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Abstract

The effects of fluid viscoelasticity on the expansion of gas bubbles in polymer foams for the cases of reactive and
non-reactive polymers are investigated. For non-reactive polymers, bubble expansion is controlled by a combination
of gas diffusion and fluid rheology. In the diffusion limited case, the initial growth rate is slow due to small surface
area, whereas at high diffusivity initial growth is rapid and resisted only by background solvent viscosity. In this
high Deborah numbeiD) limit, we see a two stage expansion in which there is an initial rapid expansion up to
the size at which the elastic stresses balance the pressure difference. Beyond this time, the bubble expansion is
controlled by the relaxation of the polymer.

In the model for reactive polymer systems, the polymer molecules begin as a mono-disperse distribution of a
single reacting species. As the reaction progresses molecules bond to form increasingly large, branched, structures
each with a spectrum of relaxation modes, which gel to form a viscoelastic solid. Throughout this process gas is
produced as a by-product of the reaction. The linear spectrum for this fluid model is calculated from Rubinstein
et al. [Dynamic scaling for polymer gelation, in: F. Tanaka, M. Doi, T. Ohta (Eds.), Space—Time Organisation in
Macromolecular Fluids, Springer, Berlin, 1989, pp. 66—74], where the relaxation spectrum of a molecule is obtained
from percolation theory and Rouse dynamics. We discretise this linear spectrum and, by treating each mode as a
mode in a multimode Oldroyd-B fluid obtain a model for the non-linear rheology. Using this model, we describe
how the production of gas, diffusion of gas through the liquid, and evolution of the largest molecule are coupled to
bubble expansion and stress evolution. Thus, we illustrate how the rate of gas production, coupled to the rate of gas
diffusion, affects the bubble size within a foam.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Polymeric foams are used in a wide variety of applications due to their low weight, and sound- and
shock-absorbing properties. There are two distinct methods of production depending on whether the
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polymer is synthesised prior to or during the moulding process. In the former case, a polymeric lig-
uid containing a foaming agent is injected at high pressure into a mould. As the pressure is reduced,
bubbles nucleate and expand forming a polymeric foam. In the latter case of reaction injection mould-
ing [8], liquid reactants are injected into the mould where they react forming a polymer of increas-
ing molecular weight. Gas is produced as a by-product of the reaction, leading to the nucleation and
growth of bubbles within a fluid whose rheology evolves from a low viscosity liquid to a viscoelastic
gel.

There have been a number of studies of bubble growth in Newtonian fluids where bubble expansion is
driven by gas diffusion. Amon and Densfi] introduce the idea of a ‘cell model'—a spherical bubble
surrounded by a spherical envelope of fluid which contains a limited supply of gas. The volume of fluid is
dictated by the number of bubbles per unit volume in the cured foam. Arafmanesh and [Bjiekasicribe
a model for bubble growth in a Newtonian fluid driven by gas diffusion. Their model takes account of
heat transfer and inertia and couples bubble growth to the changing foam density. Shafi and Flumerfelt
[15] describe nucleation and determination of an initial bubble radius using free energy arguments. Shafi
et al.[16] follow this paper with one describing a foam made up of many spherical bubbles in ‘influence
volumes’ through which gas diffuses from a limitless supply of gas dissolved in the liquid. The radius
of each influence volume is dictated by the condition that the gas concentration at the outer edge is that
required for nucleation.

Street[18] was one of the first to study the effects of viscoelasticity on bubble growth rate, using the
Oldroyd-B fluid model. Tanasawa and Ydd§] and Ting[20] also studied bubble growth in an Oldroyd-B
fluid and, like Street, assumed that all available gas was inside the bubble at nucleation. Han @jd Yoo
provide experimental results showing the effects of parameters such as injection pressure, melt elasticity
melt viscosity, diffusivity, and surface tension on bubble growth. Ramesh [@i24lgive a comparison
of experimental results, their own model for bubble growth in a power law fluid and a model outlined
by Arafmanesh and Advafi2] in which gas diffuses into the bubble from a limited supply dissolved in
an Oldroyd-B fluid. They concluded that the Oldroyd-B model is better able to fit the experimental data,
particularly in the early stages of foaming.

In order to study bubble growth in reacting polymer foams, it is necessary to model the rheology of a
polymerising material as it transforms from a liquid to an elastic solid. The rheology of gelling systems
near their gel point has been studied extensively by Mours and VJéni€),21] Winter et al[21] provides
a detailed review of the subject, including scaling laws for the longest relaxation time, viscosity and elastic
modulus of the gel. They also describe a power law molecular weight distribution and scaling of the largest
molecular weight near the gel point from which they obtain the linear viscoelastic spectrum. Mours and
Winter [10] compare the predictions of these scaling models with oscillatory shear experiments. Gimel
et al.[6] review experiments reported in the literature to compare percolation parameters with measured
data as well as performing their own simulations for the molecular weight distribution.

Rubinstein et al[14] use a combination of percolation theory and Rouse dynamics to predict the relax-
ation spectrum of polydisperse self-similar molecules. They assume a power-law distribution of molecular
weights between smallest and current largest molecular weights with a step function cut off at either end.
The smallest molecule has a single relaxation time, with higher modes being absorbed into a solvent
viscosity, while the remaining molecules each have a spectrum of relaxation modes. Randrianantoandirc
et al.[13] augmented Rubinstein et al.’s model by using Monte Carlo simulations to predict the form of
the cut-off function at the maximum molecular weight. They also included high frequeneiaxation
in the linear relaxation spectrum. Comparisons;6fand G” with experiment appear very good below



S.L. Everitt et al./J. Non-Newtonian Fluid Mech. 114 (2003) 83-107 85

the gel point. Above the gel point, there is evidence of slow dynamics not captured by their model that
they suggest may be due to dangling arms in the gel.

In this paper, we present two models for bubble growth in polymeric liquids. In the first model, bubble
growth is driven by the diffusion of gas from a limited supply dissolved in the surrounding liquid. The
fluid in this case is modelled by an Oldroyd-B fluid. Our model is similar to that of Arafmanesh and
Advani [2] though we include a solvent contribution to the zero shear-rate viscosity. In the second of
our two models, we take the model for polymer gelation described by Rubinstein[&4ghnd treat
each of the discretised relaxation modes as a mode in a multimode Oldroyd-B fluid. We assume that gas
production is proportional to the extent of reaction and that evolution of the extent of reaction follows
second order kinetics. In this way, we model bubble growth, driven by gas diffusion, in a fluid with evolving
rheology.

2. Non-reacting foam growth

We first consider the case of non-reacting bubble growth where foaming results from a sudden reduction
in pressure that causes the blowing agent to come out of solution. We model the foam as a system of
identical spherical bubbles of gas, each surrounded by a layer of viscoelastic fluid containing a quantity
of dissolved gas. The volume of this layer could be estimated by dividing the initial volume of liquid
by the number of bubbles in the cured foam. We begin by describing general assumptions and follow
this with a derivation of the governing equations. These are transformed into dimensionless form and we
identify the relevant dimensionless groups.

We consider a spherical bubble of gas with an initial volu#y8)uo, and gas pressuygo, expanding
in a uniform spherical envelope of incompressible viscoelastic fluid that contains a limited supply of a
dissolved ideal gas. Here, we are not attempting to model the initial rapid phase of bubble expansion
immediately following nucleation, and so the initial bubble volume is not the volume at nucleation but a
larger volume when the gas pressurgds. Growth is driven by the pressure difference between the gas
pressure inside the bubblgy, and a background pressure outside the envelepéle assume that the
expansion rate is sufficiently small that fluid inertia may be neglectedSsetton 2.2, bubble growth is
isothermal, and the bubble—fluid interface remains in thermodynamic equilibrium.

2.1. Governing equations

In a spherically symmetric expansion, conservation of mass dictates that the radial velpoityhe
fluid surrounding the bubble is given by

R?R
qr = 7,

whereR is the bubble radius andis the general radial position. The liquid surrounding the bubble is
modelled as an Oldroyd-B fluid. There are three terms contributing to the siresgsthe liquid: an
isotropic pressure; a Newtonian viscous term with solvent viscpsignd a polymer stress with elastic
modulusG and orientation tensof:

o=—pl+u(Vg+VgH+GA-1I).
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The orientation tensor satisfies

X:—%(A—I), 1)

v
whereA = 9A/dt+q - VA — (Vq)" - A — A - Vq is the upper convected derivative agds the fluid
velocity.
In spherical polar co-ordinatedg = Ay, andp, Ay andAgy are assumed to depend oand timer
only. Neglecting inertia, the radial component of the momentum equafies, = 0, gives

ap 19 5 0qy 41y 19 ,, 2GAy
0=—— —— | 2ur-— | — —— (r"GAy) — .
or + (r2 or < Hr or r2 + r2 or (r Ar) r
The term involving the Newtonian viscosity vanishes due to the spherical symmetry of the velocity field.
Thus,
a 2G(Ay — A dA
_p _ (Arr 60) +G rr‘ (2)
or r or
Since the fluid volume is conserved it is useful to transform from a radial co-ordinate Lagrangian
volume co-ordinate such that® = u + x. Here,(4/3)mu is the bubble volumei4/3)zx is the general
fluid volume and(4/3)7X is the volume of fluid in the whole layer. Thus,= X is the Lagrangian
position of the outer edge of the envelope. At the boundaried andx = X

4 28 . .
—pu) — % + GAr(u) = —pg + VR (inner surface boundary conditipn
U
At
—p(X 4+ u) — # + GA (X +u) = —p,, (outersurface boundary conditipn

whereS is the surface tension at the bubble surface. Integr&ing2) across the fluid layer and using
these boundary conditions gives

4 |1 1 Ay — Agg 28
_ Z_ = G . 3
3 |:u X—i—u] ~ Pty ./ x+u E ®)

Due to the co-ordinate transformation, the evolutiomgfand Ay, given byEg. (1) can be followed in
the Lagrangian frame:

0A 4y 1

ot 3x4u) " T( " : X
(A — A 2u — _1 —

o Jat 90) 3()6 + )[(Arr Agg) — 3An] T (A — Agp). )

Initially, A, = 1 andA,, — Ag = 0 everywhere. The concentration of gas at the bubble surfaeeQ)
is related to the pressure inside the bubble by Henry’s law:

c(0,1) — co = (pg — pgo) H.

Here,cq is the initial gas concentratiopyo is the initial gas pressure ariflis the Henry's law constant.
The concentration;(x, 1), is the number of moles of gas per unit volume of fluid.
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The gas diffusion equation is obtained via a mass balance in the fluid:
ac a dc
— =9D— 43— .
or ox <(x L
We introduce a concentration potentiglx, r) so thatdp/dx = ¢ — ¢ to aid in the numerical solution
[1,3]. The diffusion equation then becomes

9 439°9
=9D B,
o O+ u) a2
with 9¢/0x = (pg — pgo) H at the bubble surface aridg/dx? = 0 at the outer edge of the fluid layer,
which implies thatp is constant there. Thus, there is no gas transport through the outer edge of the fluid
layer and gas supply is limited. Conservation of mass in the bubble gives

(6)

d /pgu\ 4/3 3¢
4 (ay) = 90u® 25

x=0

Substituting fromEg. (6)and integrating with respect to time gives
pgit = pgoito + RTH(0, 1), (7)

since we can arbitrarily set(0, 0) = 0. Here,R andT are, respectively, the gas constant and temperature.
Egs. (3)—(7together with initial conditionst,;, = 1 andA,, — Ag = 0,u = ug andpg = pgo govern
bubble growth.

2.2. Non-dimensional equations

We scale all lengths with the initial bubble radim#3 and scale times with the polymer relaxation
time r. Pressure is scaled so that the dimensionless gas preSguiethe ratio of the current pressure
difference to the initial pressure difference: iRg.= (pg — pa)/(pgo — pa). The number of moles of gas
which have diffused out of the liquig, is scaled with the initial number of moles of gas in the bubble,
Pgouo/RT, giving the following dimensionless equations:

R
31;" N _3(x4i u)Arr ~ e D o
8(Ar,a: Aw) _ 3(x2—i|l— TG~ Aw) 3] — (A — ), (10)
(pa + (P;(;O— pa)Pg) u=1+¢(0,n, (11)
B _ Nt w2 2? (42

ot ox2’
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Table 1
Dimensionless groups arising in the non-dimensional formulation of the equations governing bubble growth
— T . . .
Deborah number De = (Pgo = pa) Ratio of the rate of bubble growth in the solvent to the relaxation rate of the polymer
w
) . . Gt . L . .
Viscosity ratio y=— Ratio of polymer to solvent contributions to the steady shear viscosity
"
ul/sp_
Capillary number I' = SS Ratio of viscous force to surface tension
T
) . 9Dt T . S e
Timescaleratio N = =B =7 Ratio of the polymer relaxation time, to gas diffusion timeTy
ug d
® =RTH

together with boundary conditions:
% _ @pgo — Pa
0x Pgo
2
9o
0x?2
and initial conditionsA;, = 1 andA; — Ag = 0,u = 1 andPy = 1. The five non-dimensional groups
we use are described ifable 1 Egs. (8)—(12were solved using an Euler method with an adaptive
time step forEgs. (8)—(10)and a Crank—Nicolson method for the diffusion equation. The parameter
values and values of the dimensionless groups used are shdahles 2 and Jespectively. The initial
concentration of gas in the liquid is, by Henry’s law, 105 mofmwith a liquid density of 1200 kg rm?
and molar mass of 0.044 kg mdlfor carbon dioxide this corresponds to an initial gas concentration of
0.385%. Henry’s law is valid for dilute solutions where gas concentrations are of the order of 1%.
In order to neglect inertia from this model, the Reynolds number for the bubble expansion must be small.
Balancing the inertia term with the viscosity term in the momentum equation gives a Reynolds number

(Pg—1) (atthe bubble surface = 0)
(13)
(at x = X)

2/3
_ pitg *(Pgo — pa)

Re 2
Table 2
Parameters required for bubble expansion driven by gas diffusion
Parameter Value Units
Pressure outside the fluid layerx, 1 1P Nm2
Initial bubble gas pressurggo 10 16 Nm—2
Elastic modulusG 1-10 16N m=2
Solvent viscosityu 1,6 1®Nsn?
Polymer relaxation timeg 1 s
Initial bubble volumey 1 1018 m3
Surface tensiony 0-5 10 Nm
Gas constant® 8.3 JmottK-1
TemperatureT 370 K
Henry's law constantd 10.5 10°moIN-*m?
Diffusivity, D 0.1-e0 102m2s?t

Fluid density,o 1200 kg nts
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Table 3

Dimensionless numbers used for bubble expansion driven by gas diffusion
Dimensionless groups Value

De 9-15

y 1-10

r 0.1

N 0.9+

e 0.32

X 53.6

(usingz/De as the timescale for the bubble expansion). With the parameter values giVablén? the
Reynolds number for the bubble expansion.B8ix 1013,

2.3. Results and discussion

In this problem, there are three distinct timescales controlling the expansion of the bubble. These are
the diffusion time for gas transport into the bubble from the surrounding fluid; the viscous growth time
for a bubble in a viscous fluid of the solvent viscosity; and the relaxation time of the polyniegm
Eg. (12) the timescale for gas to diffuse across the fluid layer is of the qrdef)>3/9D = X?/3¢/N,
while the solvent viscosity imposes a maximum bubble expansion rate of @rgler pa)/n = De/t.
Depending upon the relative values of these timescales bubble growth may be controlled by any one of
these three timescales. We can examine the effects of viscoelasticity on growth rate by considering the
limit N > DeX?/ when diffusion is, essentially, instantaneous so that the bubble growth is limited by the
rheology of the surrounding fluid. In this case, the concentration profile of gas in the liquid is independent
of fluid volume and is dictated by the gas pressure in the bubble through Henry's lawENo{#3)
applies throughout the fluid layer and the conservation of mass equitiol(l) becomes

— P -
(pa—|- (PgO Pa) g) u=1+ @M(l— Pg)X.
Pgo Pgo

This enables the bubble growth equations to be solved independently of the diffusion equation. In the
case wherpX is large so that there is large reservoir of gas available within the layer, the gas pressure
Py remains approximately constant untir~ @ X after which the pressure difference decays to zero in
the absence of surface tension. In the opposite limit wh&n« 1 andpgo > pa SO that most of the gas
is already within the bubble at= 0 the pressure decreases #s.1

In Fig. 1, we compare the growth rate of bubbles at different Deborah numbers for the same value of
y. At large Deborah numbers, we see two distinct phases of bubble growth: an initial rapid expansion in
which the bubble volume increases rapidly, and a slower second phase of expansion. As the polymers are
initially unstretched they do not provide any resistance during the initial phase of expansion, so that the
resistance comes only from the solventviscosity. The rapid expansion during this phase causes the polymer
to stretch so thatigy — Ay increases (sekig. 2). This phase of expansion stops once the normal stress
differencey(Ag — Ay )/De at the surface of the bubble becomes comparable to the pressure difference.
During the second phase the pressure difference is balanced by the elastic normal stress difference within
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Fig. 1. Effect of viscoelasticity on bubble volume when= 5. Solid line:De = 9; long dashed lineDe = 99; short dashed
line: De = 999.

the fluid. The growth of the bubble is therefore controlled by the relaxation of the elastic stress, which
relaxes on a timescale of orderthe unit of time in our non-dimensionalisation.

We can attempt to estimate the timescales for the first phase in the two limits described above of large
and smalld X. If I and X are both large and polymer does not contribute to the stres€iipe(@) may
be approximated as

u 4

gDe.

2.5

15¢

ost ./ ]

0 7 ‘ ‘ ‘
0 005 01 015 0.2

first normal stress difference/Deborah number

0.25 0.3 035 04 045 05
time

Fig. 2. Effect of viscoelasticity on the first normal stress difference whenb. Solid line:De = 9; long dashed lineDe = 99;
short dashed linedDe = 999.
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Fig. 3. Effect of diffusivity on bubble growth rate when= 5. Solid line:N = 0.9; long dashed lineN = 4.5; short dashed
line: N = 18; dotted line is the limitV — oo.

As the bubble growsly increases whiled,, decreases so that, neglectiag in Eq. (10) the polymer
stretch difference on the bubble surface evolves approximately as

0(Ago — Arr) _ (25!

o 3, 1) (Agg — Arr).
Using these approximate equations we find #af large, that the bubble volume increases exponentially
as approximately ex8Det/4) and Agy — A >~ exp{(((1/2)De — 1)r)}. Thus, the elastic stress will
balance the pressure difference after a time of ordéd& — 2) log{(De/y)}. In the opposite limit, the
bubble volume grows linearly as approximatelyaDet/4, while Ag — A,, increases as”/3 exp(—1). The
elastic stress will now balance the pressure difference when(3/4)Det) exp(—3t/5) = (De/y)%/°, so
that for largeDe this will be at a time of ordeDe~%/°y~%/5. In practice, it is difficult to see these scalings
as rather extreme values of the parameters are required to make the approximations accurate.

WhenN « DeX?/® bubble growth is limited by diffusion rather than rheology. (In fact, siDesis
an overestimate of the bubble growth rate, this limit applie¥y at DeX?/3.) Growth is slow initially
as the bubble has a small surface area over which the gas can diffuseégs8e The expansion rate
increases as the bubble gets larger but subsequently decreases once the gas pressure approaches |
pressure outside the fluid layer and the concentration of gas in the liquid reaches a uniform profile. In the
initial phase of expansion the pressure drops rapidly inside the bubble as it expands. The polymer stress
builds to a maximum and then decays as the expansion rate decreases. However, the stress is prevente
from relaxing completely by gas diffusing into the bubble. Between5 and 15, we see a plateau in
the first normal stress difference and a decrease in the rate of pressure dreig¢sdeand 5N = 0.9
curve) corresponding to an increase in gas transport into the bubble. The stress is finally allowed to relax
once the gas concentration in the bulk falls.

As diffusivity is increased the pattern of bubble growth remains qualitatively similar, but with an
increase in the bubble growth rate. Increased diffusion reduces the extent of the initial rapid pressure drop
until, in the limit of infinite diffusion, this initial phase is lost altogether (§6g. 4). Increasing diffusion
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0 5 10 15 20 25 30
time

Fig. 4. Effect of diffusivity on dimensionless gas pressure (ratio of the pressure difference to the initial pressure difference) when
y = 5. Solid line:N = 0.9; long dashed lineN = 4.5; short dashed line¥ = 18; dotted line is the limiiv — oo.

also causes the final stress relaxation to occur sooner and the more rapid bubble growth increases th
magnitude of the first normal stress difference at its peak. These two regions eventually become indistinct
(Fig. 9.

The parametep is the ratio of the polymer to solvent contributions to the zero shear-rate viscosity with
y = 0 corresponding to a Newtonian fluid apd= oo to an upper convected Maxwell fluid. Initially,
the polymers are unstretched and so the first stage of bubble growth is resisted only by the solvent stres:s
Consequently, bubbles grow more rapidly in a viscoelastic liquid than in a Newtonian fluid of the same
zero shear-rate viscosity. This is shownFiy. 6, where we compare growth in fluids with the same
zero shear-rate viscosity at = 0.9 and in the limit of infinite diffusivity. The difference in growth

[=Y
N

ss difference
2
N

=
o
T

magnitude of first normal stre

g

0 5 10 15 20 25 30
time

Fig. 5. Effect of diffusivity on the magnitude of the first normal stress differepc, — Ay, at the bubble surface when= 5.
Solid line: N = 0.9; long dashed lineV = 4.5; short dashed lingy = 18; dotted line is the limitv — oo.
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Fig. 6. Comparison of bubble growth in a viscoelastic liquid and a Newtonian liquid of the same zero shear-rate viscosity. The
solid lines represent a viscoelastic liquid with= co andDe = 9, the long dashed lines represent a viscoelastic liquid with

y = 4 andu = 2, and the short dashed line represents a Newtonian liquidith0. The lower curves show bubble growth

rate whenV = 0.9 and the upper curves show bubble growth rate in the limit of infinite diffusion.

rate is most marked at high diffusivity where the initial growth rate is controlled by the fluid viscosity.
At low diffusivity viscoelastic effects are less significant due to slower growth rate. The calculations of
Arafmanesh and Advaifi2] correspond to the limig — oc. As they did not include a solvent term they
were forced to use an iterative technique to obtain solutions. However, by taking large valuge afe
able to reproduce their results.

The potentialg, is the relative number of moles of gas diffused from the liquid at tinrethe absence
of surface tension, as— oo, the dimensionless gas press#ye— 0 andp — @(pgo— pa) X/ pgo. This

14

\/Zbubblc volume)

0 5 10 15 20 25 30
time

Fig. 7. Effect of surface tension (< oo) on bubble growth ratey = 0.9, De = 9 andy = 5. The solid line showsg™ = oo;
the two lines with positive bubble growth rate & 1/De) show successively smaller equilibrium bubble volumes Witk 0.5
andI” = 0.2, respectively. The line with negative bubble growth rate shbws 0.1 < 1/De.
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leads to an equilibrium bubble volume given by

__ Pgo + @(pgo — pa) X
Pa ‘

Nucleation and the early stages of bubble growth involve a period of surface tension dominated growth
or collapse. In this paper, we assume that the initial bubble volume is large enoudh:thayDe. In

this case, surface tension again dominates the bubble growth rate towards the end of the expansion &
PyDe — 1/Iu'/® — 0. Thus, the effect of including surface tension at the bubble surfaee o) is to
increase the equilibrium gas pressure and reduce the equilibrium bubble volurkéy.sée

o0

3. Bubblegrowth in areacting polymer

In order to describe bubble growth in a reacting polymer, the model of the previous section must be mod-
ified in two respects. First, we must account for the production of gas as a by-product of the reaction. Sec-
ond, we require a constitutive model that accounts for the increase in molecular weight of the polymer as
the reaction proceeds. For simplicity, we assume that the polymer is formed from a single reacting species
The reactant forms self-similar molecules of increasing molecular weight that ultimately form a gel.

3.1. Reaction kinetics

We assume that the reaction follows second order kinetics so that the extent of regdiaiven by

do

— =c(1—)? 14

dr = et (14)
whereq is the fraction of reacted end groups at timandc, is the reaction rate. We now scale time with
the reaction rate;,, so that in dimensionless units as the relaxation time of the fluid varies with time,

do 5

o 11— )" (15)

We assume that gas is generated at a rate proportional/t.dThe concentration of gas generated at
timer is ¢cHpa(a — o), Wherew is the extent of reaction at nucleation, anid a dimensionless parameter
giving the number of moles of dissolved gas per unit volume generated by the reaction at completion.
In order to satisfy Henry’s law at the bubble surfagg = pa(1 + sap) initially. We now scalep with

the maximum number of moles of gas produced by the reactidp, X, so that the diffusion equation

(EqQ. (12) becomes

9 _ 49  lda

g T NEHOT S Ty (19)
The boundary conditioflL3) is

% _ L ro=pap g (17)

ox sX  Ppa

at the bubble surface arddp/dx?> = 0 atx = X. The dimensionless group = 9D/ug/3ca is now the
ratio of the gas diffusion rate to the reaction rate.
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The conservation of mass equatidy( (11), becomes

(Pa+ (pgo — pa)Pg)
Pgo

w=1+ o2 X, 1) + (@ — ap)). (18)
Pgo

3.2. Rheological model

Our rheological model for the reacting polymer is based on the dynamic scaling model of Rubinstein
et al.[14] for the linear rheology of a gelling fluid.

We assume that the polymer molecules in the fluid surrounding the bubble begin as self-similar chains
with molecular weighin, and slowest relaxation ratg. All relaxation processes faster thanwill be
incorporated into a background solvent viscosity. We also assume that the polymer solution is semi-dilute
so thatthe polymer molecules are close enough to screen hydrodynamic interactions, but are not entangled

The molecules start to react and bond to form molecules with a range of molecular weights, each
with a Rouse spectrum of relaxation mod&sapproximated as a continuous spectr#), so that the
relaxation modulus;,, (¢) for molecules of masa is given by

m/m,

() = 22T f e=n (b g (19)
m 1

wherek is the mode number which runs from 1 (the slowest mode) te ., the number of segments

of molecular weighin,. Here,pn,, R andT are, respectively, the density of molecules of masgas

constant and temperature. In Rouse dynamics, the friction on a molecular segment is proportional to the

number of monomers so that the diffusion coefficient is inversely proportional to molecular weight. The

longest relaxation time for a molecule of molecular masand radius of gyration will, therefore, scale

asem o 1/mr?. The radius of gyratiory;, increases as*%, whered; is the fractal dimension of the

equilibrium coil size. Hence, the longest relaxation ratg,satisfies

€m m —((2/dr)+1)
€ \my '

Thekth mode corresponds to the relaxation of sections of mé®s, k, hence from this scaling argument,
we obtain the relaxation rate, for modek as

m ((2/dr)+1)
€ =¢emk) =¢, (—xk> .
m

Changing the variable of integration fratrto € in Eq. (19)gives the result of Rubinstein et §l4]:

d €x di/2 d
Gm() = mn(m)ErGof (5) e—et_e. (20)

X €

Here, 2d, = 1+ 2/d;, Go = pRT/m,, andmnim) = pmn/p is the number density of molecules
of molecular weightn. We assume that the number densityn) follows a power law between the
minimum and maximum molecular weights andm, so that:(m) o« m~". The value oy close to the

gel point can be obtained from percolation thefity] or by Monte Carlo simulationf6]. It has been
shown([6,11] that the value of obtained by Monte Carlo simulations provides an accurate description
near the gel point. For simplicity in our simulations, we use this value-ef2.2 throughout the reaction
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though one could use the valuewof 2.5 from mean field theorjl7] to improve accuracy further from
the gel point. Following Rubinstein et §lL4], we impose a step cut-off at the minimum and maximum
molecular weights so that prior to the gel paifnt

(v — Z)mif2
1— (my/men)'—2

n(m) =0, o< Og, M > Mch;, M < My.

TV a <o, my<m < Mch,

n(m) =

Randrianantoandro et &l.3] use Monte Carlo simulations to obtain a more accurate exponential cut-off
function that is in good agreement with experimental d&faHowever, for the sake of simplicity we
retain the step function cut-off.

IntegratingEq. (20)over all molecular weights from, to m¢, gives the relaxation modulus prior to
gelation ¢ < o) as

G(t) _ Go(dr/Z) /Ex € (1/2)d:(v—1) €ch (1/2)d;(v—-2) € dr /2 e—et d€
B 1- (ech/ex)(l/Z)dr(v72) €ch €x €x €y € .

Beyond the gel point, the largest molecular weight is infinite and wenggdo denote the molecular
weight of the largest free molecule. We assume that the only reactions are between the longest molecule
in the solution and the gel so that the number density is now

(21)

nim) = (v — 2)mi_2m_”, o> g My <m < Mch.

The relaxation modulus of the free molecules is still giveriy (20)so that integrating over molecular
weights fromm, to m¢, and changing the order of integration gives

de [ [men € (1/2)dy g€
G(Dsol = Go—/ / mn(m) (—) dm de.
2 €ch Jme €x €

For the remainingm,/mcn)"~? fraction making up the gel, we assume that only modes fasterethan
can relax (the first term) with the remainder making up the elastic modulus

m, p—2 d; &/ e\ LD _de m, v—1
G(Hgel = Go - — e“‘'— |+ Go .
Mch 2 en \Ex € Mch

Combining the contributions from both the sol fraction and the gel we obtain

d € (1/2)d; (v=1) d (1/2)d; (v—1)
G(H) = Go= ( / (i) e=) + Gy (ﬂ> . (22)
2 €ch €x € €x

Having obtained the relaxation modulus we now discretise the linear spectrum into a set of discrete modes

G@t) = Z G, e ",

In order to extend this to non-linear flows, each mode is treated as a mode in a multimode Oldroyd-B
fluid. This simple non-linear extension does not introduce any additional parameters. This extension will
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be valid provided that molecular strains remain modest so that molecular segments do not extend beyond
their maximum length.
Fora < a¢, we useEqg. (21)to obtainG;. A, and A, — Ag for each mode satisfy

0An 45 €
o An = G A =2 23
or 3w WY (23)
and
Ay — A i ¢
(Arr - ) — 30+ M)[(Arr — Ag) — 3Ax] — E(Arr — Ag). (24)

The values of the elastic moduli change during the reaction due to the loss of translational modes and
the subsequent gain of internal modes. In addition new modes are ‘switched on’ as larger molecules are
produced. This means that in order to conserve stress we must Adjoseach mode so that when
changes by an amountG,

Finally, we sum the modes in the momentum equatiea (8):

4. 1 1 (Arr_ 1
éu[;—X+ ] PgM + = )/Z f ?) dine) — —7. (26)

€=€ch

Here,M = (pgo — pa)/uc is the ratio of the bubble growth rate in the solvent to the reaction rate,
y = Go/uce andI” = ué/s,uca/ZS.

Fora > «c, agelis formed resulting in an additional mode corresponding to an elastic solid. This mode
has modulugi g given by the second term i&q. (22) and an infinite relaxation time. The increase in
modulus of this mode with extent of reaction can be attributed to three sources: first from the translational
modes of molecules attaching to the gel; second from modeg géathese molecules, which are frozen
as they attach to the gel; and third from modes already in the gel which become frozgrelaanges.
Hence, a increases ané., decreases past the gel point, all modes with ¢, are switched off. Both
their modulusA G and their stresa G o Ao are added to the gel mode accounting for contributions two
and three above. The contribution from the translational modes corresponds to an additional contribution
AGgel . Thus, for the gel mode,

(Ggel + AGgel + AGoff)Anew = GgelA + AGgeII + AGoff Aoff-

To complete our formulation we must relate the characteristic relaxatior gt the extent of reaction

«. Near the gel pointyc, the largest molecular weighte, ~ (o — ac)~Y? [14]. Therefore, the slowest
relaxation rateeh ~ (o — ac)?“*. The value ofo can be obtained from percolation thediy] or by

Monte Carlo simulation§s] and we use the value of 0.45 obtained by Monte Carlo simulations. In our
model, we assume that this scaling applies throughout the reaction. Since the reaction begins with all the
molecules having the same molecular weight, before the gel point we have

e — 2/od,
€ch = € ( ¢ ) . 27)

(04
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Randrianantoandro et 4lL3] used Monte Carlo simulations to determine the prefactors before and after
the gel point for their parametéi — o) /erc| Which scales wit:-°. From the ratio of these prefactors,
we can determine the scaling fay, with « after the gel point

o — ag 2/od,
eon = ﬁéx( ) | (28)

Uc

whereps = 0.0049. A value ofg greater than

e 2/ody
1— o

allows for the fact that the network may not be an exactly self similar structure and may have ‘dangling arm’
sections withe < ¢, which are able to relaiL3]. In our simulations, we chooge= (ac/(1 — ac)) %%
for the sake of simplicity.

Eq. (15)for the reaction rateEq. (16)for gas diffusionfq. (18)for bubble gas pressurggs. (23)—(25)
for the elastic stresselsp. (26)for the bubble growth rate; arteys. (27) and (28pr the evolution of the
shortest relaxation rate provide a dimensionless equation set governing bubble growth in a gelling system
Here, time is scaled with the reaction tingewith the maximum number of moles of gas produced by
the reaction and bubble gas pressure and lengths are scale8extion 2.2The method of solution is
that described irsection 2.3Numerically, 20 modes per decade give a sufficiently accurate description
of the viscoelastic spectrum.

3.3. Linear viscoelastic response

In this section, we show the model’s predictions for the viscosity, gel modulus and response to
step-strainTable 4lists the parameter values used in addition to those giverabtes 2 and Sum-
marises the dimensionless groups arising and their values.

Fig. 8 shows the steady viscosity of the sol fraction, and the elastic modulus of the gel, with reaction
extent. Here, viscosity is scaled with the steady viscosity of the polymeead, Go/¢,, and the elastic
modulus is scaled with the elastic modulus of the fully developed@glAt the gel point, the steady

Table 4

Additional parameters required for bubble expansion in a reacting polymer

Parameter Value Units
Molar mass of initial polymerss,, 0.5 kg mot?
Relaxation rate of initial polymers, 750 st
Liquid density,p 1200 kg nr3
Rate of reactiong, 1,10 st
Maximum gas concentration produced by reaction/background gas concentgation, 10 -
Extent of reaction at the gel poini, 0.91 -
Extent of reaction at nucleationg 0.1 -
Molecular weight distribution exponent, 2.2 -
Largest molecular weight scaling exponent, 0.45 -
Fractal dimension of the equilibrium coil size of a molecule, 2.5

Solvent viscosityu 0.1 1®Nsnm?
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Table 5
Dimensionless groups arising in the non-dimensional formulation of the equations governing bubble growth in a gelling system

Pg0 — Pa

M="———— 1,10 Ratio of the rate of bubble growth in the solvent to the reaction rate
HCy
G
y = —2 73.8, 738
HCq
1
3 . . .
I = ”0/2% (9 Ratio of viscous force to surface tension
9D . e .
N=—5— 0.9 - oo Ratio of the rate of gas diffusion to the reaction rate
Ug Co
@ =RTH 0.32
X 53.6 Dimensionless fluid volume

viscosity diverges and we see the development of the elastic modulus. Near the gel point, the viscosity
scales with

(@t — o)(@/od)—(=D/o)

and the elastic modulus scales with

(@ —ag)" /7.

Figs. 9 and 1&how the response of the fluid to small amplitude oscillations of frequentie storage
modulusG’(w) increases witlx and we see a change from a gradient of two corresponding to a single
relaxation mode to a gradient df(v — 1)/2 = 0.666 at the gel point. Below the gel point we see a
transition from a gradient of two for frequencies belaywto a gradient of 0.666 at higher frequencies.
Beyond the gel pointG’ tends to the elastic modulus of the gel fraction at low frequencies. The loss
modulus,G” (w), at first increases witk up to the gel point as the molecular weight increases. However,

=
o

o
0.6
0.5

0.4

log(viscosity)

o B N W M 00O N 00 ©

0.3

elastic modulus

0.2

0.1

. . . . . . . L 0
0.5 055 0.6 0.65 0.7 0.75 0.8 085 0.9 095 1
extent of reaction

Fig. 8. Viscosity relative to the viscosity at= 0 in the sol phase (solid line) and elastic modulus relative to the elastic modulus
of the fully developed gel in the gel phase (broken line).
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Fig. 9. Storage modulug;’ (w), at various extents of reaction.

beyond the gel point, it decreases again as higher molecular weight material becomes part of the gel
Again we see a change in gradient from unity at frequencies bgjote 0.666 at higher frequencies.

Our model gives qualitatively similar results to those of Randrianantoandrd E8RlAt high frequen-
cies, their model shows a further change in gradient due ta-eéaxation in the low molecular weight
segments which we incorporate into an effective viscosity. Their model also predicts an undergHoot in
after the gel point caused by the difference in the form of the high molecular weight cut off function.

3.4. Effects on bubble growth

We now consider the growth rate of a bubble in a reacting polymer in which gas is produced as a
reaction by-product.

log(G”)

log(w)

Fig. 10. Loss modulus;”(w), at various extents of reaction.
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As in the non-reacting model, the rate of diffusion of gas is of order

9D
(uoX)?/3

while the maximum bubble expansion rate is of order

spa
uw

There is now a third timescale, the reaction @tewhich determines both the production of gas and the
evolution of the fluid rheology. Here, we describe how the balance of these timescales controls bubble
growth dynamics. For simplicity we have assumed that the gas diffusitiitys independent of the

extent of reaction. Although there will be a change in diffusivity between the initial and final states of the
material, most of the gas is produced in the early stages of the reaction and in most cases diffusion takes
place well before the gel point.

The initial phase of bubble growth is controlled by supply of gas into the bubble. There are now two
distinct sources of gas available to drive bubble growth. First, some gas is present in the liquid initially
and will immediately begin to diffuse into the bubble. Second, gas will be produced within the liquid
as the reaction progresses and, if the production rate exceeds the rate of transport into the bubble, the
gas concentration in the liquid will increase with time. If gas diffusion is slow compared to the initial
bubble expansion rate there is an initial drop in the gas pressure inside the bubble as it expands. However,
as the excess gas produced by the reaction diffuses into the bubble we see an increase in gas pressur
(seeFig. 11). The bubble gas pressure only begins to fall once the reaction rate decreases and the gas
concentration in the fluid decays. Increasing the diffusivity increases the rate at which gas is transported
into the bubble. This produces an increase in the bubble gas pressure at early times and a consequen
increase in the rate of bubble growffidgs. 11 and 1@

Comparingrigs. 5 and 13ve see the effect of the polymerisation on the elastic stress. For a non-reacting
systemFig. 5, reducing the diffusivity (and hence the bubble growth rate) produced a much lower first

1.8

1.6

) .
sl
0.6}

bubble gas pressure

0.4}
0.2}

0

0O 05 1 15 2 25 3 35 4 45 5

Fig. 11. Effect of diffusivity on dimensionless bubble gas pressure wiieg 10. Solid line:N = 9; dashed lineN = 90;
dotted line shows the limit of infinite diffusion.
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—

bubble volume
o5}
o

40t

Fig. 12. Effect of diffusivity on bubble growth whetd = 10. Solid line:N = 9; dashed lineN = 90; dotted line shows the
limit of infinite diffusion.

normal stress difference. HoweverFig. 13 we see that the main effect of diffusivity is to delay the point

of maximum first normal stress difference with relatively little change in the magnitude. Although a lower
diffusivity reduces the bubble expansion rate at early times, it delays the maximum rate of expansion
to times when the molecular weight is larger and so the fluid is more viscoelgigticl4 shows the
evolution of the extent of reaction and the longest relaxation time, we see that the longest relaxation time
diverges at the gel point.

In the three cases shownhigs. 11-13the final bubble volume is independent of diffusivity. In these
cases, the rate of the reaction is sufficiently slow for the gas pressure to reach equilibrium before the gel
point is reached. At faster reaction rates the gas bubble will not have reached its equilibrium size before
gelation and so the equilibrium bubble volume will depend on the valudsaid M (seeFig. 15. The
asymptotes given by the limit of infinite diffusivity iRig. 16show that the ratio of the bubble expansion

first normal stress difference

o r N W A OO O N © ©
T LT T T

o
o
0
=
=
0
N
N
o
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w
0
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o
o

Fig. 13. Effect of diffusivity on the magnitude of the first normal stress differeipce; G (k) (Ar (k) — Agy(k))|, whenM = 10.
Solid line: N = 9; dashed lineN = 90; dotted line shows the limit of infinite diffusion.
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Fig. 14. The evolution of the longest relaxation time (solid line) and the extent of reaction (broken line).
rate to reaction rateyf dictates a maximum equilibrium volume. The ratio of the rate of gas diffusion to
reaction ratepN, dictates the proportion of that volume achieved.

As the liquid gels the stretch in the modes with relaxation rates less:thdoes not relax back to the
equilibrium state and so, in the absence of surface tension,

P N 2 dr éch (1/2)dr(V*1) fX Arr - A@@ d
—=Y=\|— — Ox.
9 3)/ 2 \ g, o Xx+tu
Thus, the equilibrium bubble volume depends on the trapped gas preBgyrend

14 gop+ cP(aco — 20 Pgoc) X
1+ §050Pgoo '

U

140

o e |

o
o
L

bubble volume
(2] o
o o

N
o
!

N
o

5 10 15 20 25 30
time

Fig. 15. Effect of diffusivity on bubble growth whe = 1 andy = 73.8. Solid line:N = 0.9; dashed lineN = 9; dotted line
shows the limit of infinite diffusion.
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Fig. 16. Equilibrium bubble volume as a function of gas diffusivity,for different values of the ratio of bubble growth rate to
reaction rateM: M = 0.1 (+); M = 1 (x; M = 5 (x)). Solid lines indicate asymptotes for limit — oo.

The bracketed term represents the gas which has diffused into the bybtpg:, is the number of
moles per unit volume of gas generated during the reactioryBipdeo pg~ iS the number of moles per
unit volume of gas remaining in the fluid at the end of the reaction.

Increasingy increases the viscosity of the liquid throughout the reaction and so decreases the equi-
librium bubble volume while increasing the magnitude of the first normal stress difference and the
equilibrium gas pressure. This effect is much more pronounced at high reaction rates. Inargasiag
extent of reaction when the bubble nucleates, increases the initial gas pressure in the bubble and so th
equilibrium bubble volume at completion of the reaction is increased.

3.5. Justification of the full reacting model

In this section, we justify the complexity of our reacting model by comparing the results for bubble
expansion with results generated by using two vastly simplified models.

The simplest model for a reacting fluid might be that of a generalised Newtonian fluid with viscosity that
increases with the extent of reaction. We use a viscosity equivalent to the total viscosity of the full reacting
model outlined above. As the reaction approaches the critical extent of reaction the longest relaxation time
and viscosity diverge to infinity. The elasticity of the material allows the bubble to continue expanding
beyond this point. If the fluid is modelled as Newtonian with increasing viscosity, the diverging viscosity
would halt bubble expansion at the gel point. At low reaction rates most of the bubble expansion takes
place before the gel point while the molecules are small and stress relaxes quickly. In these circumstances
the Newtonian model gives a reasonable approximation, particularly at early times. At high reaction rates,
the molecules increase in size quickly and so the elasticity of the material becomes significant.

In order to improve the prediction without making the model very much more complex we devised a
model that incorporates the early time accuracy of the generalised Newtonian model with the late time
necessity for an elastic model. At early times, we use an increasing Newtonian viscosity, as above, with
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Fig. 17. Bubble expansion at high reaction rate to compare simplified models for a reacting fluid with the full reacting model.
The ratio of initial expansion rate to reaction raté,= 1.

no elastic contribution. At later times, the Newtonian viscosity remains constant and we introduce a single
Oldroyd-B mode with increasing relaxation time equak¢gand elastic modulugz, fixed to give the
correct viscosity. After the gel point, the gel mode is added by a second Oldroyd-B mode with infinite
relaxation time. As the longest relaxation time drops, we revert to a decreasing Newtonian viscosity
and no elastic contribution. At low reaction rates the point at which the elastic mode contributes can be
adjusted to give a very close fit. However, at high reaction ratgs17 shows that the predictions are
still poor. The generalised Newtonian model gives a very poor fit due to the rapid increase in viscosity.
Expansion starts up again after the gel point as the viscosity of the sol fraction decreases as an increasing
fraction of the material becomes gel. The single Oldroyd-B mode model gives a slightly better fit until
well after the gel point.

These models justify use of the full reacting model at high reaction rates while providing a fast approx-
imate prediction of bubble expansion at low reaction rates.

4. Conclusion

In this paper, we have set out a practical model for the growth of bubbles in viscoelastic fluids driven
by gas diffusion from the surrounding liquid. We link constitutive laws for the fluid rheology to a flow
simulation for an expanding bubble.

For a non-reacting polymer in which the liquid rheology remains constant there are three important
timescales that characterise bubble growth: the polymer relaxation time, a characteristic time for bubble
growth in aviscous liquid, and the gas diffusion time. For viscoelastic effects to be important, the polymer
relaxation time must be larger than the expansion timescale. Provided that this condition is satisfied, bubble
growth can be divided into two classes: diffusion limited growth, where the growth rate is controlled by
the diffusive transport of gas from the liquid; and stress limited growth, where the expansion rate is
determined by the polymer relaxation rate.
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In a reacting polymer system, there is a fourth timescale, the reaction time. This sets both the rate of
gas production and the onset of gelation where the polymer relaxation time diverges. Most of the gas
is produced in the early phase of the reaction, whereas the changes to the rheology are most significar
when the reaction is near completion. If the reaction rate is fast relative to the timescale for bubble growth
(set either by diffusion or fluid rheology) then gelation will freeze the structure before the stresses have
relaxed or pressure decayed. If the reaction is relatively slow then the bubble will reach its equilibrium
size before gelation takes place. Mora e{@].describe a foaming reaction in which 60% conversion is
reached in about 2.5 min. This gives= 0.01 s™* and, for the other parameters giverTable 4 bubble
growth is controlled by the reaction.

At low reaction rates, a simple generalised Newtonian liquid model or a combination of a generalised
Newtonian and Oldroyd-B model with increasing relaxation time give reasonable predictions for bubble
growth in a gelling liquid. However, at high reaction rates the material properties change so rapidly that
the large elastic stresses caused by the bubble expansion make a fluid model such as the one present
necessary.

In order to maintain simplicity in a highly complex system we have chosen to ignore many additional
complications that arise in reaction injection moulding. We assumed a single species of reactant, wherea:
in many cases there are at least two. Our analysis assumes isothermal conditions, whereas in practice tt
synthesis reaction is often highly exothermic. Also, in addition to chemical gelation due to branching
there may be phase separation that is thought to produce a physi@bgerhis occurs before chemical
gelation and so gives a gel point earlier in the reaction. Both these effects could be incorporated into the
model and would be expected to modify the quantitative result. However, our model is able to capture
the qualitative dependence of this highly complex system on the various parameters.
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