
 

CHERN CLASSES OF COMPLEX

VECTOR BUNDLES

1 Vector bundles

The tangent bundle of a manifold
E C R a smooth surface

IE

Tat is the planethrough a tangent
to the surface I



I E M E IR
3 1123 1

a E E
O ETE

is called the TANGENT BUNDLE of I

The tangent bundle is a particular

example of vector BUNDLE Looselyspeaking

a recta bundle is a parametrised

family of vector spaces

In the case of the tangent bundleof
E

for each point oc we are given a

2 dimensional vector
space TocM

We call I the BASE i.e the

space we use to parametrise



I 1

forany x Tae I is the FIBER over a

the vectorspace parametrisedby a

the whole tangent bundle TE is

the TOTAL SPACE

Finally we've got a natural projection
T TE E

our as a

such that Foc E E T Kay Toe

Definition FORMAL

A VECTOR BUNDLE OVER A MANIFOLD M

is amanifold
E theTOTAL SPACE together

with a
map

IT E M such that



p
1 Foe EM Ti day Foe is
endowed with the structure of avector

space Foc is THE FIBER over
oc

2 FoEM F Use CM a neighbourhoodofin M and a diffeomorphism

Ioc ti Va boo x IR

suchthat for all ye voc
Iii aybar Fy

is a linear isomorphism

Examples

Thetrivial bundle Xx IR

Forany manifold
X TX the tangent

bundle

is a vector bundle

Consider IRR for AP



I
IRP D line through theorigin all

consider the set C Rpm xAnt

E I LD o I DEIRA EDY

E is a fiber
bundle over IRP It is called

the TAUTOLOGICAL BUNDLE

MORPHISMS BETWEEN BUNDLES

X E CY F two bundles
E F total spaces X andY bases

A bundle morphism is a continuous
map

f
E o F such that f maps

fibersof E to fibersof F



SECTIONS OF A VECTOR BUNDLE

A vector field on a manifoldMis by
definition the choice for any

ace M

of a vector in the fiberof the tangentbundleover oc

Thenotionof a section of a vectorbundle
generalises that of

a vector field

Definition A section of a vectorbundle

Eaux is the datum forany KEX of
an element sea E Fact thefiberover oc

We
say
the section is

a continuous if six s E is continuous

smooth is smooth

whatever is whatever



2 Complex line bundles

and 1st Chem class

From now on we will concernedwith

the following basic question

ARE THERE NON TRIVIAL BUNDLES

This is a provocative question of course there areotherwise we wouldn't be botheringwith
a theoryof vectorbundles Still suice
vector bundles are locally trivial non triviality

ofvector bundles is a global property harderto establish

BUNDLES OVER CONTRACTIBLE MANIFOLDS



Proposition Any vectorbundle over a

contractible
space IR or the open

ball
in KY is trivial

BUNDLES OVER St

Proposition There are exactly two isomorphism

classes
of REAL

vector bundles over St

thetrivial be

the Comique non orientable one

Anycomplex vector bundle over St

is trivial

Proofs of these two propositions are left
as exercise



as an exercise

COMPLEX LINE BUNDLES OVER MANIFOLDS

We move to the first non trivial taskof
the
theory classifying live bundles

REAL LINE BUNDLES we leave this case

as an exercise as thegeneral approach
is a simplified version of the complex
case

From now onwards E is a complex
line bundle over X a real

manifold

Important example the tangent bundle

of a COMPLEX curve is a complete line

bundle over a 2 dim heal manifold



Theorem Let X be a manifold
For
any

line bundle E over X there

exists a E E HII such

that n CI E O s E istrivial

2 If F is another line bundle over X
C1 E F Ca E Ca F

C1 E is calledtheFIRST CHERNCLASS

of the line bundle E

We are now goingto construct ca CE

The
way

we are goingto do this is

by trying to understand what are



g ryung
the OBSTRUCTIONS to trivializing a

line bundle

STRATEGY we try our best to trivialize E
and see when and why wegetstuck

X is a smooth manifold we consider a

triangulation of it

Xo i O skeleton
A1 1 skeleton

Xi i skeleton

What we are
going todo is to trivialize

E inductively over this

Having trivialised E over Xi

we can trivialize E over individual
Litt cells



we then check whether thetrivialization

over Xi and over Lite cells can be

merged to a trivialization over Xist
THAT'S WHEN WE WILL SEE OBSTRUCTION

TRIVIALIZATION OVER Xo

Xo is a countable union of points

Eino is adsviously fricialisable

Exo x Xo x d

TRIVIALISATION OVER XI

We take each 1 all which are intervals

and trivialise E over them which we



can as intervals are contractible

I a 1 cell

Ta g
EI Itai b x

a K E X

The trivalisation of E over I ni hag

might differ form the one we have chosen

the
difference being a linear map

y
has x d hag x Q

trivialization t at trivialisation

over to over I

If Taib x Q is a trivialisationable

I so is
n

x

gator
where

g
I



let p be the complex number representing
the change ofcoordinate betweentrioialiat

of E over I and Xo atHb
It suffices to take

g I at
g la

g
lb p

snice it is I connected this is

possible

Conclusion El x is always trivialasiable

TRIVIALISATION OVER X2

2 cells are contractible so

we can trivialize E over
any
such



g
2 cell 4

In order to turn this trivialisation
into a trivialization aver Xz we

need to make the trivialisation
over 24 S C Xa agree with that
over Xs

The change of coordinates from one

trivialisato te the other is of the
form

S x Q Six A
court as Coe goes

o

I
trivialisation and I trivializationovata

8 Q
with a goes

The trivialization one I can be
modified only as to continuously
deform

a
god



g
This path is 0 can be made trivial

iff Eg O ETC A TE

FOR EVERY 2 CELL A WE HAVE
DEFINED

G a E I 1

AN OBSTRUCTION TO EXTENDING
THE TRIVIALISATION TO THE Z SKELETON

TRIVIALISATION OVER Xi i 3

Using the same reasoning
to
find

a trivialization on a i cell

di that on its boundary 2 di

agrees
wonith a trivialization orexin

it is
enough

to continuously defame

a
map g

24 8 a



p g
to the constantmap 1

Since sit i 3 is 1 connected

this is always possible
We have thus estabistred the following
claim

IF WE HAVE MANAGED TO TRIVIALIZE E
OVER Xz THE E IS TRIVIAL OVER X

We conclude with an analysisof
the 2 co chain C1

Fact if a D then Ely is trivialized

Fate G is a co cycle
Hint each 1 cell contributes positively
and negatively when one computes ex



ga ly pre
on the boundary of a 3 cell

Fact A change in the trivialization

ofXe modifies ca by a co boundary

and
any

co boundary can bethusrealised

This
way

we get

CalE defines an element in HEX I

E is trivial a E O

Ry this trivialization method can

also be used to show that f cette
IE a line bundle such that



Ca E C

if Ea and Ez are two lie

bundles over X such that

CI CED SLED

then Ez Ez

3 Chun classes forcomplex
vector bundles

The
first Chem class

that we have

just defined is just one of asequence

of cohomologyclasses of
the base

s a that on c def
e
for



space that one can define for a

complex
vector bundle

FIRST CHERN CLASS OF A CX VECTORBUNDI

Let E be a complex actor bundle over

a
spaceX By definition its 1st

Chem class is

Ca E a det E

where det E is the determinantbundle

of
E

The determinant
of

a bundle is the lie
bundle the local sections of which arevolume forms on fibers of E



Theorem
Definition

Let X be a manifold For
any complexvector bundleEover X there are

cohomology classes

cite E H X E iz o

satisfying the following axioms

1 If Y is another manifold and

f Y X a continuous
map

then HE ex vet bundle

G f E J GCE
2 F E F vectorbundles over X

Cn Et F I Ci E Cj Fit jen



3 Ci le D if is rank E

4 If E is the tautological bundle

over QP CICE generates

H OPIE

Of course a thus defies agrees
with the first

Chem class

defined in the previous paragraph

SKETCH OF THE CONSTRUCTION OF CHERNCLASSES

X a compact manifold



1 A construction of bundles over X

Gr kin I k planes in On G

T Gr kin tautological bundle over

Gk kin

Let f X s Gr kin a smooth
map

E f talkin defines
a k bundle over X

Facts if fr fr X Golkin

are hometopic fitGalka
and ft Tarkin are hometopic



2 Arbitrary
bundles

Fix k 0 F m m x 0

such that
every

k bundle ever X

is isomorphic to y'tGe kin
for some f

X ACK m

3
Cohomology of Grlkin

Recall that H X E H Xie
is a gradedwig for the cap product

FAI H Gr Kim E is generated

by K cohomology classes
as a
wig

TaiD E H CALM E



4 Definition of Chem
classes

If E is a ex vector bundle over X

such that

E i pull back of taut bundle

by a
map fix Gelkin

Ce CE f tail e HII
p

i th Chun class of
E

To make sure that these

Chem doses I defied



Chem classes are well defined
one has to check all the

following things

AnyEex
vector bundle is isomorphic

to the pull back ofthe tautological
bundle over belkin for
a
map f X Geck m

forsome v20

Any two such maps are

homotopic

The definition doesn't depend
on the value of me



We do not
prove these facts

here ref
Milnor

Stasheff


