Analytical Methods: Solutions 1

1.y +2ey + (1 + &%)y = 1, with y(0) = 0 and y(r/2) = 0.
Put y = yo + ey1 + €2yo:

yé’ + % = 1
eyl + 2ey, + ewn =0
2yl + 2%y, 4+ 2y + %y = 0

Leading order: yj +vy =1 gives yo = 1 + Agcosz + By sinz.
Boundary conditions: Ag = —1, B; = —1. The leading-order solution is

Yo =1 —cosx —sinz.
Order e: y{ + 2y( + y1 = 0 becomes y{ + y1 = —2sinx + 2 cos .

The general solution is y; = xsinx + xcosz + A cosx + By sinx and
applying the boundary conditions gives A1 = 0 and By = —7/2:

y1 = (x — 7/2)sinz + x cos x.
Order 2: y + 2y} + y2 + yo = 0 becomes
Yy +yo = —sinz — (1 — ) cosw — 2w cosx + 2z sinz — 1.
After a little more work we obtain the general solution
Yo = (m/2)xsine — 1 — (1/2)x*sinx — (1/2)2? cosx + Ag cos + By sin .
Applying the boundary conditions fixes A; = 1 and By = 1 — 72/8, so
Yo = (1/2)xsinz—1—(1/2)x?sinz—(1/2)2” cos x+cosz+(1—72/8) sin .
The first three terms of the solution are
y=1—cosz —sinz +¢[(zr — 7/2)sinx + x cos x]
—e?[1 4 (2?/2 —7x/2 — 1 + 7% /8) sinx + (2?/2 — 1) cos z].
dz

€
2. 1= .
/0 (62 — 22 + cose — cosx)1/2
Make a change of variables z = €z to give

I / ! edz
~ Jo (€2 — €222 4 cose — cos (2))1/2
and now expand the cosine terms, keeping terms up to order * (the “1”

terms cancel):

edz

1
I =
/ (62 — 222 — 52 +e4/24 — [—%5222 +e124/24] 4+ O(e9))1/2

1
dz
B /0 (1—22—1/2+4¢e2/24+ 22/2 — e224/24 + O(e*))1/2

_ ' V2dz
- /o (1 —22+e2(1—24)/12+ O(e*))1/2

7 /1 V2dz
o 2)1/2(1 +e2(1 + 22) /12 + O(e*)) /2



Now we can expand the bracket (14 2(1 + 22)/12 4+ O(e*))~ /%

_ b V2de &2 52 c4))-1/2
[ = /0(1_22)1/2<1+ (1+2%)/12+ O()

= /0(1{;1;/2(1 e2(1 + 2%)/24 + O(e*))

From here to the end is just calculus: substitute z = sin 6 and after some
manipulation we obtain:

1:%(1—%+0(54)).

0

0
sinfuvg f) + w099

" asind 89( (U¢f)+sm 0 cos2¢ = 0 with

vg = asin 0 cos 0 cos 2¢, vy = —asinfsin 2¢.

First we need to substitute the v terms in and tidy up the equation:

cos2¢p 0 0
- 2 2% —
e~ 89(Sm Ocostf) 8¢(Sm of) +sin® O cos2¢ = 0
of of _
sm@cos@cos2¢% — sin 2¢—¢ — 3fsin% 0 cos 2¢ + sin® 6 cos 2¢ = 0
Now we look for characteristics: curves on which
d
sin 6 cos 6 cos 2¢a Sm2¢8¢ g(@,(b)a

We can decouple the equations by dividing through by cos2¢ to give the
two parametric equations

9 00 cos dg  sin2¢
dr - smpeos dr  cos2¢

The ¢ equation integrates easily:

2 2
/ €S20 1 — _2/ dr  Insin2p=-2r+C  sin2=Ce 2.
sin 2¢

The 6 equation is a little harder:

/d 7/8”1 0+ cos®6 d@z/c?—seJrSmod@zlnsinﬂ—lncosﬁ
sin 6 cos 6 sinf = cos6

Our characteristic is given parametrically by
sin2¢ = Ce™2", r=lIntané, sin 2¢ tan® 0 = C.
This curve satisfies the two equations

de . do sin 2¢
— =sginf cosf —_ =
dr dr cos 2¢




and so our original PDE becomes

a0 of do of

cos 2(;55% + cos 2¢58_¢ — 3fsin 0 cos 2¢ + sin? § cos 2¢ = 0
d
—f —3fsin?6 +sin?0 =0
dr
We need to substitute sin @ in terms of r before solving:
tanf = e" tan® § = 2" cos® ) = 1 sin® 0 = L
(1+e2) (1+e2)
d
(1+62r)_f _362rf+62r =0
dr

This ODE has general solution

f=F(C)1+e™)3* + %

Finally we need to return to the original variables § and ¢, eliminating
C and r from the solution. We already know r = Intanf and C' =
sin 2¢ tan? § so the final solution is

1
f = F(sin2¢tan®0) sec® 6 + ~.

3
ou 5 0u
. — — = 0.
ot tu Ox
This is a nonlinear first-order PDE. We look for characteristics of the form
d
x = x(r) t=1t(r) along which d_u =0.
r
We look at the equation
dx 9
=~ —u
dt

for constant u, and see the curve family
x =u’r + t=r.
On each of these u is a constant, so u depends only on xg and not on 7:
u = F(x0).

We can rearrange the characteristic curve as zo = x — u?t and thus the
general implicit solution is

u=F(x —u?t).
Now we want to apply the initial conditions: u(z,0) = \/x gives

V= F(x) u=+/(z —u?t).
The boundary condition u(0,¢) = 0 is now automatically satisfied.
We can rearrange our implicit solution to make it explicit:

xT

u=+/(z—ut) uwW=z—u*t CFl+t)=z uzt) = .
(@0 L+ =o ued= [




