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Setup

The Bogomolny equation F∇ = ?D∇Φ relates

• the connection∇, with curvature F∇, of a vector bundle E over R3;

• an endomorphism Φ of E called the Higgs field

A BPS monopole is a solution to the Bogomolny equation with finite energy. This
equation is difficult to solve, so efforts to produce explicit BPS monopoles have fo-
cused on symmetric monopoles [4, 2].

BPS monopoles are equivalent to certain solutions of Nahm’s equations. Introduced
by Nahm in [3], Nahm’s equations are a system of ordinary differential equations of
three su(n)-valued functions on an interval of R. Such a triple T = (T1, T2, T3) satisfy
Nahm’s equations if

Ṫ1 = [T2, T3]; Ṫ2 = [T3, T1]; Ṫ3 = [T1, T2]. (1)

Though much simpler than the Bogomolny equation, Nahm’s equations are still dif-
ficult to solve; however, we can simplify them further if we search for symmetric
solutions.

The main result of our paper is a structure theorem for generating spherically sym-
metric solutions to Nahm’s equations [1]. We use this theorem to produce Ansätze
for families of spherically symmetric solutions to Nahm’s equations. We use these
Ansätze to produce two new explicit BPS monopoles with spherical symmetry.

Symmetric Solutions to Nahm’s Equations

In order to understand symmetric BPS monopoles, we must first study symmetric so-
lutions to Nahm’s equations. We define the following commuting actions.

Definition 1
Let T = (T1, T2, T3). For A ∈ SO(3) and U ∈ SU(n) define

ATi :=

3∑
j=1

AijTj; (2)

UTi := UTiU
−1. (3)

These actions preserve Nahm’s equations. The former corresponds to a pull-back on
the monopole via the same rotation and the latter produces the same monopole, up to
gauge.

Definition 2
Let A ∈ SO(3). If ∃UA ∈ SU(n) such that AT =U−1A

T , then T is A-equivariant.

We focus on the spherically symmetric case, where T is SO(3)-equivariant. Note that
we have not made any comment on the map A 7→ UA.

Theorem 1
If T is spherically symmetric and U : SO(3)→ SU(n) is twice continuously differ-
entiable at the identity, then ∃Y1, Y2, Y3 ∈ su(n) such that

[Yi, Tj] =

3∑
k=1

εijkTk, (4)

[[Yi, Yj], Tl] =

3∑
k=1

εijk[Yk, Tl]. (5)

Conversely, if these equations are satisfied, then T is spherically symmetric.

We consider triples of Y1, Y2, Y3 that satisfy the so(3) commutator relations:

[Yi, Yj] =

3∑
k=1

εijkYk. (6)

Consider the standard basis {X1, X2, X3} of so(3). The linear map ρ : so(3) → su(n)
that sends Xi 7→ Yi gives a representation (Cn, ρ) of so(3). Let (Vk, ρk) be the irre-
ducible, k-dimensional complex representation of so(3) and let

(V̂ , ρ̂) := (Cn, ρ)⊗ ((Cn)∗, ρ∗)⊗ (V3, ρ3). (7)

The values of T can be viewed as an element of V̂ and the action of so(3) on T is
ρ̂(X)(T ) := XT + [ρ(X), T ]. If T is spherically symmetric, then ρ̂(X)(T ) = 0, for
all X ∈ so(3). That is, T lies in the trivial component of (V̂ , ρ̂). Thus, T is spher-
ically symmetric exactly if T takes values in the direct sum of the one-dimensional
irreducible components of (V̂ , ρ̂).

Theorem 2: Structure Theorem
Consider (Cn, ρ) whose decomposition into irreducible summands is

(Cn, ρ) '
k⊕
a=1

(Vna, ρna). (8)

Let Yi,a := ρna(Xi). For t0 in the domain of T and i ∈ {1, 2, 3}, Ti(t0) can be written
in block form according to the above decomposition:

Ti(t0) =

(Ti)11 · · · (Ti)1k
... . . . ...

(Ti)k1 · · · (Ti)kk

 , (9)

with (Ti)ab = −(Ti)
∗
ba ∈ Vna ⊗ V ∗nb. Then, up to a ρ-invariant gauge,

1. there exists ca ∈ R such that (Ti)aa = caYi,a;

2. if a 6= b and |na − nb| 6= 2, then (Ti)ab = 0;

3. if na = nb + 2, then ∃cab ∈ C such that (Ti)ab = cabB
na
i .

Spherically Symmetric BPS Monopoles

We will use this theorem to construct spherically symmetric solutions to Nahm’s equa-
tions. Let n ∈ N and suppose that (C2n+2, ρ) ' (Vn+2, ρn+2) ⊕ (Vn, ρn). Then there

exists real, analytic functions f0, f1, g such that

Ti =

[
f1Y

n+2
i gBn

i

−g(Bn
i )∗ f0Y

n
i

]
. (10)

Nahm’s equations tell us that

ḟ0 = f 2
0 −

2(n + 2)

n(n + 1)
g2; (11)

ḟ1 = f 2
1 +

2

n + 1
g2; (12)

ġ =

(
n + 3

2
f1 −

n− 1

2
f0

)
g. (13)

Solving these equations and using Nahm transform, we have computed two new
spherically symmetric BPS monopoles in the cases n = 1 and n = 2 above.

In the case n = 1, we get a SU(4) monopole with asymptotic Φ given by

Φ(r) = i · diag(1, 1,−1,−1)− i

2r
· diag(2, 2,−2,−2) + O(r−2). (14)

In the case n = 2, we get a SU(5) monopole with asymptotic Φ given by

Φ(r) =
i

5
· diag(4, 4, 4,−6,−6)− i

2r
· diag(2, 2, 2,−3,−3) + O(r−2). (15)

Note that these are neither maximal nor minimal symmetry breaking. Figure 1 shows
the pointwise norm squared of Φ and the energy density of the monopole.

Figure 1: Norm squared of the Higgs field (solid) and energy density (dashed) of the spherically symmetric monopole in
the cases n = 1, 2 (top and bottom, respectively).
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