Analytical Methods: Solutions 4

1. The two distinguished stretches are 6 = 1 and § = . § = 1 gives us a
regular expansion:
f=fotefi+efat--

%:cos:c %:fdeO =sinz %:*del = —cosx
dz dz da? dz da?
f=co+sinz +ele; —cosa] +e*[cy —sinz] 4 - -
in which the boundary condition at x = 7 gives:
1=co+eler + 1] +€3[ea] + -
f(z) =1+sinz — [l +cosz] — e?sinz + - - -
For the stretch 6 = ¢, if z = 2:/¢ then
d? d
d_zJ; +d—£ =ccosez =¢e(1 —e2%/24 )
f=Fo(2) +eFi(2) +*Fo(z) + - --
A2F,  dF, 2F, AR 2F,  dF,
o _y &y &2
dz? * dz dz? + dz dz? + dz

f(2) = ag+boe™* +elar + bre™* + 2] + £°[ag + bae 7] + -
which becomes (using the BC at z = 0):

f(2) = ao—aoe™* +elar —are™ + 2] +%ay — age ] 4 - -

Now we match, using an intermediate variable z = ¢*¢. The expansion of
the outer solution is

flz) =146 — 2 — 393 /6 + 172262 /2 — 2To¢ 4 O(e3,£5%)
The inner expansion, with z = e*~1¢, becomes
f(2) = ao +e“€ +eay +e*ag + - -

Matching the two gives ap = 1, a1 = —2 and ae = 0, so the matched inner
form is
f(z)=1—e"4e[2e7% =2+ 2]+ O(?).
2. (1+e)2?y =e((1 —e)axy® — (1 + &)z + y* + 2ey?) with y(1) = 1.
Outer: set y = yo + ey1 + €2y2 + - - to have (rows being order 1, ¢, £2):

2y}, = 0
:czyi + zzyé = zyg , — &t y28’ .
2y, + oty = 2wyoyn — wyg — T+ 3ygyn + 2y

Order 1 At leading order, y;, = 0 gives yo = ag and, using the boundary
condition, yo = 1.



Order ¢ The equation becomes 22y} = 1so y; = a; —x~!. The boundary
condition fixes y; =1 — 271,

Order 2 The equation is 2%y5 =2 — 327! so y2 = ag — 2271+ (3/2)z 2.
With the boundary condition we have y, = 1/2 — 227! + (3/2)2~2.

The outer expansion is

tre(1-2) 2 (L2020,
4 © 2) T\ T T g2

which ceases to be uniformly asymptotic when = ~ ¢.

We rescale (noting that y is still order 1) by putting © = ez and the
original equation becomes:

(1+e)2%y =e(l —e)zy? —e(1 +e)z 49> + 2y
In the inner, we pose y = fo +¢&f1 + -+ to have

21, - f
e22f] + e2’fl = exfé — ez + 3efifi + 2¢ef?

Order 1: 22 f} = f3 has solution fo = (A¢ +2/2)~ /2.

Matching: We use an intermediate variable n = e %z = ¢'~%z. The
outer becomes

1 3
le_Elfa_+€272a2_+€_€2fa
n n

and the inner,

-1/2 1—a L 9-24 3
y~ A (1—5 —+c —|—)
0 Agn 2A(2)7]2

which matches the first three terms if we set Ag = 1. So we have
fo=(1+2/2)7""2

Order ¢: The equation becomes 22 f] —3(1+2/2) "1 f; = —(142/2)73/2
so (using the integrating factor (14 2/2)%/2) we have

~3/2
= (A1+%> (1-1-%)

Matching The outer is unchanged from before: the inner now becomes

1 3 1-34
yN1_&_1—o¢_+€2—2a_2+5141+52—04 (71)_’_
7 2n n

which matches the next two terms of the outer if we set 4; = 1.

The inner expansion is

9\ ~1/2 1 9\ ~3/2
y~(1+—) +5(1+—)(1+—) + -
z z z



3. The image of |z — 1] < 1 under w = 1/z.

The boundary of the domain may be parametrised as
lz—1=1 z=1+¢" 0<0<2nm

which transforms to

B 1 _ 1+4cosf —isinf 14 cosf —isinf
Y T T cosh+isng (14 cos0)? +sin?60 2+ 2cosf
B 1 . sinf
T2 ! 2+ 2cosf
The real part of w is always 1/2; the imaginary part spans the whole line
from negative infinity at § = 7 to positive infinity at § = —.

To complete the mapping we simply need to know which side of the bound-
ary our domain lies. The point z = 1 is in the original domain: therefore
the point w =1 is in the image domain, which is therefore given by

Real (w) >

N =

4. The image of —7/2 <z < 7/2,0 <y < 1 under w = sin z.

We look at each boundary in turn, writing w = 1 + i€ where necessary.
Bottom edge y = 0: w =sinz, —7/2 < < 7/2.

-l<n<l1, £=0.
Top edge y = 1: w =sin(z +14) = cosh1sinz + isinh 1 cosx.

772 52
cosh?1  sinh?1

=1, £€>0.

Left edge © = —7/2: w =sin(—n/2 +iy) = —coshy, 0 <y < 1.
—coshl<n< -1 &E=0.
Right edge © = 7/2: w =sin(7/2 4 iy) = coshy, 0 < y < 1.
1 <n<coshl £=0.

The top edge is half an ellipse; the other three form the straight line
—cosh1l < n < coshl, £ =0. We now need to check whether the interior
or exterior of the half-ellipse is our image. Take a point from the interior
of the rectangle — say, z = i/2. Then w = sini/2 = isinh (1/2), which is
inside our half ellipse. The image domain is

n’ £
5+ —5
cosh“1 sinh“1

w =141 <1, £>0.
5. The image of —7/4 <z < 7w/4, =1 < y < 1 under w = sin z.

Again, we find the image of each edge in turn, putting z = = + iy, w =
1+ €.



Bottom edge y = —1: w = sin(x — i) = cosh1sina — isinh 1 cosz.

n? £ cosh 1 cosh 1 sinh 1

+ =1 — << —
cosh?1  sinh?1 V2 g V2

Top edge y = 1: As in 4, but with a reduced range of x:

n? £ cosh 1 cosh 1 sinh 1

+ =1 <n< > .
cosh?1  sinh?1 V2 1 V2 V2

Left edge © = —7/4: w = sin (iy — 7/4) = (— coshy + i sinhy)/v/2.

275271 _ coshl 1 7sinh1< <sinh1
! 2 V2 V2 V2 Vi
Right edge = = 7/4: w = sin (iy + 7/4) = (coshy + isinhy)/v/2.

772*52:1 L<n<cosh1 sinh1<§<sinh1

2 V2 V2 V2 V2o

This curvilinear rectangle looks like:

<n<-—

and is bounded by the hyperbola 72 — ¢2 = 1/2 and the ellipse

0’ £

=1
cosh?1  sinh?1

6. V2u = 0 in the domain 1 < r < e%, 0 < o < 7 with boundary conditions
Ou/or(1,0) =0, du/0r(e*,0) = sinb, u(r,0) = u(r,7) = 0.

(a) The geometry of the domain suggests polar coordinates, in which

u 1ou 10
or2  ror  r?2002

and the three types of separable solution are

Viu =

u = (acos [A] + bsin [A])(cr™ + dr™?)



u = (Aexp [pub] + Bexp [—ub])(C cos[plnr] + Dsin[ulnr])
u= (a+ Blnr)(y+ d0).

The boundary conditions u(r,0) = u(r,7) = 0 impose a = A = B =
y=d0=0and A =n so

u= Z sin [nd](c,r™ + dpr™").

Then 5
_au = g sin [n0](ner™ ™t — ndr~ (D)
,

and the boundary conditions du/9r(1,0) = 0 and du/Or(e*,0) =
sin @ give n = 1 and finally

(r+r~1)sind
)= —"—
u(r, 0) i—c)
Under w = Inz with w = n+ i, theregion 0 < 0 <7, 1 <r < e®
becomes 0 <1 < a, 0 < £ < . The three zero boundary conditions
become

ou

U(Ua 0) =0 U(UJT) =0 8_7’](075) =0

and since |[dw/dz| = |1/z] = e™® on r = €%, the final boundary
condition becomes

g—:;(oe,é) = e%siné.

It is clear that the solution is
. . ou . .
u = sin&(a coshn + bsinhn) o= sin&(asinhn + bcoshn)
n

_ e“coshnsing  2coshnsing

sinh « (1—e22)

Now if Inz = n + i£ then n = Inr and £ = 6 so our solution is

(2) = 2cosh[Inr]sing  (r+7r"')sinf
YT T ey T T (1 —e )

Note the analytic function of which w is the real part is

_ 2sin(—iw)  2sin(—ilnz)
f= (1 — e—2) B (1 —e—2a) ’




