ift=1.

Given subsets S C X and S’ C QYT, the cone C(5,5") (also known as the join S *S’) is the subset
of QYT defined as
c(s,9) = | [= 2.

€S
z'eS’

If S = {z}, we say that C(S,S’) is the cone on S’ with vertex z. When S’ is given by a simplicial
map A, — Ag(G) into the Tits boundary, the cone on S’ with vertex z is naturally the image of
an (r + 1)-simplex |A,q 41| — QYT (oriented so that the boundary orientation agrees with that of
S"). More generally, if S is given by a simplicial map |Ag| — X and S’ is given by a simplicial map
A, — Ag(G), then the cone C(S,S’) is the image of a map

(3.43) 1Al % [A,] x [0,1] 5g X
that factors trough the join

T
(344) |Ak+7-+1‘ ~ ‘Ak * AT| —)Q X .
3.4.2. Modular symbols. For k > 0, let A} be the first barycentric subdivision of the standard k-
simplex. Its vertices are in bijection with the non-empty subsets of {0,...,k}, and a set of vertices
{vo,...,v} forms an r-simplex if and only if they are linearly ordered, i.e. v9 C -+ C v,. Denote

this simplex by Ay,,... v,
For a collection v = (v0,...,7—1) of k < N elements of I'g(p, A(J)), let us define a continuous
map
A(y) : Ay — QYT.
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Assume first that (yoe1,...,vk—1€1) # kY. For each chain vy C --- C v, defining an r-simplex in
Ag_1, the flag

(3.45) 0C (yier | i €vo) C (vier | i €v1) C-+- C (yier | i €vp) CKY

is a proper flag of length r. We define A(7)(Ay,,....,) to be the corresponding (possibly degenerate)
r-simplex in Ag(G); we give this simplex the orientation induced by A(y) by the standard orien-
tation on A} _;. This assignment preserves faces and degeneracies and so defines a simplicial map

A7)
Next assume that £ = N and the vectors vpey, ..., yn_1€1 are linearly independent. Define

(3.46) A(y) = (veal -~ [yv-1e1) € Mn(€) N GLy (k)

to be the matrix formed by the first columns of 7, ...,yn—1. Fix an N-th root (det A(l))*l/N of
det A(y) ™" and let a(y) = (det A(l))_l/NA(l); the matrix a(7) has determinant one and defines a
point

(3.47) zo(y) = a(y)K € X

(independent of the choice of N-th root above). Suppose that vg C -+ C v, is a chain defining a
non-degenerate r-simplex in Ay_y. If v, # {0,..., N — 1}, then we define A(y)(Ay,....,) to be the
r-simplex of Ag(G) corresponding to the flag (3.45). If v, = {0,..., N — 1}, then we define

(3.48) A(7)(Ay,,...n,) = cone on A(Y)(Ay,,....v,_,) With vertex zo(y).

These assignments are compatible with face maps and therefore give rise to a well-defined continuous
map A(y) : Aly_; — @YT. By induction on k one shows that

(3.49) A0, Y Y1) =Y A(0, - - VE-1), for 4" € To(p, A(T)).
Note that when the vectors v;e; are linearly dependent, the image of the map A(y) is contained

in the boundary of @YT. When they are linearly independent, the intersection
(3.50) A®(y) == X NIm(A(y))

of the image of A(y) with the interior X of @YT is a submanifold of dimension N — 1, namely
(3.51) A°(y) = {a(y)diag(ts,...,.ty)K | t; e Ryo} C G/K = X.

(To see this, we may assume that v;e; = e;, so that a(y) is the identity matrix 1x. Consider first

in Al with v, = {1,...,|og|}. If [o,] < N, then the r-simplex
».) in the Tits compactification of X corresponds to the standard proper flag

0C (ei |i<l|vol]) &S (ei|i<|or]) # Vi,

=

a non-degenerate simplex Ay, 4

A(LN) (A,

and the subgroup Ap of the corresponding parabolic P is
10+ Ljyy)
Ap = alto, ... trg1) i= f Honl=foo . ti >0, deta(to,... typ) =1
b1l o, |
If |u,| = N, then the cone of A(1n)(Ay,,...0, ;) With vertex zg is
{a(to, ... trs1)K | alto,... . ty41) € Ap,tg > -+ > tr1 1.

The statement follows since any r-simplex A(1x)(Ay,,..0,.) can be obtained as a translate of a
simplex corresponding to a standard flag as above by a Weyl group element.)
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The coordinates a(y)diag(ty, ..., tn)K — t identify A°(y) with the manifold C' defined in (2.29).

This isomorphism is orientation preserving.? For convenience we define A°(y) = () if A(y) is not
invertible. B B

Note that (3.51) implies that A°(y) admits a finite cover by Siegel sets; one may take this cover
to consist of one Siegel set for every parabolic P stabilizing a flag consisting of subspaces of the
form (ve; | i€ 1) for I C {0,...,N —1}.

3.5. Evaluation on modular symbols and the cocycle property. We can now relate the
Eisenstein series Ep(v, P ® Q;v, A(J)) and the Eisenstein cocycle.

Proposition 3.5. Assume that v does not lie in any A(pJ)-translate of a proper subspace of V' of
the form (yiey | i € I) for I C{0,...,N —1}. Then ®y(-,~,A(J)) is defined at v and
W AP = [ BT AD)
°y

Proof. Consider the matrix A(y) = (yoe1]...|yv-1e1). If A(y) is not invertible, then both sides
are zero by definition. Now assume that A(y) is invertible and take A( 7 'P and A(y)~ A(7)71Q to be
monomial, say A(y)"'P(z) = =20 z}v and A( -1Q(z) = 27 = 79t - 237N, it suffices to
show that with this choice of P and Q we have
/ E(v, P ® Q;¢"%, A(3)) = D" (v, A(7), A(3)).
°(v) B

We compute
| BwPeGe@a@.s)
A°(y)

= Z/ v+ P®Q,s)
°(v)

Aen(d) /A
— a(y)* "l (v+ N\, P®Q,s)
AGZAEJ) /T/TmK o
= P a(y) " (v +X),a(1) " (P®Q),s)
/\e;w) /T/TmK - o
= |det A(y)[ /N det A(y) 7" Y / Ay v+ A), A(y) (P ®Q),s),
T/TNK

AEA(T)

where the last equality follows from the homogeneity property (2.21). The desired identity follows
by analytic continuation from Lemma 2.5. U

We can now use Proposition 3.5 to prove that ®"?(A(J)) is indeed an (N — 1)-cocycle, i.e. that
it satisfies property (3.12).

Given N + 1 elements 7o, ...,yn € To(p, A(J)), write S; for A(yei,...,7j€1,-..,vnver) and fix
x € X such that

0<j<N
2Recall that we have defined the orientation of A° (7) to be induced by the boundary and that the orientation on

C is fixed in §2.6.
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For each j with 0 < j5 < N, we next define an N-simplex C; : Ay — QYT. Assume first that
YO€1s -3 Vi€1, -+, YNEL EN. Then S; is an (oriented) (N — 1)-simplex in the boundary of
j j
QYT, and we denote by (—1)7 S; the same simplex with opposite orientation if j is odd. Note that
Z(fl)ij is a cycle, i.e. Z(fl)jﬁSj = 0. We define C; to be the cone on (—1)7S; with vertex x
J
(cf. §3.4.1); its boundary is 9C; = (—1)S; — (=1)’C(z,3S;).

Now assume that {ypei,...,7;€1,--.,7nve1) = k. Then the intersection S7 of S; with X is
non-empty, and in (3.47) we have defined a barycenter x; := zo(Yoe€1, ..., V€1, ..., YN€E1) € S5 such

that S; is the cone on 05; with vertex x;. We define C; to be the cone C([z,x;],0S;), where
[z, ;] denotes the oriented geodesic segment from x to x;. More explicitly, let s : [0,1] — [z, ;]
be the constant speed parametrization of the geodesic segment joining s(0) = « to s(1) = x;. For
each simplex A(ypei,...,7j€1,...,7ne1)(Ay,...v,) contained in 9S;, let P be the corresponding
parabolic; writing s(t) = n(t) exp(Hy)m(t) we obtain a map
(3.52) [0,1] X afy = X, (t, H') — n(t) exp(H; + H' )m(t),
whose closure is C([z, z;], A(Yoe1, ..., 7j€1, .-, YNe1)(Ay,...v, ). Since 9S; has empty boundary,
the boundary of Cj is the union of S; (= the cone on S7 with vertex x;) and the cone C(z,d5;);
we orient C; so that the induced orientation on S; is that given by (3.48), so that C; = (—1)’S; —
(—=1)7C(z,0S;).

It follows that the sum A(yo,...,vn) Z C; has boundary Z JS The cocycle property

(3.12) follows immediately from Stokes’ theorem and the followmg lemma.

Lemma 3.6. Assume that v does not lie in any A(pJ)-translate of a proper subspace of V' of the
form (vie1 | i € I) for I C{0,...,N}. Then the Eisenstein series Ey(v, P@Q;¢P?, A(J)) is rapidly
decreasing on A(Yo, ..., YN)-

Proof. By Proposition 3.4, it suffices to show that each C) can be covered by finitely many Siegel
sets of good cusps, which is obvious from the explicit description (3.52). O

4. EISENSTEIN COCYCLE AND CRITICAL VALUES OF HECKE L-SERIES

4.1. Units of extensions of k. Let L be a field extension of k of degree N > 2. We denote its
ring of integers by &, and write o1,...,o0xN for the complex embeddings of L in C extending o. We
obtain an embedding
o € Homgy(L,CN), a(l) = (o1(1),...,on(1)).

Let n : L* — k> be the norm map and L' be the kernel of n. We fix ideals a, 9 and f of &}, that are
pairwise coprime and such that p := n(%) is prime. We let U(f) = 6 N(1+f) and U(f)! = U()nL*.
We denote by U (f)L,. the torsion subgroup of U(f)! and fix units u1, ..., uy_1 € U(f) that generate
a subgroup U(f) = (uy,...,un_1) of U(f)! that is free abelian of rank N — 1 and maps bijectively
to U(H)'/U ()i, via the quotient map.

Lemma 4.1. Let J be a fractional ideal of O coprime to p and isomorphic to (dety(fa™1))™L. There
exists a k-isomorphism o : L = kY making the diagram

fat A(T)
[ e
fagp) ™ A(pJ)

commute.
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Proof. Fix an isomorphism @& : fa~! = A(J). Then the O-lattices A; = A(pJ) and Ay = a(f(ap) ™)
contain A(J) and A;/A(J) ~ & /p for i = 1,2. For each finite place v of k and i = 1,2 we obtain an
O,-lattice A, = A®gp O, in k:,f,v, and we have Ay, = Ao, for all v # p. Pick g, € SLy(A(T),) such
that gyAap = Ay and let

Then U, is an open compact subgroup of SLy (ky) and U = g,U, x H SLn(A(J),) is an open subset

op
of SLn(Ay,f). Since SLy (k) is dense in SLy (A, ), we may find g € SLy (k) NU. Then g stabilizes
A(J) and gAy = Ay (since gAg,, = Ay, for every finite place v), and so o := go& makes the diagram
in the statement commute.

O

From now on we fix an isomorphism « as in the above lemma. These choices define:

e a vector
(4.1 w0 =a(l) € KY;
e a k-basis a; = a"*(e;) (j =1,...,N) of L and a matrix
ao = (05(az)) " det(o3(ay)/N € SLy(C)

(here det(ai(aj))l/N denotes a fixed N-th root of det(o;(c;)));
e an inclusion

(4.2) to : L — GLy (k)

sending [ € L™ to the map z — a(la ' (x)), that can be described using a,:
(4.3) ta(l) = aadiag(a(l))az".

Define

I':=To(p, A(T)) N1 (v, A(T)).

Since multiplication by u € U(f)! induces an @-linear automorphism of fa~! and f(a$3)
of determinant 1 that preserves 1+ fa™!, the restriction of ¢, to U(f)! defines an inclusion

(4.4) o Uf) —T.

o Write (L ®j o C)! for the elements of (L Qo C)™ of norm 1 and (L @ » C)! for the maximal
compact subgroup of (L ®, C)'. The map u + t4(w)an(= andiag(c(u))) induces an
embedding

(4.5) ta: (L ®ke O/ (L @k C)r — X

-1

and hence a basepoint x, = a,SU(N) € X and a map
(4.6) ta 2 X () == U\ @0 C)/(L o C)p — T\X.

By Kronecker’s theorem (“algebraic integers all of whose conjugates are of norm one are roots
of unity”), the kernel of the action of U(f)' on (L @, C)'/(L @k, C): equals the torsion
subgroup U(f){, of U(f)!, and the action of U(f)" = (u1,...,uny_1) =~ UF)'/U(f)ios on
(L®1.oC)'/(L®},, C)L is free. We fix the orientation on (L ®y, C)' /(L ®4 , C): associated

to the canonical orientation of CV and write

[X ()] € Hv—1(X(f), Z) = Hy 1 ((ua, - -, un—1), Z)
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for the fundamental class of the (compact, oriented) (N — 1)-manifold X (f). We write

cor : Hy((uy,...,un-1),Q) — H,(U(f)', Q) and res : H,(Uf)', Q) — H,((u1, .. Sun-1),Q)
for the corestriction and restriction maps respectively and set

Zi = [U(f) : U] eor[X ()] € Hv—1(U (), Q).

90
' don
the dual basis of (L®y ,C)"" ~ L&y, ,C. Writing ac = a®1 for the extension of a : L — kN
to an isomorphism L ®j , C — V, we define polynomials

N 9 N
(4.7) fo=ac <601> e (f%N) & Sy

Qo =7no oz(al € SymNVV.

e The embeddings o1,...,0n : L — C give a basis for (L ® » C)Y; we denote by %, e

Note that these polynomials satisfy
(4.8) a5 Py = det(oi(a;) M1 en), o' Qo = det(ei(ay)) - F 2N,
For non-negative integers p, q, we define
PP =pl=N. PP o Q" € (VPNaN)V,
Then P27 is invariant under ¢, (U(f)'). We define

2P = Z @ PR e Hy 1 (U(§), (VPMN)Y).

Let res(Fy(vo; wPV N A(3))) € AN "YU H)', VPVY) be the cohomology class defined by the
restriction of the closed form Ej(vg; %/P™4 A(3)) and define
(Ep(vo; PN A(3)), Zf’q> = res(Ey (vo; vPV 4N A(T)) N Zf’q
(4.9)

— U UG /X B0, PR AD).
s=0

4.2. Partial zeta functions. Given integers p,q > 0, define the partial zeta function

——q
P.q _ ! n(z)
(4.10) G “(a,s) = E D@ @) Re(s) > 0.
z€U(f)\14+fa~1

(Since wu = 1 for every u € 0%, this is well-defined provided that p + ¢ + 1 is divisible by the
order of the subgroup n(U(f)) of ¢, which we assume.) Define also the “PB-smoothed’ partial zeta
function

(4.11) CPi(a,s) = N> CP9(a, ) — NR (P (a, 5).
These partial zeta functions admit meromorphic continuation to s € C that is regular at s = 0.

Proposition 4.2.

(By(vo; 6?9 A(3)), ZP9) = det(4(a;)) i (a, 0).
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Proof. For s in the range of convergence of the Eisenstein series, we compute

(4.12) /X(f) vh B (vo, PR PN N (), s)

* N,qN . X
el Yo NN (v, s PRY)
UEUO+A(3)

el YD NN (a(x), s PRY)
z€l+fa~t

e > > VN (a(ur), s PR

zeU ()’ \1+fa~t ueU(f)’

/('J(f)/\(L@)k,o'C)l/(L®k,o'(c)}:

/U(f)/\(L®k,oC)1/(L®k,a(c)(1:

/U(f)/\(L®k,aC)1/(L®k,a(c)(1:

- uinPNN (a(2), s; PPY).
weUf)\1ja-1 7 @k eC/ (L&k,oC)e

Writing T for the torus of diagonal matrices in G, note that the image of ¢, is identified with the
translate aq (T/TNK) C X. Since (a;'v); = det(o;(a;)) "N oy(a(v)), using (4.8) and Lemma 2.5
and writing A = det(o;(a;)) "N we compute

/ NN (o), 55 P)
(L®k,ac)1/(L®k,JC)
= [ (agate). s (P)
T/TNK
N [ N A (e), 5 A (e e 0 B )
T/TNK
= p!NApNAqN/ PNIN (Ao (z), s;(e1---en)P @71 289)
T/TNK
~ (Ao (x))?
= APNAT NP (14 )Y B
G 1+ H L T2 (@) /N (Aery ()71
q
— |A[TSAN N 1 n(z)?
= IAAT T Gy L )
and the statement follows. O

4.3. Moving cycles to the Tits boundary. We now give a fundamental domain & for the action
of (ui,...,uny—1) on X and a decomposition of Z into (N — 1)-simplices indexed by the symmetric

group Sy_1.

4.3.1. Simplices. Let us first define the relevant simplices. For £ > 0, z € X and v = (y0,...,%) €
To(p, A(3))F, we define a continuous map

A(l,x) AR > X

inductively on k as follows:

- For k = 0 we have A, = {} and we set A(79,z)(x) = Yo
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- Assume that £ > 1 and that we have defined A(Vo, .. yYk—1,x) for every collection of ele-
ments Yo, . .., Ye—1 € Lo(p, A(3))*. We define A(7, . .., vk, ) to be the cone on A(vg, . .., Ve_1, =)
with vertex y,x (we orient this cone by declaring that its vertices vz, ...,z are in in-
creasing order).

By induction on k one shows that

(4.13) Ay, Y M—1,2) =¥ A(0, - ., Vo1, Z), for 4" € To(p, A(T)).
4.3.2. Pundamental domain. Consider now the fundamental domain Z for the action of (u1,...,un_1)
defined as follows: for t € [0, 1]V 71, let
o(u)(t) = (o1(u)™ o1 (un 1), on(un) oy (uy 1)) € (CONT!
and let

2 ={aqo(w) K | te 0,1V 1} c X.

There is a standard decomposition of [0, 1]V =1 into (N — 1)-simplices:

0,1]V 1 = U {t1, s tn-1 €10,1) [ Loy < - <tov—1)}-
ceESN_1

This induces a corresponding simplicial decomposition of Z: writing U; = tq(u;) € I'o(p, A(J)) and

(4.14) Uy = (1, U1y Us1)Us(2)s - - s Us1) - - Us(n—1));
we have
(4.15) 7= sgn(0)A(u,,zq).

ceESN_1

4.3.3. Deforming A(l,x). Let k> 0,z € X and v € T'g(p, A(3))**! with k < N. In this paragraph
we define a homotopy between the simplices A(l, x) and A(7y)

; that is, a map

H(y,z) : |Ag| x [0,1] — QYT
such that
H —A
(4.16) (3 @) anl g0y = A3, 7)
H(y,z)||ayx 1y = A()

Since the cones in X depend on the order of the vertices we try to define this homotopy with a bit
of care.

Moreover, we will show that H can be covered by a finite number of Siegel sets attached to good
cusps (recall that we say that a cusp corresponding to a rational flag W, is good if we can find
v € To(p, A(T)) such that ve; € Wp) and has the equivariance property

(417) H("}//’}/(),...,")/’}’k,l') :’.YIH(FYOV'WPYIWJ;)? for 7/ € FO(va(j))

To define H we use a decomposition of [Ag| x [0,1] defined inductively as follows. For k = 0
we take the decomposition of {x} x [0,1] ~ [0, 1] with O-simplices {0} and {1} and the 1-simplex
(0,1). The decomposition of |Ag| x [0,1] is defined inductively on k by joining every simplex of
(Ag—1 x {0}) U (0Ag x [0,1]) with the barycenter of A x {1}, as in the following figure.
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(yae1)

(y1e1, y2e1)

(yoer. yae1)

(yoer) (y1e1)

(yoer, y1er)

Yox ”x

More precisely, we define, inductively on k, a subset Sy of Ay x A} satisfying

(4.18) [Apx [0,1][= [ | Cs| x {0},]s'| x {1}),

(S»SI)ESk
(here the symbol |_| denotes an almost disjoint union: the cones indexed by different pairs in Sy,
have disjoint interiors). We define Sy, as follows:

- For k =0 we have Ay = {x} and we set Sy = Ay X Ay.

- Let £ > 0 and assume that Si_; has been defined. Let zy be the barycenter of Ay. To
describe which pairs (s, s’) belong to Sk, recall that every simplex s’ € A} either i) is the
O-simplex {xo}, or ii) lies on a face of Ay, or iii) is the cone C({x¢}, s”) with vertex zg for
a unique simplex s” of A} contained in the boundary Aj. In case i) we declare that for
every s € Ay, we have (s,{xo}) € S. In case ii), the vertex s’ lies on a face Ap_1 C OA.
We declare that (s,s’) € Sy if and only if s belongs to the same face of dAy as s’ and
(s,8") € Sk_1. In case iii), we declare that (s,s’) € S with s = C({zo}, s”) if and only
if s and s” belong to the same face of Ay and (s,s”) € Sg_1. Property (4.18) follows by
induction on k.

With this decomposition of |Aj x [0,1]| in hand, we can now define H by induction on k. For
k = 0 we recall the definition of s(x,z') : [0,1] — QYT (see (3.41) and (3.42)). Writing (ypey) for
the point of the boundary of QYT corresponding to the flag given by the line (ype;), we set

H(y0,z) = s(y0, (y0€1))-
Note that the image of H (v, ) is the cone C({voz}, {(70e1)})-

Next assume that & > 1 and that we have defined H(~o,...,vx_1, ) for every collection of
elements 4o, ...,v-1 € Lo(p,A(3))*. Let 7= (0,--s ) € To(p, A(3))**1. Assume first that
(Yo€1, ... ,yre1) # kY. Then A(y) corresponds to a simplex in Ag(G). We define H(vy, ) using
the decomposition (4.18) by taking the restriction of H(v,z) to C(|s| x {0},]s'| x {1}) to be the
simplicial map (3.44) whose image is the cone C'(A(y,z)(s), A(y)(s)).

Now assume that (yper,...,vre1) = kY (and hence that k 4+ 1 = N). Given (s,5') € Sy_1, we
define the restriction of H(v,z) to C(|s| x {0},]s'| x {1}) to be the simplicial map (3.44) whose
image is the cone defined as follows:

- If s is the barycenter zo of Ay_1, take the cone to be C(A(7y,z)(s), {zo(y)}) (recall that
zo(7) € X denotes the barycenter of the modular symbol A(¥)); B
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- If s’ belongs to the boundary OAy_1, then s and s’ belong to the same face of 9Ax_1, and
the restriction of H(v,z) to C(|s| x {0}, |s'| x {1}) has already been defined to be the map
whose image is the cone C’(A( v, )(s), A(’y)(s'));

- In the remaining case we have s’ = C'({x¢}, s”) for a unique simplex s” € Ay _1. In this case
we form the cone C" := C(A(l)( ), {zo(7)}) € X and take the cone to be C(C", A(y)(s")).

By induction on k one shows that H(v,z) is well-defined and continuous® and satisfies (4.16)
and (4.17). Note that the image of H(v,z) is given by a finite union of cones of the form C(S, S"),

where S is a compact subset of X and S’ is a simplex in the boundary of @YT corresponding to a
good cusp; it follows that the image of H (v, ) can be covered by finitely many Siegel sets attached
to these cusps.

4.4. Smoothing and evaluation. We can use the above results to express values of partial zeta
functions as polynomials in Kronecker—Eisenstein series, by using the fact that the Eisenstein series
Ey(vo; ¢, A(T)) is closed and moving the simplices in (4.15) to the Tits boundary. In order to
guarantee that the Eisenstein series is rapidly decreasing, we will use the following Lemma due to
Colmez—Schneps [12, Lemma 5].

Lemma 4.3. Let {gbl}lej be a finite collection of non-zero k-linear forms on L. Let ‘ﬁ be a prime
ideal of 01, and let p = PN O. Assume that the residue field ﬁL/‘B has degree one over O/p and
denote by vs the valuation defined by p. There exists a constant C' = C(I) such that if NP > C and
l € L satisfies vi;(l) < 0 and vy (1) > 0 for every other prime divisor B of pOL, then ¢;(1) # 0 for
every v € 1.

In particular, if Niﬁ > C, a is a fractional ideal of L coprime to pOy, andl € a‘i’.{l —a, then the
forms ¢; are all non-vanishing on the coset [ + a.

Proof. We can write ¢;(1) = trp(l;l) for unique I; € L*. Take C so that NP > C implies that
]5 = P N O is unramified in L and for every prime divisor ' of p&;, we have vy (l;) = 0 for all
. For i € I and [ as in the statement, we have vg(lil) < 0 and vg(lil) > 0 for every other prime

d1v1sor B’ of pOy. This implies ([32, I §3, Cor. 2]) that trz,/;(lil) is not a p-integer, and hence is
not zero. g

For a prime ideal ‘j3 of 07, coprime to f, a and B, define the (P, ‘J})—smoothed’ zeta function
D,q N s N Yt—S ~P:q )
Cf‘p ‘13( s) = ‘13 (0‘13, s) — NP f;p(aa s)
The following theorem implies Theorem 1.2 of the introduction.

Theorem 4.4. There exists a constant C' such that if P is a prime ideal of O, such that the residue
field O, /B has degree one over O/p and NB > C, then

det(i(0))C7 5(0,0) = [U(1) - UG 3 senlo) 3 ¥ (g + a(a), uy, AD)) (L),

7ESN -1 xem 'i/i
x#0

Proof. First let us define a collection {¢;}ics as in Lemma 4.3. Writing u, ; (0 < j < N) for the
components of the N-tuple u, in (4.14), we consider the finite set {W;};cs of all proper subspaces
W; of Vi of the form (u,je1 | j € J), for all 0 € Sy_; and all J C {0,...,N — 1}. For each
subspace W; we choose a non-zero linear form ¢; on L such that W; C ker(¢; o ofl). Let C(I) be
the constant provided by Lemma 4.3.

3This latter statement can be deduced from the following general principle: let X and Y two topological spaces,
(F3)ier a finite cover of X by closed sets, and f; : F; — Y continuous maps. If f; and f; coincides on F; N F; for all
i, 7, then there exists a (unique) continuous map f : X — Y that is equal to f; on F; for each 3.
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Now take C' > C/(I) such that any prime ideal P with NP > C is coprime to a, § and 93; then
Lemma 4.3 and Proposition 3.4 show that, for any [ € $~'f — §, the Eisenstein series Ey(vo +
a(l), PPNAN . P4 A (7)) is rapidly decreasing on every Siegel set of every cusp corresponding to a
flag W, given by a chain of subpaces W; with ¢ € I; in particular, for such [ we have

/ Ey(vo + (1), P29 PNV A(T)) = 0.
OH (u,,ra)

Since
> By(uo+a(l), PL% NN, A(T))
1EP1i/f
1£0
is invariant under U(f)!, the equivariance property (4.17) shows that
0= sen(o) / S Bylvo + alh), PR NN, A(D)
ceESN_1 OH (g %a) lei?_lf/f
1£0
\ = X sa) [ Y Bt o), PR, A)
(4.19) o€SN-1 ") peqi-1)
x#0
=Y s [ Byl al), PpnereY A))
A

UESN_l (ycﬂxa) $€‘j3_1f/f
x#0

The proof of Proposition 4.2 shows that

U - U() > Bp(vo + a(l), PE PN A(3)) = det(0i(ay))¢y; (a,0)-
X () xe‘ﬁ 1f/f

We compute

D By(vo+a(l), PR4¢PNaN (D))
X

zeR~Li/f
#£0

= > selo) [ S By(on + all), PRGN A3)) (by (4.15))

ceSN_1 A(g(ﬂxﬂ) xegﬁflf/f
z#£0

= Z sgn(o / Z Ep(vo + a(l), PP9yPNAN A(7))  (by (4.19))

7ESN -1 7 weplyf
z#£0

= Y sen(o) Y @M N(vo+a(l),u,, AD))(PEY)  (by Prop. 3.5).

7ESN 1 z€P~ LY/
x#0

O
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