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idea: M smooth
.
closed manifold .

Wewant to recover the topology of 14 from a single function
f : M-R : a) Crit (f) = { ✗ c- M I df×=o}

(2) Dynamics of tf .

Def pen is a ontiealpñt off if dfp=0 , equiv . if Dfcp )so .

At pecntff), we define the tessin ( dfpcx) = (Dflp ), v7 . )

IfCX , -1 ) = (DCFf) cp ) , X) .

= ✗ ☒f)
.

At
imae derivative

£9M in the direction Y
,
extended arbitrarily to 4° .

1 (*) Ese? check that Ifk,-17 = diff,✗ ) .
(Note pecrit (M) )

local coordinates on Rn with pso : If céi , Éj ) = ( f) s%¥j .
Def If is nondegenerate at pecntlf) if ker(d7 ) = 0 .

i. e. if dtflv , ✗7=0 for all ✗ c-Tpm implies v -O -

EI S2 CRS ,
fcxiyit) = 2-

+

µ
At a point ix.4,2-7 c-5 : +yz + f2=1

⇐ 2×+4-85--0 , so
¥ - ¥

.

• similarly ¥y= ¥ .

Then Crit(f) = { pest I tfcp ) =L
-

¥
.

-77=0 }
= { pes

'

I Cx, y) -10,07}
= (0,0, I1) .

Hessian : %¥=-f¥¥_ = →+¥-× =
-x?g_E

Also %&=8¥ ¥ ,
8¥. -5¥

.



At lx
,ya) = (0,0 , -1-1 ) , deff = (F1 0

0 gg) = F Id .

Both critical points aremice .

Def. f :MMR is Mad if all costed points are nondegenerate.

Morselemma-letpc.tl be a nondegenerate critical point of f.
Then 9- a neighborhood U of p and a chart if :U~→%%1Rn

such that help7=0 and

f- ° 4-
' Gi , -→xn ) = fcp ) - ÷dxF +

j
:& ,
xj?!É°

we call i the index off atpiso

Roughstock : use Taylor 's theorem to write

fcx , ,5) = fjco ) 1- 8¥, A) × , -1£ G) ✗Tt o(✗F)
.

Reparametnze to eliminate linear term fuses implicit function thm
a nondegeioay) ,

replace xi wth ×,hÉpat ;

repeat for xz , - - > Xn . ☐

2 c*) Exercise : if f.M→R is Morse
,
then all critical points are isolated .

Tung Morse functions are open and dense in (M, IR) .

Existence . embed M↳Ñ ,
take f Cx) = Nx-pH on M .

P ←
e- 112N

This is generically Morse , by sand's theorem .

EI 1-2=(112/2+2)
"

PeG¥÷É•×f-↳ y ) = coscxltsinly) -
lo, ¥ ) {

2
'
0¥

fjgZ@2-TfG.y) - G-since), coscy)> .

10,3¥ ) ( 9) I saddle
diff , y) = (

- coscx) 0| 0 - sincy )) fn , E) 1 saddle

tn
, 3¥ ,

/ (t F)
Index of each critical point ↳ 9) 0 10m¥

.

8
= # negative eigenvalues of dif.



3 c*) Exercise : f : QP"→ IR
,
fee. : - - - -ans)=↳l¥?,¥¥!;;I_

is Morse if the G, -, en are all distinct .

What are the critical points of f and their indices?

Props Write Msa = f-' G- as, as) = {pom lflp> sa} .

If f- has no critical votes in for ,bJ Gie. if pecntlfl then fcplefca.bg)
,

Ñ then there is a diffeomorphism Msa ⇒ Msb .

Boot Define p :M→1R as { ¥71K
on f-"Kam )f-

.

0 outside a compact
neighborhood off-48,54.

Define yes :M→M as the flow of p .Df .
[

, d¥ = Cp .Df ) . Ps .
If fcyoscx)) c- [a ,b9 then

⇐ ( f. 4s)a) = df%e×) (d¥ )

= flysch ) . dfµs(✗ ) ( tfcysex) ))
= Ñ¥Ñ - 1117-14,1×77/12 = -1 .

Conclusion : 4 b-a (Mb ) = Ma , so 4s, is
'

the desired diffeomorphism.FI#Smf-aritopology of M is controlled entirely by Cntlf) , tf near Cnilf).
Take pecntlf) . Morse karma : locally fan, -in ) - fcp ) - ¥E×? -1 ;,¥iF .

Suppose we have the standard metric on IR?
I
, f-

←meme

Downward gradient flow equation d¥" = -Pflum) LÉ¥É¥# msn.ee
-Df

has an explicit solution 4s Cy , , - yn)=(É¥¥e" , yiné%→ynÉ↳) .The topology of M changes from Ma
- E

to Mate

by adding a
"handle" near pg

,
along the " unstable

"

manifold
Ulp) - { xc-MIIY.es 4s(x) =p } .



We get a cell structure on M
'

• 1- cell per enticed point, of dimension dini Gkpl) = indp (f) .
• Attaching maps are determined by flow of -Df .

EI. T2 •

!÷÷¥i → →QQ
.

Cell structure:

÷:¥:
Morsehomobgyfi.MS/R Morse

.

For pecntlfl , define as = Flow 1-☐f) and

f- Ucp) = § ✗em I ¥1s llslxtp} v8 manifold

Scp) = { ✗em I ¥8 Qsl:X)=p} stable mainfold .

Then Nlp ) and Sep) are manifolds of dimension

mdlip) n- indlp) .

Gwen p&g in Cntlf) , let llcpiq) = Ulp) nscq) :

space of flows from p
to q . If Up ) Is

'

Hose to scq) :

din lkp ,g) = dim Np) ) - Cn - dim scan

= ind (p )
- wid (g) .

Def fi MMR is Morse-sm-alerful.pl/nSCq)forallp=lq- (Generic )

Then each lllpiq) is a manifold of dimensionlndCp1-mdCqJ.Freeaetion1R@ikp.q) : s.lu#--Q(t-s).flowlneof-Df



More on M:

CMKCF ) := ④ 7422407.
lndlptk

op = I,
# (

MP.at/R.)q.indCq)--mdCp2-7CMzCf)---
• d ⇒ HMz(f)38122⇐

jIÉ oµµ%b!Ñ? +1M$ (f) ⇒ that

a.
Hiko

CM. (f) ~= •
a TIM off / I (Elsa ) .

Observe that HM
*(f) I 1-1*(11-2) .

⇐¥.

•
a

•b Kero :cMz→eM , )= Carob>

IF
HE 1.1 . K÷÷¥1mY¥=o
•

S2
d

cm*H ) t.IE?1mI-.1m-I,--9f-.sa>.
Again, HM* (f) ⇒ 61*154 .

Twin +1M$ ⇒ +18cm) .

Why is 02=0 in the Morse complex?

02ps o[I #Mip,q) -g) = £ (§ #ÑCp,q) #ÑG,r))r .

indcqtindlp-1-1 lndlrtindipl-2

Want to show for all p,r that §#Ñllp.gl#TUlqr)---0Caod2) .
%

This is a count of
"broken trajectories

"

.

The 9--dimensional space Ñ(p,r ) has a compactification
ftp.rT-mcp.MU/Uqucp.a)xMlqr))

% as a 1-manifold with boundary . Then



§# lp.gl#FUlq,r7--1t-c(ucpr))-- 0
because #Oceanport 1-manifold) =D .

So 02=0 .

4Gt) Exercise let f. M→ 112 be Marse - Smale
.

Show that CM* (f) ⇒ (Cmn . * C-f) )
"

.

("Poincaré duality
")

-

Instantonho#ogy on 3-manifolds :

{ 3-manifold y
+1*14) ⇒+1*63 )}Ms {

infinite-dimensional
space + functional

}
LEI I.

*(Y ) .
☒ how to make sense of this?

why should this gie an invariant?

Setup: principal Sulz)-bundle sum→ sutd-Y.PE
Define the Chern -Simons functional for a connection A on P by
-

CSCA ) = ¥ ftrffpgnfñ) where Ñ=tA on 8)DEY .

[0,17×4 (on a closed 4-manifold , this would
compete czlp) .)

compete ↳(Atsa) = CSCA ) + y¥§tr(Fana) -1 067
⇒ GTKSCAI

,
a> =¥pfy+r(* (*Patna ) = <*FA , a>

so PESCA )- *FA .

In other words
,

crit Ccs ) -§ A / Faso} = flat connections on P.

Gradient flow equation : §¥_ = - Pcs (At ) (1- parameter family of connections)

⇒ connection Ñ on 112×4 satisfying * FAN = - Fg .

This is the anti-Hero on 112×4 !

Well-understood : Uhlenbeck, Donaldson
,
Taubes

,
-

.



⇒ Instantons Floor homology I* (Y ) as

Morse homology of es :

sina.at:7#+.Tgaige!RtE .

Thin if 0 counts ASD connections on 112×4
(Floer '88)

then 02=0 and I*(y ) depends only on Y.

Bend generators of the I* complex are
irreducible

{flat connections on 80kW { ¥0M { nontrivial representations}¥
← Ion%gaIa .

So I* (y ) -1-0 ⇒ 9- nontrivial veep +, (4) → 5012)

⇒ Tidy ) -41
.

G.e. 4#S3 ).

Thin (Property P conjecture , Knnheimer-Mrowka
' 03 )

④Take a knot Kes
,
remove a tubular nbhd

, ghee

back in by some nontnual automorphism of ONCK) - l"Dehn surgery
" )

Then if K is knotted
,
this never produces a homotopy S3 .

Pfidea show that 9-* (surgery) -10 ⇒ Tiicsogoyl -41.


