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We recently developed a tensorial constitutive model for dense, shear-thickening particle suspen-
sions that combines rate-independent microstructural evolution with a stress-dependent jamming
threshold. This gives a good qualitative account for reversing flows, although it quantitatively over-
estimates structural anisotropy [J. J. J. Gillissen et al., Phys. Rev. Lett. 123 (21), 214504 (2019)].
Here we use the model to predict the unjamming effect of superposed transverse oscillations on a
steady shear flow in the thickened regime [N. Y. C. Lin et al., Proc. Nat. Acad. Sci. USA 113, 10774
(2016)]. The model successfully reproduces the oscillation-mediated viscosity drop observed exper-
imentally. We compare the time-dependent components of the stress and microstructure tensors to
discrete-element simulations. Although the model correctly captures the main qualitative behaviour,
it generally over-predicts the microstructural anisotropy in steady shear, and it under-predicts the
number of particle contacts in oscillating shear. It also does not fully capture the correct variation
in phase angle between the transverse component of the microstructure and the shear rate oscilla-
tions, as the amplitude of the latter is increased. These discrepancies suggest avenues for future
improvements to the model.

I. INTRODUCTION

Dense suspensions of hard particles in a viscous sol-
vent are found in many application domains including
the construction industry, food production, and phar-
maceuticals. Such materials, which have solid volume
fraction φ & 0.4, often exhibit shear thickening, an in-
crease (continuous or discontinuous) in viscosity under
increasing shear rate γ̇. Understanding and controlling
this distinctive rheological behaviour is key to operating
efficient and reliable processes, and has been the subject
of much study during the past three decades.

Recent numerical [1, 2] and experimental [3–5] data
provide evidence that, in contrast to scenarios envisaged
in much of the prior literature [6], shear thickening in
non-Brownian, non-inertial suspensions is caused by the
onset of direct interparticle contacts that are frictional
in character. In addition to tangential contact friction
forces, shear thickening may also arise due to tangential
lubrication forces, that act between asperities on the op-
posing particle surfaces [7]. In both (the contact friction
and the lubrication) scenarios, shear thickening results
from constraints due to tangential forces. Although our
theoretical treatment of both scenarios would be simi-
lar, we follow the contact friction narrative in this work.
Experimental data [3] for the steady-state viscosity as a
function of shear rate are well described by the theory of
Wyart and Cates (WC) [8] in which the appearance of
such contacts under steady flow is governed by a compe-
tition between a short-ranged interparticle repulsion, of
maximum force F ∗, and the macroscopic particle pres-
sure Π = −TrΣ/3, with Σ the particle stress tensor. In
suspensions of strictly hard spheres, whether frictional or

not, dimensional analysis predicts rate-independent rhe-
ology, i.e., Σ ∝ γ̇ [9]. However, the presence of a charac-
teristic force scale F ∗ allows the physics to depend on a
dimensionless shear rate:

γ̇r =
γ̇ηs
Π∗

, (1)

with ηs the solvent viscosity, a the particle radius, and
Π∗ ∼ F ∗/a2 the so-called ‘onset stress’. At small flow
rates, where Π < Π∗, the typical interparticle force re-
mains less than F ∗, and particles remain separated by
lubrication films [10]. At large flow rates, where Π > Π∗,
lubrication films break down and particles enter into
solid-solid frictional contact. Friction restricts particle
sliding so that steady flow requires more tortuous parti-
cle trajectories, leading to an increase in the suspension
viscosity.

Based upon this principle, WC write, for a steady xy
shear flow, a relation between the nondimensionalized
suspension viscosity ηr = Σxy/(ηsγ̇), the volume fraction
φ and the dimensionless shear rate γ̇r. The relation is
based on the Krieger–Dougherty equation [11]:

ηr ∼ (1− φ/φJ)−2, (2)

where φJ is the volume fraction at jamming. WC intro-
duce rate-dependence by relating φJ to the onset of fric-
tion described above, noting that friction imposes addi-
tional constraints at particle contact, reducing the num-
ber of contacts per particle (or coordination number, Z)
required for jamming. Moreover they effectively assume
that the steady-state microstructure itself is friction-
independent, so that the stress dependence enters not
by changes in Z itself, but by changes in the jamming
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point ZJ , which for spheres in three dimensions can vary
between 4 (all contacts rolling) and 6 (all contacts slid-
ing). This assumption causes the steady-state Z value
to depend solely on volume fraction, so reducing ZJ is
equivalent to reducing φJ . Hence WC postulated:

φJ(f) = φJ1 (1−f)+φJ2 f , f(Π) = exp (−Π∗/Π) , (3)

where f(Π) is the fraction of contacts that are con-
strained by friction to roll rather than slide. (The partic-
ular form of f(Π) is relatively unimportant; the above
choice was made later, on empirical grounds, in Ref.
[12].) The limiting volume fractions at which friction-
less and fully frictional packings become rigid, φJ1 ≈ 0.64
and φJ2 ≈ 0.57 respectively (in 3D), are generally agreed
upon in the literature.

Although Eqs. (2, 3) have a featureless, monotonic de-
pendence of f on Π, they predict flow curves (shear stress
versus shear rate) that, depending on φ, imply continu-
ous and discontinuous shear thickening as well as ‘full
jamming’ (whereby the viscosity is infinite above a Π
threshold comparable in magnitude to Π∗). In particu-
lar, discontinuous shear thickening arises as a jump be-
tween the lower and upper branches of a flow curve that
is everywhere smooth, but S-shaped [8].

The WC theory agrees well with experiments and
particle-based simulations under steady and homoge-
neous conditions [3], at least for modest particle size
polydispersity [13]. Its predictions of non-monotonic flow
curves also signal the presence of steady shear-banding,
and other instabilities leading to spatiotemporal varia-
tions of the flow state [12]. However, it makes no pre-
dictions for unsteady flow, nor does it quantitatively ad-
dress the tensorial character of the stress tensor. In other
words, WC did not offer a full constitutive model for
shear-thickening suspensions. At first sight one might
consider applying the WC equations (2, 3) at each point
in time during an evolving flow, but the resulting im-
plicit assumption that the coordination number Z de-
pends only upon φ is clearly invalidated by the flow-
history dependence of the microstructure.

To address this, we have recently formulated a tensorial
constitutive model in which the viscosity depends on a
time-evolving ‘jamming coordinate’ ξ, defined in Eq. (36)
below, which can take over the role played by φ in the WC
theory [14]. Although ξ is effectively a proxy for a time-
evolving microscopic coordination number Z, the jam-
ming coordinate is computable from the coarse-grained
microstructure 〈nn〉 [see Eq. (23) below], allowing clo-
sure of our equations at that level. Our model marries
a microstructure-tensor evolution equation, which was
derived previously for rate-independent suspensions [15]
from which ξ is computed, with key intuitions for shear-
thickening suspensions as described in the scalar and
time-independent WC approach [8]. These are the (lin-
ear) interpolation between jamming conditions as a func-
tion of f(Π) and the singular (Krieger-Dougherty) depen-
dence of viscosity on 1−ξ/ξJ , where ξJ is the jamming co-
ordinate at the jamming point which is defined in Eq. (9)

FIG. 1. (a) Model suspension with coordinate definition in
green. Blue arrow indicates steady shear flow; red arrows in-
dicate superposed transverse oscillatory shear flow. (b) Top
view of model suspension showing examples of shearing tra-
jectories with different γ̇⊥ = γω/γ̇.

below. In Ref. [14], we demonstrated that the new consti-
tutive model performs well under shear reversal, correctly
predicting the discontinuous drop in ηr = Σxy/(γ̇ηs) at
very small strain and its subsequent smooth recovery.
Abrupt flow reversals of this kind represent important
test cases, which in the literature have been used to gain
insight into history-dependent microstructure [16] and to
distinguish the contact and hydrodynamic contributions
to suspension stress [4, 17, 18]. Their challenging charac-
ter for constitutive models has been previously pointed
out [19, 20].

In the present work we further test the new constitu-
tive model by addressing the case of a steady shear flow
(shear rate γ̇) with superposed transverse shear flow os-
cillations. The latter is at 90◦ to the steady flow and has
frequency ω and strain amplitude γ, Fig. 1a. The steady
shear has flow in x and gradient in y, while the transverse
oscillations are in ±z with gradient in y. As opposed to
an abrupt flow reversal, such flows constitute a contin-
uous family of time-dependent, controlled distortions to
the steady shear flow, characterized by their amplitude γ
(which, as discussed later, we fix at γ = 0.01 following the
experiments of Ref. [21]) and a dimensionless frequency
γ̇⊥; see Fig. 1b:

γ̇⊥ =
ωγ

γ̇
. (4)

Recent experiments [21] and DEM simulations [22]
demonstrate that the oscillations break up the fragile
jammed network of interparticle contacts [23]. This
break-up can substantially reduce the viscosity in sys-
tems with φ just below φJ2 (where discontinuous shear
thickening arises). Moreover, for systems that are fully
jammed (φ > φJ2 ,Π � Π∗) the viscosity falls from the
(effectively infinite) jammed value to a finite one. The
mechanism behind the loss of contacts has been explained
from the perspectives of force chain dynamics [21] and
random organisation [22]. Transverse shear flow oscilla-
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tions may enhance suspension flow in practical applica-
tions [24]. In addition, this flow configuration also offers
a subtle and challenging test case for constitutive models
for suspension microstructure and stress.

The remainder of the paper is organised as follows. In
Sec. II we give a self-contained derivation of our con-
stitutive model, including those parts first presented in
[15, 25] as well as the new features added in [14] to ad-
dress shear thickening. In Sec. III we give brief details
of the discrete-element simulation model from which we
generate test data in the chosen flow geometry. In Sec. IV
we compare the results of the constitutive model to those
of the discrete-element model across a range of γ̇r and γ̇⊥.
Our conclusions are given in Sec. V.

II. CONSTITUTIVE MODEL

We consider a collection of non-Brownian spheres of ra-
dius a, suspended at a volume fraction of φ and a number
density of n = φ/( 4

3πa
3) in a fluid of density ρ and vis-

cosity ηs. The volume-averaged fluid velocity is U , and
the fluid velocity gradient and deformation tensors are
given by L = ∇UT and E = 1

2

(
L+LT

)
, respectively.

The particle Reynolds number is γ̇ρa2/ηs � 1 (allow-
ing inertia to be neglected) and φ is assumed sufficiently
large that hydrodynamic interactions between particles
can effectively be modelled as lubrication forces.

Below we derive an equation for the particle stress ten-
sor Σ which is based on an equation of motion for the
statistics of the particle pair separation unit vector n,
which is encoded in the second moment 〈nn〉 of the dis-
tribution function Ψ(n). In Sec. II A we derive an equa-
tion of motion for n for a single particle pair. In Sec. II B
we use this equation to derive the equation of motion for
〈nn〉 and in Sec. II C we relate Σ to 〈nn〉.

A. Particle Pair Motion

Following [15], we start by writing an equation of mo-
tion for the connection vector r of a particle pair, that
points to a so-called ‘test particle’ (TP) from a so-called
‘pairing particle’ (PP). Under the conditions given above,
Newton’s equation of motion, applied to the TP reads:

0 = C1aηs (L · r − ṙ)

− C2aηs (ṙ · n)n+ C3a
2ηsγ̇Θ (2a− r)n. (5)

Here n = r/r is the interaction unit vector, r = |r|,
C1,2,3 are dimensionless pre-factors, specified below, and
Θ(u) is the Heaviside step-function, with Θ(u < 0) = 0,
Θ(u ≥ 0) = 1. For strictly hard-core particles the Θ func-
tion counts contacts; in systems where hard-core contact
is replaced by particle overlaps (as is often done in sim-
ulations) it continues to do so. Note that in Ref. [15] we
wrote C1/2 instead of C1.

The C1-term in Eq. (5) is the interaction force between
the TP and the background mixture, which is propor-
tional to the difference between the TP velocity ṙ and the
mixture velocity at the TP location, L · r. The C2-term
in Eq. (5) is the lubrication interaction force between
the TP and the PP. The leading order contribution to
the lubrication force ∼ a2(r − 2a)−1ηs (ṙ · n)n, where
(r−2a) is the interparticle gap [26]. In order to arrive at
tractable expressions for the suspension microstructure
and stress [Eqs. (23, 34)], we have replaced the factor
a(r−2a)−1 with its averaged value C2, which is taken to
obey the Krieger-Dougherty form [11]:

C2 ∼ (1− φ/φJ1 )−2, (6)

where φJ1 is the particle volume fraction at random close
packing.

The C3-term in Eq. (5) is the contact force between
the TP and the PP. The expression for the contact force
assumes that this force (i) aligns with n, (ii) acts on the
particle surface, (iii) scales as a viscous force ∼ a2ηsγ̇
and (iv) is proportional to a dimensionless pre-factor C3.

Note that in treating C1,2,3 as constants, independent
of local microstructure, we have already used a mean-
field type of averaging. (This applies particularly for the
constraint force C3 which, at a particular contact, can
take any positive value to balance the other forces act-
ing.) After such averaging, the interaction force between
the TP and the background must balance the dominant
term of the interaction force with the PP, so that in mag-
nitude

C1 ∼ max(C2, C3). (7)

Note that there are no tangential (lubrication or con-
tact friction) forces in Eq. (5) and we do not consider
the torque balance. When considering particle motion,
omission of tangential contact forces, caused by friction,
is justified by the assumption, inherited from the WC
theory, that microstructural evolution is not itself al-
tered by frictional forces (although the stress for a given
microstructure and flow is strongly altered). This as-
sumption is further justified by observations from DEM
(i) that the magnitude of the tangential contact forces
is small compared to that of the normal contact forces,
even under shear-thickened conditions [27], and (ii) that
the microstructure is nearly unaffected by shear thicken-
ing [14]. Indirectly the tangential contact friction forces
are important as they affect the suspension rheology by
imposing constraints on the particle motion [8]. The re-
sulting increase in the suspension viscosity is, however,
mainly supported by the normal contact forces. There-
fore, although we exclude the tangential contact friction
forces in Eq. (5), we indirectly account for these forces
by incorporating the following jamming behaviour in the
pre-factor C3 for the normal contact forces:

C3 ∼ (1− ξ/ξJ)−2, (8)

which depends on the jamming coordinate ξ, a meso-
scopic quantity, defined in Eq. (36) below. The jamming
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coordinate ξ serves as a proxy for the coordination num-
ber Z, as φ does in the steady-state WC theory. Although
the numerical values of ξ and Z differ, as exemplified in
Eq. (38) below, ξ plays a similar role as Z, by defining
a distance to the jamming point, i.e. C3 diverges when
ξ reaches its jamming limit ξJ [Eq. (8)]. This jamming
limit ξJ is in turn assumed to decrease from a larger
value ξJ1 to a smaller value ξJ2 , when the system tran-
sitions from ‘lubricated’ to ‘frictional’. This transition
is encoded in the fraction f of frictional contacts, which
smoothly increases from zero to one as the particle pres-
sure in the system, Π, passes through the onset threshold
Π∗ ∼ F ∗/a2. Here F ∗ is the maximum force sustainable
by the short-range repulsive interactions:

ξJ = ξJ1 (1− f) + ξJ2 f, f = exp (−Π∗/Π) . (9)

For simplicity we have adopted the same functional form
for f(Π) as in Eq. (3).

The normal and tangential components of the inter-
particle velocity ṙ are readily obtained by projecting
Eq. (5) onto the relevant directions:

ṙ · n =
C1

C1 + C2
E : rn+

C3

C1 + C2
γ̇aΘ (2a− r) , (10)

and, with δ the unit tensor,

ṙ · (δ − nn) = L · r · (δ − nn) . (11)

B. Microstructure Evolution

Again following [15], we now introduce the distribution
function Ψ (r) of the particle-pair separation vector r,
which evolves according to the Smoluchowski equation
for the two-particle configuration space:

∂tΨ + ∂k (ṙkΨ) = 0, (12)

where ∂k = ∂/∂rk. Because the typical spacing between
the particles ε is small compared to the particle radius
a, the anisotropy in Ψ(r) is relegated to the so-called
coarse-graining shell 2a < r < 2a + ε, where ε is related
to φ via [a/(a+ ε)]3 ∼ φ/φJ1 , i.e.:

ε

a
∼ 1− φ/φJ1 . (13)

By assuming that the number of interactions in the
coarse-graining shell ∼ φ, we see that Ψ(r) ∼
[number of interactions]/[volume of shell] ∼ φ/(a2ε).
Outside the coarse-graining shell, steric constraints are
dominant and Ψ(r = [2a + ε]+) = Ψouter is assumed
isotropic. By continuity we write this as:

Ψouter =
φ

4πa2ε
. (14)

Eq. (14) suppresses an order-unity pre-factor that can,
however, be absorbed into other constants appearing be-
low.

Next, we derive the evolution equation for the second-
order orientation moments 〈nn〉 of the distribution
function Ψ(r) in the coarse-graining shell, by inserting
Eqs. (10, 11) into Eq. (12), multiplying the result with
nn, applying the following, so-called coarse-graining op-
erator 〈· · · 〉:

〈· · · 〉 =

∫ r=2a+ε

r=2a

Ψ (r) · · · d3r, (15)

and approximating r ≈ 2an [15]:

∂t〈nn〉 = L · 〈nn〉+ 〈nn〉 ·LT − 2L : 〈nnnn〉

− 2aC1

C1 + C2
E :

∮
r=2a+ε

Ψ(r)nnnn d2r. (16)

The boundary surface integral in Eq. (15) corresponds
to an orientation probability flux between the coarse-
graining shell 2a < r < 2a + ε and the outer shell
r > 2a + ε. This flux is carried by the rate of strain
tensor: E = Ec +Ee, which is decomposed into its pos-
itive and negative eigen-parts. For instance in simple
xy-shear flow:

Ee = 1
2 γ̇nene, Ec = − 1

2 γ̇ncnc, (17)

where ± 1
2 γ̇ are the expansive and the compressive eigen-

values ofE and ne = (1, 1, 0)/
√

2 and nc = (1,−1, 0)/
√

2
are the corresponding eigenvectors.

The positive (extensional) eigen-part Ee and nega-
tive (compressive) eigen-part Ec correspond to an out-
ward and an inward probability flux between the coarse-
graining shell and the outer shell, respectively. Note that
the contact force [C3-term in Eq. (5)] does not enter
Eq. (15); this reflects the fact that, for impenetrable par-
ticles, there is no probability flux across the inner sur-
face of the coarse-graining shell at r = 2a. Consequently,
within our model the evolution of the coarse-grained mi-
crostructure tensor 〈nn〉 is not directly sensitive to con-
tact forces.

With these assumptions the surface integral in Eq. (15)
can now be recast as [15]:

E :

∮
r=2a+ε

Ψ(r)nnnn d2r =

ε−1Ee : 〈nnnn〉+ ε−1Ec : 〈nnnn〉outer, (18)

where 〈nnnn〉 and 〈nnnn〉outer are the orientation mo-
ments, evaluated inside the coarse-graining shell and on
the outside of the coarse-graining shell [Eq. (14)], respec-
tively. Combining Eqs. (15, 17), we obtain the following
coarse-grained microstructure evolution equation:

∂t〈nn〉 = L · 〈nn〉+ 〈nn〉 ·LT − 2L : 〈nnnn〉
− β

[
Ee : 〈nnnn〉+Ec : 〈nnnn〉outer

]
, (19)

where β is referred to as the microstructure association
rate:

β =
2aC1

ε (C1 + C2)
, (20)
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which controls the rate of particle pair association and
dissociation. The physical importance of β is that its
inverse sets a strain scale for structural evolution. On
geometrical grounds, β should depend on φ so as to di-
verge at random close packing φJ1 . To determine the
dependence of β on φ, we make use of Eq. (13). We
furthermore see from [Eq. (7)], that C1 & C2, such that
C1 + C2 ∼ C1. Inserting these approximations in Eq.
(19), we find:

β =
β0

1− φ/φJ1
, (21)

with β0 a tuneable parameter. This shows that β is
roughly constant in the region just below φJ2 where shear
thickening is seen. In Ref. [14] we determine β by match-
ing in this region the constitutive model to DEM simu-
lation data after reversal of steady shear.

The first line of Eq. (18) describes the rotational ad-
vection of the contact vectors n, whereas the second line
corresponds to the association and dissociation of inter-
acting particle pairs by the action of compressive and ex-
tensional flow deformations that, respectively, push par-
ticles together and pull them apart. More specifically,
the compressive rate of strainEc advects, into the coarse-
graining shell, the isotropic exterior distribution of non-
contacting particles, importing preferentially along the
compression axis (or axes). In contrast the extensional
rate of strain Ee advects the anisotropically distributed
existing contacts out of the coarse-graining shell, export-
ing preferentially along the extension axis (or axes).

Eq. (18) contains the fourth order moment of the inner
probability density function 〈nnnn〉 and of the isotropic
outer distribution function 〈nnnn〉outer. We next ex-
press 〈nnnn〉 in terms of 〈nn〉, using the linear clo-
sure model of Hinch and Leal, which is accurate for mi-
crostructures that are relatively close to isotropy [28]:

〈ninjnknl〉 = − 1

35
〈nmnm〉 (δijδkl + δikδjl + δilδjk)

+
1

7

(
δij〈nknl〉+ δik〈njnl〉+ δil〈njnk〉

+ 〈ninj〉δkl + 〈nink〉δjl + 〈ninl〉δjk
)
. (22)

The same closure, when applied to the isotropic outer
distribution function Ψouter [Eq. (14)], reduces to:

〈nnnn〉outer = φ

∮
(4π)−1ninjnknld

2n

=
φ

15
(δijδkl + δikδjl + δilδjk) . (23)

By combining Eqs. (18, 22), we finally arrive at the
closed Gillissen-Wilson equation for microstructural evo-
lution [15]:

∂t〈nn〉 = L · 〈nn〉+ 〈nn〉 ·LT − 2L : 〈nnnn〉

− β
[
Ee : 〈nnnn〉+

φ

15
(2Ec + Tr(Ec)δ)

]
, (24)

in which 〈nnnn〉 is now shorthand for the right hand
side of Eq. (21).

A significant novelty of Eq. (23) is its separate lin-
earity in the compressive and extensional components of
the rate of strain tensor, making it overall non-linear in
the rate of strain and thus distinct from various previous
models that failed to adequately predict reversal flows
without excessive parameters [20]. On reversal, the com-
pressive and extensional components interchange so that
contacts that were being pushed together are now pulled
apart.

C. Particle Stress and Contacts

A two-body approximation for the particle stress reads:

Σ = n〈Fr〉, (25)

where 〈· · · 〉 is the coarse-graining operator defined in
Eq. (??), and F is the interparticle force. In the ab-
sence of tangential contact forces, this F equates to the
last two terms of Eq. (5):

F = C2aηs (ṙ · n)n− C3a
2ηsγ̇Θ (2a− r)n. (26)

We continue to use this equation even in the presence
of friction. This might appear to be a drastic additional
assumption but in fact our own data (generated with the
DEM simulation introduced below), and also that of Ref.
[27], show that in the shear thickening range of volume
fractions, tangential contributions to the stress remain
subdominant. This subdominance does not contradict
the fact that friction, by constraining tangential particle
motion, greatly enhances normal contact forces. This en-
hancement is captured by Eq. (8) for C3, which diverges
at a jamming point that depends on both time-dependent
microstructure (via ξ) and stress-dependent friction (via
ξJ).

Combining Eqs. (10,??,24,25) gives:

Σ = ηsαE : 〈nnnn〉 − ηsχγ̇〈nn〉c, (27)

where 〈nn〉c is the second order orientation moment of
the contact part of Ψ(r):

〈nn〉c =

∫ r=2a+ε

r=2a

Ψ (r) Θ(2a− r)nn d3r. (28)

The leading order behaviours of the pre-factors α and χ
in Eq. (26) are found from Eqs. (7,6,8) as:

α(φ) =
α0(

1− φ/φJ1
)2 , χ(φ, ξ, ξJ) =

χ0

(1− ξ/ξJ)
2 . (29)

Here α0 and χ0 are fitting parameters, and ξJ depends
on the particle pressure as specified in Eq. (9).

To obtain a closed form, the contact moments 〈nn〉c
need to be approximated in terms of the coarse-grained
moments 〈nn〉 which includes all particle pairs in the
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coarse-graining shell. To relate 〈nn〉c to 〈nn〉, we
assume the following approximate parameterisation for
Ψ(r) within the coarse-graining shell:

Ψ(r) = Ψn(n)Ψr(r)

= Ψn(n)a−2
[
ε−1 − 2C4

Ec : nn

|Ec|
δ(r − 2a)

]
, (30)

where Ψn(n) is the orientation distribution function
(with no dependence on the radial distance), Ψr(r) is
the radial distribution function (with no dependence on
orientation), δ(· · · ) is the Dirac delta function, C4 is a
pre-factor of order unity and |Ec| ≡

√
Ec : Ec. Since

closed contacts (r = 2a) are predominantly oriented in a
direction set by Ec, Eq. (29) approximates the probabil-
ity for closed contacts [Ψ(r = 2a)] with the probability
for open contacts [Ψ(r > 2a)], weighted with the align-
ment of n in the compressive direction −Ec : nn/|Ec|.
Combining Eqs. (??,29) we find for the coarse-grained
moments:

〈nn〉 =

∮
Ψn(n)nn d2n

− C4
Ec
|Ec|

:

∮
Ψn(n)nnnn d2n. (31)

Assuming 〈nn〉c � 〈nn〉 (see Fig. 5b), we ignore the
second term on the r.h.s. of Eq. (30), and get:

〈nn〉 =

∮
Ψn(n)nn d2n. (32)

Combining Eqs. (27,29) gives for the contact moments:

〈nn〉c = −C4
Ec
|Ec|

:

∮
Ψn(n)nnnn d2n. (33)

By combining Eqs. (31,32), we arrive at the following
relation between the contact microstructure 〈nn〉c and
the coarse-grained microstructure 〈nn〉:

〈nn〉c = − Ec
|Ec|

: 〈nnnn〉. (34)

Here we have set the proportionality constant C4 to
unity; Eq. (33) thus identifies an approximated, non-
normalised, contact microstructure that is calculable
within our coarse-grained constitutive model. Inserting
Eqs. (28,33) into Eq. (26) gives:

Σ = ηs

[
α0E(

1− φ/φJ1
)2 +

χ0Ec

(1− ξ/ξJ)
2

]
: 〈nnnn〉, (35)

where the ‘jamming coordinate’

ξ = Tr〈nn〉c, (36)

serves as a proxy for the coordination number Z for direct
particle contacts. Combining Eqs. (33, 35) gives:

ξ = −〈nn〉 : Ec
|Ec|

. (37)

Without a relation such as Eq. (33), the distance from
jamming is not deducible from the coarse-grained mi-
crostructure tensor 〈nn〉: a proxy of some sort is es-
sential for our constitutive model of shear thickening
to be closed at coarse-grained level. However, Eq. (36)
comprises a relatively crude approximation; some other
combination of 〈nn〉 and flow tensors might approxi-
mate Z more accurately. Indeed it is found in particle-
based simulations that the reduced viscosity ηr in steady
shear flow has a different power-law dependence on each:
(1 − ξ/ξJ)−2 ∼ ηr ∼ (1 − Z/ZJ)−4 [14]. Moreover we
will see in Fig. 4 below that 〈nn〉c has some shortcom-
ings when compared with the results of particle-based
simulations.

With this in mind, although ξ was constructed above as
an estimator of Z, we note that its conceptual role in our
constitutive model does not require this interpretation.
Instead it can be viewed as a microstructural scalar that
can capture the distance from a jamming point, ξ−ξJ , in
time-dependent flows, just as φ− φJ does in the Wyart-
Cates theory for steady flow [14]. The jamming coordi-
nate ξ thereby emerges as the central variable to model
shear thickening: in Eq. (9) the stress is assumed to di-
verge when ξ reaches a critical value ξJ , that smoothly
reduces from a larger frictionless value ξJ1 , to a smaller
frictional value ξJ2 , when the pressure Π in the system
exceeds the onset value Π∗.

D. Determination of Parameters

The critical values ξJ1 and ξJ2 are found by demanding
that in steady shear frictionless and frictional jamming
occur at volume fractions φJ1 and φJ2 , respectively. For
steady xy shear flow the solution to Eq. (23) reads:

〈nn〉 =
φ

(9β2 + 54β + 416)
×{

1
15

(
129β2 − 374β + 3256

)
δ1δ1

− 28
5

(
β2 − 3β

)
(δ1δ2 + δ2δ1)

+ 1
15

(
129β2 + 410β + 904

)
δ2δ2

+ 1
15

(
87β2 + 564β + 820

)
δ3δ3

}
, (38)

where we recall that β depends on φ [Eq. (20)]. Inserting
Eq. (37) into Eq. (36) gives for the jamming coordinate
in steady shear:

ξ = φ

(
213β2 − 234β + 2080

)
15 (9β2 + 54β + 416)

. (39)

Eq. (38) shows that in steady simple shear flow, ξ is
proportional to the volume fraction φ which follows from
the assumption [Eq. (22)] that the outer distribution of
the pair separation vector is proportional to φ.

Requiring that frictionless and frictional jamming oc-
cur at volume fractions φJ1 and φJ2 demands the following
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critical values for the frictionless and frictional jamming
coordinates:

ξJ1,2 = φJ1,2

(
213β2 − 234β + 2080

)
15 (9β2 + 54β + 416)

. (40)

Eqs. (9,20,23,28,34,36,39) form a closed system for the
microstructure and stress. For any given volume frac-
tion φ, the model contains parameters α0, β0, χ0, Π∗,
φJ1 and φJ2 . Of these parameters, φJ1 and φJ2 are di-
rectly determinable from experimental or computational
data pertaining the dependence of the viscosity on the
volume fraction under frictionless and frictional condi-
tions, respectively, and Π∗ enters only through the scale
factor relating the reduced shear rate γ̇r [Eq. (1)] to
the actual one, γ̇. In previous work we used steady
state microstructural and viscosity data (for various φ),
and microstructural reversal data (for φ = 0.56), from
particle-based simulations, to fit φJ1 = 0.65, φJ2 = 0.57,
Π∗ = 0.037F ∗/a2, α = 120, β = 50 and χ0 = 2.4, which
for φ = 0.56 correspond to α0 = 2.3 and β0 = 6.9. It is
noted that these φJ1,2 differ slightly from the values ex-

trapolated from the DEM data φJ1 = 0.644, φJ2 = 0.578.
In Ref. [14], the model was then used to predict, without
further parameter fitting, the rheological reversal data at
φ = 0.56, with qualitatively good agreement in most re-
spects [14]. It is also noted that according to Eq. (39)
ξJ1,2 ≈ 0.88, 0.78, while the corresponding coordination

numbers are ZJ1,2 = 6, 4. It is therefore re-emphasised
that, although ξ might be interpreted as an approxima-
tion for Z, these parameters differ numerically, and they
are not linearly proportional. They nevertheless play
similar roles, in providing the distance to the jamming
point.

We next briefly review the particle-based simulation
methodology before making a similar comparison of the
constitutive model with a contrasting type of flow in
which transverse oscillations are superposed onto steady
shearing.

III. DISCRETE-ELEMENT MODEL

Our discrete-element method (DEM) simulation model
considers non-Brownian, almost non-inertial, neutrally
buoyant particles in a periodic cubic box at volume frac-
tion φ. The particles are an equimolar mixture of radii
a and 1.4a, and have density ρ. The box is initialised
with 1500 nonoverlapping particles and we report aver-
ages over 10 realisations. The simulation box (volume V )
is deformed with a superposition of a steady shear flow
(rate γ̇) and a transverse oscillating shear flow (amplitude
γ and frequency ω) with a velocity gradient L and rate
of strain tensor E that are given by Eqs. (44,45) below,
respectively. The nondimensional control parameters for
this family of flows are, when applied to shear-thickening
suspensions, the volume fraction φ, the oscillation strain
amplitude γ, the dimensionless oscillation frequency γ̇⊥

[Eq. (4)] and the dimensionless shear rate γ̇r [Eq. (1)].
For the transverse flow to be effective at reducing the vis-
cosity, its amplitude must be large enough to break di-
rect contacts yet small enough to inhibit significant con-
tact formation in yz. Within this range (approximately
10−4 < γ < 0.05) the results are almost independent of
γ [21], and in the following we fix γ = 0.01.

Hydrodynamic interactions between particles are com-
puted as described in Refs. [26, 29–31]. For neighbouring
particles 1 and 2, translating with velocities U1, U2 and
rotating at Ω1, Ω2, and with centre-centre vector r (and
n = r/|r|) pointing from particle 2 to particle 1, the
force F h and torque Γh on particle 1 are given by:

F h/ηs =
[
XA

11nn+ Y A11(δ − nn)
]
· (U2 −U1)

+ Y B11(Ω1 × n) + Y B21(Ω2 × n),
(41a)

Γh/ηs =Y B11(U2 −U1)× n
− (δ − nn) · (Y C11Ω1 + Y C12Ω2),

(41b)

where ηs is the solvent viscosity. The surface-surface
separation is given, for particle radii a1 and a2, by h =
|r| − (a1 + a2), which is nondimensionalised as 2h/(a1 +
a2). The scalar resistances XA

11, Y A11, Y B11 , Y B21 , Y C11 and
Y C12 are given elsewhere [32]. We neglect interactions that
have h > 0.05a. A drag force and torque act on particle
1 at position x1, given by

F d = −6πηsa1(U1 −U(x1)), (42a)

Γd = −8πηsa
3
1(Ω1 −Ω(x1)), (42b)

with Ω = 1
2∇ × U the fluid vorticity vector, and the

streaming velocity given by U(x) = L · x.
Below a separation hmin = 0.001a, hydrodynamic

forces are regularised and particles enter into direct con-
tact. Particle pairs with overlap δ = ((a1 + a2) −
|r|)Θ((a1 + a2) − |r|) (with Heaviside function Θ) and
centre-centre unit vector n lead to contact force and
torque on particle 1 according to [33]:

F c = knδn− ktt, (43a)

Γc = a1kt(n× t), (43b)

where t represents the incremental tangential displace-
ment, reset at the initiation of each contact. Here kn and
kt are stiffnesses, with kt = (2/7)kn. The tangential force
component is restricted by a friction coefficient µ = 1 so
that |ktt| ≤ µknδ. Stress-dependence enters through µ,
following Ref. [1]:

|ktt| ≤
{
µkn(δ − δ∗) for δ > δ∗

0 otherwise
(44)

where F ∗ ≡ knδ∗ is the normal force above which friction
is activated, leading to a nondimensional shear rate γ̇r =
γ̇ηs/Π

∗ ∼ γ̇ηsa2/F ∗.
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Particle trajectories are computed from the above
forces, and the components of the stress tensor Σ are
calculated by summing −Fr over all interacting particle
pairs and dividing by V . The contact microstructure is
computed as 〈nn〉c, where 〈· · ·〉c denotes averaging over
all particle pairs for which the contact forces [Eq.( 42)]
are activated. We also construct a coarse-grained mi-
crostructure 〈nn〉, where 〈· · ·〉 averages over all particle
pairs that interact via direct contact forces or lubrication
forces, the latter being cut off beyond a separation dis-
tance of h = 0.05a. Below we will compare these quanti-
ties to constitutive model predictions. In addition to the
control parameters described above, the model leads to a
Stokes number St = ργ̇a2/ηs and a kn-scaled shear rate
ˆ̇γ = 2γ̇a/

√
kn/(2ρa). We set St < 10−3 and ˆ̇γ < 10−5

to approximate inertia-free, hard sphere conditions. The
model is implemented in LAMMPS [34].

IV. RESULTS

We now test the microstructure and stress predicted
by our constitutive model against data generated by the
DEM simulation at volume fraction φ = 0.56, under a
homogeneous, time-dependent velocity gradient

L =

 0 γ̇ 0
0 0 0
0 ωγ cos(ωt) 0

,

 , (45)

corresponding to a deformation rate

E =

 0 1
2 γ̇ 0

1
2 γ̇ 0 1

2γω cos (ωt)
0 1

2γω cos (ωt) 0

 . (46)

In the limit of large γ̇⊥, we have that:

Ee = 1
2γω| cos(ωt)|nene, Ec = − 1

2γω| cos(ωt)|ncnc,
(47)

where ± 1
2γω| cos(ωt)| are the expansive and compressive

eigenvalues of E of Eq.(45) and ne = x(0, 1, 1)/
√

2 +

(1 − x)(0,−1, 1)/
√

2 and nc = (1 − x)(0, 1, 1)/
√

2 +

x(0,−1, 1)/
√

2 are the corresponding eigenvectors, with
x = Θ[cos(ωt)] and Θ(·) the Heaviside step function.
Note that these eigenvectors interchange direction after
each half oscillation period and, on average, −Ec = Ee ∼
γω (δyδy + δzδz).

Setting γ = 0.01 and φ = 0.56, the remaining control
parameters are γ̇r [Eq. (1)] and γ̇⊥ [Eq. (4)] which quan-
tify the influence, respectively, of frictional contact forces
and transverse oscillations. Below we first focus on the
limiting cases of γ̇⊥ = 0 and γ̇⊥ =∞, before considering
the behaviour of shear-thickened suspensions (γ̇r � 1) at
intermediate values of γ̇⊥. We finally present full maps
of the viscosity as functions of γ̇r and γ̇⊥.
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FIG. 2. (a) Relative suspension viscosity ηr in steady shear
as a function of dimensionless shear rate γ̇r, measured in the
absence of transverse oscillations, γ̇⊥ = 0. Shown are results
from the constitutive model (solid line) and discrete-element
simulation (triangles) at φ = 0.56. (b) Recovery of the jam-
ming coordinate ξ after shear reversal scaled with its values at
t = 0 and at t = ∞, for various values of the microstructure
association rate β.

A. Steady behaviour with γ̇⊥ = 0

A flow curve for steady shear without transverse os-
cillation (γ̇⊥ = 0) is shown in Fig. 2a, demonstrat-
ing good agreement in the viscosity prediction of the
DEM simulation and the constitutive model. The pa-
rameter values are those chosen in [14] as detailed in
Sec. II D above. The constitutive model predicts for
the shear component of the coarse-grained microstruc-
ture that 〈nn〉xy < 0 and for the normal components
that 〈nn〉yy > 〈nn〉xx > 〈nn〉zz, and similar behaviour
for the contact microstructure 〈nn〉c,ij . The model thus
predicts a positive first normal stress difference ζ1 =
(Σxx − Σyy)/Σxy and a negative second normal stress
difference ζ2 = (Σyy−Σzz)/Σxy. This is in partial agree-
ment with DEM, which predicts that 〈nn〉xy < 0 and
that 〈nn〉xx > 〈nn〉yy > 〈nn〉zz, and similar behaviour
for 〈nn〉c,ij . Correspondingly DEM predicts that ζ1 < 0
(but very small) and ζ2 < 0. In general the constitutive
model overestimates the microstructural anisotropy and
|ζ1,2|, as compared to the DEM simulation [14]. Further
results and discussion relating to the steady shear stress
and the microstructure predicted by our model are given
in Ref. [14].

B. Shear reversal with γ̇⊥ = 0

Figure 2b shows the recovery of the jamming coordi-
nate ξ [Eq. (36)] after shear reversal for various values
of the microstructure association rate β. In this case,
the suspension is subjected to a negative xy-shear flow,
without zy-shear oscillations. When the steady state is
reached, the shear flow is reversed at t = 0. It is seen
that for β & 30 the recovery shear rate ≈ βγ̇/50 and
full recovery is achieved after a strain of ≈ 50/β. This
suggests that in the constitutive model the (transverse)
oscillatory strain γ = 10−2 is unable to induce signifi-
cant microstructural reorganisation, for the present case,
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where β = 50.

C. Limiting behaviour for large γ̇⊥

Next, we consider 〈nn〉 predicted by the constitutive
model, in the limit of a very large oscillation frequency
γ̇⊥ � 1. In this limit, 〈nn〉 is dominated by the oscilla-
tory flow, while the steady shear component only presents
an O(γ̇−1⊥ ) perturbation to 〈nn〉. We have seen in Fig.
2b, that substantial microstructural reorganisation re-
quires βγ/50 & 1, which is not met by current conditions,
in which β = 50 and γ = 10−2. Under present conditions,
the periodic changes in 〈nn〉 are O(βγ/50), while on
average 〈nn〉 remains isotropic and equilibrated to the
external microstructure 〈nn〉 = 〈nn〉outer + O(βγ/50),
where 〈nn〉outer = φδ/3.

The nearly isotropic 〈nn〉 at γ̇⊥ � 1 corresponds to
a jamming coordinate of ξ ≈ φ/3 [found by inserting
〈nn〉 = φδ/3 in Eq. (36)], roughly four times smaller
than ξ ≈ 1.4φ, which follows from inserting the steady
shear microstructure [Eq. (37)] into Eq. (36) and using
our chosen model parameter β = 50.

If one now imposes a small steady shear flow perpen-
dicular to this oscillatory state, the ability to flow in the
steady direction is governed by the time-averaged 〈nn〉
which is isotropised by the dominant oscillatory flow.
This isotropisation corresponds to a lower ξ ≈ φ/3 as
compared to that in steady shear ξ ≈ 1.4φ, taking the
system further from jamming, thereby causing a reduc-
tion in the modelled stress, via Eq. (34); for a system
close to the steady-shear jamming point, this reduction
can be arbitrarily large. This explanation of the unjam-
ming effect of transverse oscillation in the large γ̇⊥ limit
is broadly consistent with previous discussions [21, 22].

In what follows, we solve the full constitutive model nu-
merically, across a wide range of γ̇⊥. We thereby confirm
that for very large γ̇⊥, the model predicts an isotropic
coarse-grained microstructure 〈nn〉 ≈ φδ/3 [Fig. 5c be-
low] with ξ ≈ φ/3.

D. Role of γ̇⊥: transient behaviour

We next compare results for intermediate values of γ̇⊥,
focussing again on the shear-thickened case, Π � Π∗.
This case is described by the limit γ̇r = ∞ where fric-
tional contacts are maximized [Π∗ = 0 and f = 1 in
Eq. (9)] so that the role of particle-particle contact
forces, at least under steady shear flow, is maximally
important. We first present the behaviour observed in
discrete-element simulations before discussing the con-
stitutive model predictions.

Shown in Figs. 3a, c are examples of time series for the
steady shear stress Σxy, and the transverse one Σyz, as
well as the corresponding components of the contact mi-
crostructure tensor, 〈nn〉c,xy and 〈nn〉c,yz, as obtained

by DEM simulations with γ̇r = ∞ and γ̇⊥ = 0.2. Start-
ing from a contact-free state, the steady shear flow com-
ponent leads to a gradual building of particle contacts,
predominantly oriented along the compressive direction
of the steady shear. This process results in a large shear
stress Σxy and a negative contact microstructure com-
ponent 〈nn〉c,xy. (Note that the definition of 〈nn〉c,xy
is such that it is negative under xy-shear flow with pos-
itive ∂yux.) Meanwhile the transverse shear generates
oscillations in Σyz in phase with the oscillatory shear
rate γω cos(ωt), whose amplitude increases during the
first few cycles as the steady flow component generates
contacts. The transverse component of the contact mi-
crostructure 〈nn〉c,yz oscillates in anti-phase with the os-
cillatory shear rate, which is understood by noting that
at γ̇⊥ = 0.2 the microstructural response is sufficiently
fast compared to the change in flow direction that we es-
sentially have a series of steady-state shear flows with a
slowly changing direction [21, 22].

In Figs. 3b, d we show time series of the stress compo-
nents Σxy, Σyz and of the contact microstructure com-
ponents 〈nn〉c,xy and 〈nn〉c,yz, predicted by the consti-
tutive model with γ̇r = ∞ and γ̇⊥ = 0.2. The constitu-
tive model agrees qualitatively with the discrete-element
model (Figs. 3a, c). The contact microstructure 〈nn〉c,xy
develops over a few steady strain units, accompanied by
substantial growth of Σxy and Σyz. After the initial
transient, 〈nn〉c,xy is nearly steady and negative, while
〈nn〉c,yz oscillates in anti-phase to the transverse shear
rate γω cos(ωt). Quantitatively, the constitutive model
requires a larger strain for Σxy to develop fully, and it
does not capture the transient peak in 〈nn〉c,xy.
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FIG. 3. Transient response of DEM simulation and consti-
tutive model to shear flow with superposed transverse oscil-
lations for γ̇r = ∞ and γ̇⊥ = 0.2. Shown are steady shear
viscosity Σxy/(γ̇ηs) (black) and oscillatory viscosity compo-
nent Σyz/(ωγηs) (grey) for DEM (a) and constitutive model
(b), and contact microstructure components 〈nn〉c,xy (black)
and 〈nn〉c,yz (grey) for DEM (c) and constitutive model (d).
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However, while the transverse viscosity response found
by DEM simulation remains in phase with the transverse
shear rate for all γ̇⊥, the phase angle of 〈nn〉c,yz shows a
nonmonotonic dependence on γ̇⊥. Shown in Fig. 4 are the
phase angle θ of 〈nn〉c,yz relative to minus the zy-strain
(−γ sin(ωt)) found by DEM simulation, and the same
phase angle for both 〈nn〉 and 〈nn〉c in the constitutive
model. The DEM simulations show that θ transitions as
a function of γ̇⊥ from (i) θ ≈ π/2 (anti-phase with the
zy-shear rate), via (ii) θ ≈ π (in-phase with zy-strain), to
(iii) θ ≈ 0 (anti-phase with the zy-strain). The physics of
this sequence is explored in detail elsewhere [21]. Briefly,
the three regimes correspond to (i) instant adaptation,
where the contact microstructure tensor tracks the veloc-
ity gradient tensor as this oscillates around its mean value
in a quasi-steady-state fashion; (ii) chain tilting, where
the oscillatory flow deforms contacts faster than they are
replaced by new ones but does not break up force chains;
and (iii) chain breaking where the flow-induced contact
network of the steady shear is substantially disrupted by
the transverse oscillation.

The constitutive model predicts different behaviours
of the phase angle depending on whether the contact mi-
crostructure 〈nn〉c or the coarse-grained microstructure
〈nn〉 is considered. The first of these shows θ ≈ π/2
over the entire γ̇⊥-range and is quite unlike the DEM
data. Interestingly, this discrepancy is inherent in the
definition of 〈nn〉c in Eq. (33). It follows from this defi-
nition that the oscillations in 〈nn〉c must remain almost
in anti-phase with the oscillations in E. This is readily
seen in the limit γ̇⊥ =∞, where Ec = Ec,yz(δyδz+δzδy)

since Ec,xy/Ec,yz = γ̇−1⊥ = 0, and 〈nn〉 ≈ φδ/3 (see
Sec. IV C). Inserting these expressions and Eq. (21) into
Eq. (33) gives 〈nn〉c,yz = −(φ/15)Ec,yz/|Ec,yz|, which is
in anti-phase with Ec,yz. This phase discrepancy shows
that improvement of our ansatz Eq. (33) for the contact
mictrostructure should be a priority for future refinement
of our constitutive model.

The oscillations of the coarse-grained microstructure
tensor 〈nn〉, on the other hand, are not enslaved to
those of E. As a result, the phase angle for the coarse-
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FIG. 4. Phase angle θ for the coarse-grained microstructure
component 〈nn〉yz in the constitutive model (solid line), for
the contact microstructure component 〈nn〉c,yz in the consti-
tutive model (dashed line) and for the contact microstructure
component 〈nn〉c,yz in DEM simulation (markers).
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FIG. 5. Time-averaged response of constitutive model and
DEM simulation to shear flow with superposed transverse
oscillations. (a) Total suspension viscosity Σxy/γ̇ηs (circles
and solid line), contact contribution to viscosity (squares and
dashed line) and hydrodynamic contribution to viscosity (tri-
angles and dotted line) in constitutive model (lines) and DEM
(markers). (b) Number of coarse-grained interactions Tr〈nn〉
(triangles and solid line) and contact interactions Tr〈nn〉c
(circles and dashed line) normalised by ξJ1 [Eq. (39)] in con-
stitutive model (lines), and normalised by ZJ

1 = 6 in DEM
(markers). (c) Anisotropy A [Eq. (47)] of the coarse-grained
microstructure X = 〈nn〉 (triangles and solid line) and con-
tact microstructure X = 〈nn〉c (circles and dashed line), in
constitutive model (lines) and DEM (markers).

grained microstructure 〈nn〉 evolves in better qualita-
tive agreement with the contact microstructure 〈nn〉c
found from the DEM simulations. Figure 4 shows that
with increasing γ̇⊥, the corresponding phase angle tran-
sitions smoothly from θ ≈ π/2 (anti-phase with the zy-
shear rate) to θ ≈ 0 (anti-phase with the zy-strain).
The transition in the constitutive model occurs when
the oscillation frequency ω exceeds the microstructure
formation rate γ̇β/50 (see Fig. 2b), which corresponds
to γ̇⊥ = βγ/50 = 10−2. In the classification of [21],
the model seemingly captures both regime (i), instant
adaptation, and regime (iii) chain breaking. However,
the peak in the phase angle plot at γ̇⊥ ≈ 1, which cor-
responds to the chain-tilting regime (ii), is notably ab-
sent from the prediction of our constitutive model. This
regime is characterized by a pseudo-elastic microstruc-
tural response while the stress response itself remains
viscous. (See Section V for a further discussion.)

E. Role of γ̇⊥: time-averaged response

We next present the viscosity and the microstructure,
as predicted by the DEM simulation and the constitu-
tive model, averaged over the oscillation cycle, again fo-
cussing on the fully shear-thickened case with γ̇r =∞.
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The constitutive model qualitatively predicts the
γ̇⊥-mediated decrease in suspension viscosity ηr =
Σxy/(γ̇ηs), Fig. 5a, consistent with our DEM simulation
data and with experimental data measured under equiv-
alent shearing conditions [21] and indeed under acoustic
perturbations [24]. Quantitatively, however, the DEM
simulations show a decrease in the viscosity by a factor
of around 20 at this volume fraction (in an earlier article
we showed within DEM the dependence of this decrease
on φ [22]), whereas the constitutive model predicts a drop
by a factor of around 200.

This difference reflects that the contact stress in the
constitutive model depends too strongly on the number
of contacts [Eq. (8)]. The main discrepancy is that while
the constitutive model predicts for large γ̇⊥ a complete
collapse of the contact contribution leaving only the lu-
brication part, the DEM data shows that the stress re-
mains contact-dominated even at large γ̇⊥. Although
in this regime (the chain-breaking regime of [21]) the
microstructure is severely disrupted, in the DEM sim-
ulations direct contacts are not so diminished as to con-
tribute negligibly to stress, as the constitutive model pre-
dicts. This is due in part to the chosen operating con-
dition of φ = 0.56 and µ = 1. Close to φJ2 , even small
numbers of frictional contacts are sufficient to give a dom-
inant contact stress. At lower φ and µ the DEM simula-
tion does indeed predict hydrodynamic stress dominance
at large γ̇⊥ [22].

Shown in Fig. 5b are the number of contact interac-
tions Tr〈nn〉c and the number of coarse-grained interac-
tions Tr〈nn〉, as functions of γ̇⊥ predicted by the DEM
simulation and the constitutive model. For the DEM
simulations, 〈nn〉c includes direct contacts only [those
for which we compute Eq. (42)], while 〈nn〉 corresponds
to all (direct and lubricated) interactions within the lu-
brication cutoff length h = 0.05a. Tr〈nn〉c decreases
steadily with increasing γ̇⊥ as the oscillations increas-
ingly break up force chains created by the steady shear-
ing flow. Tr〈nn〉, on the other hand, is only weakly af-
fected by the transverse oscillations. This is due to the
low strain amplitude, γ = 0.01, which is sufficient to
move particles out of direct contact, but not to move in-
teracting particles out of each other’s lubrication films
(as cut off at h = 0.05a). This result is independent
of γ, provided γ remains within the range mentioned
above (approximately 10−4 < γ < 0.05). Overall there
is qualitative agreement in Tr〈nn〉c between the consti-
tutive model and discrete-element simulation, with both
predicting a similar γ̇⊥-dependence. For Tr〈nn〉 on the
other hand, there is disagreement, where the constitu-
tive model predicts a decrease, and the DEM predicts a
constant as a function of γ̇⊥.

Fig. 5c shows the time-averaged microstructural
anisotropy, defined as

A = {1− 27Det [X/Tr(X)]}
1
3 , (48)

for the contact microstructure X = 〈nn〉c and for the
coarse-grained microstructure X = 〈nn〉, both in the
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FIG. 6. Suspension viscosity as a function of dimensionless
shear rate γ̇r and dimensionless frequency γ̇⊥ for DEM (a)
and constitutive model (b).

constitutive model and in DEM. In DEM 〈nn〉c has A ≈
0.3 and 〈nn〉 has A ≈ 0.1. In the constitutive model
the microstructure is more anisotropic with A ≈ 0.8, for
〈nn〉c and A ≈ 0.7, for 〈nn〉, until γ̇⊥ becomes large.
This overprediction of microstructural anisotropy within
our constitutive model has previously been reported for
reversal flows [14].

When γ̇⊥ does become large, the constitutive model
predicts near isotropization of the coarse-grained mi-
crostructure, A = O(βγ/50), and saturating anisotropy
of the contact microstructure, A ≈ 0.5φ, which is found
by inserting 1

2 (δyδy + δzδz) for the time averaged value
for −Ec/|Ec|, and 〈nn〉 ≈ φδ/3 into Eqs. (21, 33, 47).
This contrasts with the DEM behaviour which shows a
mild maximum in anisotropy in 〈nn〉c in the chain-tilting
regime (regime (ii) as defined above). This discrepancy
is presumably related to the failure to capture the phase
angle between the yz-component of 〈nn〉c and the trans-
verse strain in this regime (see Fig. 4). Failure of the
DEM to reach complete isotropy in 〈nn〉 and 〈nn〉c at
large γ̇⊥ is consistent with there being continuing dom-
inance of the contact contribution to the shear stress,
discussed above.

We finally present in Fig. 6 plots of the suspension
viscosity as functions of γ̇r and γ̇⊥, found by DEM simu-
lation and predicted by the constitutive model (the simu-
lated large γ̇r data were previously reported in Ref. [22]).
The model and DEM simulation both predict that the
viscosity reduction obtained under transverse oscillatory
shearing is largest for shear-thickened suspensions. This
follows naturally from the fact that the oscillations act
by breaking up particle-particle contacts: frictional flow-
ing states of Π � Π∗ are dominated by particle-particle
contact stresses and stand to lose a substantially larger
proportion of their viscosity by having such contacts re-
moved, compared to lubrication-dominated suspensions
(Π� Π∗). For these purposes the term ‘shear-thickened’
suspensions of course include rate-independent materials
of high friction for which Π∗ is effectively zero [3].

Overall the qualitative agreement between Figs. 6a, b
represents encouraging success of our constitutive model
under conditions of both rate- and time- dependent flow.
Nonetheless, some discrepancies are apparent within the
(γ̇r, γ̇⊥) range shown here. At small γ̇r, for which con-
tacts are frictionless and the resulting DEM contact
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stress is subdominant, the viscosity in DEM simulation
is roughly independent of γ̇⊥. Under these conditions,
where the hydrodynamic stress is dominant, it is to be ex-
pected that the oscillation-mediated loss of contacts does
not lead to a significant change in the viscosity. The con-
stitutive model, meanwhile, predicts a decrease in viscos-
ity with γ̇⊥ at small γ̇r. This reflects that changes in the
coarse-grained microstructure and the lubrication stress
are more pronounced in the constitutive model than in
the DEM. At large γ̇⊥, the viscosity in DEM increases
with γ̇r since (at this proximity to φJ2 ) the onset of fric-
tion leads to a substantial contact stress (albeit lower
than when γ̇⊥ is small). In the constitutive model, how-
ever, the viscosity at large γ̇⊥ is independent of γ̇r, re-
flecting that the modelled oscillations over-predict the
break-up of the microstructure (Fig. 5), and providing
further indication that the contact stress is too sensitive
to the number of contacts [Eq. (34)].

V. DISCUSSION AND CONCLUSIONS

We have presented a self-contained derivation for a re-
cently proposed constitutive model for the microstruc-
ture and stress of shear-thickening particle suspensions,
discussing en route the roles played by the ‘jamming co-
ordinate’ ξ = Tr〈nn〉c and the contact microstructure
〈nn〉c, which is related, within the model, to the coarse-
grained microstructure tensor 〈nn〉. This relation allows
a closed constitutive model at the coarse-grained level,
whilst making testable predictions for the contact statis-
tics. Along with the stress and other observable quanti-
ties, these can be compared with experiment or, as done
in this paper, with simulations of particle-based models
based on the DEM (discrete element method) formal-
ism. The use of DEM simulation data, for which mi-
crostructural data can be interrogated almost ad infini-
tum (in contrast to experiments which generally cannot
resolve individual contact forces), offers a set of stringent
tests for rheological constitutive models, as emphasized
recently by Chacko et al. [20].

In Ref. [14] we confronted the new constitutive model
with such data for the case of reversal of steady shear
flow. The model was found qualitatively correct in most
aspects, but with a systematic over-prediction of mi-
crostructural anisotropy which was reflected in relatively
poor prediction of normal stress differences.

In the present paper we have taken the simulation-
based testing of the model considerably further, by ad-
dressing steady shear flows with superposed transverse
oscillations. For friction-dominated systems (Π � Π∗)
this protocol has been shown capable of drastically reduc-
ing the mean viscosity, in some cases unjamming systems
whose viscosity would otherwise be infinite [21, 22]. This
protocol may find utility in active rheology control [24]
for various industrial applications. Because of its strong
influence on time-dependent suspension microstructure,
it provides a range of stringent tests for any constitutive

model. Since flow conditions evolve continuously, these
tests complement those offered by sudden flow reversal.

Overall we again found qualitative agreement between
the constitutive model predictions and data generated by
discrete-element simulation. This applies in particular to
the decrease in the contacts with increasing oscillation
frequency (Fig. 5b), and to the transient build-up of the
amplitude of the transverse shear stress and its phase
relative to the transverse shear rate (Figs. 3a, b).

However, the model falls short in other respects, such
as the corresponding phase relation for the yz-component
of the contact microstructure 〈nn〉c. This shows a dis-
crepancy that is at least partly the fault of our ansatz
for 〈nn〉c in terms of 〈nn〉, given in Eq. (33). Improve-
ment to this ansatz is therefore a target for future refine-
ment of our constitutive model. A second discrepancy
is that the constitutive model predicts the contact con-
tribution to viscosity to collapse to extremely low levels
at high transverse oscillation frequencies, so that lubrica-
tion terms dominate, whereas the DEM simulations show
the collapse to be much more moderate, with direct con-
tact terms still dominating the stress, at least when φ
is close to the frictional jamming point φJ2 . Thirdly, al-
though Fig. 6 shows broad qualitative agreement for the
viscosity as a function of the reduced shear rate γ̇r and
oscillation frequency γ̇⊥, the behaviours seen in DEM
simulations along both the small γ̇r and the large γ̇⊥
edges of the diagram are not properly captured by the
constitutive model.

The explanations of these shortcomings remain a topic
of ongoing research, to which we hope to return in fu-
ture publications. Candidates for improvement include
not only the specific approximation for 〈nn〉c mentioned
above [Eq. (33)], but also the relation between the
contact force and the number of contacts [C3-term in
Eq. (5)]; a microstructure-based interaction force with
the background [C1-term in Eq. (5)], which should limit
anisotropy in dense systems; the assumption of a friction-
independent microstructural evolution [absence of a fric-
tion term in Eq. (5)]; the Hinch-Leal type closure relation
[Eq. (21)]; and our simplified approach to the angular
distribution of birth and death processes among contacts
[Eq. (17)].

Pending further exploration of all these aspects, the
work reported above already confirms the value of com-
paring constitutive models for dense suspensions not only
with macroscopic experimental observations (which are
generally limited to measurements of stress), but also
with particle-based simulations that can give detailed mi-
crostructural statistics. Such comparisons increasingly
allow the assumptions of the model to be tested individ-
ually rather than collectively, an approach that we hope
should speed future progress towards a fully predictive
constitutive rheology for dense suspensions, both shear-
thickening and otherwise.
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