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Abstract

This thesis concerns the modelling of sound propagation in an urban envi-
ronment. For most of the thesis a point source of sound source is assumed,
and both 2D and 3D geometries are considered. Buildings are modelled
as rigid blocks, with the effects of surface inhomogeneities neglected. In
the time-harmonic case, assuming that the wavelength is short compared
to typical lengthscales of the domain (street widths and lengths), ray
theory is used to derive estimates for the time-averaged acoustic power
flows through a network of interconnecting streets in the form of inte-
grals over ray angles. In the impulsive case, the propagation of wave-field
singularities in the presence of obstacles is considered, and a general prin-
ciple concerning the weakening of singularities when they are diffracted
by edges and vertices is proposed. The problem of switching on a time-
harmonic source is also studied, and an exact solution for the diffraction
of a switched on plane wave by a rigid half-line is obtained and analysed.
The pulse diffraction theory is then applied in a study of the inverse prob-
lem for an impulsive source, where the aim is to locate an unknown source
using Time Differences Of Arrival (TDOA) at multiple receivers. By us-
ing reflected and diffracted pulse arrivals, the standard free-space TDOA
method is extended to urban environments. In particular, approximate
source localisation is found to be possible even when the exact building

distribution is unknown.
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Chapter 1

Introduction

This thesis concerns the modelling of sound propagation in an urban environment.
The motivation is urban source detection and localisation in the defence industry.
The main difficulties arising are due to the complexity of the domain, which may
contain multiple scatterers (buildings, for example) giving rise to multiple propagation

pathways between source and receiver.

In this Introduction we begin by describing the industrial motivation, which was
provided by Dstl. We then review the existing literature concerning urban sound

propagation and present the outline of the thesis.

1.1 Industrial motivation

Dstl’s interest in urban sound propagation primarily concerns the inverse problem
of source detection and localisation. Here the aim is to estimate, in near real-time,
the location of a sound source using measurements from a network of receivers dis-
tributed through the propagation domain, which may be either static (e.g. mounted

on buildings) or mobile (e.g. mounted on vehicles/personnel).

A prerequisite for a study of the inverse problem is an understanding of the forward
problem of how the sound from a known source propagates through the environment.
The forward problem is also of intrinsic interest to Dstl, because of the desire to

minimise the detectability of friendly operations to hostile listeners.

In the applications being considered, the sound field is due to a single point source,

which may be either continuous or impulsive in nature. For continuous sources, the



frequency range of interest is up to 1kHz, which corresponds to a spatial wavelength
of around 30cm. We remark that this is small compared to typical macro-lengthscales

in an urban environment, such as street widths/lengths and building heights.

Dstl are interested in propagation in urban environments containing multiple build-
ings, over distances of up to 1km. The existence of multiple propagation pathways
between source and receiver, combined with the fact that a direct line-of-sight be-
tween source and receiver is not generally available, makes the source localisation

problem particularly difficult.

Moreover, a detailed model of the propagation domain is not generally available.
Basic characteristics such as building dimensions/positions and receiver locations are
assumed to be known, but only to a certain degree of accuracy, having been estimated

from satellite or UAV (Unmanned Aerial Vehicle) images, for example.

1.2 Literature review

The theoretical modelling of sound propagation in urban environments seems to have
begun with the work of Wiener et al. in the 1960s [91]. The original motivation
for Wiener’s study was to investigate the effectiveness of outdoor communication
systems, but the most commonly studied application in the subsequent literature is
that of noise reduction (see e.g. [6, 14, 47, 51]), where the objective is to minimise
the impact on urban life of intrusive noise sources such as aircraft and road traffic.
Interest in the subject from the defence community has arisen only relatively recently,
in response to the increasingly urban nature of recent conflicts. Accordingly, the
problem has not yet been subject to the same degree of theoretical or experimental
effort as have traditionally more defence-related problems such as underwater sound

propagation [60].

The main difficulties arising in a mathematical study of urban sound propagation
are due to the complexity of the domain. The presence of multiple scatterers such
as buildings, vegetation, vehicles, pedestrians and street furniture serves to create an
extremely complicated sound field, an exact description of which, either analytical or
numerical, is usually impossible. Broadly speaking, the effect of domain complexity
may be thought of as occurring on two distinct lengthscales. On the microscale
we must consider the effects of wall absorption, scattering by wall inhomogeneities,

and by scatterers present in each street. On the macroscale we may view an urban



environment as a network of streets and junctions, through which acoustic energy

propagates.

The existing literature mostly concerns the modelling of microscale effects, and
is centered around the problem of accurately predicting features of the sound field
in a single street. Even in the absence of traffic, pedestrians, vegetation and street
furniture this presents a major challenge, because of the absorbent and inhomogeneous
nature of building facades [61]. A number of different models have been proposed,
and in the following sections we give a brief survey of some of these. The difficulty
experienced in trying to obtain reliable predictions of the sound field in a real street
has meant that very little theoretical work has been carried out on the macroscale

problem [61], and this is the problem we address in this thesis.

1.2.1 The forward problem in the frequency domain

Much of the urban acoustics literature concerns the propagation of sound of a single
frequency, which is governed by the Helmholtz equation in the frequency domain (see
section 2.3). In this section we briefly review the literature concerning the short wave-
length regime, where the wavelength is small compared to typical macro-lengthscales

such as street widths/lengths and building heights.

Wiener’s original study [91] concerns a point source within a single street, which
is modelled as a channel between two infinitely long buildings of finite height, with
flat, parallel walls, and a perfectly-reflecting ground. The effect of multiple reflections
from the walls and ground is dealt with by the insertion of an infinite series of image
sources, with diffraction from the tops of the buildings being neglected. The time-
averaged acoustic energy density (defined in section 3.4) at the receiver is estimated
by summing the free space energy densities due to each image source incoherently
(i.e. mneglecting interference effects). This approach can be interpreted in terms of
energy propagating along straight-line rays emanating from the source, which reflect
at the walls according to the specular reflection law: ‘angle of incidence equals angle of
reflection’. Wall absorption is taken into account as follows: the energy propagating
along a ray is assumed to decrease at each wall reflection according to a constant
multiplicative factor, the absorption coefficient, which, for simplicity, is assumed to

be constant along the street and independent of the angle of incidence.

This simple model has been the basis of a number of subsequent works by other

authors, especially a group working in the 1970s at MIT. Lyon’s review paper [61]



provides an overview of some of the problems that were studied in this period (see

e.g. [51]), although much of the theoretical work seems to remain unpublished.

Attempts to generalise Wiener’s model to include the scattering effect of inho-
mogeneities in building facades include the work of Davies [27], who modified the
reflection law so that, when a ray encounters a wall, a certain proportion of the re-
flected energy is scattered uniformly in all directions. Davies’ model predicts that the
non-specular scattering effects are most prominent near to the source, and that at
large distances from the source the specularly-reflected field is dominant. However,
the parameter regime in which the transition occurs does not seem to be explicitly

presented.

Bullen and Fricke [14] propose a different approach, in which the buildings have
infinite height and inhomogeneities in building facades are explicitly modelled as small
discontinuous changes in the street width. Neglecting wall absorption, the sound field
in each region of constant width is assumed to take the form of a modal expansion.
In the case where the changes in width are small relative to the average width, an
ad hoc mode-matching argument leads to a model for acoustic energy propagation
along the street, which shows reasonable agreement with the results of a scale model

experiment.

Very little theoretical work seems to have been done in urban environments in-
volving multiple streets, although, as Lyon [61] points out, Davies’ work on sound
propagation along office corridors [26] is of relevance here. The problem considered by
Davies concerns a point source in a straight, rectangular corridor, which has a side-
branch leading off it (e.g. another corridor, or the entrance to a room), and the aim is
to estimate the energy loss to the side branch. Davies’ approach is to decompose the
sound field in the corridor containing the source into a sum over modal plane waves,
and, under the short wavelength assumption, the proportion of energy in each modal
plane wave that is lost to the side branch is computed by a geometrical argument,
diffraction effects being neglected. Summing over all the propagating modes, Davies
obtains an estimate for the proportion of transmitted energy propagating into the side
branch, as a function of the ratio of the widths of the two corridors. The estimate is

easily generalised to other basic junction types such as crossroads and T-junctions.

Bullen and Fricke [15] have applied a similar approach to estimate the energy loss

at a junction between intersecting streets in an urban environment, although they



consider only the simpler case where the energy in the sound field is concentrated in

a single mode.

1.2.2 The forward problem in the time domain

The effect of diffuse scattering from building facades on the propagation of sound
from non-time-harmonic, and especially impulsive, sources in the time domain has

also been considered.

In [73] the acoustic energy density in a single street is assumed to satisfy a diffusion
equation, with a diffusion parameter chosen according to the ‘level of diffusivity’ of the
wall reflections. A justification for the diffusion model is presented in a subsequent
publication [56], and is based on a statistical-mechanical treatment of the ‘sound
particle’ model, in which small quanta of acoustic energy emitted from the source
are assumed to propagate according to the laws of classical particle dynamics. The
Lambert law of diffuse reflection is assumed, in which the probability density function
for the direction of the reflected particle is proportional to the cosine of the reflection
angle, independent of the angle of incidence, although other, more realistic, reflection

laws can also be considered (see e.g. [72]).

In [72] numerical experiments based on the sound particle transport theory model
in an idealised distribution of buildings (a periodic array of hexagonal buildings) sug-
gest that a diffusion approximation may also be appropriate in the multiple-building
case, although experimental validation of this in a real urban environment has not

yet been carried out.

We remark that diffuse reflection laws such as the Lambert law have been imple-
mented in other ways, for example, in the numerical ‘radiosity’ model developed by
Kang [46]. Here the walls of the street are divided into patches, each associated with
a ‘secondary source’, which re-radiates the energy incident on that patch back into

the domain according to the Lambert law.

1.2.3 The inverse problem in the time domain

One approach to the inverse problem for an impulsive source is that of time-reversal
processing. In [4] Albert, Liu and Moran have applied this technique in a small 2D

model of an urban environment comprising fifteen irregularly-positioned buildings.



(b) Time-reversed propagation

Figure 1.1: Example of the numerical time-reversal method for a two-dimensional
urban environment. In (a) a FDTD method is used to solve the forward problem of
sound propagation from a source located between the two buildings in the top left
corner of the environment. In (b) the time series recorded at the 8 receivers (marked
with circles) are retransmitted back into the domain in reverse, using the same FDTD
method. The energy is clearly seen to reconverge at the original source location. Plots
reprinted with permission from [4]. Copyright 2005, Acoustical Society of America.

The method, which relies on the time-symmetry properties of the wave equation, in-
volves time-reversing the signals received at each of the receiver locations and retrans-
mitting them back into a model of the environment using a numerical finite-difference
time domain (FDTD) method. Provided enough receivers are used and they are ap-
propriately positioned (eight receivers were seen to suffice for the particular urban
environment under consideration), the acoustic energy is seen to ‘reconverge’ at the
original source location (see Figure 1.1). Encouragingly, it has been shown numeri-
cally that the method is stable to small perturbations in the position of the scatterers
[59], and as a result, should remain accurate even if the details of the environment are
known only approximately. However, the time-reversal method is, at present, very

computationally intensive, and the calculation time would need to be decreased by at



least 3 orders of magnitude before it became a feasible technique for real-time source

localisation in a 3D urban environment [4].

The approach we adopt in this thesis is that of Time Difference Of Arrival (TDOA)
localisation. Rudimentary TDOA methods have been used in military applications
for almost a century (see e.g. [41, 42]), and the now-classical free space TDOA
method (see e.g. [32, 57]) is widely employed in a number of more recent non-
military applications, for example in the context of radio wave propagation in Global
Positioning Systems (GPS) and mobile telephone handset localisation (see e.g. |8,
16]). In urban environments, however, the free space method can, in principle, only
be applied if there exists a direct line-of-sight (LOS) between the source and each
receiver, which will not generally be the case. In spite of this, the method seems to
be the basis of a number of commercially-available gunshot-detection systems (see
e.g. [1, 78]), although full details of the algorithms used and the observed urban

performance are unavailable in the academic literature.

1.3 Structure of the thesis

In Chapter 2 we describe the model of sound propagation that is to be used in
this thesis. We briefly review the derivation of the governing equations of linear
acoustics, and discuss the insertion of a source term in the wave equation. Our
approach in modelling the physical domain is to simplify the microscale features as
much as possible, in order to allow a study of the macroscale propagation in domains
containing multiple buildings. In particular, we neglect the effect of scattering from
inhomogeneities in building facades and assume simple specular reflection (although

we will sometimes allow for absorption).

In Chapter 3 we study the frequency domain forward problem, considering in
particular the short wavelength regime where the wavelength of the sound is small
compared to typical lengthscales of the domain such as street lengths and widths.
Our aim is to study the propagation of sound from a point source through a network

of interconnecting streets.

We begin this lengthy chapter by reviewing the standard ray approximation and
its generalisation to domains involving obstacles using Keller’'s Geometrical Theory
of Diffraction (GTD). We then illustrate the general theory by means of a number

of specific domains in which an exact solution of the Helmholtz equation is available.



In the case of a point source in a single 2D street, two equivalent representations of
the exact solution are presented, namely a modal summation and an image source
representation. The ray approximation is seen to arise naturally from the image

source representation.

In principle, GTD can be used to approximate the acoustic pressure in a network
of interconnecting streets. However, the highly-oscillatory nature of the pressure
field in the short wavelength regime makes its fine details particularly sensitive to
perturbations of the domain geometry. Since we wish to consider the case where
the geometry is known only approximately, a detailed microscale description of the
pressure field in a single realisation of the domain is of little practical relevance. A
more robust measure of the strength of the sound field can be obtained by studying
the way that the acoustic energy emitted from the source propagates around the
domain on the macroscale. Specifically, our strategy is to study the acoustic power
flows through the network. For simplicity we initially restrict our attention to 2D

geometries.

We first consider the case of a single street. Following the approach taken in [91],
the energy contributions along rays are summed incoherently, using an absorption
coefficient at the walls. We derive asymptotic approximations to the power flow
far from the source which exhibit different qualitative behaviour depending on the
size of the absorption coefficient. Since most building materials are relatively good
reflectors of sound energy, we focus especially on the small absorption regime, in
which the power flow far from the source can be approximated by the integral of a

‘power density’ over the ray launch angle.

We then consider the case where the street containing the source intersects another
street at right angles, and derive similar integral approximations to the power flows
out of the exits of the junction, under the assumptions that the source is far from
the junction, and that diffraction effects can be neglected. These integral approxima-
tions generalise the formulae obtained by Davies [26], who considered only the zero
absorption case. The form of the integral approximations suggests a natural general-
isation to the calculation of power flows along pathways involving multiple junctions,
which has not been previously considered, and on the basis of the results of numerical
experiments we claim that the resulting approximations are valid provided that we

regard them as expected power flows after averaging over a range of street lengths.



In an infinite network of streets, the total net power flow across a street cross-
section can then be computed by summing the power flows along each of the infinitely
many propagation pathways between the source and cross-section in question. To
avoid having to evaluate this rather formidable summation explicitly, we show how
the problem may be reformulated as a system of coupled partial difference equations
for the power densities flowing out of the exits of each junction in the network. In
a special case we derive an exact solution to this system, which exhibits interesting

anisotropic decay with increasing distance from the source.

To end Chapter 3, we discuss how the results obtained in the 2D case might be
generalised to a 3D urban environment. The main ways in which the 3D case differs
from the 2D case are the higher rate of geometrical spreading, the presence of a
ground reflection, and the fact that energy emitted from the source can escape to the

atmosphere.

In Chapter 4 we generalise our discussion to the propagation of sound waves with
arbitrary time dependence. Even through this generalisation is, in principle, trivial
via superposition of frequency domain solutions, it is much easier to give a direct
treatment of the propagation of singularities in the wave field, another situation in
which the theory of geometrical acoustics applies. We review the standard theory
of characteristics, and illustrate it by means of a number of specific examples in
which an exact ‘pulsed’ solution of the wave equation is available. We pay particular
attention to diffraction by edges and vertices, a key scattering mechanism in urban
environments, and we state and prove a general principle which governs the weakening
of singularities when they are diffracted. Via the Fourier transform, this principle is
explicitly related to the successive reduction in amplitude of multiply-diffracted time-

harmonic waves predicted by GTD.

In section 4.5 we consider the problem of switching on a time-harmonic source,
thereby unifying the time domain and frequency domain theories. Specifically, we
consider three examples: a point source in an infinite domain in 3D, a point source in
an infinite domain in 2D, and the diffraction of a 2D plane wave by a rigid half-line.
In each case we derive an exact solution to the time domain problem, and determine
the conditions under which this solution is well-approximated by the solution of the
corresponding frequency domain problem. We remark that although the case of
smooth scatterers and source distributions in 3D has been considered previously (see
e.g. [13, 65, 66]), the switched-on edge diffraction problem does not seem to have

been studied before.



We end Chapter 4 by commenting on some experimental data collected by Dstl
during an investigation into the propagation of sound pulses arising from gunshots.
Using a simple Gaussian point source model derived from the exact solutions already

presented, we are able to replicate qualitatively a number of features of the data.

In Chapter 5 we study the inverse problem for an impulsive source using the
method of TDOA localisation. We begin by reviewing the exact solution of the
TDOA problem in 2D and 3D free space, and in both cases determine the minimum
number of receivers needed to ensure a unique solution. In practical applications
there may be errors in the measurement of pulse arrival times and receiver locations,
which, in general, make the TDOA equations inconsistent. We show how, in this case,
an estimate of the source location can be obtained by solving the TDOA equations

in a least-squares sense.

In urban environments the presence of buildings and other obstacles means that a
single pulse emitted at the source may give rise to a series of pulse arrivals at a receiver,
corresponding to multiple reflections and diffractions, as discussed in Chapter 4. In
principle, the free space TDOA method can still be applied provided there exists
a LOS between the source and each receiver, simply by considering only the first
arrival at each receiver (which must have travelled along this LOS). In fact, in certain
domains the arrival times of the subsequent reflected pulses can actually be used to
reduce the number of physical receivers needed, and in section 5.3 we present three

specific examples of this.

In section 5.4 we consider the more general case in which we cannot assume the
existence of a LOS between the source and each receiver. In this case, a naive ap-
plication of the free space method (solved in the least-squares sense) may produce
erroneous results, especially if the streets are narrow. To deal with this situation we
propose an alternative TDOA method which explicitly takes into account the non-
line-of-sight (NLOS) propagation by using the arrival times of diffracted pulses. For
simplicity, we initially restrict our attention to 2D geometries, illustrating the method
using numerical simulations. We also discuss the case where the exact dimensions and
positions of buildings are unknown, and show that in certain cases it is still possible
to localise the source with reasonable accuracy, using only limited information about
the geometry. Finally, we show that our new TDOA method can also be applied in
the 3D case provided that the buildings are sufficiently tall.

10



1.4 Statement of originality

In Chapter 3 the justification of the incoherent summation assumption for the power
flow in a single street in section 3.5 is original. The derivation of approximate acoustic
power flows out of a single junction using the image source method in section 3.6 is
also new, and extends the result of Davies [26] to the case of non-zero wall absorption.
The generalisation to multiple junctions and networks of streets in sections 3.7 and

3.8 is entirely original, as is the generalisation to the 3D case in section 3.9.

In Chapter 4 the results of section 4.5 concerning the switching on of time-harmonic

sources are original.

In Chapter 5 the generalisation of the TDOA method to domains involving obsta-

cles in sections 5.3 and 5.4 is also original work.

11



Chapter 2

Modelling

In this chapter we describe the model of sound propagation that is to be used in
this thesis. In section 2.1 we briefly review the derivation of the governing equations
of linear acoustics from the equations of nonlinear gas dynamics. In section 2.2 we
discuss the insertion of a source term in the wave equation. In section 2.3 we recall
how time-harmonic sound propagation is governed by the Helmholtz equation in the
frequency domain, and in section 2.4 we describe how the physical domain is to be

represented.

2.1 Equations of motion

In an non-heat-conducting inviscid compressible fluid with no sources, the velocity u,

pressure p, density p and temperature 7" satisfy the equations of conservation of mass

%ﬂLpV-u:O, (2.1)

momentum
p% +Vp=0, (2.2)

and energy
] (23)
Here % = % + u - V is the convective derivative and ¢, is the specific heat at

constant volume ([70], Chapter 2). Gravitational effects have been omitted since

they are negligible for all sound waves in the audible frequency range (see [58], p. 10

12



or [10], p. 41). The five equations (2.1), (2.2) and (2.3) are supplemented by the

equation of state for an ideal gas
p = pRT, (2.4)

where R = R, /M, R, being the universal gas constant and M the mean molecular

weight. This gives a closed system for the six unknowns u, p, p and 7'

Using (2.4), the energy equation (2.3) can be rewritten as

_) = -V - (pu), (2.5)

where v =1+ g. Use of (2.2) allows further simplification of (2.5) to
DS
Dt
where the entropy S = Sy + ¢, log p%, with Sy a constant. Assuming that the entropy

0, (2.6)

is initially uniform, which will be true, for example, if the medium was initially at
rest, then equation (2.6) implies that it remains so for all subsequent time, and the

flow is homentropic. Integration of (2.6) then gives the constitutive law
p=Cp’, (2.7)

for some constant C.

2.1.1 The acoustic approximation

The acoustic approximation is obtained by linearising equations (2.1), (2.2) and (2.7)
under the assumption that the velocity, pressure and density fields can be expressed

as small perturbations to a uniform background rest state, i.e.
u=0+v, p=po+p, p=po+/r, (2.8)

where py and pg are constant, and u’, p’ and p’ are assumed to be small, relative to

¢o (to be defined shortly), pp and py, respectively. The resulting linearised equations
1

are
op’ )
[ESR— . pu— 2.
/
- '=0 2.10
p=cp, (2.11)

! Although this ad hoc approach is completely standard in the acoustics literature, we should,
strictly speaking, nondimensionalise appropriately before performing any asymptotic analysis. For
a more rigorous derivation see [70], Section 3.1.

13



where

o = ) 20 (2.12)
Po

represents the speed of sound in the fluid.

Taking the curl of (2.10) reveals that the vorticity V Au' is conserved in the acoustic
approximation. Assuming that the flow is initially irrotational, which will be true, for
example, if the medium was originally at rest, it remains so for all subsequent time,

and there exists a velocity potential ® satisfying u’ = V&. Equation (2.9) becomes

op
V2o =0, 2.13
o T Po (2.13)
and integration of equation (2.10) leads to the linearised Bernoulli equation
8(13
=0, 2.14
pogy TP = (2.14)

after the introduction of an appropriate function of ¢ into the definition of ®. Elimi-
nating p’ and p’ between (2.13), (2.14) and (2.11), we find that the velocity potential

must satisfy the wave equation
2P

Yo caV?® = 0. (2.15)

2.2 Modelling a source

In the presence of a distribution of acoustic sources we propose to modify equation

(2.15) to
82
o

for some source function s = s(x,t), the form of which will depend on nature of the

— V0 = s, (2.16)

sources in question.

We remark that (2.16) is a rather general model for an acoustic source, since it
can represent the effect of a mass, momentum or energy source. Indeed, suppose we

modify the original nonlinear governing equations (2.1) - (2.3) to read

Dp

D + pV - u = Spass, (2.17)
Du
pﬁ + Vp Smom (218)
Du DT
pu - Dr + pey—— D + V - (pu) = Senergy (2.19)
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where Smass, Smom a1d Senergy Tepresent mass, momentum and energy sources, respec-
tively. Then, linearising (2.17) - (2.19) with respect to the perturbations (2.8), and
with

/ / /
Smass = Smass’ Smom = S mom> Senergy — Senergya (220)

also small, gives

0
6—/1)5 + pOV u' = Sinass7 <221)
ou’
Po 81; + Vp/ = s,momu (222)
1 (0p podp
() e e 229

When the momentum source term is irrotational, so that it can be written in the form

/

S mom = Vs a velocity potential ® can be introduced as before, and we obtain

the system -
po%—f +9' = Stom: (2.25)

Elimination of p’ and p’ between (2.24)-(2.26) then returns (2.16) with the source

function s given by

1 O V= 1 / Po ,
= ——°0 — - = . 2.27
S 00 ot P Senergy 2 2mass ( )
For the majority of this thesis we will assume a point source, with
s(x,t) = d(x — X¢)g(t), (2.28)

for some function g(t).

2.3 Time-harmonic sources

In Chapter 3 we consider the special case where the sound field has harmonic time

dependence. In the case of a point source this corresponds to assuming that the
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Figure 2.1: 3D and 2D models of an urban environment.

function g(¢) in (2.28) has the particular form ¢(t) = Re[Ae ™|, where the am-
plitude A is complex-valued and the frequency w is real-valued. Substituting the
ansatz ®(x,t) = Re[—¢(x)e™!] in (2.16) allows us to suppress the time dependence
and study the problem in the so-called frequency domain, with ¢(x) satisfying the
Helmholtz equation with a point source
(V2 + k) p(x) = C—éé(x — X), (2.29)
0

where the (dimensional) wavenumber k = w/co.

2.4 Boundary conditions

We now describe the domain on which the governing equation (2.16) is to be solved.
As was indicated in the Introduction, in order to facilitate study of the global prob-
lem we propose to simplify the local model as much as possible. Accordingly, we
neglect the scattering effect of surface inhomogeneities and model buildings as homo-
geneous blocks on a flat plane, representing the ground, as illustrated in Figure 2.1(a).
We also consider the analogous problem in 2D, where buildings are represented by
polygons rather than polyhedra (see Figure 2.1(b)). Although this 2D model is not
directly representative of any real urban environment, the simplification will allow us

to develop methods which can then be extended to more realistic 3D geometries.

The rigid boundary condition

0P

S (x) =0 (2.30)
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is assumed on the walls, roofs and ground (where applicable), where n is the outward
unit normal vector. The assumption of the boundary condition (2.30) is a reasonable
first approximation given that most building materials are very good reflectors of
sound energy ([25], p. 708). In reality, however, a small amount of energy will be
absorbed at each reflection, and in the frequency domain analysis of Chapter 3 we
sometimes adopt a simple absorption coefficient model to take this into account. We

postpone further discussion of this model until section 3.4.

In this idealised model, building walls and roofs meet in sharp edges and ver-
tices, and it is well known that these boundary singularities can give rise to issues
of nonuniqueness (see e.g. [45], Chapter 9, p. 525 and [34], Chapter 5, p. 110). The
physically relevant solution will be that which has the weakest possible singularity
at the edge or vertex; this is Van Dyke’s principal of minimum singularity?® (see [88],
p. 53), and we assume, without proof, that all of the exact solutions used in this

thesis satisfy this principle.

In the frequency domain case, the boundary and edge/vertex conditions must be
supplemented by a radiation condition, which ensures that the wave field is outgoing
at infinity. For example, in two dimensional free space the appropriate condition on
¢ is ([82], p. 193)

lim 7%/2 (% — kgb) =0, (2.31)

where r = \/(z — 29)2 + (y — yo)2. The analogous condition in the three-dimensional
case is ([82], p. 189)

lim r (g—f - ik:gb) =0, (2.32)

r—00

where r = \/(x — 20)2 + (y — y0)2 + (2 — 20)%

In a time domain problem for which the source function s vanishes for sufficiently
large negative time, the radiation condition is replaced by the assumption that the

medium is initially at rest everywhere and at uniform pressure.

2Van Dyke’s principle is also sometimes referred to as Meixner’s principle of absence of sources,
or of finiteness of energy - see e.g. [63].
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Chapter 3

Frequency domain analysis

3.1 Introduction

In this chapter we study the frequency domain forward problem of the propagation
of time-harmonic sound waves through a network of interconnecting streets. In par-
ticular we consider the short wavelength regime where the wavelength of the sound
is small compared to typical lengthscales of the domain such as street lengths and

widths. We restrict our attention almost exclusively to the 2D case, until section 3.9.

In section 3.2 we briefly review the standard ray theory approximation and its
generalisation to domains involving obstacles using Keller’s Geometrical Theory of
Diffraction. In section 3.3 we illustrate this general theory by means of a number of
specific domains in which an exact solution of the Helmholtz equation is available. In
each case the ray approximation is shown to arise from an asymptotic approximation
of the exact solution in the short wavelength regime. In the case of a single 2D street,
two equivalent representations of the exact solution are presented, namely a modal
decomposition and an image source decomposition. The ray approximation is seen to

arise naturally from the image source decomposition.

In section 3.4 we introduce the concept of acoustic energy, intensity and power.
Our strategy is to compute acoustic intensities in an urban environment by summing
the intensity contributions along rays ‘incoherently’, i.e. neglecting the effect of in-
terference between ray fields. Two justifications for this approach are given. First,
we argue that since the geometry is known only to a certain degree of accuracy, it is
reasonable to assume that the phases of the ray fields at any point are independent

random variables, so that the expected contribution of the interference effects to the
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intensity is zero. Second, we note that even in the fully deterministic case, it is some-
times possible to justify the neglect of interference provided that we perform some sort
of spatial averaging over receiver locations. This assertion will be verified in the case
of a single 2D street, with the averaging region taken to be a street cross-section (so
that we study the power flow down the street). The ray-based model is then extended
to account for absorption coefficients that model the effect of energy absorption at
the street walls, and, in the case of small absorption, the modified power flow far
from the source is shown to be approximated by an integral over a ray-angle-resolved

power density.

In section 3.6 the ray model is used to study the power flows out of the exits of a
crossroads. In section 3.7 we propose a natural generalisation to domains involving
multiple junctions, which we claim is valid provided that the resulting approxima-
tions are regarded as power flows averaged over a range of street lengths. In section
3.8 we use these methods to estimate the averaged power flows through a network
of 2D streets, and find that the power flows decay exponentially in the number of
junctions between source and receiver, except along certain special pathways through

the network, along which the decay is algebraic.

In section 3.9 we discuss how the results might be generalised to the 3D case.

3.2 (Geometrical acoustics in the frequency domain

In the short wavelength regime, an approximate solution of the Helmholtz equation
(2.29) can be obtained by the method of geometrical acoustics, in which the field is
represented as a sum of contributions from the geometrical rays that exist between

source and receiver.

3.2.1 Geometrical acoustics in free space

We first consider the case of propagation in free space. We begin by nondimension-

alising (2.29) under the scalings
x=1I% 6= (3.1)

where L is a characteristic lengthscale over which the waves propagate, ¢y = % and
0

Jj = 2,3 is the dimension of space. We obtain (after dropping hats)
(V2 + k*)o(x) = d(x — xo), (3:2)
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where the nondimensional wavenumber k = wL/cy. Under the assumption that k& > 1

we make the WKB ansatz (see e.g. [39]) for the field away from the source:
B(x) ~ > Ay (x)(ik) etV (3.3)
n=0

We then substitute (3.3) in (3.2) and compare powers of k in the resulting expression.
The leading order equation reveals that the phase function U must satisfy the eikonal

equation
IVU|? =1, (3.4)

and consideration of the higher order equations reveals that the amplitude functions

A,, must satisfy the transport equations

2V Ay - VU + AyV?U = 0, (3.5)
2V A; - VU + A, VU = —V?A4;_,, j>0. (3.6)

The eikonal equation (3.4) is a scalar, first-order, nonlinear PDE, and can be solved
using Charpit’s method (see [71], p. 360). For ease of presentation we consider the
2D case, but the argument is easily generalised to higher dimensions. Application of

the method leads to the equations
dx

o =D (3.7)
j—i =q, (3.8)
j_f o, (3.9)
% 0, (3.10)
% — 1, (3.11)

where (p,q) = VU, and the parameter 7 represents distance along a characteristic.
The projections of the characteristics onto physical space are called rays, and the

curves normal to the rays (i.e. the level curves of U) are called wavefronts. We

1

immediately see from (3.7)-(3.10) that the rays are simply straight lines'. To solve

!This would not be the case if the medium were inhomogeneous.
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(3.7)-(3.11) for initial data Uy(s) defined on a curve (zo(s), yo(s)), we must first de-

termine the value of (p, ¢) on the curve from the equations

po(s)* + qo(s)* = 1, (3.12)
dUO . d.CL’(] dyo
T =l 22+ anls) 2, (313)

which, in general, provide two possible solutions for (pg,qo). For each of these we

then obtain the solution

x(s,7) = po(s)T + xo(s), (3.14)
y(s,7) = qo(s)T + yo(s), (3.15)
U(s, ) =Up(s) + . (3.16)

Having determined the structure of the ray field, we now consider the variation
of the leading order amplitude A, along each ray. We first note that since VU =
dx dy

(E> E)> we have

dA,
Ap - = 1
VA VU =2, (3.17)

along a ray. Second, we note that

dpo 05 | da0 05

2 — -
VU= ds Or  ds Oy

(3.18)

Also, using (3.7)-(3.11), (3.4) and (3.18), it can be shown that the Jacobian determi-

nant

O(z,y)
J = 3.19
5 219
satisfies
0J  dpy Oy  dqoOx 9
- g T ) 2
or ds O0r ds Ot TVU (3.20)
The transport equation (3.5) then becomes an ODE along the ray, namely
dAy 1dJ
2— 4+ ——Ap = 21
ar TTaeT? (3:21)
and integration of (3.21) gives
J(s,0)
Aj(s, ) = A3(s,0) TG 1) (3.22)
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As we shall see in section 3.4.2, the quantity A2 (or more precisely, |A3|) is directly
proportional to the time-averaged energy density associated with the propagation.
Equation (3.22) implies that this energy density is conserved in ray tubes, which is
the intensity law of geometrical acoustics. One consequence of (3.22) is that if J — 0
(for example, at a caustic, where neighbouring rays intersect), then the amplitude Ay
becomes infinite (see e.g. [71], p. 371). This is an indication that the WKB ansatz
(3.3) is no longer valid, and a different high-frequency approximation must be made
in such cases if the correct local behaviour is to be recovered. However, since we will
not consider any problems involving caustics in this thesis, we do not pursue this

matter here.

3.2.2 Geometrical Theory of Diffraction

In the presence of scattering obstacles the theory must be modified by the inclusion
of new families of rays (e.g. reflected, diffracted). For example, a ray incident on
a smooth portion of the obstacle boundary at non-grazing incidence gives rise to a
reflected ray satisfying the familiar specular reflection law ‘angle of incidence equals
angle of reflection’. A ray incident on a sharp edge formed where two smooth por-
tions of the boundary meet gives rise to a family of diffracted rays emanating from
the edge?. Outside the obstacle the resulting ray approximation is no longer of the
form (3.3), but rather takes the form of a sum of such expressions, with each term
corresponding to a ray (incident, reflected or diffracted) between source and receiver.
The correct values of the phase and amplitudes on the reflected or diffracted rays are
found by reference to canonical problems for which exact explicit solutions sometimes
exist. This is Keller’s famous Geometrical Theory of Diffraction (GTD) (see [48]). In
the next section we consider some such solutions and determine their respective ray

approximations.

2We remark that rays incident on smooth scatterers at grazing incidence can give rise to more
complicated diffraction phenomena (see e.g. [30, 85]), but in this thesis we consider only diffraction
at sharp edges and vertices.
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3.3 Review of exact solutions

3.3.1 A point source in 2D free space

The solution of (3.2) in 2D free space satisfying the radiation condition (2.31) is (see
e.g. [71], p. 181)

B(x) = —%Hé”(kr), (3.23)

where Hél)(z) = Jo(2) + iYo(2) is the zero-order Hankel function of the first kind
and r = \/(z —20)2 + (y — yo)2. The ray expansion is found by considering the

asymptotic behaviour of (3.23) for £ > 1, namely (see e.g. [2], formula (9.2.7)):

l 2 l (T
Y . P P 24
¢ 4V mkr ( Skr ) © (3:24)

which is clearly of the form (3.3). The expansion (3.24) is valid for r > 1/k (the
choice of characteristic lengthscale L is arbitrary in this case). The wavefronts in
this case are concentric circles centered on the source and the rays are radial lines

emanating from the source.

3.3.2 A point source in 3D free space

In 3D free space the solution of (3.2) satisfying the radiation condition (2.32) is

eikr

b(x) = - (3.25)

4A7r’

where r = \/(x — 20)2 + (y — v0)2 + (2 — 20)2. Since (3.25) is already of the form

(3.3), the ray approximation is exact in this case.

3.3.3 Reflection by a half-plane

We now consider the half-plane y > 0 with the rigid boundary condition (2.30) applied
on y = 0. The solution to (3.2) in this domain can be found by the method of images.
We extend the propagation domain to the whole of the plane and insert an image
source, identical to the original source, at the point (x, —yy). Summing the free space

fields due to the original and image sources provides a solution of the Helmholtz
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Figure 3.1: Specular reflection law 6, = 6; in the case of a 2D half-plane

equation which exactly satisfies the boundary condition and is outgoing at infinity,
namely

(Hg”(kr) + Hg”(kr')) , (3.26)

60 = —

where 7' = \/(z — 19)2 + (y + yo)2. The ray approximation of (3.26) is the sum of
two ray expansions of the form (3.24). The first is associated with the direct ray
from source to receiver, the second with a reflected ray, which satisfies the specular
reflection law (see Figure 3.1 for an illustration). The limiting values of the phase
and amplitude on the reflected ray as the boundary is approached are equal to those

on the incident ray which gives rise to the reflected ray.

3.3.4 A point source in a single 2D street

We now consider the case of a 2D street bounded by infinite parallel rigid walls. As
our characteristic lengthscale L we choose the street width, so that without loss of
generality the street is parallel to the z-axis and bounded by rigid walls at y = 0 and
y = 1, with the source located at the point (0,yp), where 0 < yo < 1. This leads to
the following problem for ¢:

(V2 + E)o(z,y) = 5(2)d(y — yo), —o<r<oo, 0<y<l1, (3.27)
10L0) B B

along with the requirement that ¢ should represent waves which propagate outward
at x = +oo. The exact solution of this problem can be conveniently represented in

two distinct, yet equivalent, closed forms, which we now review.
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3.3.4.1 Modal representation

One approach is to view the street as a waveguide and use the methods of Fourier
analysis to obtain the solution as a sum over waveguide modes?. These modes are the
separable solutions of the homogeneous Helmholtz equation in 0 < y < 1 satisfying
the boundary condition (3.28), and must therefore be of the form a(x) cos mny, where
m is an integer. We then seek a solution of the inhomogeneous equation (3.27) of the

form
o0

o(x,y) = Z Ay () cosmmy. (3.29)

m=0
To determine the coefficient functions a,,(x) we substitute the ansatz (3.29) into (3.27)
(with the summation index in (3.29) replaced by n to avoid confusion). Multiplying
both sides by cos mmy and integrating over y € (0, 1), we obtain the following ordinary

differential equation satisfied by the function a,,(x)

2
dd;;” (x) + (k2 _ (mﬁ)2)am(a:) = M 5(z), —oo <z < oo, (3.30)

after use of the well-known orthogonality relations

1
/ cosmmy cosnwY dy = OOmn, (3.31)
0

where 9,,, is the standard Kronecker delta and

1, m =0
Om = (3.32)
1/2, m>0.

Assuming that k # mm we can write the solution of (3.30) in the general form
am () = Ape™™" 4 By,e” " m* (3.33)

where

(3.34)

i/ (mm)2 —k2,  m? > k?*/x?

(with the positive square root assumed), and A, and B,, are constants. We note that

{ k? — (mm)?, m? < k?/m?,
K =

when m? < k?/m? the exponentials in (3.33) are oscillatory in =, and when m? > k?/x?
they are growing or decaying as |z| — oo. In order for ¢ to represent an outward-
propagating wave, the constants A,, and B, must take different values depending on

whether z > 0 or z < 0. In & > 0 we require B,,, = 0, so that in the case m? < k?/x?

3This section is based on [45], Section 5.8.
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we obtain a wave which is outward-propagating at infinity, corresponding to a so-
called propagating mode, and in the case m? > k?/m% we obtain exponential decay
at infinity rather than exponential growth, corresponding to a so-called evanescent
mode. In x < 0 we must take A,, = 0, for the same reasons. Furthermore, to ensure
that a,,(z) is continuous across x = 0, we choose the value of A, in z > 0 to be equal

to the value of B,, in x < 0, so that
() = Crpe™™mlel, (3.35)
where C,, is a constant which takes the same value in both z > 0 and = < 0.

The resulting discontinuity in the derivative of (3.35) at x = 0 is precisely what
will give rise to the delta function we require on the right-hand side of (3.30). The

jump condition

- [da, 17 COS MTYo
1 — = — 3.36
EL)H% |: dx :|{L':5 Um ( )
determines the constant C,, as
1 COS MTYo
Cp=——"—"— 3.37
2 OmKm ( )
giving the solution of (3.27) - (3.28) as
o(z,y) = —% mgo %emmm cos mmy. (3.38)

Two important remarks must be made about (3.38). First, we note that the
ellipticity of the Helmholtz equation (3.27) means that the solution ¢(z,y) must be
analytic on x = 0, except at the source location y = 1y, something that is not at all
obvious from the representation (3.38), since each of the terms in the sum is clearly

not analytic on x = 0. We return to this issue in section 3.3.4.3.

Second, a glance at definition (3.34) reveals that the solution (3.38) blows up to
infinity as the wavenumber k approaches mm for any integer m with cos(mmnyg) # 0.
Integer values of m = k/m correspond to resonant modal frequencies of the street
width, and values with cos(mmyg) # 0 correspond to modes that are actually excited
by the source. Near resonance, our assumption that the velocity, pressure and density
fluctuations are small becomes invalid, and the linearised model (2.1)-(2.3) breaks
down. In order to obtain a valid solution near resonance it is necessary either to work
with the original nonlinear equations (2.1) and (2.2), or to introduce some damping
into the linear model. However, for simplicity we shall assume that k is sufficiently

far away from resonance for our undamped linear model to be valid.
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Figure 3.2: Image sources for a single 2D street

3.3.4.2 Image source representation

Another representation of the solution of (3.27) - (3.28) can be constructed by the
method of images. We begin by introducing an infinite array of image sources at the

points (0,y,), n € Z\ {0}, where, as illustrated in Figure 3.2,

(3.39)

Yn

) n+ o, n even, n # 0,
Cn+(1—y), nodd

A formal solution of (3.27) which exactly satisfies the boundary conditions (3.28) can
then be obtained by setting

S, y) =D dul,y), (3.40)

neZ

where ¢, (x,y) is the free space velocity potential associated with each of the image

sources. By formula (3.23) we have

Snlr,y) =~ H /7 (57— 30)?). (3.41)

Note that (3.40) automatically represents an outward-propagating wave since each

term in the summation is outward-propagating.

27



To determine the convergence properties of (3.40) we note that by (3.24) the asymp-

totic behaviour of the summand as |n| — oo, with z,y, yo fixed, is

(1— Z)\/k: eik(Inl+sgn(n)(vo—y) n even,

(1 — i), /i etklnlsenm)(=y0)=v) = p odd.

In\ﬂ

Convergence of (3.40) is therefore governed by the behaviour of

o oo k(2n+1)
tkyo € ik(1—yo) ¢
e — —|— e i, 3.43

which, in turn, relies on that of Y~ f;k—n, and this is the sum we now study. To

prove convergence of the partial sum
N p2ikn
Sy = —, 3.44
v (3.44)

it is enough to show that Sy forms a Cauchy sequence. We will show by the method

n=1

of partial summation that this holds provided k & wIN.

The partial summation technique (see e.g. [22], Section 2.43, p. 25) is the sum-

mation analogue of integration by parts, and is based on the fact that for any sum

ZnN: V41 Gnbyn the partial summation B, = DY .1 b, satisfies the formula

N N-1
Z anb, = anBy — Z (ans1 — apn)By. (3.45)
n=M+1 n=M+1

With (3.44) in mind we set a, = 1/y/n and b, = €** and find that B, can be
computed in closed form using the summation formula for a geometric progression,
with

n 2ik(M+1) _ ,2ik(n+1)
o 2tkr __ € €
B, = E s = oo , (3.46)
r=M+1

as long as k ¢ 7N. Formula (3.46) provides the useful bound |B,| < Q““I’ which
holds for all n > M + 1. Formula (3.45) then gives

N-1
|5N - SM\ = |lanBn — Z (an+1 - an)Bn
n=M+1
N-1
< lanl|Byl+ 37 Janpr — aa|Bu| (3.47)
n=M-+1
9 N—-1
Sim any + Z (an —ant1) |,
1 — e n=M+1
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since the a,, form a positive, monotonically decreasing sequence. The sum in the final

line of (3.47) is telescoping, so that

ISy — Su| < m (an + ap+1 — an)

2 1
= —0as M — .

=¥\ 11

We therefore conclude that Sy (and hence (3.40)) is convergent whenever k& ¢ wIN.

(3.48)

When k € 7N the possibility of resonance is suggested by the fact that, in this case,
Sy=N, —=, which is divergent.

3.3.4.3 Equivalence of the two representations and ray approximation

Although we do not include the details here, we remark that the modal decomposi-
tion (3.38) and the image source representation (3.40) can be shown to be exactly
equivalent via the Poisson summation formula (see e.g. [23], p. 76) and the identities
6.677(3) and 6.677(4) of [37]. The fact that each of the terms in (3.40) is analytic
everywhere except at the corresponding image source is certainly in support of the
analyticity which we know ¢ must possess (see the discussion after (3.38)). We note,
however, that this fact alone cannot, strictly speaking, be used to prove analyticity

(since a sum of analytic functions is not necessarily analytic).

When k = O(1) the modal representation is clearly the more convenient of the two
representations, because the exponential decay of the evanescent modes means that
we need only consider the contribution from the first few terms in (3.38). In the short
wavelength regime k£ > 1, however, the number of terms that need to be included
in the modal representation grows like O(k), and the image source representation

becomes a more attractive option.

Indeed, the ray approximation is easily found from the image source representation
(3.40) and the asymptotic behaviour (3.24), and takes the form of an infinite sum of
ray expansions of the form (3.24). As Figure 3.3 illustrates, the contribution of
each image source (0, y,) can be associated with exactly one ray emanating from the

physical source, with the launch angle 6,, given by

0, (1) = {sgn(n)(—l)" arctan (£=4), n #0, (3.49)

— arctan (y"m—_y), n=0.
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(0,9,)

Figure 3.3: Association between image sources and rays in a single 2D street.

3.3.5 Diffraction

3.3.5.1 The Sommerfeld problem

One of the first exact solutions derived in the study of edge diffraction is that of the
Sommerfeld problem, where the scatterer is a rigid half-line y = 0, x > 0. We first
consider the classical case, depicted in Figure 3.4, where a plane wave e %73 (0=0) g
incident from the direction 0 < 6y < 7, where (r, 0) are the usual polar co-ordinates.
The solution to the scattering problem can be found by a number of different methods.
Sommerfeld’s original approach (see [81], or for an exposition in English see [17])
involves the generalisation of the method of images to a Riemann surface; other
authors have obtained the solution by changing variables to a parabolic co-ordinate
system (see e.g [54]); others by applying the Wiener-Hopf method (see e.g. [45],
Chapter 9, p. 548 or [10], Chapter 11); and yet others by applying the Kontorovich-
Lebedev transform (see e.g. [71], p. 192 or [45], Chapter 9, p. 585). All of these

approaches lead to the classical result

¢ = eikr\/—;_‘w/4 Z F (—v 2kr cos (9 j; 90)) ) (3.50)
-

where

F(&) =e% /5 T ds (3.51)
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Figure 3.4: The Sommerfeld problem: diffraction of a plane wave by a rigid half-line.
The bounding curves of the shaded regions (which represent the shadow boundary
regions) are parabolae.

is the Fresnel integral (which must be understood in an improper sense) and ),

indicates that the sum of the 4+ and — terms should be taken.

Noting that

F(=¢) = yme™*e ™ — P(¢) (3.52)
for real &, the behaviour of F'(§) for large |£]| is found by integration by parts to be
=+ 0 (i) : £€>0,
F(e)~ Q2 A (3.53)

e/ hemie 4 2% +0 (ﬁ) , £<0.

The asymptotic behaviour of (3.50) for kr > 1 is therefore

ezkr

T 0<0<m— 0y,
¢ ~ efikrcos(efeo) + D(@)ﬂ T — 80 <0< + 00, (354)

etk cos (6—6p) 4 e —ikr cos (6+60) + D(@)

ikr \/H’
D(0) S, T+ 0y <6 <2m,

where
ei7r/4

1
22 ; cos () (3.55)

D(6) =
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—ikr cos (0—6p —ikr cos (0+6p)

The plane waves e ) and e represent the incident and reflected
etkr

ray fields, respectively. The term D(0) 7 Tepresents the diffracted ray field, and takes

the form of a cylindrical wave emanating from the edge with amplitude depending
on 0, as described by the diffraction coefficient D(0). It is easy to see that the
approximation (3.54) is not uniform in 6, with the approximation breaking down in
the vicinity of the shadow boundaries = 7 + 6. Indeed, for (3.54) to be a valid

asymptotic approximation we require not just that kr > 1, but that

6+0
\/Ecos( 5 0) > 1. (3.56)

An idea of the regions in which (3.56) fails can be found by considering the curves

+
Vkr cos (9 290) =K, (3.57)

or
kr(1 4 cos (0 £ 6y)) = 2K?, (3.58)

for some fixed K, which are parabolae with a common focus at the origin and axes
0 = m + 0y, respectively (see Figure 3.4). We note that as kr — oo the parabolae
become vanishingly thin and the ray approximation holds over a greater range of
6. We also remark that away from the shadow boundary regions the diffracted field
is O (k_l/ 2), and therefore provides a higher order correction to the incident and
reflected fields, which are O(1), except in the shadow region 7 + 6y < 6 < 27 where

it provides the sole contribution to the field.

3.3.5.2 A 2D point source

The exact solution for the case of a 2D point source in the presence of a rigid half line
is also well known (see e.g. [17], which is based on Sommerfeld’s generalised method
of images on a Riemann surface, or [45], p. 557, which uses the Kontorovich-Lebedev
transform). We do not quote the exact solution here, but remark that with the source
located at the point (rg,fy) in polar coordinates (with 0 < 6y < 7), the geometrical
structure of the ray field is the same as in the plane wave case, with incident rays
present only in 0 < 6 < w + 0y and reflected rays present only in 0 < # < 7 — 6.
When both kr > 1 and kry > 1 the diffracted ray field is found to be
je—it/4 [9 gikro ikt

. %Jk_roD(@)\/H’ (3.59)
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Figure 3.5: A 2D point source in the presence of a rigid half-line. The bounding
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ezkr

where D(6) is defined as in (3.55). The prefactor in front of D(@)\/H in (3.59) is

the value of the incident field at the edge r = 0, and, as in the plane wave case, the

diffracted field is a cylindrical wave emanating from the edge with amplitude dictated
by the diffraction coefficient D(#). The diffracted field is O(k~!), with the incident
and reflected fields being O(k~'/?), so again, the diffracted field is a higher order
correction except in the shadow region where no incident or reflected rays exist, and
in the shadow boundary regions around ¢ = 7w & . Further inspection of the exact
solution (see e.g. [45], p. 559) reveals that the validity of the ray approximation relies
on the parameters k(r+ry—ry) and k(r+1ro —r;) being large, where r; and r; are the
distances from the receiver to the source and the image point (rg, —6p), respectively.
An idea of the regions in which this condition is violated can be found by considering

the curves

k(r+mro—rs) = K, (3.60)

k(r+rg—m) =K, (3.61)

for fixed K, which are hyperbolae with foci at the origin and at the source or image
source, and with axes § = 7 £ 0y, respectively (see Figure 3.5). These hyperbolae are

analogous to the parabolae of the plane wave case.
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3.3.5.3 Diffraction by a wedge in 2D

Another canonical domain for which an exact solution of the Helmholtz equation is
available is the exterior of a rigid 2D wedge, described in polar coordinates (r, ) by
0<r<oo,0<6<p,withm < <27 The Sommerfeld problem is the special case
£ = 2m. The exact solutions for an incident plane wave or a 2D point source can be
found in [18] or [45], p. 585, but we do not quote them here. In both cases the leading
order contribution from the diffracted field to the resulting ray approximation is the
term
pikr

Vhkr’

where ¢incident 18 the value of the incident field at the edge » = 0, and the diffraction

gbincident D (0)

(3.62)

coefficient

kei™/4 sin KT

D(O) =
(0) Vor ;cos;%ﬂ'—COSFL(eieo)’

(3.63)
where k = 7/. Note that (3.63) reduces to (3.55) when § = 2.

3.3.5.4 Edge diffraction in 3D

It was proposed by Keller ([48]) that a ray incident on an edge in 3D gives rise to a
cone of diffracted rays, with apex at the point at which the incident ray meets the
edge and semi-angle equal to the angle vy between the incident ray and the edge, as
illustrated in Figure 3.6(a) in the special case of a 90° wedge. At leading order the
diffracted field takes the form

D(0) e*E
incident sin Yo \//{j_’

where R is the distance to the edge, measured along the diffracted ray (i.e. a generator

(3.64)

of the cone), and 6 is the angular coordinate in the plane perpendicular to the edge.
Here ¢incident i the value of the incident field at the point at which the diffracted
ray leaves the edge, and D(#) is the diffraction coefficient (3.63) associated with the
corresponding 2D wedge diffraction problem. The theory has been verified in the case
of an infinite wedge in 3D, both for a plane wave at oblique incidence and for a 3D

point source (see e.g. [45], p. 560-563).
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Yo

(a) Edge diffraction (b) Vertex diffraction

Figure 3.6: (a) The cone of diffracted rays produced by a ray (thick arrow) incident
on an edge in 3D (after [48], Figure 1). The semi-angle of the cone is equal to the
angle v between the incident ray and the edge. (b) A ray incident on a vertex gives
rise to diffracted rays emanating from the vertex in all directions.

3.3.5.5 Vertex diffraction in 3D

It was proposed by Keller ([48]) that a ray incident on a vertex gives rise to diffracted
rays emanating from the vertex in all directions, as illustrated in Figure 3.6(b) in
the special case of the vertex of a cuboid. At leading order the vertex-diffracted field
takes the form

eikr

(bincidentD(ea (p)ﬁ7 (365)

where (r, 0, @) are spherical coordinates with origin at the vertex, and D(6, ¢) is the
diffraction coefficient. Note that magnitude of the vertex-diffracted field is O (1/k)
times that of the incident field, in contrast to an edge-diffracted field, which, in
general, has magnitude O (1 / \/E) times that of the incident field.

The diffraction coefficient D(6,¢) can only be determined analytically in special
cases for which exact solutions exist, for example the case of a circular cone (see e.g.
[33], p. 703, or [67]) and an elliptic cone (see e.g. [53]), while in the general case it

can be evaluated via analytic-numerical hybrid approaches (see e.g. [7, 11, 80]).
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3.4 Acoustic energy

In principle, GTD reduces the calculation of the sound field in a domain containing
multiple scatterers to the geometrical ‘ray tracing’ problem of determining all the rays
(incident, reflected and diffracted) emanating from the source that reach the receiver
location, and summing their respective contributions. This task clearly becomes more
difficult as the domain becomes more complicated; however, as is well-known in the
radar industry, this approach is usually easier than attempting to solve the full wave

problem numerically.

Because of the highly oscillatory nature of the sound field in the short wavelength
regime, the precise details of the sound field are sensitive to small perturbations
in domain characteristics, such as street widths or lengths and source or receiver
locations. As remarked in section 1.1, in practical situations such characteristics may
be known only to a certain degree of accuracy, and may best be considered random
variables. Hence a full description of the details of the sound field in one particular

realisation of the domain will be of limited relevance (see e.g. [31, 40]).

To obtain a more robust measure of the broad spatial variation of the sound
field, the approach taken by many authors in the urban acoustics literature (see e.g.
[14, 27, 91]) is to study the distribution of acoustic energy across the domain, and this
is the approach we take in this thesis. The acoustic energy and the associated acoustic
intensity are quadratic quantities (i.e. involving products of two primed variables in
the acoustic approximation). They can be averaged both temporally and spatially
to provide useful measures of the magnitude of the sound field that are less sensitive
to perturbations in the domain characteristics than are the full details of the sound
field. Moreover, as we shall show, in the short wavelength regime the leading-order
behaviour of the time-averaged acoustic energy and intensity have very simple rep-
resentations in terms of the leading-order amplitude of the ray approximation, and,
even more importantly, the acoustic energy can be shown to be directly proportional

to the mean-square pressure, a more easily measurable quantity.

It is important to remark that the acoustic energy differs from the full energy of the
fluid considered in section 2.1, and the relationship between the two will be discussed

in the next section.
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3.4.1 Definition of acoustic energy and intensity

In Chapter 1 of [58] the instantaneous acoustic energy density W (x,t) associated with

a sound wave is defined in terms of the acoustic pressure and velocity fluctuations p’
and u’ by

1 1(p'(x,1))?

W(x,t) == =po|u/(x,t)]? + == 3.66

() = ool Ge )+ 5 (3.66)

The first term in (3.66) represents the kinetic energy associated with the sound wave.

The second term can be interpreted as representing the potential energy of compres-

sion? per unit volume ([58], p. 13). The instantaneous acoustic intensity 1(x,t) is
defined by

I(x,t) :=p'(x, t)u'(x,1). (3.67)

For any unit vector n, the product I - n represents the rate per unit area at which
work is being done by the excess pressure p’ on a small plane element orthogonal to
n located at the point x. For homentropic flow it can be shown using the linearised
equations (2.9)-(2.11) that W and I satisfy the equation of conservation of acoustic

energy

ow

so that I strictly describes the instantaneous acoustic energy flux at a given point in

space.

The instantaneous acoustic energy flux (or power flow) P across a surface S is

P://SI-ndS, (3.69)

where n is the positively-oriented unit normal vector to S.

then given by the integral

We remark that the definition of the acoustic intensity (3.67) captures only the
work done by the pressure perturbation p’, and ignores the contribution from the
background pressure py, which one would expect to give rise to a linear term pyu’ in

the expression for the full energy flux. It would seem reasonable to assume that the

4This quantity is analogous to the elastic strain energy for an elastic material with poc2 as its bulk
modulus. In the gas dynamics setting, the quantity poc2 = vpo can be thought of as the adiabatic
bulk modulus of the gas. Here 7y is the ratio of specific heats of the gas as before.
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background pressure should not play a role in the net transport of acoustic energy;
indeed for time-harmonic disturbances, the linear term pou’ will average to zero over
each period of oscillation. However, it is nonetheless important to discuss briefly®

how (3.68) is related to the full energy conservation equation (2.3).

We begin by noting that substitution of the constitutive law (2.7) into the uninte-

grated energy conservation equation (2.5) gives

pu- — + ——— = -V - (pu). (3.70)

/
D20 — Ve (3.71)

which is simply py/qo times the linearised mass conservation equation (2.9). However,
if we return to (3.70) and subtract the same multiple of the full mass conservation
equation (2.1), then the linear terms cancel out exactly when the acoustic approxi-
mation is substituted, and the acoustic energy conservation equation (3.68) emerges
as the quadratic approximation of the resulting equation (i.e. involving products of

two primed variables, with higher order terms neglected).

3.4.2 Time-averaged acoustic energy in the frequency do-
main

Use of (2.14) allows us to express the instantaneous acoustic energy (3.66) and inten-
sity (3.67) in terms of the velocity potential @, so that in the time-harmonic case we

have

W(x,t) % (‘Re [Vo(x) e ™] ‘2 + £ (Im [¢(x) e’m])2> : (3.72)
I(x,t) = —powIm [¢(x) e '] Re [Vo(x) e ™"], (3.73)
in dimensional variables.

To remove the temporal oscillations we consider the average values of (3.72) and

(3.73) over one period of oscillation, denoting these quantities by (W)(x) and (I)(x),

°For a more detailed discussion the reader is encouraged to consult [58] pp. 14-16. For more
information on the measurement of acoustic intensity see e.g. [31].
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respectively. Expanding (3.72) and (3.73), we find that the only non-zero contribu-

tions come from terms involving sin® wt and cos? wt, with the result that

(W) = £ (Volx) - Vox] + ko(x)e(x)) (3.74)
(D) = 2= ImG(x) Vo )] (3.75)

where the overbar denotes complex conjugation.

In terms of the nondimensional variables introduced in (3.1) (denoted here with
hats), (3.74) and (3.75) become

w) = 2% i), (5.70
= P ) .77
where
() = 5 (V6 96+ 7269). (3.78)
0 = km[p¥4), 5.19)

and k = wl/co.

3.4.2.1 Acoustic energy associated with a single ray expansion

In the short-wavelength regime k> 1, assuming that qg can be approximated by a

single ray expansion of the form (3.3), we have, to leading order,
¢ ~ Age (3.80)
Vo ~ ik VU Age'*? (3.81)
and substituting (3.80) and (3.81) in (3.78) and (3.79) gives

(W) ~ B Ao, (3.82)
1) ~ k| APV U. (3.83)
Hence, to leading order, the acoustic energy is proportional to the square of the

modulus of the leading-order amplitude Aj of the ray approximation, with the energy

flow being in the ray direction®.

6This justifies our interpretation of equation (3.22) in section 3.2.1.
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Another justification for studying the acoustic energy is that in the ray approx-
imation, it is directly proportional to an experimentally measurable quantity, the

mean-square pressure, {(p')?). Specifically, when k> 1, use of (3.80) gives

9 2 2.2 9
Pow PoP0Ch
() = L fof? ~ B2 A, (3.5)
so that
((1')%) ~ poc(W) (3.85)

in dimensional terms.

For the remainder of this chapter we work exclusively in nondimensional variables,

but drop hats for ease of presentation.

As an illustration we consider the case of a point source in 2D free space, the ray
expansion for which is given by (3.24). Using (3.82) and (3.83), we find that

mowgp (3.86)
(I) ~ %er, (3.87)

where e, denotes the outward radial unit vector. The energy flow is purely in the
radial direction, and the magnitude of (I)(x) decays like the inverse of the distance
from the source. The (nondimensional) time-averaged power flow P across the circle

of radius r centered at the source is then approximated by

2m k k
PN/-—ww:—, (3.88)
o 8mr 4

since the outward normal vector on the circle is simply e,. P is independent of
the radius of the circle, and represents the total power output of the source. More
generally, the power flow across a surface S described in polar coordinates (r, ) by
r = R(6) is proportional to the angle subtended at the source by the surface, with
the constant of proportionality being %. This can easily be verified by an application
of the divergence theorem (we note that the vector field (3.87) is divergence free, and

is smooth everywhere except at r = 0).

In the case of a point source in 3D free space we find that

k2
(W)~ 1623 (3.89)
k‘2
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The magnitude of (I) now decays with increasing distance from the source according
to an inverse square law. The power flow P across the sphere of radius r centered at
the source is found to be

12

=1

P (3.91)

which represents the total power output of the source. More generally, the power flow

across any surface S described by an equation r = R(6, ¢) in spherical coordinates

is proportional to the solid angle subtended at the source by the surface, with the
k‘2

1672

constant of proportionality being

3.4.2.2 Acoustic energy associated with a sum of ray expansions (GTD
approximation)

We now consider the more general case, where, due to the scattering effect of obstacles,

the sound field is approximated, according to GTD, by a sum of ray expansions
b~ b, (3.92)

where, for each i, ¢; is of the form (3.3). According to (3.79), the time-averaged

acoustic intensity is then given by

(I) = kIm <Z¢> (ZV@) , (3.93)

which can be rewritten as

(I) = kIm [Z oV + Z Z&ZV%] : (3.94)

i i i
The first sum in (3.94) is simply an ‘incoherent’ summation of the intensities asso-
ciated with each of the ray fields. The second (double) sum represents the effects of
interference between ray fields. Each interference term &ngZ)j may make a positive
contribution (constructive interference) or a negative contribution (destructive inter-
ference) to the intensity, depending on the phase difference between the ray fields ¢;
and ¢;.

In this thesis we make the simplifying assumption that the contribution of the sec-

ond sum can be neglected, so that acoustic intensities can be computed by incoherent
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summation of the energy flows along individual rays’. This is a standard assumption
in the urban acoustics literature (see e.g. [35, 51, 91]), and we refer to it as the ray

model of acoustic energy propagation.

In a highly reverberant environment for which there is some uncertainty in domain
characteristics, the validity of this model can be justified by assuming that the phases
of each of the ray fields ¢; are independent random variables, so that the expected
contribution of the interference terms is zero in the ensemble average. This reasoning
has similarities to the method of ‘Statistical Energy Analysis’ (SEA), a technique used
to predict the distribution of vibrational energy in complex mechanical structures (see
e.g. [40, 62]).

Even in the fully deterministic case, it is sometimes possible to justify the neglect
of the interference terms by performing some sort of spatial averaging over either
the source or receiver location, provided that the averaging region is chosen so that
the interference terms oscillate sufficiently to average to zero in the short wavelength
limit. In the following section we verify this statement in the case of a single 2D
street. A natural choice of averaging region in this case is a street cross-section, and
in fact, we consider only the component of the acoustic intensity vector normal to the
cross-section, which, after integration, gives the acoustic power flow down the street.
We show that the prediction of the incoherent ray model does indeed approximate
the exact acoustic power flow in the short wavelength limit, provided that the source
is not too close to either of the street walls and that the effects of resonance are dealt

with appropriately.

"We remark that, under this incoherent summation assumption, the same relationship (3.85)
between the acoustic energy and the mean-square pressure holds for a sum of ray expansions as for
a single ray expansion.
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3.5 The acoustic power flow in a single 2D street

According to the ray model, the acoustic power flow across a street cross-section at

distance x from the source is equal to the incoherent sum of the free space power

flows across the street cross-section from each of the image sources of section 3.3.4.2.

By the remark following (3.88), the power flow from the nth image source is equal

to 8% times the angular width ©,, = ©,(x,yo) of the tube of rays from that image

source that intersect the street cross-section at z (see Figure 3.7(a)). The ray model

therefore gives the power flow down the street as
k
Pray - 8_7T Z @na
neZz

where

-1
O,, = arctan Yn _ arctan 27
x x

—(1—
arctan % — arctan w,
n+(1—yo)
xX

arctan — arctan =%,

The analysis simplifies somewhat if we rewrite (3.95) a

k ~
Pray:8_ﬂ_z@na

nez

where

o, = ©_,, n even,
©,, nodd.

Then we have

_ 0+ _ o—
0,=0 -0,
where
~ n + 1 _
0" = arctan 7%,
x
~ n —
6, = arctan yo’
x

n even,

n odd.

S

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

(3.100)

(3.101)

and since ~:{ = ~; 1, we find that (3.98) is a telescoping sum which collapses to give

k
Py = Sr (arctan (oo0) — arctan (—o0)) = —.

™
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(b) Image street interpretation

Figure 3.7: The geometrical interpretation of ©,, and ©,, in a single 2D street.
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Figure 3.8: Typical plot of P (solid line) and P,y (dashed line) as a function of the
wavenumber k. Here the singularities in P occur at integer multiples of 7.

Note that (3.102) is independent of the distance x down the street. In fact, by
comparing (3.102) with (3.88) we see that the combined contribution from all the
image sources is simply the total free space power output in the positive z-direction

of a source at the point (0, yp).

Geometrically, the manipulation of (3.95) into (3.102) corresponds to moving all
the image sources (and their respective ray tubes) to the point (0, yo) and considering
the total power flow from a single source located at that point across an infinite array
of image street cross-sections (i.e. across the line {z} x (—00,00)). After reflecting
the ray tubes corresponding to the odd image sources in the line y = yy we obtain

the picture in Figure 3.7(b).

The exact value of the power flow is computed most conveniently from the modal

decomposition (3.38). After use of the orthogonality relations (3.31) we find that

p_ k Lkz/? cos? mmyo (3.103)
4 o T ’ )

since the evanescent modes do not make any contribution to the power flow. Note
that (3.103) is, like (3.102), independent of x.

The exact power flow (3.103) possesses inverse square root singularities at the
resonant wavenumbers k = mm, m € Z, which are not discovered by the ray model.
Away from resonance, however, the behaviour of (3.103) does broadly follow the linear
growth in k of (3.102), as Figure 3.8 illustrates. One way to make this statement more

precise is to consider the average behaviour of (3.103) between any two neighbouring
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resonances, which is well-defined because the singularities are integrable. For any

positive integer K we define

1 (K+1)71’
P (K): = —/ P dk
T JKr
1 W /(K“)” k cos® mmyq ik

K
1
z cos? minyn (VTR T — 7 - Kz_mz)_ﬁ).

N)I»—t

Using the relation cos® z = $(1 + cos2z) we can rewrite (3.104) as

PY(K) = i (Sy(K) + So(K) — 1), (3.105)
where
i\/KJrl 2 —m2 — VK2 —m? (3.106)
and -
Sy(K) = ZK: cos 2mmyo <\/(K T2 —m2— VK2 m2> . (3.107)

Because of the oscillatory factor cos 2mmy in the summand of (3.107), S; dominates
Sy as K — o0, unless g is close to 0 or 1. The details of the analysis can be found
in Appendix A, and we find that

S1(K) ~ %H}(\/_), K — 0, (3.108)
and
Sy(K) =0 (f) ., K—=oo, y.>1/VK, (3.109)
where
Y. = min {yo, 1 — yo}. (3.110)

Thus, provided that y. > 1/vK, we have Sy(K) < S;(K) and

PY¥(K) ~ —~ K — . (3.111)



This clearly agrees with the leading order behaviour (as K — o0) of the prediction

of the ray model, which is

P (K) == Pray dk =

1 [UE+DT K41
v / Kt (3.112)
T Jin 8

The requirement that g, > 1/+/K corresponds to y not being too close to either
of the street walls. The need for this restriction is completely intuitive when one
considers the geometry of the image source representation (3.40), as illustrated in
Figure 3.2, since the effect of moving the source close to one of the walls is to cause
neighbouring image sources to coalesce, which invalidates the neglect of the relevant

interference effects.

3.5.1 Energy absorption at walls

So far we have assumed that the street walls are perfectly reflecting. In practice a
small amount of the energy incident on the walls will be absorbed. The standard
method of including the effects of this absorption in the ray model (see e.g. [91, 44])
is to assume that there exists a constant o € [0, 1], called the absorption coefficient,
such that the magnitude I of the intensity along a ray undergoing a reflection at the

boundary is attenuated according to the rule

[reﬂected = (1 - Oé) [incident- (3113)

As a crude first approximation, « is usually taken to be independent of the angle of
incidence/reflection, and this is the approach we take in this thesis. The relation-
ship between this simplistic ray-based absorption model and full wave-based models
such as impedance boundary conditions is rather subtle (see e.g. [28, 36, 43, 68]),
and will not be discussed here. However, we remark that the form of the integral
approximations derived in the remainder of this chapter would make generalisation

to angle-dependent absorption coefficients a possibility for future work.

Experimental studies have shown that the absorption coefficient of a material also
depends weakly on the frequency of the incident wave (see e.g. [25], Chapter 57).
Most common building materials are very good reflectors of sound, with the value of
« at normal incidence and in the frequency range of interest to Dstl typically lying
in the range 0 < o < 0.1. For example, @ = 0.04 for an unpainted brick wall and
a = 0.02 for a painted brick wall at 1KHz ([25], p. 708).
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In practice, the absorption coefficient may vary along the street depending on the
nature of the building facades, but for simplicity we assume that the effects of wall
absorption can be represented by an effective absorption coefficient that is a known

characteristic of each street.

Under the absorption coefficient model (3.113), the expression (3.98) for the power
flow down the street is modified to
1 |~
P(x) > (1—a)le,, (3.114)

2T
neZ

where, for ease of presentation, we have dropped the subscript ;,, and have normalised
P by a factor %, so that (3.114) represents the power flow relative to the total trans-
mitted power in free space, as computed in (3.88). This normalisation will be the

convention for the remainder of this chapter.

3.5.2 Asymptotic behaviour far from the source

With the inclusion of wall absorption, the power flow down the street is no longer
independent of z, and in this section we study the asymptotic behaviour of (3.114)
when the receiver is far from the source (z > 1). As we shall see, the qualitative

nature of this behaviour is dependent on the size of the absorption coefficient a.

When « is not too small (exactly how small will be determined shortly), the main
contribution to the sum comes from near n = 0, because of the exponentially decaying

factor (1 — )"l in the summand. More precisely, if we split the sum into

1 - .
- _ o) — o)
Plz) = d(l-a)le,+ ) (1-ae, |, (3.115)
In|<N [n|>N
then the second sum is exponentially small compared to the first, and can be ne-
glected, provided that [N log (1 — )| > 1. If also N < z, then we can Taylor-expand

the function ©,, inside the first sum, giving

P)~ e =)y (1= (e 1-wm-w +3) +0 () ).

In|<N

(3.116)

By re-extending the summation range to the whole of Z, again introducing only

exponentially small errors, we obtain sums which can be evaluated explicitly using
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the formula for the sum of a geometric progression (and formulae derived from it),

giving the result

P~ 22 (1—1—%<y0(1—y0)—%—¥>+0(%>), % = 00,

(3.117)

To answer the question of how small & may be for this approach to be valid, we note
that the expression (3.117) is a valid asymptotic expansion only when « > 1/x; this
restriction is entirely consistent with the two conditions obtained for the choice of
the truncation point N, since when o = O (1/z) the condition |Nlog (1 —a)| > 1
is equivalent to requiring that N > 1/«, which is clearly incompatible with the
requirement that N < x.

To deal with the case where o = O (1/x), we first note that using the trigonometric

identity
21 £z
arctan z; + arctan z, = arctan ———— (3.118)
1 F 2129
we can rewrite ©,, in the form
~ 1
0,, = arctan (3.119)

z+ (N+1—y;)(n—y0)'

We then approximate

~ 1 1
O, ~ 5 <1 +0 <—)) , T — 00, (3.120)

n
T n- €T
x

which, crucially, is valid uniformly for all n. Inserting this into (3.114) gives

1 1 2 1
Pla)~—|-—24+Z 1—a)” - 3.121
D~ (2 mar ) s G

where the —1/x correction is required because we have included the n = 0 term twice.

The key step now is to recognise the second term as an approximation of the integral®

00 1— xt
/0 %dt, (3.122)

with the result that

11— a) 1

8We remark that (3.122) can be written in terms of exponential integrals.
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In fact, it is possible to show that the integral approximation (3.123) is valid not
just for @« = O(1/z), but for all @« < 1. Indeed, when 1/ < a < 1 (3.123) is a
Laplace-type integral with large parameter axz. The main contribution to the integral
comes from the endpoint ¢ = 0, and a local expansion around this point gives the

leading order behaviour

oo _ xt
l/ Challs) P (3.124)
0

T 1+ ¢2 TOL

which clearly agrees with the leading order term in (3.117) when 1/r < a < 1.

3.5.3 Interpretation in terms of ray angles at small absorp-
tion (a < 1)

We have seen that in the case of small absorption (o < 1), the power flow down the
street far from the source (z > 1) can be approximated by (3.123). By the change

of variable ¢t = tan 6, this integral approximation can be rewritten as
1 [2 )
P(z) ~ —/ (1—-a)"™%d), x— oo, (3.125)
0

where we identify the integration variable # with the absolute value of the launch angle
of a ray emanating from the source (as defined in Figure 3.3). Then (3.125) states that
the power flow far from the source takes the form of an integral over launch angles of
a ‘power density’ propagating at each value of 8, after attenuation by wall absorption.
The exponent xtanf in the integral (3.125) represents a continuous approximation

to the discrete number of reflections undergone by a ray of launch angle +6.

This interpretation will offer considerable conceptual advantages in the section
that follows, where we come to study the way that the energy propagating along a

street is redistributed at a junction with another street.
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3.6 Energy redistribution at a junction in 2D

In this section we use the ray model to study the way that the acoustic energy from
a point source is redistributed at a junction between two 2D streets. Asymptotic
approximations to the acoustic power flows out of the junction are obtained in the
form of integral representations that are a generalisation of the results of the previous
section, with a natural interpretation in terms of power densities propagating at ray

launch angles.

3.6.1 Energy redistribution at a crossroads

We consider first the case of a right-angled crossroads, as illustrated in Figure 3.9(a).
As in section 3.3.4, we choose as our characteristic lengthscale L the width of the
street containing the source. In the short wavelength regime £ > 1, GTD rep-
resents the sound field in this domain as the sum over all of the geometrical rays
that exist between source and receiver. These rays can be put into two categories:
those rays which involve either direct propagation or one or more reflections at the
street walls, and those which involve diffraction at one or more of the sharp edges
of the junction. Motivated by the observations of section 3.3.5.2, we expect that the
diffracted field constitutes a higher-order correction to the field due to the direct and
(multiply-)reflected rays. Therefore, as a first approximation, we propose to estimate
the acoustic power flows PV, PF and P® out of the North, East and South exits of
the junction by considering the contribution of the incident and (multiply-)reflected

ray fields alone.

3.6.1.1 Neglect of diffraction effects

The assumption that diffraction effects can be neglected offers a considerable analyt-
ical simplification; however, it is important to discuss the conditions under which we
expect it to be valid. In particular, the nonuniformity in the GTD approximation
means that we must be careful in applying ray theory in such a domain, because the
shadow boundary regions in which the ray approximation fails become increasingly

important with increasing distance down the streets leading off the junction.

As an illustration of this point, consider the situation depicted in Figure 3.10,

where a plane wave is incident on the open end of a semi-infinite street. As usual
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Figure 3.9: Common junction types
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Figure 3.10: A plane wave incident on the open end of a semi-infinite street.
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Figure 3.11: Schematic showing the shadow boundary regions arising inside the street
for the problem considered in Figure 3.10. Only the singly-diffracted fields are consid-
ered here - the multiple reflections of these fields give rise to an infinite set of shadow
boundary regions in the image plane, associated with the appropriate ‘image edges’.
Away from these regions ray theory is valid - note that the width of each shadow
boundary region has been exaggerated to make the presentation clearer.
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Figure 3.12: Schematic of one of the shadow boundary regions for the problem con-
sidered in Figure 3.10.

we nondimensionalise lengths with respect to the street width and consider the case
where the nondimensional wavenumber k£ > 1. According to GTD, the field inside
the street is a sum of the incident wave and its multiple reflections in the street
walls, and diffracted ray fields emanating from the edges at (0,0) and (0,1), which
contribute a higher order correction to the incident and reflected fields. However,
because of the nonuniformity of the GTD approximation, this picture is only valid
close to the opening, because of the way the shadow boundary regions associated with
the edge-diffracted fields ‘spread out’ with increasing distance down the street (see
Figure 3.11).

In order to derive an estimate for how far down the street the ray model holds,
let us consider the geometry of one of the shadow boundary regions in more detail
(see the schematic in Figure 3.12). We begin by noting that the bounding parabola
of the shaded region in Figure 3.12 may be described, as in equation (3.58) of section
3.3.5.1, by the equation

(V& +a? —d) =, (3.126)

where d is distance along the axis of the parabola, a is the half-width (measured

normal to the axis), and 7 is a constant. When kd > 1 it is easily shown that a
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grows like a o< /d/k. Thus when kz > 1 we find that b, the half-width measured in

the y-direction, grows like
1 T
b N . 3.127
> cos by | kcosb ( )

A sufficient condition for the ray approximation to hold across the majority of the

street cross-section (which is what we require in order to compute acoustic power

flows) is that b < 1, or equivalently
ko s
—cos’ Oy > 1 (3.128)
x

in our nondimensional variables. In dimensional variables (3.128) is

/{7 2
T o530 > 1, (3.129)
xXr

where w is the street width. The quantity kw? cos® 6 is sometimes referred to in optics
as the Rayleigh distance (or sometimes as the Fresnel distance), and (3.129) tells us
that ray theory becomes invalid once z is of the order of the Rayleigh distance. Note
that the presence of the factor cos®#fy in (3.129) implies that the Rayleigh distance

decreases as the incidence angle 6, increases.

In the case of a junction between two streets the situation is more complicated.
However, by the modal decomposition of section 3.3.4.1, we may represent the field
incident on the junction from the West street as a sum of plane wave ‘beams’ that
are incident on the East street, as illustrated in Figure 3.13 (we shall return to this
representation in section 3.6.5). Following the discussion of the previous paragraphs,
for each of these plane waves we expect the ray approximation to be valid in the
East street, up to the appropriate Rayleigh distance from the junction. By geo-
metrical considerations, we need only consider those modal plane waves for which
|0o| < 0, = arctan wg/w;, where wy and w; are the widths of the East-West and the
North-South streets, respectively, since for larger values of |0y| the beam propagates
entirely into the North or South street. For example, when the street widths are equal
we have 6, = m/4. In contrast, there is no such restriction on the incidence angle of
the plane wave beams which propagate into the North or South streets, and because
of this we expect the distance over which the ray model can be used in these streets
to be somewhat shorter than in the East street, although we have not, as yet, been

able to quantify this difference.

We now attempt to estimate the order of magnitude of the Rayleigh distance in the

parameter regime of interest to Dstl. Dstl are interested in frequencies of up to 1kHz,
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Figure 3.13: Junction between two streets - a modal plane wave ‘beam’ incident on
the open end of the right-hand street.

which corresponds to a spatial wavelength of around 30cm, and hence a dimensional
wavenumber k ~ 20m~!. Typical street widths and lengths vary considerably between
different urban areas, but as a test case we have considered downtown Manhattan,
New York City. In this environment, street widths w and lengths [ (as measured from

a satellite photograph) typically lie in the range

w € (20m, 40m), (3.130)
I € (100m, 200m). (3.131)

For example, with w = 30m we have kw? ~ 18000m, so that for §, = 0 the Rayleigh
distance is 18000m, considerably larger than the typical street lengths. For 6y = 7/4
we have cos® 6y = 1/(2/2), which reduces the Rayleigh distance to around 6000m,
although this is still considerably larger than the typical street lengths.

We therefore conclude that the parameter range in which the ray theory limit is
valid does overlap with the regime of interest to Dstl. However, it should be remarked
that for narrower streets or lower frequencies the Rayleigh distances will be shorter,
and a more careful treatment of the diffraction effects may be required (see e.g.

[77, 92]), although we do not pursue this matter further here.
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3.6.1.2 Calculation of power flows

Under the assumption that diffraction effects can be neglected, the power flow P¥
out of the East exit of the junction is computed by incoherently summing the power
flows along the ray tubes reaching the exit from each of the image sources defined in
(3.39), so that

1
PE = o > (1-a)e,, (3.132)
m
nez

where « is the absorption coefficient of the street containing the source and ©,, =
O, (1, w, yo) is the angular width of the tube of rays from the nth image source reaching
the East exit. The geometry of the ray tubes in this case is shown in Figure 3.14(a).
Note that all of the image sources, except for the original source, have their ‘line-
of-sight’ partially (or fully) obscured by the presence of the side street exits. Hence
(3.132) is actually a finite sum, since only a finite number of image sources can ‘see’
the East exit of the junction at all. Rewriting (3.132) in terms of the image street

representation (see Figure 3.14(b)) simplifies the presentation slightly, so that

1 Lﬁ-i—yoj ~
PP=gr 2 (-, (3.133)
n=— L%—i—l—yoj
where
6, - i _i- (3.134)
and
G+ arctan%, 0<n< LéijOJ ;
n arctan 7"“[3/07 - Li +1- yOJ <=n<0,
- — Jarctan =%, 0 <n< L + o) (3.135)
" arctan 72, — | L+ 1—y| <n<0.

As was found for the sum (3.114), the qualitative behaviour of (3.133) in the limit
[ — oo is dependent on the size of the absorption coefficient a.. In the case a > 1/1
we find that
_2-a w(2 — )
2l 27(la)?

1
PE +0 (73) , =00, w=0(1). (3.136)

We remark that the parameter w does not enter the expansion until the second order

term, and by comparing (3.136) with (3.95), we see that the leading order behaviour
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Figure 3.14: The geometrical interpretation of ©, (I, w,yo) and O, (I, w, ) - cross-
roads case.
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is the same as if there were no junction at all. The dependence on yy does not enter
until the O (1/1?) term, which has been omitted in (3.136).

When a = O(1/1) we seek to approximate the sum (3.133) by an integral. We first
note that, by (3.118),

I+w(n+1—yo) l
arctan l(l+w)+(n+1—y(§!)0(n—yo)’ — s+ 1-wm) <n<-1,
o I+w _
O, = { arctan (l+w)2l_y0((1_y0)), n=0, (3.137)
—w(n— l
arctan l(l+w)+(n+1—zg)(n—yo)’ 1<n<[L+y],

so that

3 1— | 1
@nw# <1+O<—)) , =00, w=0(1), (3.138)
I+ !

uniformly for all n. Inserting (3.138) into (3.133) and approximating the sums by the

appropriate integrals®, we find that

1

1 fw 1 —wt 1
PE ~ ;/ (1- a)ltﬁt; dt+0 (7) , l—=o00, w=0(1). (3.139)
0

As in the single street case, a Laplace analysis reveals that (3.139) is valid for all

a < 1, agreeing with (3.136) to leading order for 1/l < a < 1.

Approximations to the power flows PY and P° can be obtained similarly. The ray
tube summations are now infinite, with PY being a sum solely over the image sources
n < 0 and P being a sum solely over the image sources n > 0. We find that for
a> 1/,

v wl—a)(2—a(l —y)) 1
P~ ra?(2— ) +0 (l_3) , =00, w=0(1),

1—a)(2—ay) 1
ps L - — O(1).
27Pa2(2 = a) +0 5 ) [ — 00, w=0(1)

(3.140)

Unlike in (3.136), the dependence on the parameter y, enters at leading order, al-
though the leading order behaviour is now O (1/1?), as opposed to the O (1/1) decay
we found for PP. When yy = 1/2 the expansions for PV and P° coincide, as one

would expect.

For a = O(1/l), both P¥ and P® are found to have the same leading order

asymptotic behaviour, independent of y,, namely

1
1 o o0
PN ~ PS5~ Py (/ (1 —a)”wtdt+/ (1 —Oz)ltdt> , =00, w=0(1).
s 0 1
(3.141)

w

9We remark that, like (3.122), (3.139) can be written in terms of exponential integrals.
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Figure 3.15: Comparison of ray tube sum (3.133) (solid line) and the corresponding
integral approximation (3.139) (dotted line) for the power flow past a crossroads,
plotted against the side street width w. Parameter values are | = 2, yo = 0.3,
a = 0.02.

Again, it can be shown that the integral approximations (3.141) are, in fact, valid for

a << 1.

3.6.2 Range of applicability

Although the integral approximations presented in this section have been derived for
[l > 1, good agreement with numerical evaluations of the ray tube sums is observed
even when [ is not particularly large. For example, Figure 3.15 shows a compari-
son between the ray tube sum (3.133) and the corresponding integral approximation
(3.139) in the case [ = 2.

3.6.3 Interpretation in terms of ray launch angles

The integral approximations (3.139) and (3.141) for the power flows out of the junction
in the regime [ > 1, @ < 1 can be rewritten after a change of integration variable

t =tanf as

0.
PE N—/ (1 —a)"*™? (1 —wtand) db, (3.142)
0

s

1 0. T
PN ~ PSS ~— (/ (1 — )™y tand db +/ (1 — q)ttan? d9> : (3.143)
0 0

*
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Figure 3.16: The functions Fo and Fr
where 0, = arctan 1/w. As in section 3.5.3 we identify 6 with the absolute value of
the launch angle of a ray emanating from the source. Introducing the functions
Fe(0;w) := max {1 — wtan#6, 0}, (3.144)
1
Fr(0;w) := §min {wtanb, 1}, (3.145)

which are plotted in Figure 3.16 for a fixed value of the side street width w, we can
rewrite (3.142) and (3.143) as integrals over 6 € (0,7/2) by

1 [2
PEN;/IQ—QW“%H&MM& (3.146)
0
11
PNNPSN_/E@—aW“%H&wm& (3.147)
T Jo

The representations (3.146) and (3.147) imply that the power flows out of the
junction can be expressed as integrals of appropriate #-resolved power densities. The
functions Fr(0;w) and Fr(0; w) describe the way that the power density incident on
the junction at a given value of 0 is redistributed between the exits of the junction: the
function F(0; w) gives the proportion of the power density that crosses the junction,
flowing out of the East exit, and the function Fr(0; w) gives the proportion that ‘turns

the corner’ and flows out of each of the North and South exits!?.

3.6.4 Probabilistic interpretation

We now discuss a second interpretation of the functions Fe(0;w) and Fr(8;w). We

first note that upon reaching the junction, a ray emanating from the source with

OThe fact that Fo(f;w) = 0 for @ > 6, reflects the geometrical fact that any ray with launch
angle greater than 6, must leave the junction by either the North or South exit (cf. the discussion
in section 3.6.1.1).
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launch angle # has a certain offset ¢ € (0,1) from the bottom wall of the main street
and a certain orientation O = +1, depending on the sign of the angle between the ray
and the horizontal. The exit by which the ray leaves the junction can be determined

from the parameters 0, ¢ and O by geometrical considerations.

First suppose that 0 < § < 6,. Then for O = +1, the ray leaves by the East exit if
0 < g <1l—wtanf and by the North exit if | —wtanf < ¢ < 1. For O = —1, the ray
leaves by the East exit if wtanf < ¢ < 1 and by the South exit if 0 < ¢ < wtan$.
When 6 > 0,, however, the ray must always leave by either the North exit (if O = +1)
or the South exit (if O = —1), regardless of the value of q.

Now, in the limit [ — oo the rays in a narrow ray tube of fixed width df around
the launch angle 6 have their offsets and orientations uniformly and independently
distributed over (0,1) and {£1}, respectively, because of the effect of geometrical
spreading. By the observations of the previous paragraph, the probability of a given
ray in the ray tube crossing the junction, or turning and exiting by the North or
South exits is given exactly by the functions F(0; w) and Fr(0;w), respectively. The
expressions (3.146) and (3.147) then imply that the power flows out of the junction
can be approximated by integrating the probability densities F(6;w) and Fr(0;w)

with respect to the ray angle 6, after multiplication by the relevant absorption factor.

3.6.5 Comparison with [26]

In the case av = 0, explicit evaluation of the integral (3.139) gives

1 1 1\?
PE o <2 arctana — wlog (1 + (E) )) , =00, w=0(1). (3.148)
T

It is interesting to note that (3.148) agrees exactly with the formula for the power
flow past a crossroads from a point source in a network of 3D corridors, as obtained
in [26], section II. The correspondence between this 3D problem and our 2D problem
will be established shortly; however, we first remark that the method used by Davies
to derive his result provides us with an alternative derivation of (3.148) for our 2D

problem, based not on an image source method, but on modal decomposition.

Davies’ approach is to assume that the field in the street containing the source
is given by the modal expansion (3.38). In doing so, Davies implicitly assumes that

[ > 1, which also permits the neglect of the exponentially-decaying evanescent terms.
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Each propagating mode can be further decomposed into the sum of two plane waves,

propagating at angles +4,, relative to the z-axis, where

U, = arctan T (3.149)
Km

For each of these plane waves, the proportion of the associated power incident on the
junction that crosses the junction is found by a geometrical argument to be equal
to Fo(Um,w), as defined in (3.144), diffraction effects being neglected (cf. section
3.6.1.1). Summing over all of the propagating modes and letting k& — oo, Davies
claims that the total power flow past the junction can be approximated by an integral,
which can be evaluated exactly to give formula (3.148). What is not mentioned in
Davies’ paper is that before the sum can be replaced by an integral, it is necessary
to deal with the problem of resonance in an appropriate way, e.g. by averaging the
power flow between two neighbouring resonances, as in section 3.5. We have checked
that by treating the resonances in this way, Davies’ approach does indeed return the
formula (3.148) for our 2D problem.

Note that both our image source method and Davies’ modal expansion method
require us to take two limits: k& — oo and [ — oo. In our image source approach,
we first took k — oo, to justify the adoption of the ray approximation, the neglect
of diffraction effects and the incoherent summation of the power flows due to each
image source, before taking [ — oo to justify the replacement of the ray tube sum
(3.132) by the integral (3.139). In Davies’ modal expansion approach, the limits are
taken in the opposite order. The fact that the two methods produce the same result

proves, importantly, that these two limits commute.

One advantage of the image source method over the modal expansion approach
is the ease with which the effects of wall absorption can be included, since the ab-
solute value |n| of the index of each term in the ray tube sum corresponds to the
number of wall reflections undergone by the rays in the corresponding ray tube. As
an illustration of this, we apply the image source approach to the problem of sound
propagation in a network of 3D corridors considered in [26]. As well as demonstrating
the correspondence between this 3D problem and our 2D problem, we also generalise
Davies’ result to the case where the walls of the corridor are absorbing with absorption

coefficient «.

With lengths nondimensionalised by the width of the corridor, we denote the height

of the corridor by h and assume a point source at (0, yo, z0) with 0 < yp < 1 and
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0 < 29 < h. To deal with the wall and floor/ceiling reflections we introduce a doubly-
infinite array of image sources at the points (0, Yy, zmm), n, m € Z, where y,, are defined
as in (3.39) and

- {hm + 20, m even, (3.150)

hm + (h — z), m odd.

Assuming that the floor/ceiling are perfectly reflecting and that k£ > 1, an argument
similar to that following (3.287) in Section 3.9.2 proves that for each n the total
contribution to the power flow from the image sources (0, y,, zm), m € Z, is propor-
tional to ©,, the angular width of the ray tube from the nth image source in the 2D
problem. After taking into account wall absorption, summing over n then produces

(3.132), and hence the integral approximation (3.139) when [ > 1 and o < 1.

3.6.6 Other junctions

The integral approximation procedure of section 3.6.1 can be used to calculate acous-
tic power flows at junctions other than crossroads. For example, in the ‘side street’
geometry of Figure 3.9(b), the ray tube sums corresponding to the power flows P¥

and PY may be approximated for [ > 1 and o < 1 by the integrals

1 [2

p* N—/ (1 — )™ Fo(0;w/2) db), (3.151)
T Jo
2 (2

P N—/ (1= a)'*™ Fp(6;w/2) df. (3.152)
m™Jo

Note that the power loss to a single side street of width w is exactly the same as
the combined losses to the two side streets at a crossroads where the ratio between
the main and crossing streets is w/2. This result is completely intuitive when one
considers the geometrical correspondence between these two junction types: reflecting
the single side street in the lower wall produces a crossroads with the same side street
width w but with a main street width of 2.

Such reflection arguments can be used to study the energy redistribution at other
junction types, without the need to repeat the full approximation procedure of section
3.6.1. For example, reflection of the ‘T-junction’ geometry of Figure 3.9(c) in the far-

right wall produces a crossroads of side street width 2w, so that

[SIE]

PV ~ l/ (1 — )™ Fy(0; 2w) db,
T Jo

. (3.153)
1 (3
PN ~ PS5~ —/ (1 — )™l Fn(0; 2w) db,

™ Jo
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where PV should be interpreted as the power flow back down the main street due to
reflection off the far wall. Power flows in the ‘right-angled bend’ geometry of Figure

3.9(d) can be treated similarly.

Asymmetric junctions such as that of Figures 3.9(e) and 3.9(f) can also be consid-
ered, although such geometries cannot be treated by a reflection argument. However,
it is possible to avoid carrying out the full approximation procedure of section 3.6.1,

by appealing to the probabilistic interpretation of section 3.6.4.

We first consider the case depicted in Figure 3.9(e), where wy > 1. Assuming
that the offset and orientation of a ray incident on the junction are random, uniform
and independent, geometrical considerations reveal that the probability that the ray

crosses the junction and leaves by the East exit is given by the function

1, 0<o<0,,
Fo(0;wy,w,) = wtl —wyitan, 67 <6 <6, (3.154)
0, b <0<%,
where 0, , 0 are given by
_ Wo — 1
0, = arct 3.155
. = arctan YO ( )
Wy + 1

07 = arctan

(3.156)

wy
The probability that the ray leaves by the North exit is equal to the probability that
it leaves by the South exit, and is given by

0, 0<0<0,,
Fr(0;wy, wp) = { wtand _wasl oo < < gF, (3.157)
3 0 <0<3.

We then propose the approximations

1 (3 .
PE - / (1 —)'™f B (0; wy, wy) db, (3.158)
m™Jo
1 [z -
PN ~ PS N—/ (1 — a) ™0 Br(0; w, ws) dO. (3.159)
T Jo

In the case of Figure 3.9(f), where wy < 1, the approximations (3.158) and (3.159)
still hold, provided that we modify (3.154) and (3.157) to

’LUQ’ O < 0 < 0;,
Fo(0; wy,w,) = wtl —wyitan, 67 <6 <6, (3.160)
0, b <0<%,
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and

2wy tan 6 0<6<0;
Fr(f;wi,wy) = { wtanl _wacl g < g < g (3.161)
: oF <0<Z,

where now

Wo

0. = t . 3.162
. = arctan o ( )

There is now the further possibility that the ray is reflected back down the main
street towards the source. This occurs with probability

1—wy—2wytanf, 0<6 <0,
Fg(0;wi,ws) = {0,

0, <6 <06f, (3.163)
0, 07 <0<z,
and we then have
1 [z .
PWN—/iﬂ—aW”%%@mmwﬁM. (3.164)
™ Jo

To end this section, we remark that this probabilistic approach could, in principle,
be applied to the study of a much more general class of junctions than those presented

here. For example, it should be possible to remove the requirement that intersecting
streets meet at right angles.
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Figure 3.17: Energy redistribution at a second crossroads

3.7 Multiple junctions in 2D

The acoustic power flows in domains involving more than one junction can also be

computed using the ray tube model.

3.7.1 Energy redistribution at a second junction in 2D

We begin by considering the two-junction domain illustrated in Figure 3.17. Accord-
ing to the ray tube model'!, the power flow PZ(2) out of the East exit of the second
crossroads can be written as a sum
1
PP2)= =) (1-a)e, (3.165)

2T
nez

where « is the absorption coefficient of the main street and ©,, = 0,,(lo, l1, w1, w2, Yo)
is the sum of the angular widths of the ray tubes from the nth image source in (3.39)
that are incident on the exit in question (in general there may be up to two such ray

tubes, as we shall see shortly).

The summation of (3.165) is slightly easier when we transform to the image street

representation
1 ~
E — o)l
P*(2) = o Eez(l a)™o,, (3.166)

1 As discussed in section 3.6.1.1, in order for this approximation to be valid we require l; < kw3.
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where, as before,

(3.167)

n —

& — ©_,, n even,
©,, nodd,

is the contribution from the nth image street cross-section.

To compute O, for a given n we must determine the sum of the angular widths of
the ray tubes from the source that are incident on the nth image street cross-section.
These ray tubes are found by taking the ray tube that would be incident on the nth
image street cross-section if the first junction were not present and removing those

rays which intersect any of the images of the side street entrances of the first junction.

The procedure is illustrated for the case n = 1 in Figure 3.18. In this case, the
removal of rays lost to the side streets at the first junction divides the ray tube in
Figure 3.18(a) into two sub-tubes of angular widths (:)1,1 and C:)Lg in Figure 3.18(b).
We then have that (:)1 = (:)1,1 + (:)1,2. A portion of the full ray tube diagram is shown
in Figure 3.19.

This algorithmic method of calculating ©,, is easily implemented on a computer,
and the sum (3.165) can therefore be evaluated numerically. However, a simple closed-
form analytical expression for ©,, encompassing the algorithmic calculation does not

seem to exist.

In the single junction case it was found that when [y > 1 and av < 1 the ray tube
sum could be approximated by an integral over power densities propagating at each
ray angle . We now proceed by assuming that the same is true in the two junction
case when [y, l; > 1 and a < 1, and the integral approximation we propose is

E 1 % lp tan 6 . l1tan @ .
Papp<2) = ; A (1 — Oé) Fc(e, wl)(l — Oé) Fc(e, ’wg) do. (3168)
Comparing (3.168) with (3.146), we note that the extra factors (1 — a)*"% and
Fe(0;ws) in the integrand in (3.168) represent the effects of wall absorption in the

second street and energy redistribution at the second junction, respectively.
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(a) The ray tube incident on the first image street cross-section in the
absence of the first junction.

source : 1,1

(b) The ray tubes incident on the first image street cross-section in the
presence of the first junction.

Figure 3.18: Determining the ray tubes incident on the first image street cross-section
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Figure 3.19: A portion of the ray tube diagram at a second crossroads

3.7.2 Validity of integral approximation: expected power flows

As Figure 3.20 demonstrates, numerical experiments do indeed validate (3.168) as a
good approximation to (3.165), even for values of |y and [; as small as 2. However,
the lack of a convenient analytical expression for ©,, makes it difficult to determine
whether (3.168) is truly an asymptotic approximation to (3.165) in the joint limit
lo,l7 > 1 with a < 1. In this section we investigate this question by means of
numerical experiments, and make a conjecture about the sense in which the approx-

imation holds.

We note that the discrepancies exhibited in plots (a)-(c) of Figure 3.20, in which
Iy = ly, appear to be larger than those exhibited in plots (d)-(f), in which ; = 1.2l,.
In Figures 3.21 and 3.22 we plot the error R = P) (2) — P”(2) as a function of the
ratio A = [y /1y for three different values of Iy, and for two sets of the other parameter
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Figure 3.20: Comparison of (3.166) (solid line) and (3.168) (dotted line) for parameter
values yo = 0.4, w; = 0.8, a = 0.02.
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Figure 3.21: Plot of the error R as a function of A for parameter values yy = 0.5,

wy =1, w, =1, a=0.
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Figure 3.22: Plot of the error R as a function of A for parameter values yo = 0.4,
wy; = 0.8, wy = 1.2, a = 0.02.

73



-10

10 10 10 10

ly

10

Figure 3.23: Logarithmic plot of | (R) | (solid line) and |R| (dashed line) as a function

of lp for A\ =1, N = ﬁ and parameter values yo = 0.4, w; = 0.8, ws =1, a = 0.

values. In both Figures, the maximum errors are about 0.005, and the largest errors
occur near the points A = 1,1/2,3/2,2/3,4/3, where there are oscillatory regions. In
fact, such oscillations are observed on a smaller scale around any rational value of A,
although the amplitude of the oscillations seems to decrease as the denominator in the
fractional representation of \ increases. Further numerical experiments suggest that
the oscillations persist even for very large [y, and we conjecture that the convergence

is not uniform in .

One possible approach to deal with such difficulties is to weaken the notion of
convergence required. Suppose we consider a local average of P¥(2) in the vicinity of
A, defining

1

(PP(2)) = Q—X/A PE(2)(\) d), (3.169)

Y
for some A\ > 0. We conjecture that if X' is chosen appropriately, the oscillations
observed in P¥(2) will average out in the limit as [y — oo, with the averaged behaviour
being given by Pagp(Q). Numerical experiments suggest that the oscillations in R have
a typical wavelength of order 1/ly, so we certainly need to choose X > 1/ly. Figure
3.23 shows the average error (R) = PE (2) — (P¥#(2)) in the case where X' = 1/v/Iy,

app
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alongside the unaveraged error R. The gradient of the solid line is found to be

approximately 2, which leads us to conjecture that, in this case, (R) l% as lyp — oo.
0

We therefore conjecture that P2 (2) ~ (PF(2)) as ly — oo, so that our integral
approximation represents an expected power flow, in the sense of (3.169). In assessing
this interpretation we need to remember our assumption that the street geometry

may be known only to a certain degree of accuracy.

The case where the absorption coefficient o takes a value ag between the source
and the first junction, and a different value a; between the first and second junctions,

can easily be treated by modifying (3.168) to

1 [2
PE (2) = —/ (1 —ap)P™ 0 Fo(0;w1) (1 — ay)* ™ Fp(0; wy) db. (3.170)
0

app T
Expected values of the power flows PY(2) and P¥(2) out of the North and South

exits of the second junction can be obtained by replacing the factor of F(6;ws) in
(3.170) by a factor of Frp(0;w,), so that

[SIE]

PN (2) = P2 (2) = l/ (1 —ap) ™ Fe(0;wy) (1 — ap) ™0 Fp(0;w,) dO. (3.171)

app app T

In Figure 3.24 we consider another two-junction geometry. The integral approxi-

mations we propose for the expected power flows out of the second junction are

1 : b tan (Z—
Paw(2) = — /2 (1 — ap) ™ Fp(f;wy) (1 —ap) 1 " R (g o Z_i) 4.
0
(3.172)
! : an L tan (20 ™ W2
PES2) = Pl (2) =~ 7= a0 O Er ) (1 - )0 (§ 0022 ) an

(3.173)

The replacement of 6 by 7 —6 in the factors for the second street is necessary because
of the change of orientation from an East-West street to a North-South street after

turning at the first junction.

75



JPPN@)
o —-d =
PY(2) b

[y
PN
source T
1I 1% —
wl

Figure 3.24: Another two-junction geometry
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Figure 3.25: A three-junction geometry
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3.7.3 More than two junctions

Integral approximations for the expected power flows in domains involving more than

two junctions can be constructed similarly.

For example, consider the path shown in Figure 3.25. For generality, the street
width wq is assumed to be of the same order of magnitude, but not the exactly equal
to, the characteristic lengthscale L used in the nondimensionalisation. The expected
power flow PV (3) out of the North exit of the third junction is then approximated
by the integral

]‘ % Lo an L an
PY (3)= L / (1 — ag)® = p, (e; ﬂ) (1 = ay)™s =, (e; “’—) (3.174)

Wo Wo
! x
x (1 — ap)ue ™G0 R, (3 — 0, %) do. (3.175)
2 W2
Noting that the function F¢(6; ‘w"—;) vanishes for 6 > arctan wr, and that the function

Fr(Z — 0; %) vanishes for § < arctan “2, we find that if
2 w2 w2

w w
= >0 (3.176)
W2 w1

then the expected power flow is zero, since the integrand vanishes completely on the

range (0,7/2).

The above example illustrates a more general result. Suppose that an arbitrary
path through a network of streets crosses a junction in the East-West direction, with
the ratio between the widths of the ‘side street’ and the ‘main street’ given by Rgyw,
and that this path also crosses a junction in the North-South direction, with the ratio
between the widths of the ‘side street’ and the ‘main street’ given by Ryg. Then if
Rew Rys > 1, the expected power flow along the path is zero.

In particular, in the special case where the street widths are all equal, there is no
expected power flow along any path which crosses junctions in both the East-West
and North-South directions.
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3.8 A network of streets in 2D

In this section we apply the ideas of the previous section to estimate the power flows

in an infinite rectangular network of streets intersecting at right-angled crossroads.
S .8 .S wo, W W

denote the lengths, widths'? and absorption coefficients of the streets to the South

Indexing the crossroads by (z,y) € Z x Z, we let [

and West respectively of junction (x,y), and we assume that a source lies in the street

between junctions (0,0) and (1,0), a distance dy from the junction (1,0).

The net power flows P, PP PP and P}" out of a junction (z,y) are made
up of contributions from the infinitely many propagation paths that exist between
the source and the junction. The expected power flow along any particular path can
be estimated by the integral approximation method developed in sections 3.5-3.7,
provided that the street lengths are much larger than the street widths, and that the

absorption coefficients are small.

Some paths make a positive contribution to the power flow, and others make a
negative one, depending on the direction in which the energy is propagating when
it crosses the junction exit in question. Some paths make no contribution at all to
the power flow, as remarked in section 3.7.3. However, classifying all of the infinitely
many paths and explicitly summing their respective contributions to the net power

flows would seem to be impracticable in the general case.

To simplify the problem somewhat we consider the special case of a reqular network
in which lf’y = l?fy =1, wf’y = w;?’/y = w and aiy = ag‘fy = « for all (z,y), where [, w
and « are constant. Furthermore we assume, without loss of generality, that x > 1

and y > 0, and try to find the net power flow Pfy out of the East exit of the junction
(z,y).

3.8.1 Paths of minimal length

Since the power flow along any path through the network decreases with each junction

encountered, a crude estimate of P77,

that have minimal length, in the sense that they encounter exactly x + y junctions.

can be obtained by considering only those paths

z4+y—1

) . However,
z—1

The number of such paths is shown in Appendix B to be equal to (

only a subset of these paths make a non-zero contribution to the net power flow, since

2Note that w§ , is constant in y for fixed # and w}’, is constant in z for fixed y.
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there is no propagation along any path that crosses junctions in both the West-East
and South-North directions (see section 3.7.3). The number A, , of paths of minimal

length that do contribute is shown in Appendix B to be

G, x>y
M, , = Y 3.177
i {(iﬁi)a T <y. ST

According to the integral approximation method, each of these paths makes the

same contribution to the power flow, namely

pEpath — %/Og 5(rf%°>tan9+ytan<%*9>f(9) do, (3.178)
where
B=(1-a), (3.179)
and
LR

Our estimate for the net power flow Pafy is then
PP, = M, PP, (3.181)

Plots of (3.181) for different values of § can be found in Figure 3.26. Examination of
these plots reveals that the power flow appears to decay exponentially with increasing
distance from the source, with the fastest decay rate being along the diagonal z = y.

This result can be verified by direct analysis of (3.181), as we now show.

For ease of presentation we consider the case where av = 0 (so that 5 = 1). Setting
N=x+y, A=y/N=1—2/N and
Pf(N) = P;fy = P(i,\)N,,\Na
E,path . ,path __ pFE,path
PPN = Pafyp o= P(l—pA)N,)\N’
My(N) =My, = Ma_xnan,

3.182
3.183
3.184
3.185

P N
~— ~— ~— ~—

(3.181) becomes
PE(N) = My(N)PZP*™(N). (3.186)
We now investigate the behaviour of PF(N) for N large and 0 < X < 1 fixed.
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e When A\ = 0 we have My(N) = 1 and our estimate for PF(N) is

us

1 [2
POE(N):—/ Fo(9; 1)N do, (3.187)
T Jo
or, using (3.144),
1 [12
P(f(N):—/ exp [V log (1 — tan )] do), (3.188)
m™Jo

which is a Laplace-type integral with large parameter N. The main contribution
to (3.188) comes from the left endpoint § = 0, and a local expansion around
this point reveals that
1
PY(N)~—, N— 3.189
F(N)~ N oo, (3.189)

so that the decay is algebraic in the number of junctions encountered.

e Along the diagonal A = 1/2 (with N even) there is again only one contributing
path of minimal length (M;/2(N) = 1 for all N even) and our estimate for
PI%(N ) is

1 [2 N/2
P{jy(N) = —/ Fr(0; )N Fp (g — 0 1) de, (3.190)

™ Jo

or, using (3.144),

PEy(N) = %/OZ exp {N (% log (taze ))} o, (3.191)

where we have used the symmetry of the integrand to reduce the range of

integration to 6 € (0,7/4). Again, this is a Laplace-type integral, although this
time the main contribution comes from the right endpoint § = 7/4. A local

expansion around this point reveals that

2 (1\"
Py(N) ~ fi <§) N — oo, (N even), (3.192)

and the decay is exponential in the number of junctions encountered.

e In the intermediate case 0 < A < 1/2, we first note that by Stirling’s approxi-
mation,
(1 =X)N)!
(AN)!I((1 = 2\)N)!

~ \/27rz\(flA(_1 A—)2A) ((g(;—%A))Q)A (11—_2AA)>N’ N = o

(3.193)

M\(N) =
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Along each of the contributing paths we have

PPN = - / CFr (0 ) Pr(n/2 = 0: 1)V Fo(0;1)0 Y do, - (3.194)

™ Jo

or, using (3.144),

1 (17
PP (N) = —/ exp {N ()\ log (taz@) + (1 —2X\)log (1 — tan@))} de,
T Jo
(3.195)
since F(0;1) = 0 for § > 7/4. The main contribution now comes from the

interior point § = arctan 2+, and we find that

1)\’

s WA (@) (23)) - v
(3.196)

Combining (3.193) and (3.196), we conclude that (3.186) has the asymptotic

behaviour

PE(N) ~ NLW (ﬁ) (%)M, N — oc. (3.197)

e Finally, when 1/2 < A < 1 a similar analysis reveals that

. 1 A 1) 2N
PE(NY o — [ — 2 ) (= N . 1
(V) ~ 3 ((1—>\)2+)\2) (2) y N T (3.198)

We therefore conclude that the power flow decays exponentially in /N for all 0 <

A < 1, with the maximum decay rate occurring along the diagonal A = 1/2. Note that
setting A = 0 in expression (3.197) returns the algebraic decay predicted by (3.189).
However, with A = 1/2 (and N even), both (3.197) and (3.198) return precisely 1/2
times the prediction of (3.192). The reason for this apparent inconsistency is that
in the cases 0 < A < 1/2 and 1/2 < A < 1 energy propagates only along rays with
launch angles in the ranges § € (0,%) and 6 € (§,7), respectively, whereas in the
special case A = 1/2 energy propagates along rays of all angles 6 € (0, 7). The correct
behaviour for A = 1/2 can therefore only be recovered by considering the sum of the

limiting values of (3.197) and (3.198) as A — 1/2 from below and above:

P{jo(N) ~ Pll, (N)+ P}, (N), N — oo (3.199)
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3.8.2 Network model

Up to this point we have considered only the contribution from a finite subset of the
propagation paths from source to receiver, namely those which have minimal length.
In this section we generalise our model to take into account the contribution of all

the propagation paths through the network.

At each junction in the lattice we define p (0), pZ,(6), p;,(0), p¥,(0) to be the
O-resolved power flows out of the junction (z,y) in the North, East, South and West
directions, respectively. We expect that the energy redistribution and absorption
rules suggested by the integral approximations we have developed will allow us to
rewrite our model as a coupled system of partial difference equations satisfied by
these quantities. For example, the power flow pva, y(G) out of the North exit is a sum
of contributions flowing in from the East, South and West streets, each involving an

appropriate choice of the redistribution functions Fr and Fr.

The appropriate system of partial difference equations for the case of a general

network of streets is

w
N ™ We,y N  \l/t, N
oo s
p:v,y C (2 7w§,y> ( m,yfl) pm,yfl
wy E A\t E WG W N
$7y
+ Fr 97 wW (( mfl,y) Dy_1y + ( m+1,y) p:z:Jrl,y) + (I)m,y7 (3200)

1’7y

U)S
E _ LTy E t, F
Doy = FC 97 W ( mfl,y> Pr1y
':E7y

w
w
L F E 0- wm,y (( N )l/t N +< S )l/t S ) + (I)E (3 201)
T D) ’ ws z,y—1 p:v,yfl z,y+1 p:v,erl T,y .
T,y
w
s T, Y S \1/t. S
px,y = FC (5 - 07 wsy> ( m,erl) /tpm,erl
T,y
wy E \t E W\t W S
+ FT 0, wV;/y ((ﬁmfl,y) pmfl,y + ( erl,y) p:erl,y) + (I)m,yv (3202)
z,y
W Wy WG W
Py = Fo | 6; wW ( m+1,y) Doty
z,y
w
e E _ 0. Wy y (( N )1/t N + ( S )1/t S ) + (I)W (3 203)
T D) ’ ws z,y—1 p:v,yfl z,y+1 p:v,erl T,y .
z,y
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where

t = tané, (3.204)
lf’y

iy = (1— aiy)wiy, (3.205)
Wy

BY, = (1—ay,) =, (3.206)

Ny = Byt (3.207)

gy - Bﬁl,y, (3.208)

and ®V, ®F &% and " are source terms to be specified according to the distribution
of sources in the network. For example, in the case where the source lies in the
street between junctions (0,0) and (1,0), the appropriate source functions are zero

everywhere except for

(z{” —d)t
T wﬁqo
(I)é\,fo = (I)g,o = (51%) o Fr |6, w—W , (3.209)
1,0
(Ho-a)e ws
Oy = (BY%) o Fol0,—¢ ), (3.210)
7 ’ W10
N s Wy it w
(I)I,O = (I)Lo = (51,0) Lo Frp (0, — | (3.211)
Wi
d_y wS
q)JIE,O = (6%) i Fe ( ,ﬁ) ) (3.212)
1,0

where d is the distance from the source to the junction (1,0).

3.8.2.1 Calculation of net power flows and mean-square pressures

If the system (3.200)-(3.203) can be solved for each 6, net power flows in the network
can be found by integrating appropriate combinations of the solutions over ¢ € (0, 7).

E

For example, the net power flow P;°) out of the East exit of the junction (z,y) is

s

Pfyzfo pE,0) — (B41,) P, (0) db. (3.213)

Furthermore, knowledge of the #-resolved power densities also allows us to calculate

the average value of the acoustic energy density over a street cross-section. For
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example, the average nondimensional (cf. (3.76)) energy density W, , over the street

cross-section halfway between junctions (z,y) and (x + 1,y) is given by

Ed t/2
WE _ 1 /2 ( K/H,y) (pﬁy(ﬁ) +p‘r/v+17y<9)) do (3.214)
Wl cos 0 .

As explained in section 3.4.2, (3.214) is proportional to the average value of the

mean-square pressure over the same street cross-section.

3.8.2.2 Exact solution in a regular network

The system (3.200)-(3.203) is difficult to solve analytically. However, in the special
case of a regular network the system decouples and an analytical solution can be

found, as we now demonstrate.

The resulting equations have different forms depending on whether § < /4 or
6 > /4, and we first consider the case 0 < # < 7/4. For notational convenience we

introduce the shift operators X, Y defined on a quantity f,, by

(X oy = farry (3.215)
Y fay = foys1- (3.216)
In this notation the system (3.200)-(3.203) becomes

t

PV =58 (X" + Xp!) + @, (3.217)

1

P’ = (1= 0pX TP o Y YD) 4 0 (3.218)
t

p® = 5B (XTpE + Xp") + 2%, (3.219)

1
P = (1= 0B Xp" 8 TN+ Y)Y (3.220)

and by eliminating p¥, p® and p" from (3.217)-(3.220) we may obtain a single partial

difference equation satisfied by p™¥ of the form

L[p™] = ¥, (3.221)
where
L= %ﬁ (X+X'=20) (Y +Y 1)+ <1;t> (X+X"'=(p"+p)
1/t
Y= —% (X+X"'=2p)Y (27— ") — % (X" =p) @7 + (X — p)@")

+ (1;t) (X+X "= (p ' +p) ",
(3.222)
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and p = (1 —1t)S"

The source functions (3.209)-(3.212) become

—d)t t
oYy =05y =5 (= 3.223
0,0 0,0 p or ) ( )
t-a (1 —1
Byy =51 (—7T ) : (3.224)
¢ [t
N =95 =BT | — 3.225
1,0 to =01 <27T>, ( )
(1 —1
oy = BT <—) : (3.226)
T
and v is found to be zero everywhere except for
1 t t
Vo0 = o <5d7(1 —t) — B_dT) , (3.227)
1 (=d)t _G=ay
V1o = o (/3 (1—t)—p ) : (3.228)

To solve equation (3.221) we first note that by analogy to the theory of linear
partial differential equations with constant coefficients, if we can find a ‘fundamental

solution” G, satisfying the equation
LG,y = 6zy, (3.229)

where

(3.230)

0, otherwise,

5 — {1, (2.4) = (0.0).

then a formal solution of the original problem (3.221) is provided by the convolution

Pay = WG, Zwm Y IG,,. (3.231)

Equation (3.229) can be solved by an application of the transform methods em-
ployed in [87], p. 365, or [89] to solve similar problems. We form the double Fourier

series

Z Z Gy &5t (3.232)

T=—00 Yy=—00
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and note that applying the translations X and Y to G, , corresponds to multiplying
F(&,n) by e ® and e ™, respectively. Under the transformation (3.232), equation
(3.229) becomes

F(&n) = K(é m (3.233)
where
K(gn) = 3 (cosé — pyeosn + T (qeose — (57 1)) (3280

A formal solution of (3.229) is then given by

G 1 w ™ e_i(§$+77y) d d
w=a .| T o
1 /”/” cos £x cos Ny
= — —————~ d&dn, 3.235
7 Jo Jo K(&n) ( )

since K (&,n) is even in both & and 1. We remark that for 0 <t < 1and 0 < 8 < 1,
K(&,n) is continuous and does not vanish on the square [0, 7] x [0, 7], which is enough

to guarantee convergence of the integral in (3.235) for all (z,y) € Z x Z.

In Appendix C we show how the n-integration in (3.235) can be carried out explic-
itly to give

1 ™ cosx 2Vl
Gﬂ?yy - T /0 m dga (3236)
where!?
a =Y (cos€ — p), (3.237)
b= (1 ; ) (2cos& = (p ' +p)), (3.238)
2= —% (b T/ a2) . (3.239)

With p" determined by (3.231) and (3.236), the other variables p¥, p® and p" can

be expressed in terms of p"v as follows:

p° =p" + (@7 - V), (3.240)
g1 (B _

p¥ =[1-pX] <7 (Y +Y HpV +Y(@° — oY) + <1>E> : (3.241)

pW=[1-px]" (%ﬁ (Y +Y ")V +Y (9% — o)) + <I>W> : (3.242)

13For the purposes of Appendix C we remark that b < 0 in (3.238).
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The inverse operators [1 — pX*1 " in (3.241) and (3.242) are given formally by the

sums

(e o]

[1—pX ] =S (o), (3.243)
n=0
which converge under fairly weak assumptions on p", &V &L &5 and ®V (e.g.
boundedness), because 0 < ¢ < 7 implies that 0 < p < 1. In fact the action of
(3.243) on p" can be evaluated explicitly using the trigonometric identity

coséx — peosé(x F 1)
1+ p?—2pcosé

i pleosé(x£n) = (3.244)
n=0

a proof of which is given in Appendix C.

The result of this calculation is that the solution of (3.217)-(3.220) can be written

as

PN =1 G, (3.245)
pP =y H"+5, (3.246)
p’=¢*xG+ 5, (3.247)
pV = x H™ + S5, (3.248)
where
e = 2 /ﬂ (cosz — peosg(a £1)) (1 + 2W7H) d¢ (3.249)
wY 21 Jo (14 p? —2pcos&)Vb? — a? ’ '
and
S; = v yn (B S N E
1= (pX7) Y (@ —0Y) + 07 ), (3.250)
n=0
Sy = @5 — N (3.251)
> Bl/t
Sy =) (pX)" (Ty(@s — M) + @W) : (3.252)
n=0
When 7/4 < 0 < 7/2, the system (3.217)-(3.220) is replaced by
pN _ (1 _ %) Bl/tyfle + %515 (XflpE + XpW) + (I)N7 (3.253)
1
P’ = o B (Y YY) et (3.254)
1 1
pS _ (1 _ ;) /Bl/tYpS + éﬁt (X—lpE +XpW) + q)S’ (3255)
1
PV =g B (YT YD) e, (3.256)
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and the source functions are now zero everywhere except for

—d)t 1
oV — @S — g (= 3.257
0,0 0,0 g or ) ( )
N, = %, = BT LR (3.258)
0 0 2T

Noting that (3.253)-(3.256) is simply (3.217)-(3.220) with

N E (3.259)
S W (3.260)
te 1/t (3.261)
X &Y, (3.262)
the solution of (3.253)-(3.256) is easily found to be
PN =vxH" 45, (3.263)
p¥ =G (3.264)
pP=vxH +5; (3.265)
PV =1 G+ S, (3.266)

where zﬁ, S; are the previously defined expressions v, S; under the transformations
(3.259)-(3.262), and

Gey = Gy, (3.267)
HE =HE, (3.268)

under the transformation ¢ <+ 1/t. By (3.257)-(3.258) we find that ) is zero every-

where except for

~ 1—1 1—d)t
Yoo = —%BI/H%, (3.269)
o = —12—;;51/”% (3.270)
~ ~ 1 a-ax
Yo,—1 = o1 = —gﬁl, (3.271)
7 7 dt
V11 =11 = —Eﬁl : (3.272)

In Figure 3.27 we show logarithmic plots of the net power flow PZ defined by
(3.213) for three different values of §. Comparing these to Figure 3.26 we note
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that the anisotropic decay predicted by the minimal length paths approach is clearly
visible, although, as might have been expected, the minimal length path calculation
underestimates the power flow derived via the full network model. The modulus of
the relative error between the minimal path length calculation (3.181) and the full
network model result (3.213) is plotted in Figure 3.28. Note that the relative error
decreases as [ decreases, so that the contribution of the non-minimal-length paths

becomes less important as the amount of wall absorption increases.

As remarked in section 3.8.2.1, knowledge of the power densities p (6), pZ (6),
piy(e), pﬂfy(ﬁ) also allows us to estimate average energy densities and mean-square
pressures in the network. For example, in Figure 3.29 we show logarithmic plots of

the average energy density W¥ defined by (3.214) for three different values of 3.

3.8.2.3 The case f =1 (a=0)

We remark that when =1 (a = 0) the integral (3.235) is no longer convergent, and
the f-resolved power flows are no longer well-defined. However, it is still possible to
compute net power flows such as (3.213) by considering the limiting value of the net
power flow as § — 1, which is well-defined because the singularities in pg , and pffy 4

for § =1 exactly cancel.
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Figure 3.27: Contour plots of log, Pfy for different values of 5, computed by (3.213)

using the exact solution of the network model.

91



y
o B N W b O O N ® © 5

-
N
w
I
4]
o
~
®
©
S

=
o

y

o KB N W b~ O O N 00 ©

1 2 3 4 5 6 7 8 9 10
X

1..

1 2 3 4 5 6 7 8 9 10
X

(c) p=0.4

y

o B N W A OO O N 00 ©

Figure 3.28: Contour plots of the relative error between the value of

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

E
Px’y

computed

using paths of minimal length and the exact result computed using the network model.

92



y
o B N W b O O N ® © 5
1 | | | | | | | =)
= [ = [ © o 5 N
o &~ N O

=
o

y

o B N W A~ OO O N o ©

y
O B, N W A O O N © ©

(c) =04

Figure 3.29: Contour plots of logy, W7, (defined in (3.214)) for different values of 3,
computed from solution of network model. Here the street width w = 1.

93



3.9 The 3D case

In this section we briefly discuss the extent to which the results of the preceding
sections might be generalized to 3D urban environments. The main ways in which the
3D problem differs from the 2D problem are the higher rate of geometrical spreading,
the presence of a ground reflection, and the fact that energy emitted from the source

can escape to the atmosphere.

3.9.1 Ray approximation in a single street

As a simple model of a single street in 3D, we consider an infinitely-long channel run-
ning parallel to the z-axis, as illustrated in Figure 3.30. As in the 2D case, we choose
as our typical lengthscale the street width, so that, after nondimensionalisation, the
channel is bounded by buildings (—o00, 00) X (—00,0) x (0, ) and (—o0, 00) X (1, 00) X
(0, h), where h > 0 is the (nondimensional) building height, assumed constant along
the length of the street, and a rigid ground (—oo,00) x (0,1) x {0}. We assume
that a point source is located within the street at (0, g, z0), where 0 < yo < 1 and
0<zy<h.

Under our short wavelength assumption, GTD represents the field inside the street
as a sum of ray fields (incident, reflected and diffracted). Asin the 2D case, we simplify

the analysis by neglecting the effects of diffraction, and consider the contribution of

A* A

source

P
ZOi A image
<

yo /SOUTCGS
X X . %X % X<

1

A<

Figure 3.30: A single street in a 3D urban environment - image source configuration.
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the multiply-reflected field alone. This can be computed by the introduction of image
sources'® at the points (0, y,, *20), n € Z, with y,, defined as in (3.39) (see Figure
3.30). The field is then approximated by

1 eikrn eikr;
6~ Z — (3.273)
Z n n

where rE = /22 + (y — y,)? + (2 £ 20)2.

For simplicity we consider only the case where the source is close enough to the
ground to ensure that the interference between each image source and its correspond-
ing ground-reflected image source in (3.273) is entirely constructive!®. Each pair of
image sources at (0, y,, £20) can then be replaced by a single image source at (0, y,,, 0)
of double the amplitude (four times the power output), i.e

b~ - Z e (3.274)

2T T
Z n

where 7,, = \/ 2+ 2 4 22,

To determine exactly how small 2, must be for this to hold, we begin by writing
the summand in (3.273) as

cikry r eik(r,ffr,f)
- (1 + ”T : (3.275)
Then, noting that
n 20(20 £ 22)
Ty =T\ 1+ ——5— (3.276)
rn
(20 £ 22) 20(z0 £ 22)
= 1 _ 1 2
Tn ( o2 , 2 <1, (3.277)
we have
rE o~ (3.278)
2
P~ 0 (3.279)
r

n

14We note that although a ray can undergo an arbitrarily large number of reflections in the walls
of the street, no ray undergoes more than one ground reflection.

15The general case would require a more careful treatment of the ground reflection, and will not
be considered here.
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for all 0 < z < h, provided that z; < % Finally, when also 2o < % we may

approximate the second term inside the brackets in (3.275) by 1, to give

ikry, ikrt ikr
e e e n

~ 2 . 3.280
to - (3.280)

Tn

In fact, assuming that x > 1/k (so we are not too close to the source), the condition

< = (3.281)
20 k‘h .

is sufficient to ensure that (3.280) holds for each n € Z, and hence that the field can
be well-approximated by (3.274).

3.9.2 The acoustic power flow in a single street

As in the 2D case (cf. section 3.4.2.2), we assume that the intensity contributions
from the infinitely many image sources in (3.274) can be summed incoherently, with
the effect of interference being neglected. The power flow P across the street cross-
section {z} x (0,1) x (0,h) is then given, as a fraction of the total free space power

output of the source (which was found in (3.91) to be %), by the ray tube sum

P= % > (1 —a)ma, (3.282)

where « is the absorption coefficient of the street walls and €, is the solid angle
subtended at the source location by the ray tube incident on the nth image street

cross-section (cf. equation (3.98) in the 2D case). In terms of the spherical coordi-

nates'¢
x = cos ¢ cos b,
Y — Yo = cos ¢psinb, (3.283)
z = sin ¢,
we have
~ 05 ot (0)
Q, = [ /0 cos ¢ dodb, (3.284)

6Here the angle ¢ represents ‘latitude’ on the unit sphere, so that ¢ equals 7/2 minus the usual
spherical polar angle.
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where 6+ are defined as in (3.101) and

h cos 6
" (0) = arctan sz (3.285)
x
The ¢-integration in (3.284) is trivial, and we have
o
Q, :/ sin (¢*(0)) do
/ (3.286)
\/ hcos@
In the special case o = 0 the sum (3.282) is telescoping, and
2 [t 1
-2 _if
o V L+ (hcis@)
2 h
= —arctan —. (3.287)

™ T

In this case P is proportional to the power flow due to a single source at (0, yo,0)
across the infinite strip C' = {x} X (—00,00) X (0, k), which, in turn, is proportional
to the solid angle subtended by C' at the source location. This is equal to the area
formed by the inverse stereographic projection of C' onto the unit sphere centred at
(0,v0,0), which is the ‘orange segment’ illustrated in Figure 3.31. There is a bias
towards rays with small 6, since these rays gain less height with every unit travelled

in the z-direction than those with larger 6. Note that when x > h we have

2h
pP~= (3.288)
l’ﬂ'

and the decay in power due to losses to the atmosphere is found to be algebraic in

the distance down the street.

More generally, when z > 1 and o < 1 we may, as in the 2D case, approximate

the sum (3.282) by an integral, giving

:vtanG
PN—/ (3.280)

\/ 1 + hcos@

When also = > h, (3.289) can be further approximated to give

2
P~ 2h (1 — )% cos 0 df. (3.290)
xm J,
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sY

Figure 3.31: The inverse stereographic projection onto the unit sphere centred at the
source of the infinite strip C' formed by the union of the image street cross-sections
forms a segment, bounded by the curves parametrized by (r,6,¢) = (1,6,0) and
(r,0,0) = (1,0,07(0)) for —w/2 <0 < 7/2.

3.9.3 Acoustic power flows in a network of streets

In this section we propose a method for estimating acoustic power flows across street
cross-sections in a network of streets in 3D, which generalises that developed in sec-
tions 3.5-3.8 for the 2D problem. To simplify the analysis we assume, as in the
2D case, that diffraction effects at junctions can be neglected (see the discussion in
section 3.6.1.1). We therefore consider only the contributions from the direct and
(multiply-)reflected rays, which we sum incoherently. We also assume, for simplicity,
that the buildings all have equal height h.

We first introduce the method in general terms, then illustrate it in a number of

examples, comparing the results to those for the corresponding 2D problems.

Suppose that, as a fraction of the total free space power output of the source, the
power flow P across the street cross-section is given by a ray tube sum of the general

form
1 .
P== B,Q,. 3.291
>3 (3:291)

Here B, represents the effect of wall absorption, and is the same as in the analogous

2D problem. €, is the solid angle subtended by the nth ray tube at the source
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location, given by

R oF ot (0)
Q, = [ / cos ¢ dodd, (3.292)
=~ Jo

where é,f are the launch angles of the rays bounding the corresponding ray tube in

the analogous 2D problem, and

¢"(0) = arctan %, (3.293)

where L(0) is the length of a ray of launch angle 6 reaching the street cross-section
in the analogous 2D problem.
The ¢-integration in (3.292) is trivial, so that
oF

Q, = / G(6) ds, (3.294)

where

G() =sing™ () = ————. (3.295)

Py i— 2 / A F(0)C(0) do, (3.296)

where the absorption factor A(#) and the energy redistribution factor F'(#) are exactly
as in the analogous 2D problem. We expect (3.296) to provide a good approximation
to (3.291) only when the streets in the network are long and the typical absorption
coefficient is small. Furthermore, when multiple junctions are involved, we conjec-
ture, as in the 2D case, that the approximations represent expected power flows after

averaging over a suitable range of street lengths.

Note that when also L(f) > h we can further approximate

h
to give
Py, ~ 21 [P AOLO) 4 (3.208)

™ Jo L(9)
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Figure 3.32: A crossroads in 3D.

One example has already been considered in section 3.9.2 - the power flow in a
single street. In this case (cf. (3.289) and (3.290)) we have

B, =(1-a)" (3.299)
A(f) = (1 — a)*tan?, (3.300)
F(9) =1, (3.301)
L(9) = COZ - (3.302)

We now consider a number of other examples.

3.9.4 Energy redistribution at a crossroads

Let us consider the case of a right-angled crossroads, where a street of width w inter-
sects a main street at a distance [ from the source (see Figure 3.32 for an illustration).
In the ray tube sum (cf. (3.291) and (3.292)) for the power flow P¥ out of the East

exit of the junction we have

B, =(1-a)", (3.303)
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and 0% are now defined as in (3.135). Accordingly, in the integral approximations
(3.296) and (3.298) we have

A(f) = (1 — a)'tn? (3.304)
F(9) = Fo(0;w), (3.305)
L(6) = Cols . (3.306)

For example, in the case [ > h this gives

s 2h [2

app

o, (1 — )8 Fp(6; w) cos 0 db. (3.307)
It is interesting to compare (3.307) with the corresponding two-dimensional formula
(3.146). For simplicity we assume'” that o = 0. By comparison with (3.288), we see
that the prefactor fr—}l‘ in (3.307) represents the power incident on the junction. Thus
the fraction F3p of energy incident on the junction that carries on down the main
street is given as a function of w by

™

Easp(w) = / " Fo(6;w) cos 0 d6. (3.309)
0

The corresponding expression in two dimensions is

Eyp(w) = %/O_ Feo(0;w) do. (3.310)

A plot of the functions Fyp and Fsp is presented in Figure 3.33. Note that in three
dimensions a greater proportion of the incident energy passes the junction than in two
dimensions. This is because in three dimensions the energy incident on the junction
is not distributed uniformly over all § € (0,7/2), as it is in the two dimensional case;
rather there is a bias towards rays with small @, as remarked at the end of section

3.9.2, and as illustrated in Figure 3.31. Such rays contribute more to the power flow

than those with larger 6 because F (6, w) is a decreasing function of 6.

1"Note that in this special case the integral in (3.307) can be evaluated explicitly to give

2h w\2 w
E
PE, == ( 1+ (3) - 5) . (3.308)
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Figure 3.33: A plot of the functions E,p (dotted line) and E3p (solid line).

3.9.5 A two-junction environment

As a further example, we consider the 3D analogue of the 2D two-junction environ-
ment illustrated in Figure 3.24, for which the approximations (3.172) and (3.173)
were obtained. In the 3D case the integral approximation (3.296) of the power flows
PE(2) and PY(2) would have

A(0) = (1 — ag)lot=nf(1 — al)fu_ita“(%‘e), (3.311)
F(0) = Fr(0;w,)Fr (g 9, Z—j) , (3.312)
L(h) = bo 4 (3.313)

and to obtain the integral approximation of P™(2) we must replace (3.312) by

wq

F(0) = Fr(0; w)) Fe (g —0; %) . (3.314)

3.9.6 A regular network of streets

The integral approximation method proposed in the previous section can be used to
estimate the power flows in a network of streets in 3D. For simplicity we consider
the case of a regular network in which the street length [, width w, and height h are

constant across the network, and there is no wall absorption. We also assume that
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[ > h so that the simplified form (3.298) applies, although we expect similar results

in the more general case.

As in the 2D case, one way to proceed is to consider only those paths which have
minimal length. Defining PF¥(N) as in (3.186), we may investigate the behaviour of
PE(N) for large N. For simplicity we consider only the cases A = 0,1/2; in both

cases there is only one path of minimal length.

e When )\ = 0 we have

F(0) = Fo(9; )Y, (3.315)
L(0) = Civs l@, (3.316)

and our estimate for P¥(N) is

2 1
PE(N) = W—];\::l/o exp [V log (1 — tan 6 )] cos 6 d6. (3.317)

The Laplace analysis is similar to that in the 2D case, with the main contribution
to (3.317) coming from the endpoint # = 0. We find that

2h

N = o0, (3.318)

so that the decay is algebraic in the number of junctions encountered.

e Along the diagonal A = 1/2 (with N even) we have

N/2
F(0) = Fo(6; 1) Fr (g — 0; 1) : (3.319)

L(@):M( L2 ) (3.320)

cosf  sinf

and our estimate for P1E;2(N ) is

P@(N):%/O% exp {N (%log (ta29>)]< . i . )de. (3.321)

cos 6 sin 6

As in the 2D case the main contribution comes from the right endpoint § = 7 /4,
where we note that ( L4 1 ) = 24/2. We therefore have

cos 6 sin 0
ov2h 1\
PlE/2<N> ~ % (5) ., N — o0, (N even), (3.322)

and the decay is exponential in the number of junctions encountered.
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However, at this stage it is not clear whether the integral approximations can
be used to formulate a network model analogous to that proposed for the 2D case in
section 3.8.2. There we were able to relate the #-resolved power flows into one junction
to the f-resolved power flows out of the neighbouring junctions, which allowed us to
write down a system of coupled partial difference equations at each value of . This
formulation relied crucially on the fact that the absorption and energy redistribution
factors A(f) and F(f) in our integral approximations were ‘multiplicative’, in the
sense that with each additional street/junction encountered, A() and F'(f) were
multiplied by a factor. In the 3D case, however, the factor G(6) in the integrand in
(3.296) does not follow the same rule. Indeed, the length L(0) in (3.295) is ‘additive’,
in the sense that with each additional street/junction encountered, we must add a

term to L(#), rather than multiply it by a factor.

Whether or not these difficulties can be resolved is still an open question, and we

leave any further discussion of these issues for future work.
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3.10 Summary

In this chapter we have derived a model for the propagation of acoustic energy from
a time-harmonic point source through a network of interconnecting streets. Our

analysis was based on a number of simplifying assumptions:

e The wavelength was assumed to be short compared to typical lengthscales such
as street widths, lengths and heights, justifying the use of the geometrical acous-

tics approximation.

e Diffraction effects were neglected - only the contribution of the direct and
(multiply)-reflected ray fields was considered. As discussed in section 3.6.1.1,
we expect this assumption to be valid provided that street lengths are much
shorter than the Rayleigh distance kw?, where k is the wavenumber and w is a

typical street width.

e Acoustic intensities were computed by incoherent summation of the intensities

along individual rays - the effect of interference between ray fields was neglected.

e The effect of energy absorption at building walls was modelled by an absorption

coefficient, which was assumed to be small.
e Streets were assumed to intersect at right-angles.
e Street lengths were assumed large compared to street widths.

e The source was assumed to be located within a street, not close to a junction

or to a street wall.

Our model represents the acoustic power flow from the source along any pathway
through the network as the integral of a power density over the launch angle 6 of
a ray emanating from the source. The dependence of the power density on 6 takes
into account the key phenomena involved in the propagation, namely energy loss
by wall absorption, energy redistribution at junctions, and, in 3D, energy loss to the
atmosphere. We have shown, by means of a number of examples, how the appropriate
power density for a given propagation pathway may be explicitly computed. The
model is not only concerned with the calculation of acoustic power flows - once the
power density has been determined, an elementary modification of the integral allows
us to compute the acoustic energy density and the mean-square pressure, averaged

over the street cross-section (see section 3.8.2.1).
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We have proved the validity of the model analytically in the cases of a single street
and a single junction between two intersecting streets. In the latter case the integral
representation generalises the result derived previously in [26] to the case of non-zero
wall absorption. In the multiple-junction case, we have investigated the validity of
the model using numerical experiments, the results of which suggest that the integral
expressions represent expected power flows after averaging over a range of street
lengths. This interpretation is consistent with the fact that in practical applications,

the street geometry may be known only to a certain degree of accuracy.

In an infinite network of streets, computing the total net power flow across a street
cross-section would require the summation of the power flows along each of the in-
finitely many propagation pathways between the source and cross-section in question.
We have explained the circumstances under which an estimate of this summation can
be obtained by considering only paths of minimal length. The resulting estimate
exhibits strongly anisotropic decay away from the source, with the power flow decay-
ing exponentially in the number of junctions from the source, except along the axial

directions of the network, where the decay is algebraic.

In the 2D case, we have shown how the full summation can be computed implicitly,
by formulating a system of partial difference equations for the power densities flowing
out of the exits of each junction in the network. In the special case where the street
widths, lengths, and absorption coefficients are constant across the network, we have
been able to obtain an exact solution to this system. This solution exhibits the
same qualitative anisotropic decay observed in the minimal length estimate, with the
quantitative agreement between the two improving as the absorption coefficient is
increased. However, the generalisation of this formulation to the 3D case remains an

area for future research.
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Chapter 4

Time domain analysis - forward
problem

4.1 Introduction

In this chapter we study the propagation of sound waves with arbitrary time de-
pendence. In particular, we consider the propagation of singularities in the wave
field, another situation in which the theory of geometrical acoustics, discussed in the

previous chapter in the context of short-wavelength time-harmonic waves, applies.

In section 4.2 we review the theory of characteristics, which are the manifolds
in space-time on which singularities are supported. In section 4.3 we illustrate the
theory by means of a number of specific domains in which an exact solution of the
wave equation is available. In each case the geometrical acoustics approximation is
shown to arise from an asymptotic approximation of the exact solution in the vicinity

of the characteristics.

In section 4.4 we consider more general pulses, which can be dealt with by convo-
lution. The exact solutions for edge and vertex diffraction suggest a general principle
which governs the weakening of singularities when they are diffracted, which is proved

in section 4.4.1.

Section 4.5 concerns the switching on of time-harmonic acoustic waves. We con-
sider three specific cases: a point source in an infinite domain in 3D, a point source in
an infinite domain in 2D, and the diffraction of a plane wave by a rigid half-line in 2D.
In each case we determine the conditions under which the field is well-approximated

by the solution of the corresponding frequency domain problem.
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Finally, in section 4.6 we comment on some experimental data from an investigation

into the propagation of sound pulses arising from gunshots.

4.2 Propagation of singularities in solutions of the
wave equation

The hyperbolic nature of the time-dependent wave equation (2.16) means that its
solution @ and the derivatives thereof are permitted to have discontinuities or other
singularities, even away from the source, provided that the derivatives in (2.16) are
interpreted in the weak or distributional sense. This is in sharp contrast to the elliptic
Helmholtz equation, the solution of which is analytic away from the source. The
relevance of this for our purposes is that the arrivals of the singularities at receivers
are well-defined acoustic ‘events’, which can be used to solve the inverse problem, as

will be discussed in Chapter 5.

The propagation of singularities of the solutions of (2.16) is governed by the theory
of geometrical acoustics. In the next section we review the standard theory. Following
(23], pp. 618-619 and [71], pp. 66-67, we work, not in terms of the wave equation
(2.16), but rather in terms of the first-order equations (2.9)-(2.11). An alternative
derivation of the key results directly from the wave equation can be found in [34],
Chapter 3.

4.2.1 Characteristics, wavefronts and rays

Consider the general first-order system of PDEs
LIv] = z’”:Aia_v ~0, (4.1)
= 0

where the coefficient matrices A; are assumed to be constant. Suppose that across

some surface ¢(z1,...,2,) = 0 the solution v is continuous, but that the normal

ov
(9

where the 1); are tangential coordinates, gives

Dp OV — oy v\
ZA D 0 (Z axf az/;J) =0 (42)

=1

derivative % experiences a jump discontinuity. Changing variables to (¢, ¥, ..., ¥m-1),
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where the first term represents a derivative normal to the surface and the remaining

terms represent tangential derivatives. Assuming that the tangential derivatives 6?_1;
J

are all continuous across the surface ¢ = 0, taking the difference of L[v] across the

surface (and denoting this operation by [-]T) gives

[LV]]T = A [g—;r =0, (4.3)

where the characteristic matriz A is defined by

A= ZA P (4.4)

Equation (4.3) implies that if there is a discontinuity in a_; across the surface, then

the matrix A must be singular on the surface, i.e.

det (2 A; 8@) = 0. (4.5)

Surfaces for which the eikonal equation (4.5) hold are called characteristics of the

system (4.1). The above argument shows that discontinuities in the derivatives of

solutions of (4.1) can only occur across characteristics.
Jr
To determine how the size of the discontinuity [g—;] varies as a function of position

+
in the characteristic surface we return to equation (4.2) and compute [%L[V]] :

which gives

0*v op; 9 [ov B
A% + (Z 5, 3%, [ ] ) = 0. (4.6)

Since A is singular, it has left and right nullvectors 1 and r, which are uniquely defined
up to rescaling when A has rank m — 1 (as we shall see, this the case of interest to

us). Then, multiplying equation (4.6) on the left by 1 removes the first term, giving

1(§;Ai (ni 99; 0 o 50 [8"} )) — 0. (4.7)

Also, by (4.3) we have
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where ¢ is a scalar, and substituting (4.8) in (4.7) then gives
m m—1 m m—
1> A ) 3007 3o Z L P (49)
i=1 8@/)] =1 =1 8%

j=1
Finally, by introducing the zero term lAg—; inside the parentheses of the second term,

we can rewrite (4.9) as
(a-V)o +1L[r|oc =0, (4.10)

where

L 0
(a-V) _IZA Zaxja% (4.11)

The operator (4.11) represents differentiation in a particular direction in the char-
acteristic surface, called the bicharacteristic direction. Equation (4.10) is called the
transport equation and describes how the size of the discontinuity [g—;} ! varies along
the bicharacteristic rays, defined to be the tangent curves of the vector field of bichar-

acteristic directions?.

4.2.2 Singularities

In the previous section we showed that discontinuities in the derivatives of a con-
tinuous solution of the system (4.1) could only occur across characteristics. In fact,
characteristics can also support discontinuities or even singularities in the solution
itself, provided that we interpret the equations in a distributional sense. The singu-
larities may be algebraic singularities, or delta-functions, for example. Furthermore,
it can be shown that the magnitude of the discontinuity, or the coefficient function in
front of the singularity, must satisfy the transport equation (4.10). For more detail
see e.g. [24], pp. 624-626.

4.2.3 Application to the acoustics equations

We now specialise the general theory of section 4.2.1 to the equations of acoustics.

We first substitute the linearised constitutive law (2.11) in the mass and momentum

'We remark that, in the scalar case with 1 = r = 1, equation (4.10) reduces to (a - V)o = 0, so
that the size of the discontinuity remains constant along bicharacteristics (see [71], p. 27).
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conservation equations (2.9) and (2.10) to obtain the equations

1 0p

%E‘FV'UIZO, (4'12)
a ! 2
5; + %V/}/ ~0. (4.13)

We then set v = (p/,u’)" and rewrite (4.12)-(4.13) as
ov ov ov ov

Liv]i=A— +Ay— +A,— + A,— =0, 4.14
V= Aagp H Ay H AV, T A (4.14)
where
1y 0 100
pO 02
0 1 00 200 0
At: s Ax: Lo s (415)
0 010 0 000
0 00 1 0 000
0 010 0O 0 0 1
0 00O 0O 0 0 O
Ay: C2 ’ Az: 0O 0 0 0 s (416)
2 000 ,
L0
0 000 %00 0

Po
which is clearly of the form (4.1). The characteristic matrix (4.4) is then found to be

100 Bp dp O¢

00 Ot Or Oy 0z
200 0
war o 0O

- 0

A= dop oe | (4.17)

po Oy ot
2
@l , o,
po 0z ot

so that

1 2 2
det A = o (%—f) <<88—f) —c |Vg0|2> : (4.18)

Assuming that %—f =# 0, we say that a surface ¢ = 0 is a characteristic for the acoustic

equations (and the associated wave equation) if

Oy ? 2 2
I =5 |Vl (4.19)

111



The evolving surface formed by intersecting a characteristic ¢ = 0 with the planes
of constant ¢ is called a wavefront. With (t,x) =t — 7(x), where 7(x) is defined to
be the time when the wavefront passes through the point x, the characteristic matrix

takes the form

1 or or 0r
00 ox dy 0z
20
-2 1 00
A=| Mo : (4.20)
cg Ot
——= 0 1 0
P dy
0
_Q9 0 1
po 0z
and equation (4.19) becomes
1
Vr)? = 5, (4.21)
“
which we recognise as the eikonal equation (cf. equation (3.4)).
When (4.21) holds, left and right nullvectors of the matrix A are?
ro
<t
or
or o0r O0r or
1=(1, =, = Z - 4.22
(’ax’ dy’ 82)’ g or |’ (4.22)
Oy
or
0z
and we have
1
c
or
1L[r] = V27, a=2 gf (4.23)
Ay
or
0z

If o represents the magnitude of a discontinuity in v, or the coefficient in front of a

singularity of v, then ¢ must satisfy the transport equation (4.10), which becomes

10
2 <c_%a + V7 V) o+ Viro = 0. (4.24)

2In this case the rank of A is equal to 3, so that the left and right nullvectors are unique up to
rescaling, as remarked after equation (4.6).
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We remark that this PDE is defined only on the characteristic surface. Equation

(4.24) can be rewritten as

do

2— +V?r0 =0, 4.25

7 (4.25)

where s is a parameter along the bicharacteristic curve x = x(s), t = 7(x(s)), which
satisfies the bicharacteristic equations

dt 1 dx
— =, — =VrT. 4.26
ds ¢ ds ! (4.26)
The projections of the bicharacteristic curves onto the physical space are called
rays. By (4.21) and (4.26) the rays are normal to the wavefronts, and the wavefronts

propagate normal to themselves (i.e. in the ray direction) at speed c.

The function o, which is defined on the characteristic surface, naturally gives
rise to the function ogpatial(X) = o(x, 7(x)), which represents the magnitude of the
discontinuity or the coefficient in front of the singularity when the wavefront arrives

at the point x at time ¢ = 7(x). Since

vO-Spatial = <v + VT%) g, (427)

we have by (4.24) and (4.21) that
2Vt - VO-spattiaul + v27-0-spatial = 07 (428)

which is precisely the leading order transport equation (3.5) of the geometrical acous-

tics approximation for short wavelength time-harmonic waves.

4.2.4 Geometrical acoustics in the time domain and frequency
domain

We now nondimensionalise by
. L. -
x = LXx, t=—t, D = ¢yP, (4.29)
Co
where L and ¢, are reference values of |x| and ®, respectively, and immediately drop
hats. We suppose that in the vicinity of a wavefront ¢t = 7(x), the wave field can be

expanded as an asymptotic series

O ~ i On(X)H(g)g)\—’—nv g — 0, (430)
n=0
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where £ =t — 7(x), A is a real constant and H(¢) is the Heaviside function. When
A > 0 the wave field is continuous across the wavefront; when A = 0 the wave field
has a jump discontinuity across the wavefront, and when —1 < A < 0 the wave field is
(integrably) singular on the wavefront. In each case, the leading order coefficient oy
satisfies the transport equation (4.28), which, as remarked in the previous section, is
identical to the leading order transport equation (3.5) of the frequency domain case.
Furthermore, it can be shown that the higher order coefficients o, (x), n > 0, satisfy
transport equations which are identical to the higher order transport equations (3.6)
of the frequency domain case (see e.g. [24], pp. 624-626 or [34], p. 56), although we

do not present the details here.

The link with the ray approximation of the frequency domain case can be made
explicit via the Fourier transform, as has been elucidated in [12]. We first recall that
if ®(x,t) is a solution of the wave equation then the Fourier transform with respect

to time?,

P(k,x) = /_OO d(x, t)e™ dt, (4.31)

o0

is a solution of the Helmholtz equation. The asymptotic behaviour of ¢(k,x) for large
k is governed by the singularities of ®(x,¢). If, in the vicinity of ¢ = 7(x), ®(x,1)
is the sum of a smooth summand (corresponding to the waves whose wavefronts
have already passed through the point x) and an expansion of the form (4.30), then
formally taking a Fourier transform of (4.30) in a term-by-term way, we see that the

singularity at ¢ = 7(x) makes a contribution

o i A+n+1 A
Z FA+n+1)o,(x) (E) ek () (4.32)
n=0

to the asymptotic behaviour of ¢(k,x) as k — oo. The series (4.32) is clearly of the

form of a ray expansion (3.3), with

U(x) = 7(x), (4.33)

An(x) =T\ +n+1) (%) (—1)"0(x). (4.34)

In a similar way, Fourier inversion implies that any frequency domain ray expansion

of the form (3.3) corresponds formally to a singularity supported on a wavefront in

3The use of k rather than w as the transform variable is justified by the fact that under the

scaling (4.29) the nondimensional frequency and wavenumber of a time-harmonic wave are equal
(w=k).
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the time domain. This formal correspondence allows us to use our knowledge of short
wavelength propagation in the frequency domain to make certain predictions about

the reflection and diffraction of pulses in the time domain.

In section 3.3.3 we saw that, in the frequency domain, a ray incident on a rigid
boundary gives rise to a reflected ray satisfying the specular reflection law, with the
limiting values of the phase and amplitude on the reflected ray being equal to those
on the incident ray. The implication of this in the time domain is that a wavefront
incident on a rigid boundary should give rise to a reflected wavefront, on which a

singularity of the same order as that on the incident wavefront is supported.

In section 3.3.5 we saw that, in the frequency domain, a ray incident on an edge
gives rise to a family of diffracted rays, on which the amplitude is, in general,
(@) (1 JkY 2) smaller than that on the incident ray. In the time domain this implies
that a wavefront incident on an edge should give rise to a diffracted wavefront, on
which a singularity half a power of ¢ weaker than that on the incident wavefront is
supported. The amplitude on a vertex-diffracted ray is, in general, O (1/k) smaller
than that on the incident ray, and in the time domain this implies that the singularity
on a vertex-diffracted wavefront should be a whole power of ¢ weaker than that on

the incident wavefront.

We now verify these statements in a number of situations for which exact solutions

of the time domain problem exist.
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4.3 Review of exact solutions

In principle, the exact solutions reviewed in this section can be obtained by Fourier
inversion of the appropriate frequency domain solutions discussed in section 3.3. How-
ever, in certain cases (see e.g. sections (4.3.4.3), (4.3.4.3) and (4.3.4.4)) it is also
possible to obtain the time domain solution by alternative means, without taking a

Fourier transform in time.

4.3.1 Fundamental solutions

The free-space solution of
0P
ot?

is called the fundamental solution of the wave equation. In three dimensions we have

([29], p. 382)

— V20 = §(x — x0)d(1), =0, t<0, (4.35)

H(t
b = F3D<X0;X, t) = 4W£015<Cot — 7’), (436)

where r = \/(z — x0)2 + (y — y0)2 + (2 — 20)2. The disturbance is supported entirely
on the characteristic half-cone r = cgt, ¢ > 0, with the leading wavefront being
the sphere r = ¢yt. Across this wavefront the solution possesses a delta function

singularity §(§), where & = cot —r measures the distance from the wavefront. With the

leading wavefront described by t—7(x) = 0, where 7(x) = r/co, we have V1.V = %%
and V21 = CO%, so that the transport equation (4.28) becomes
80-8 atia 1
S~ Opatial = 0. (4.37)

We remark that the coefficient chor multiplying the delta function singularity in
(4.36) does indeed satisty (4.37).

In two dimensions the fundamental solution is ([29], p. 384)
H(t)H (cot — 1)

Y
2mcgy/ cit? — r?

where r = /(2 — 19)2 + (y — yo)2. The leading wavefront is the circle r = cot, across

which there is a % singularity. In contrast to the 3D case, behind the sharp leading

O = Fyp(xg; X, t) := (4.38)

wavefront there is a lingering disturbance*, with the support of the solution being

4This difference between 3D and 2D propagation is a manifestation of Huygens’ principle - see
e.g. [71], pp. 368-369.
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(a) 0 <t <wyo/co (b) t > yo/co

Figure 4.1: Wavefront diagram for a 2D point source in the presence of a rigid half-
plane, showing the incident (red) and reflected (blue) wavefronts. The arrows indicate
the direction in which the wavefronts propagate.

the interior of the characteristic half-cone r = cot, t > 0. With 7(x) = r/cy, we have
V1.V = %% and V21 = CO%, so that the transport equation (4.28) is
8O-Spatial

1
ar + Q_TO'spatial = 0. <439)

We remark that the coefficient m multiplying the inverse square root singularity

in (4.38) does indeed satisfy the transport equation (4.39).

4.3.2 Reflection by a half-space

The solution of (4.35) in a half-space with rigid boundary is trivially constructed
from the fundamental solution by the method of images. For example, in the two-
dimensional case where the propagation domain is the half-plane y > 0, we extend
the propagation domain to the whole plane and insert a second source, identical to

the first, at the image point Xg = (29, —Yo), giving
(I)(X, t) :FQD(X(),X, t) *|>F2D(}~(0,X,t). (440)

A diagram of the wavefronts for ¢ > yo/co is shown in Figure 4.1. The singularity on
the reflected wavefront is the same as that on the incident wavefront, and the rays
incident on the boundary give rise to reflected rays satisfying the specular reflection

law: angle of reflection equals angle of incidence.
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4.3.3 A point source in a single 2D street

Similarly, the method of images provides an exact solution of (4.35) in the case of a

single 2D street, as modelled in section 3.3.4, namely

O(x,t) = > Fop(xn, X, 1), (4.41)

nez

where x, = (0,¥,), with y,, defined as in (3.39).

4.3.4 Diffraction by a wedge

The first non-trivial domain of relevance is the exterior of a rigid wedge, described in
cylindrical polar coordinates (7,0, z) (with the z axis along the edge) by 0 < r < oo,
0 <6< p,with m < <27 As remarked in section 3.3.5.3, the special case f = 27

corresponds to the problem of scattering from a half-line.

4.3.4.1 Incoming planar step discontinuity at parallel incidence

We consider first the case where the incident pulse is a unit step discontinuity sup-
ported on a planar wavefront parallel to the edge (so that the field is independent
of z) and advancing towards the wedge from the direction 6. By symmetry it suf-
fices to consider only the case 0 < 6y < /2. In principle, the solution to this pulse
diffraction problem can, of course, be found by Fourier inversion of the corresponding
frequency domain solution, which was discussed in section 3.3.5. However, alternative
derivations have been proposed which do not involve transforming to the frequency
domain (see e.g. [49, 55, 64] and [34], p. 123). The approach we present here is due
to Keller [49], and we review the derivation in some detail since it will be of use in

later sections.

When 7/2 < 6y < [3/2 the incident wave is represented by the condition
® = H(cot +7cos (6 —0y)), t<0, (4.42)

so that for t < 0 the incident wavefront (i.e. the plane cot + rcos (6 —6y) = 0)

separates the domain into two regions, with ® = 0 ahead of the wavefront and & =1
behind it (see Figure 4.2(a)).

At t = 0 the wavefront arrives at the edge » = 0 and the solution gains additional

structure. The region of influence of the point r = 0, ¢ = 0, in space-time is the
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O=0
(a) t <0 (b)yt>0

Figure 4.2: Wavefront diagram for diffraction of a plane step discontinuity by a wedge
of exterior angle 8 = 37/2, showing the incident (red), reflected (blue) and diffracted
(green) wavefronts. The arrows indicate the direction in which the wavefronts prop-
agate.

sector of the interior of the characteristic half-cone with vertex at r =0, ¢t = 0, (i.e.
r < cot) bounded by the planes § = 0, § = (3, and we refer to this as the diffracted
region. The diffracted wavefront is the circle r = ¢yt, with the associated diffracted

rays being radial lines.

Outside the diffracted region the solution is unaffected by the presence of the edge,
and can be constructed using the reflection law discussed in the previous section, as
if the walls extended to infinity in both directions. In the region 0 < 6 < 7 — 6,
cot < 1 < —cot/ cos (6 4 0y), we have & = 2 because of the presence of a reflected wave
from the wall = 0. If f—m < 6y < [3/2 there is also a reflected wave from the wall § =
B, so that & = 2 in the region 26—m1—0y < 0 < 3, cot < r < —cot/ cos (0 — (28 — by)).
An illustration of the resulting wavefront configuration for this case can be found in
Figure 4.2(b).

We now proceed to construct the solution in the diffracted region r < cot. We
consider first the case where f — 7 < 6y < (/2 (as in Figure 4.2). Applying the
Principle of Minimum Singularity (see section 2.4), we assume that ® is continuous®

across the diffracted wavefront » = ¢ot. Then, inside the diffracted region ® must

5The reasoning behind this assumption is that if ® had a jump discontinuity across the diffracted
wavefront, the size of the jump would necessarily tend to infinity as ¢ — 0 from above, since the
diffracted rays converge at the edge. Since the incident wave is finite at the edge, such singular
behaviour in the diffracted field cannot be allowed.
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satisfy the wave equation

Pe L[Pe 190 180

— — — + - ———| =0 0<r<cot 4.43
a2~ 0| o2 - r or * r2 002 ’ b (4.43)
and the boundary conditions
2, r=cot, 0 <60 <m—0),
d=<1, r=ct, m—0y <0 <28—m—0, (4.44)
2, r=cot, 20 —m—0y <0 <[,
0P
20 = 0, 0<r<cot, 8=0,0. (4.45)

Noting that the transformation t = M, r = A7 leaves equation (4.43) and the
boundary conditions (4.44)-(4.45) unchanged, we seek a similarity solution of the
form ® = ®((,0), where the similarity variable ¢ = r/(cot). Equation (4.43) then

becomes
Vo 0% , 00 0D

Making the further change of variable ( = 1—_2;77% gives

PP 109 1 0°®

o " non P o
which we recognise as Laplace’s equation in the 2D polar coordinates (n,6). The
boundary conditions (4.44)-(4.45) become

=0, 0<np<l1 (4.47)

2, n=1 0<60<m—0,,
b =<1, n=1 m—0 <0 <28 —m— 0, (4.48)
2, n=1, 28—7m—6y <0 <p,
0P
5 =
The solution of (4.47)-(4.49) is readily found by complex variable methods. We begin
by writing ® = Re[f(w)], where w = ne? and f(w) is analytic in the sector of the unit

0, O<n<l1, 6=0,8. (4.49)

disc 0 < < 1,0 < 0 < . The transformation v = w", kK = 7/ maps this domain
to the upper half disc in the complex v-plane. The boundary condition on Im[v] =0
can be satisfied by seeking a solution in the whole unit disc with symmetric boundary
conditions on the unit circle. We thus seek a function of v = pe?, v € [—m, 7), which

is analytic in the unit disc and whose real part takes the values

2a 77:1a 0< |’Y| <’L€(7T_00)a
=11, n=1, r(r—=0y) <|v| <21 — k(7 + ), (4.50)
2, n=1, 2r—k(r+6y) <|y| <.
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The canonical problem with boundary values

17 ?7:1, v <y <9,

o= . (4.51)
0, otherwise,

with 0 < 79 — v < 2m, is readily solved (e.g. by conformally mapping to the upper
half plane) to give
1

$ = — arctan
T

(4.52)

(1 _P2) sin ’72;’71 ]

(14 p?)cos 251 — 2pcos (y — 251

where the arctangent is taken in the interval between 0 and 7. Cancelling a factor of
p from numerator and denominator in the argument of the arctangent, substituting

p = n" and noting that
B 1
n" 4+ n " = 2cosh (/{ arcosh Z) ; (4.53)
— . 1
n® —n~" = —2sinh </{ arcosh E), (4.54)
the solution satisfying (4.50) is then

sinh (/i arcosh %) sin k7

1
O =— Z arctan (4.55)
[ cosh ( xarcosh 1 ) cos km — cos k (6 % 6;)
¢
In the original variables this is
& — Z arctan sinh (/@ ztrcosh cot) sin KT (4.56)
" cosh (k arcosh @) cos i — cos k (6 £ 6p) |

which agrees® with the result in [34], equation (5.5.7).

In the case where /2 < 0y < 8 — 7 there is no longer a reflection from 6 = 5 and

the boundary conditions (4.50) must be altered to

27 77:17 0< ‘fy‘ </‘€(7T—¢90)7
P =<1, n=1, &(r—6) <|y| < k(m+6), (4.57)
07 n= ]-7 "{(ﬂ- + 00) < |’Y| <,

but the same formula (4.56) is obtained.

SWe remark, however, that Friedlander’s formula contains two typographical errors.
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When 0 < 6y < /2 the reflected wave due to the wall § = 0 is present even for
t <0, so that

® = " H(r — (0% 60))H(cot + rcos (6 £ b)), t<0. (4.58)

Remarkably, the same formula (4.56) is again obtained for the field inside the diffracted
region. In fact, symmetry arguments reveal that the same is true even of the case
/2 < 0y < [, and we therefore conclude that (4.56) provides the solution in the
diffracted region r < ¢ot for all 0 < 6y < .

4.3.4.2 Behaviour near diffracted wavefront

We now determine the behaviour of (4.56) near the diffracted wavefront. Let £ =
cot —r be the distance from the diffracted wavefront, and set ¢ = g Then %’f =e+1,

and when € < 1 we can expand

Cot 1 3/2
arcosh — ~ V2 — —&%2 4 | 4.59
r 6v/2 (4.59)

t 2k?
sinh (/@ arcosh Ci) ~ KV2 + K V2 . -, (4.60)
r 3 6v/2

t
cosh (/{ arcosh Ci) ~1+rE+.... (4.61)
r
A uniform approximation to (4.56), valid for all 6, is then
o Z 1 arctan K 2€ S0 KT ekl (4.62)
— cos KT — cos k(0 &+ 6y) + k2c cos K | ' '
When /e < cos km — cos k(6 £ 6p) we can use the following approximation, valid for
small 6,
§— 153+, 0>0
arctand ~ 3 le s ’ (4.63)
7T+(5—§(5 +, 5<0,
to get
5z o
® ~ " H(cos m — cos k(6 £ 6)) + V2esin (4.64)

— B(cos km — cos k(6 £ 6p))

This approximation (4.64) becomes invalid when 6 approaches a value for which

one of the terms cos km — cos k(0 =+ 6y) vanishes. Writing

™+ (0i80)> o (7?— (0 = 6,)

cos km — cos k(0 £ 0y) = —2sink ( 5 5 ) (4.65)
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reveals that this occurs whenever
k(m£(0+6y)) =2n7m (4.66)

for some integer n, and any combination of the 4 signs. For example, when 0 < 6y <

B — m the only cases for which a relevant solution 0 < 6 < (3 exists are

KR(r—(0+6))=0 = 0=m—0, (4.67)
K(r—(0—6)=0 = 0=mr+0. (4.68)

These special values of @ correspond to the boundaries in r > ¢yt between the incident
and reflected regions and the incident and shadow regions, respectively. In the shadow
region 7+ 6y < 6 < 8 both Heaviside terms in (4.64) vanish, so that

(o)

& ~ C(0)H(e)ve = 7}!(5)\/5, (4.69)

where

V2K sin K7
c(0) = . 4.70

() T zi:c:osmr—cosm(eieo) (4.70)
The step discontinuity H(£) on the incident wavefront has given rise to H(&)v/E
behaviour on the diffracted wavefront. We remark that the coefficient C'()/+/r mul-
tiplying H (£)+/€ clearly satisfies the transport equation (4.39) associated with the
circular wavefronts. Moreover, as is to be expected following the remarks made in
section 4.2.4, C'(0) is simply a constant multiple of the diffraction coefficient D(6) of
the corresponding frequency domain problem, given by (3.63). Specifically,

2€—i7r/4

C(0) = ==D(©) (4.71)

4.3.4.3 Oblique incidence

Now suppose the incident planar wavefront intersects the wedge obliquely, arriving
from the direction (sin g, #y, cosvp) in cylindrical polar co-ordinates. Without loss of
generality we assume 0 < 0y < /2 and 0 < 79 < 7/2. The incident wavefront now

intersects the edge r = 0 for all times ¢, with the point of intersection z(¢) satisfying

& — ~ oo~ Assuming that z(0) = 0, the incident wavefront is then the plane
cot + 1 cos (0 — bp) sinyp + z cosyy = 0, restricted to 0 < 0 < 7w+ 0y if 0 < Oy < §— .

There is a planar reflected wavefront cot + rcos (6 + 0y) sinyy + zcosyp = 0 in the
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region 0 < 6 < 7 — 6, due to the wall § = 0. When § — 7 < 0y < /2 there is also a
planar reflected wavefront cot + 7 cos (6 — (28 — 6y)) sinyy + z cosyp = 0 in the region
0 <0 <7 — 0y, due to the wall § = 3.

We expect there to be a diffracted wave contained in the region of influence of
the line r = 0, z = 2(¢) in space-time, and we refer to this as the diffracted region.

The intersection of this region with a plane of constant ¢ is the interior of the cone

7 sinyo—cot
COs Yo

with the associated diffracted rays being straight lines emanating from the point

z= , restricted to 0 < 6 < 3, and we call this cone the diffracted wavefront,

(0,0, z(t)), forming a cone of semi-angle v, with axis the z-axis.

Noting that the wave equation and the value of ® on the diffracted wavefront are

invariant under transformations t =t + X\, z = Z — )\CO‘;OVO, we are motivated to look

for a similarity solution ® = ®(r, 0, 1) where the similarity variable p = %ﬁf{got,
say. The 3D wave equation transforms to
2> L,[0°d 190 1 0%
Z |+ =" =0 4.72
oz~ o Trar TraeE) T (4.72)

which we recognise as the 2D wave equation (4.43) with ¢ replaced by . The incident
wavefront transforms to the plane ¢yt + rcos (6 — 6y), and the reflected wavefronts
transform to cot + 7 cos (6 + 6y) and cot + rcos (0 — (26 — 6y)), respectively. The
diffracted wavefront transforms to the cone r = cou, and the problem is therefore
equivalent to the problem of parallel incidence, discussed in the previous sections,

with ¢ replaced by pu.

Formula (4.56) then provides the solution in the diffracted region:

. t .
sinh (/{ arcosh (m>> sin k7
rsin yo

1
b =— Z arctan . (4.73)
[ cosh (FL arcosh (w>) cos kT — cos k (6 % )

rsin o
where, as in (4.56), the arctangent is taken in the interval between 0 and 7.

To determine the behaviour near the diffracted wavefront we first note that the

distance from the diffracted wavefront, measured in the normal direction, is { =

zcos Yy + cot — rsin~yy. Then, setting ¢ = rsifwo we have %ﬁ;’(}m =1+ ¢, so that
when ¢ < 1,
c(0)
o~ —D_H(e) e, (4.74)

where C'(0) is defined as in (4.70).
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4.3.4.4 Incident delta-pulse

We remark that by differentiating (4.56) and (4.73) with respect to ¢, the response to
an incident delta-pulse can be obtained”. In both cases the leading order behaviour
near the diffracted wavefront is found to be proportional to H(£)/1/€, although we

do not present the details here.

4.3.4.5 A point source in 2D

When the incident wave is due to a 2D point source rather than a plane pulse, the
boundary conditions on the diffracted wavefront cannot be expressed in terms of
a similarity variable, and the method described in section 4.3.4 no longer applies.
The solution can, of course, be obtained by Fourier inversion of the corresponding
frequency domain solution, as described in [69]. An alternative derivation, based
on an application of Sommerfeld’s Riemann-surface method (see [81]) in the time
domain has been given by Friedlander ([34]). For a source at (rg, fp) the solution may
be written [34]:

o 0(0 —00)H(cot —T)  o(0+ 6y)H (cot —T)

2o/ cAt? — T 2mcoy/ At? — T

H(cot — (r+10)) [ Q(s,0 — ) + Q(s,0 + 6p)
4 Begr/ 2110 /0 /7 — cosh s as, (475)
where
_ 17 |,l7Z)*| < 7T7
oY) = {0, | > (4.76)
e = ¢ (mod28), € (=5,5), (4.77)
T= \/r2 + 12 — 2rrgcos (0 — 6y), (4.78)
Te = \/r2 +1r¢ — 2rrgcos (6 + 6p)., (4.79)
B cgt2 —r?— rg
7= (4.80)
B sink (m £ )
Qs v) = Z coshks — cosk (£ 1) (481)

+

We now provide a brief interpretation of this result, assuming as before that 0 <
0o < /2. The first term in (4.75) represents the incident wave, with 7 denoting the

"An explicit example of this will be presented in section 4.5.4, equation (4.163).
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®
(xofyo)

(a) 0 <t <ro/co (b) t > ro/co

Figure 4.3: Wavefront diagram for 2D point source in the presence of a wedge of
exterior angle f = 37/2, showing the incident (red), reflected (blue) and diffracted
(green) wavefronts. The source location is indicated by the small red circle.

distance from the observation point to the source location. The second term represents
the reflected wave. When 0 < 6y < § — « there is just one reflected wave due to the
wall 6 = 0, with 7, denoting the distance from the observation point to the image
source location (rg, —6y). When § —m < 6 < [3/2 there is an additional reflected
wave due to the wall 8 = (, and in the region where this wave exists, 7, denotes
the distance from the observation point to the image source location (rg,28 — 6).
The third term, present only inside the diffracted region r < ¢yt — rg, represents the
diffracted field, and has jump discontinuities across the shadow boundaries of the
incident and reflected waves to compensate for the corresponding discontinuities in
the first two terms. The corresponding wavefront diagram for the case 0 < 6y < f—m

is illustrated in Figure 4.3.

The behaviour of the solution near the diffracted wavefront can be found by a
careful analysis of the third term in (4.75), which we denote ®q;. The distance from
the diffracted wavefront is & = cot — r — 1, and setting ¢ = % + f—o + % we have

Z =1+4e¢. If both % < 1 and f—o < 1, then ¢ < 1 and we can approximate

1
arcosh(Z) ~ v2e — —=&%2 + .., 4.82
(2)~VE - o (4.52)
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so that

*/_Q (5,0 — 00) + Q(s,0 + )
Paifr ~ ds. (4.83)
47?500\/27“7“0 vV1+e—coshs
Expanding the integrand for small s we note that
2
1+e—coshs~e—§+... (4.84)
and
sink (m 4
Qls, ) ~ Y — m9)

n (1+M+...>—cosm(7rj:1p)

Z sink (m £ )
— 1 —cosk(m+)

2sin kT
_ 4.85
COS KT — cos kb’ (4.85)
provided that @ < 1—cosk (m+1). Then®
47rcow /rr /5 _ ?
C(O)H
(0)H(E) (4.86)

- deo/2rro

where C'(0) is defined as in (4.70). The approximation is valid if ¢ < 1 — cos k (7 £ 9),

which, as before, means that we are not too close to one of the shadow boundaries.

When 0 < 6y < 8 — 7 the solution in the shadow region 25 — 1w — 0y < 6 < 3 is
given by ®4¢ alone. Hence we see that the \}9 singularity on the incident wavefront

gives rise to a jump discontinuity H (&) across the diffracted wavefront.

4.3.4.6 A point source in 3D

The exact solution for a 3D point source in the presence of a rigid wedge is also well-

known (see e.g. [69, 86, 93]), and for a source at (rg, 0y, 0) in cylindrical coordinates

8We remark that (4.86) disagrees with the corresponding result in [34], equation (5.4.10), by a
minus sign. Having compared the approximation (4.86) with the results of a numerical integration

of (4.75) we conclude that the discrepancy must be due to a typographical error in Friedlander’s
book.
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Figure 4.4: Wavefront diagram for 3D point source in the presence of a wedge of
exterior angle § = 3m/2, showing the incident (red), reflected (blue) and diffracted
(green) wavefronts. The source location is indicated by the small red sphere.

with the z-axis along the edge we have

0'(9 — 90)5(Cot —?) 0'(9+90)5(Cot —?*)
O = — + —
4dmeyr 4T,

H(cot — /(r +10)? + 22)

8meorroV/ 2% — 1

[Q(arcosh Z,0 — 6,) + Q(arcosh Z, 6 + 6)]

(4.87)

where
T=/r2+ 12— 2rrgcos (0 — 6y) + 22, (4.88)
T = /72 + 13 = 2rrgcos (0 4 0p). + 22, (4.89)
Z:cth—rz—rg—zz (4.90)

2rrg

and Q(s, 1) is defined as in (4.81).

The structure of the solution (4.87) is essentially the same as that of (4.75), with
the first and second terms representing the incident and reflected fields, respectively.
The third term represents the diffracted field, which we again denote by ®g;¢. The
diffracted wavefront, described by Z = 1, or equivalently, by cot = \/(r + 19)? + 22,
is the rugby-ball-shaped surface of revolution shaded in green in Figure 4.4. The
associated diffracted rays are straight lines emanating from the z-axis, making an

angle v = arctanry/z with the z-axis (where z denotes the point of origin of the ray).
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To determine the behaviour of ®4;¢ near the diffracted wavefront, we first note

that the distance from the diffracted wavefront, measured in the normal direction, is

T z 2
given by & = cot — /(r +19)? + 22. Setting ¢ = 2y rro) e , we have Z =1+ ¢,

2rrg

and when € < 1 we can approximate

VZ2 =1 ~V2e ... (4.91)

Then, using (4.82) and (4.85) with s = arcosh Z we obtain

H
Daigr ~ OO : (4.92)
87?007“7“0\/%
For £ < \/(r 4 rp)? + 22 we have
2 2
€N§ (r+mr9)2+ 2 | (4.93)
TTo
so that
c(o H
Daigr ~ ©) (&) (4.94)

Scov/2rmo((r + 10)2 + )74 VE

For the approximation to be valid we need ¢ < 1 — cosk (7 £ ). We find that the
delta-function singularity on the incident wavefront gives rise to an inverse square root
singularity H(£)/+/€ on the diffracted wavefront. Finally, we note that the transport

equation (4.28) in this case can be written as

0 0 2r 4+
(2(7’ -+ TO)E —+ 22@) Ospatial + Too'spatial = O, (495)
and it is easily verified that the coefficient F— \/ﬁ((cﬁr)roﬁ T in (4.94) satisfies

(4.95).

4.3.5 Diffraction by a cone

According to the correspondence discussed in section 4.2.4, we expect the singularity
on a vertex-diffracted wavefront to be a whole power of £ weaker than that on the in-
cident wavefront. Furthermore, we expect a delta-function singularity on the incident

wavefront to give rise to a jump discontinuity on the vertex-diffracted wavefront.

The verification of these statements is complicated by the fact that exact solutions
for the diffraction of pulses by cones are available only in certain special cases. The

solution for a 3D point source in the presence of a circular or elliptical cone can be
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Figure 4.5: Wavefront diagram for diffraction of a planar pulse by a polyhedral
cone, showing the incident (red), reflected (blue), edge-diffracted (green) and vertex-
diffracted (orange) wavefronts. In this example the cone is the region x > 0, y > 0,
z < 0 and the pulse is incident from the direction (—1,—1,1).

expressed as the inverse Fourier transform of the corresponding frequency domain so-
lution mentioned in section 3.3.5.5, but the resulting formulae are rather cumbersome
(see e.g. [19]). However, in the case of a narrow circular cone, it has been shown in
[19] that the delta-function singularity on the incident field does indeed give rise to a

jump discontinuity on the vertex-diffracted wavefront.

Pulse diffraction by more general cones has been considered by Borovikov and
Kinber in [12], Section 9.5. For simplicity we consider here the special case of a planar
pulse incident on a polyhedral cone, which could, for example, represent the corner of
a building. An example of a wavefront diagram corresponding to this situation can
be found in Figure 4.5. Assuming that the incident wavefront arrives at the vertex
r = 0 at time t = 0, the vertex-diffracted wavefront is the sphere r = ¢yt centred
at the vertex. The faces of the cone give rise to planar reflected wavefronts, and the

edges between the faces give rise to conical edge-diffracted wavefronts.

The method of analysis proposed in [12] is a direct generalisation of Keller’s
method, described in section 4.3.4, for the solution of the 2D wedge diffraction prob-

lem. We begin by rewriting the wave equation in spherical coordinates (r,0, ) with
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origin at the vertex of the cone, which gives

0*d 9 0?d 209 1
2| 20T L A =0 0<7r<cot 4.96
BRI Co 972 +7’ or +7’2 9 ) r < Cot, ( )
where

0 1 0 1 92

Ao =2 e e 4.97
T 92 + tan ¢ Op + sin? p 062’ (4.97)

and assume an incident pulse of the form
® = H (ine)&hne: t <0; (4.98)

here 1 is yet to be chosen and &, = cot+7(2-Qg), where © = (cos ¢ cos 8, cos @ sin 0, sin @),
so that (4.98) represents a planar pulse propagating towards the cone from the direc-

tion g. Note that the form of (4.98) implicitly assumes that the cone lies entirely

in the half-space €2 - 29 < 0, so that there is no reflected or edge-diffracted wave for

t <0.

Noting that the transformation t = M\, r = \¥", ® = A"+ leaves the equation (4.96)
and the incident field (4.98) unchanged, we seek a similarity solution inside the vertex-
diffracted region (the interior of the cone r = cot) of the form & = (¢ot)*W((, ),
where the similarity variable { = r/(cot). The equation (4.96) then becomes

(1= )5 201+ (= )G~ plu— DG+ B =0, 0<C <L

(4.99)

Making the further change of variables
(= %”772 (4.100)
U= < ’ )M (1— )12y (4.101)

14 n? 7 ’
gives, after some manipulation?,

%+%%+%AQT— (2“5?’_)%; Dy—o,  o<n<i (4102
In the special cases p = —3/2, p = —1/2, equation (4.102) is simply Laplace’s

equation'® in the spherical coordinates (1,). In order that the change of variable
(4.101) be nondegenerate at n = 1, we consider the case p = —1/2. We then expect
the singularity on the vertex-diffracted wavefront to be H(&)+/€.

9Formula (4.102) corrects a typographical error in [12], p. 357.

10We remark that in the 2D wedge diffraction case, a similar analysis produces Laplace’s equation
only when ;4 = —1 or = 0. The latter case corresponds to an incident jump discontinuity, which
has been discussed in section 4.3.4.
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Figure 4.6: Result of FEM solution for diffraction of a planar pulse by a polyhedral
cone, with the geometry of Figure 4.5 and an inverse square root singularity on the
incident wavefront. The plot shows how the square of Wgr varies as a function of
¢ in the direction (—1,—1,1), the direction from which the wave was incident. The
linear behaviour observed near ( = 1 confirms our expectation that ¥4;¢ should have
a square-root singularity on the diffracted wavefront.

Assuming that the field is continuous across the diffracted wavefront, the boundary
conditions on the diffracted wavefront (n = 1) are obtained from the field outside the
diffracted region, which can be constructed using the wedge diffraction solutions dis-
cussed in section 4.3.4.3. The resulting boundary value problem can then be solved
numerically, e.g. using FEM. Such a solution has been performed for the case il-
lustrated in Figure 4.5 using the FEM package Comsol. A sample output of the
calculation can be found in Figure 4.6. The function W4 is the diffracted component
of the solution, defined by

\Ildiff =V — \I]incidenh (4103)

where Wi, cigent 18 the component of the solution corresponding to the incident wave
(4.98). The plot in 4.6 shows how Wi varies as a function of ¢ in the direction
(—1,—1,1), the direction from which the wave was incident. The expected square-

root singularity on the diffracted wavefront is indeed observed in this case.

Figure 4.5 represents a rather special case, and in general a more complicated
wavefront configuration may arise. In Figure 4.7 we consider a different case, where
the wave is incident on the same cone, but now from the direction (0,1,1). The
planar incident wavefront is then perpendicular to the xz-plane, and inclined at 45°
to the xy-plane. With the incident wave assumed to reach the vertex at t = 0, the
wavefront configuration for ¢ < 0 is as illustrated in Figure 4.7(a). We have a planar

reflected wavefront due to reflection from the zy-plane, and a conical edge-diffracted
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(a)t <0

(b)t>0

Figure 4.7: Wavefront diagrams for diffraction of a planar pulse by a polyhedral cone,
showing the incident (red), reflected (blue), singly-edge-diffracted (green), doubly-
edge-diffracted (purple) and vertex-diffracted (orange) wavefronts. In this example
the cone is the region x > 0, y > 0, 2 < 0 and the pulse is incident from the direction
(0,1,1), with the incident wavefront assumed to reach the vertex (0,0,0) at ¢t = 0.
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wavefront due to diffraction from the y-axis. For ¢t > 0 the wavefront configuration
is as illustrated in Figure 4.7(b). The incident and reflected wavefronts no longer
intersect, and the conical edge-diffracted wavefront due to diffraction from the y-axis
no longer has a ‘tip’. We now have a two new singly-edge-diffracted wavefronts, one
cylindrical and one conical, resulting from diffraction of the incident wave by the
zr-axis and the z-axis, respectively. We also have a conical doubly-edge-diffracted
wavefront due to secondary diffraction by the x-axis of the original conical edge-
diffracted wavefront associated with the y-axis. Finally, we have the spherical vertex-

diffracted wavefront.

4.4 Pulses with arbitrary time-dependence

If the solution of

0D
W(X’ t) — AV2®;(x,t) = §(x — X0)d(t) (4.104)
is known in some domain, then the solution of
0?P
ﬁ@(’ t) — e V2®(x,t) = d(x — X0)g(t) (4.105)
for arbitrary ¢(t) in the same domain is given formally by the convolution
O = (Psxg)(t) = / Ds(t — s)g(s)ds (4.106)

(this is Duhamel’s Principle). Similarly, if the solution ®; corresponding to an incident
0-pulse supported on a planar wavefront is known, then the solution corresponding

to an incident pulse with profile g(¢) is also given by the formula (4.106).

In both cases, the pressure perturbation p’ is given by

’ a<q)5 * g) _ dg
=P = po®s(t) * 7t (2)
= —pO/ Os(t — s)%(s) ds. (4.107)

Note that in the special case of a point source in 3D free space, the particular form
of the fundamental solution (4.36) means that (4.106) and (4.107) can be evaluated

exactly to give

o = 47?02rg(t —r/co), (4.108)
0
po .
p =it /o). (4.109)
0
: d
where ¢ denotes 7.
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4.4.1 General principles for diffraction of pulses by edges and
vertices

In this section we state more precisely the general rules suggested at the end of
section 4.2.4 concerning the weakening of singularities in the wave field when they

are diffracted by edges and vertices.

We begin by noting that if an incident d-pulse produces a diffracted field

By ~ Zan (£)eMn (4.110)

near some diffracted wavefront £ = 0, then, by (4.106), an incident pulse H(&ne)&2,

mc

will give rise to

D = (Dg % H()t)(t) ~ / Zan §)M" ds
Z On(X)ETTMB(1 4,1+ A+ n),  (4.111)

where

B(z,w) = /0 s 1 —s) " lds = %, Re[z],Re [w] > 0, (4.112)

is the Beta function (see e.g. [2], Section 6.2).

In the case of diffraction by an edge, we have seen that an incoming d-pulse gives
rise to a diffracted pulse of the form (4.110) with A = —1/2. Then (4.111) implies that
an incident pulse H (&¢)E2, will give rise to the leading order behaviour H(£)¢o+1/2

on the edge-diffracted wavefront.

mc

Similarly, in the case of vertex diffraction, an incoming J-pulse gives rise to a
diffracted pulse of the form (4.110) with A = 0, which means that an incident pulse
H (&ne )€Y, will give rise to the leading order behaviour H(£)(™ on the vertex-

diffracted wavefront.
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4.5 Switching on a time-harmonic source

In this section we apply the results of sections 4.2-4.4 to the problem of switching on
a time-harmonic source, where both the time domain and frequency domain theories
are in evidence!'. We consider three cases: a point source in an infinite domain in
3D, a point source in an infinite domain in 2D, and the diffraction of a 2D plane
wave by a rigid half-line (the Sommerfeld problem). In each case we determine the
conditions under which the time-dependent field is well-approximated by the solution

of the corresponding frequency domain problem.

4.5.1 Problem statement

In the case of a point source in 2D or 3D free space, the time-dependent problem to

be solved is

an) 2772 —iwt
Fro cgV=® = 6(x)H(t)e ™", (4.113)

with ® = 0 for ¢t < 0. The resulting velocity potential ® is complex-valued, with
Re [®] and Im [®] representing the responses to the source functions H (t) coswt and

—H (t) sinwt, respectively.

In the case of plane wave diffraction by a rigid half-line z > 0, y = 0, the time-
dependent problem is
0?P

Yo V20 = 0, 0 <6< 2m, (4.114)

subject to the rigid boundary condition

0P

— =0 0 €{0,2 4.115
=0, e {0,27}, (4115)
and a suitable prescription of the ‘switched-on’ incident plane wave. The simplest

case is when the wave is incident from the direction 6, = 0", with
® = H(m— O)H(t + x/co)e” @), t <0. (4.116)

Again the velocity potential ® is complex-valued, with Re[®] and Im [®] repre-
senting the responses to the incident waves H(m — 0)H (t + x/cy) cos (wt + kx) and
—H(m — 0)H(t + x/co) sin (wt + kx), respectively.

UThe results of this section form the basis of the forthcoming journal article [38].
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In all three cases we proceed to show that over a suitable timescale (which we shall
determine), Re [®] and Im [®] converge to the real and imaginary parts, respectively,
of ®peq = € ™', where ¢ is the solution of the corresponding frequency domain

problem. In the point source cases, this comprises the Helmholtz equation

1
(V2 + %) ¢ = —56(x), k= (4.117)
o Co
along with an outgoing radiation condition at infinity.
In the plane wave diffraction case, the frequency domain problem is
(VP + k%) ¢ =0, 0<6<2m, (4.118)
99
— = 0 2 4.11
=0, e {0,2n}, (4119)
along with the assumption that
¢ — H(m — 0)e ke (4.120)

should satisfy an outgoing radiation condition for 6 # .

In all three examples we wish to determine the conditions under which Re [®] and
Im [®] are well-approximated by Re[®@geq] and Im|[®Py.], respectively, in the sense
that for a given observation point, the graphs of the functions (as functions of ¢) look
alike. When comparing two oscillatory functions f, g possessing multiple zeros, the
standard notion of asymptotic approximation f/g — 1 (or equivalently (¢ — f)/g —
0) is unsuitable since the quotient f/g is not defined at points where g vanishes
(unless f also vanishes at those points). A more appropriate convergence criterion
is (9 — f)/g« — 0, where g, > 0 represents the local amplitude of oscillation of the

function g.

In our case the local amplitude of oscillation of Re[®] and Im [®] is given by
|Ppreq| = |¢|. We therefore define

5D = Bpoq — P, (4.121)

we proceed to determine the conditions under which

®

P L (L (4.122)
B
[m[§®

P LU (4.123)
|(I)freq|
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4.5.2 A point source in 3D free space

The solution of (4.113) in free space satisfying ® = 0 for ¢ < 0 can be found by

convolution of the source function H(t)e™®*! with the fundamental solution of the

wave equation. In 3D this gives

(s —1/co) (i
o = —= TV H{t- w(t=s) g 4.124
/_OO dcir (t=s)e 5 ( )
e—i(wt—kr)
=H({t—r/c) pree k=w/co. (4.125)

We see from (4.124) that when the source is switched on, an expanding spherical
wavefront r = ¢ot is born. The behaviour of ® near the leading wavefront r = ¢yt
is found by approximating (4.124) in the limit as £ — 0, where the nondimensional
parameter & = wt — kr represents 27 times the number of periods of oscillation
since the arrival of the leading wavefront, or, equivalently, 27 times the number of

wavelengths from the observation point to the leading wavefront. This gives

Re[®] = z iﬁi +0(), (4.126)
Im|[®] = —ﬁgg +0(&?), (4.127)

so that Re[®] undergoes a jump discontinuity across the leading wavefront of magni-
tude 4mcir, while Im[®] is continuous across the leading wavefront, with a disconti-

nuity in the normal derivative.

The frequency domain solution (cf. (3.25))

efi(wtfkr)

¢freq - (4128)

Amcdr

is immediately attained after the arrival of the leading wavefront.

4.5.3 A point source in 2D free space

In the 2D case we have

00 H(s — A
d — / (S T/CO) H(t - S)e—zw(t—s) ds

0 2R/ 8% — (r/co)?

H(t — —iwt t ws
_ At =r/c)e / ‘ ds, (4.129)

2mey feo /8% = (r/co)?
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and the leading wavefront is the circle r = ¢ot. Equation (4.129) can be conveniently

rewritten as!?
H(t—1/co) /
27‘(‘00 \/s(s + 277

in terms of the nondimensional parameters & = wt — kr and n = kr, and a new

b =

(4.131)

dimensionless integration variable. Note that £ represents 27 times the number of
periods of oscillation since the arrival of the leading wavefront at time ¢ = r /¢y, and
7 represents 27 times the number of wavelengths from the observation point to the

source.

4.5.3.1 Behaviour near the leading wavefront

To determine the behaviour of ® near the leading wavefront (i.e. as & — 0) we note
that (4.131) can be expanded as

H(E) [S1+i(s—&)+...
2ncg Jo VsVt

and for £ < 2n we can also expand the denominator to get

o = ds, (4.132)

(1+i(s—&)+...)
2mo \/_/ 7 (1 — % + . ) ds, (4.133)
with the result that
Re[®] ~ %gm, £—=0, 6K, (4.134)
0
Im[®] ~ _V2H( )53/2 £E—0, <. (4.135)

3mcg/m

4.5.3.2 Convergence to the frequency domain solution

The frequency domain solution is (cf. (3.23))

1e” (1)
Ppeq = 102 Hy ' (n). (4.136)
0
12An equivalent representation is
H(t — —iwt cosh™?! cot/r ) '
o - M 2”7{ Eg)e / elkreosht gy (4.130)
0 0
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Figure 4.8: Switching on a time-harmonic point source in 2D free space. Comparison
of @ (solid curves), Pgeq (dashed curves) and the wavefront approximations (4.134)
and (4.135) (dotted curves). Parameter values are w = 1, ¢p = 1, » = 1, so that the
leading wavefront arrives at t = 1.

Plots of @, ®ge, and the wavefront approximations (4.134) and (4.135) as functions of
t, with the other parameters fixed, can be found in Figure 4.8. In this case the leading
wavefront arrives at t = 1, with the local behaviour being governed by the wavefront
approximations (4.134) and (4.135). As time progresses, Re[®] and Im[®] gradually
approach the appropriate frequency domain solutions. Note that the convergence of
Re[®] appears to be faster than that of Im[®].

To study the convergence in more detail we first use the integral representation
9.1.24 in [2] to rewrite (4.136) in the form!?

]_ © ei(sfg)

Dproq = ds, 4.138
freq 277'03 0 1/3(3+27’/) ( )
so that with r < ¢ot (i.e. £ > 0),
1 oo i(s—¢)
50 = —2/ s (4.139)
2mcg Je  /s(s+2n)
Integration by parts then gives
_ 1 i (E+n)
2mey | \E(E+2n)  (E(§+2n))3?
— s|, .
¢ (s(s+ 2n))>2
13 An equivalent representation is
eiiwt > ikr cosh 0
q)freq = W/O € df (4137)
0
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and it is easily shown that

Rt~ e (00 (&)) e
tfo0] ~ gl(g = <1 +0 <€—12)) | € = oo, (4.142)

uniformly for all n > 0.

e When' =0 (1) we have |®po| = O (1), and (4.122) and (4.123) hold with

5R:O<€—12> : £ —o00,n=0(1), (4.143)
=0 <%) : E—o00,n=0(1), (4.144)

so that, as observed in Figure 4.8, the convergence of Re[®] is indeed faster
than that of Im [®].

e When 7 < 1 the near field behaviour of the Hankel function (see e.g. [2], 9.1.12
and 9.1.13) gives

efzwt

T
Dreq ~ P (— log(n) + (log2 —7) + o + O (n* logn)) , <1, (4.145)

and combining (4.145) with (4.141) and (4.142) gives

1
5R:O<£2logn) , £ — o0, nKl, (4.146)
1
= 1. 4.14
o1 O(glogn)’ §— 00, 1<K (4.147)

In fact, the assumption that n < 1 is enough to give convergence even when &

is not large. For ¢ > 21 we can expand

—i& o is
50 = < 2/ 6—(1—Q+...)ds, (4.148)
2y Je S s
so that
50~ C / Ty <¢ (4.149)
~ — —as . .
2rcg Je s "

“Here the notation f(£) = © (g(¢)) indicates that f is strictly the same order as g, as defined in
[52]. That is, there exist positive constants C', C’ and & with C' f(§) < g(§) < C’ f(€) for all £ > &.
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In particular, when £ = © (1), (4.122) and (4.123) hold with

1
o b= 0 (o). £=00), 1< (4.150)
When ¢ < 1 we have
Re {/ %ds} ~—logé+0(1), §K 1, (4.151)
3
00 eis T
Im [/ ?ds} ~§+O(§), £, (4.152)
3
so that with n < £ < 1, (4.122) and (4.123) hold with
1
5R:O(Og£), n< &<, (4.153)
logn
1
5120( ) n<E<L (4.154)
logn

For completeness we remark that with n < 1, the estimate (4.154) (and hence
(4.123)) holds even for £ = O (n). This can be shown by combining the expan-
sions (4.145) and (4.132), but we do not present the details here.

When 71 > 1 the far-field behaviour of the Hankel function (cf. (3.24)) gives

;—i(§+m/4) ) :

ie i

Bpog ~ A1) 1. 4155
" g Vo ( ! ) " 1)

With € > 1, combining (4.155) with (4.141) and (4.142) gives

5oy o Y 2NE £ )

; £ — o0, > 1, 4.156
VR + ) (4:156)
V2
o1 ~ , £ — o0, n> 1. (4.157)
VTVE(E + 2n)
The rate of convergence depends on the relative magnitudes of ¢ and 1. Specif-
ically,
1
1
or=0 (—) , IR RG] (4.159)
I Ve
and
7]
o=0 (??7) , l<n<é. (4.161)
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4.5.4 A plane wave incident on a rigid half-line in 2D

We now apply a similar analysis to the case of diffraction of a plane wave by a rigid
half-line.

To derive a solution of the time-dependent problem (4.114)-(4.116) we first note
that the response to an incident step discontinuity H(w — 6)H (t + z/cy) is given by
1/2 times the limit of (4.56) as 6y — 0", namely'®

B H(t—’I’/C()) col — 7
Potep = H(m = 6)H (t + /o) — sgn (w — ) ————arctan (14 cosf) |

(4.162)

As remarked in section 4.3.4.4, the response to an incident d-pulse H(7—8)6 (t + x/co)
can be found by differentiating (4.162) with respect to ¢, which gives

H(t—r/c) (1 + cosB)
2 Vet =7t + L cosf)

Finally, by convolving (4.163) with the function H(t)e™*! we obtain the solution to
(4.114)-(4.116):

G5 =H(m—0)0 (t+x/co) —sgn (7 —6)

(4.163)

o = / Ds(s)H(t — s)e ™19 ds

=H(r—0)H(t+ x/c Je itk

—zw(t s)

—sgn (m — T/CO — 1+cos«9/ ds.

Jeo V€08 — T (8 + £ cos0)

(4.164)

Changing variable s = % + é (and immediately dropping tildes) simplifies the
expression (4.164) slightly, giving

4 ei(s—¢)
® = H(t+ z/co)H(m — 0)e @) _gon (7 — ) ———22 H(t T/Co / S ds

s + 77
(4.165)
where £ = wt — kr and 1 = kr(1 + cos ). The parameter £ represents 27 times the
number of periods of oscillation that have elapsed since the arrival of the diffracted
wavefront, or equivalently, 27 times the number of wavelengths from the observation

point to the diffracted wavefront. Curves of constant ¢ are therefore circles centered

15Tn (4.162), and subsequently, the value of H(0) is assigned to be 1/2. The function (4.162) is
then analytic in r < ¢ot.
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at the origin. As we shall see in section 4.5.4.2, the parameter n provides a measure
of how close the observation point is to the shadow boundary € = 7 of the frequency
domain problem (cf. (3.58)). Curves of constant 1 are parabolae with focus at the

origin and axis § = 7 (which corresponds to n = 0).

4.5.4.1 Behaviour close to the leading wavefront

In the line-of-sight (LOS) region 6 < 7 the leading wavefront is the incident wavefront
r = —cot. Defining &, = wt + kx, the behaviour near this wavefront is found by

approximating (4.165) for &, — 0. Provided that r > ¢yt we have

Re[®] ~ H (&ine), &ine — 0, (4.166)
Im[@] ~ _H(ginc) ginca ginc — 0. (4167)

In the non-line-of-sight (NLOS) region 6 > = the first term in (4.165) is not present,
and the leading wavefront is the diffracted wavefront ¢ = 0. Expanding (4.165) as

\/_ 5lJrzs—
b = / 75 3+71) ds, (4.168)

we find that
HEOVD ¢ 1 _1 $
Re[®] ~ o /0 Ve ds = - arctan \/;, £—0,
(4.169)
Im[®] ~ \/_/ \/_$+77 d3:%<\/%—(n+§)arctan\/%>, £—0.
(4.170)

Provided that £ < n we can further expand to obtain the leading order behaviour

Re[®] ~ fiﬁw,

C2H(E) 5
3r i Ny £—=0, <. (4.172)

£E—=0,E<, (4.171)

Im[®] ~

Returning to the LOS region 6 < 7, we note that the arrival of the diffracted

wavefront provides a second pulse, following the incident pulse (which is described by
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(4.166) and (4.167)). For x > —cyt (i.e. &ne > 0) we have

Re[®] ~ cos &ine — ZL\/%)G/Q’ £—0, <, (4.173)
Im([®] ~ — sin &pe + 2H<£)§3/2, £—0, 6. (4.174)

37T\/ﬁ

We end this section by noting that curves on which A = £/n is constant have the

equation

cot

r= ALl (4.175)

1+ (25) cos 6’

which describes a family of ellipses, whose axes all lie on the shadow boundary 6 = 7.
Their foci are at (0,0) and <—ﬁ, 0), and they have eccentricity )\%Ll, so that each
ellipse intersects the circle r = ¢ot at exactly one point, namely r = cgt, § = . The
region of validity of the approximations (4.171)-(4.174) can therefore be thought of

as a thin annular region 0 < ¢ < 1, minus the interior of a thin ellipse A < 1.

4.5.4.2 Convergence to the frequency domain solution

The solution of the frequency domain diffraction problem is given by 1/2 times the

limiting value of (3.50) as fy — 01, namely

e—i(wt+ka:+7r/4) () ,

Bproq = e’ ds. (4.176)

ﬁ —vV/2kr cos g

Typical plots of ® and ®y.q for fixed ¢ can be found in Figure 4.9. Plots of ®, .
and the wavefront approximations (4.171)-(4.174) as functions of ¢, with the other

parameters fixed, can be found in Figure 4.10.

In Figures 4.10(a)-(d) the receiver is located in the NLOS region 6 > m, where
the leading wavefront is the diffracted wavefront, which in this case arrives at ¢t = 1.
The local behaviour near this wavefront is governed by the wavefront approximations
(4.171) and (4.172). In Figures 4.10(e)-(h) the receiver is located in the LOS region
0 < m, where the leading wavefront is the incident wavefront, which in this case arrives
at t = —cos 6. The local behaviour near this wavefront is governed by the wavefront
approximations (4.166) and (4.167). At time ¢ = 1 the diffracted wavefront arrives,
and the local behaviour is governed by (4.173) and (4.174). Magnified versions of
Figures 4.10(c)-(f) can be found in Figure 4.11.
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Figure 4.9: Switching on a time-harmonic source: diffraction of a plane wave by a
rigid half-line. The half-line and the incident and diffracted wavefronts have been
highlighted. Parameter values are 6§y = 0", t =10, w = 1, ¢y = 1.
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(a) Re[®@], § =7 +1 (b) Im[®], 0 =7+ 1
(c) Re[®], 0 =7+ 0.1 (d) Im[®], # =7+ 0.1
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Figure 4.10: Switching on a time-harmonic source: diffraction of a plane wave by
an edge. Comparison of ® (solid curves), ®geq (dashed curves) and the wavefront
approximations (4.171)-(4.174) (dotted curves). Magnified versions of plots (c)-(f)
can be found in Figure 4.11. Parameter values are §p =07, w =1, ¢o =1, r = 1.
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(a) Re[®], § =7+ 0.1 (b) Im[®], § =7+ 0.1 |

(c) Re[®], 0 =7 —0.1 (d) Im[®], § =7 — 0.1

Figure 4.11: Magnified version of Figure 4.10(c)-(f).

As time progresses we observe that Re[®] and Im[®] gradually approach the appro-
priate frequency domain solutions. As in the 2D point source case, the convergence
of Re[®] appears to be faster than that of Im[®]. Also, the convergence of both Re[®]
and Im[®] appears to be faster for § = m £ 0.1 than for § = 7 + 1, an indication
that the convergence is not uniform with respect to #. This is confirmed by plotting
|0r| and |d;| as a function of position, for fixed ¢, which we do in Figures 4.12(a) and
4.12(b).

We remark that the concentric rings observed in Figures 4.12(a) and 4.12(b) in the
region r > cot are due to the zeros of the diffracted component of ®g.q, and do not
represent regions of convergence to the frequency domain solution. Indeed, from this
point on we shall restrict our attention almost exclusively to the behaviour of |dg]

and |&y| inside the diffracted region r < cot.

To allow analytical progress in studying |0g| and |d;| it is convenient to rewrite
(4.176) in a form similar to (4.165). We begin by decomposing @, into a sum of an
incident field and a diffracted field, writing

efi(wt+k:v+7r/4) 00

VT i

2

Dpyeq = H(m — 0)e " @HHr) _gon (1 — 0) e ds, (4.177)
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Figure 4.12: Switching on a time-harmonic source: diffraction of a plane wave by an
edge. Logarithmic plots of |dr| and |d| at ¢ = 10, with 8y = 07, w = 1, ¢ = 1.
Regions coloured dark red indicate regions in which the relative error is greater than
or equal to 1. We remark that the concentric rings observed in the region r > ¢yt
in (a) and (b) are due to the zeros of the diffracted component of ®geq, and do not
represent regions of convergence to the frequency domain solution. The magnified
plots in (c) and (d) show the behaviour near the point (—10,0). Near this point
the contours of |dg| appear to be ellipsoidal, and the contours of |d;| appear to be
horizontal, as is predicted by the analytical results for the regime n < £ < 1.

where n = kr(1 + cos ) as before. We then apply the identity

/oo Ly J ei(n+7r/4) \/’ 00 els J 0 (4 178)
e’ ds = ———/n ——  ds, n >0, .
S 2\/m o Vs(s+mn)

a proof of which is provided in Appendix D, to obtain the representation
d H(m — 0)e itk (7 — ) ! NG, / T e d (4.179)
veq = H(m — 0O)e —sgn (m—60)— —ds. )
freq & or V' o Vs(s+n)

Comparing (4.165) and (4.179), we immediately note that for § = 7 (i.e. along the
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shadow boundary) and t > /¢y we have

1 .
¢ = (I)freq - 56_Z(wt+kx)7

(4.180)

so that the frequency domain solution is immediately attained once the leading wave-

front has arrived.

Away from 6 = 7, the frequency domain solution is only attained asymptotically

in time. With ¢t > r/cq we have

\/_/ z(s
00 =+
\f8+?7

where 4+ denotes sgn (f — 7). Integration by parts then gives

R [ i 3+
0P = +—
2 |VEE+m)  28%2(E+n)?
B /°° (155% 4 10sn + 3n?)e's=9) ds] |
3

4552(s 4+ )3
so that
3
Re[d®] ~ i4£§2ét_7?}7))2 (1 +0 (é)) , & — o0,
NI 1
it~ 32 (10 (@) It

uniformly for all n > 0.

e When =0 (1) (e.g. when kr and 0 are fixed) we have |Pgeq| =

(4.122) and (4.123) hold with

5R:0(§5—1/2), {§—o0,m=0(1),

5120(§3—1/2), §—o00,n=0(1),

(4.181)

(4.182)

(4.183)

(4.184)

© (1), so that

(4.185)

(4.186)

and, as observed in Figure 4.10, the convergence of Re [®] is indeed faster than

that of Im [®].

e When n < 1 (which corresponds to the observation point being close to the

shadow boundary 6 = 7) the asymptotic behaviour of the Fresnel integral (see

e.g. [2]) gives

o—ié 9p—im/4
(I)freqNT(]-:F ﬁ \/7_7+O(71)>,
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and combining (4.187) with (4.183) and (4.184) gives

o = O <§5—VZ) , €00, <1, (4.188)
5 =0 <§3—VZ) , £ — 00, < 1. (4.189)

The contours of dg and dy in this regime are, respectively, curves on which 65%

and 63% are constant. See Figures 4.13(a) and 4.13(b) for an illustration.

In fact, the assumption that n < 1 is enough to give convergence even when &

is not large. For £ > n we can expand

\/’f_] co ei(sfg) n
o=yt | (1 -1 ) ds, (4.190)

so that

%o ils—6)
5 ~ i@/ i, n< £ (4.191)
2w I3

$3/2
In particular, when £ = © (1), (4.122) and (4.123) hold with

When £ < 1, integration by parts gives

00 ci(s—¢) 2

% gils—)
Im M :3—/2‘13} ~Var+0(VE), ¢<, (4.194)

so that with n < € < 1, (4.122) and (4.123) hold with

_ \/?7)

on =0 [ XL 1 4.195
R (\/E , n<ELl, ( )
o =0 (Vn), n< &L (4.196)

The contours of Jg in this regime are curves on which £/n is constant, which,
as we have already seen, are ellipses, whose axes all lie on the shadow boundary
0 = m. An illustration can be found in Figure 4.13(c). The ellipsoidal shape
of the contours is clearly visible in Figure 4.12(c), which is a magnified version
of Figure 4.12(a). The contours of d; are the curves of constant 7, which are

parabolae with axis § = 7 and focus at the origin. An illustration can be found
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in Figure 4.13(d). Near to the point r = ¢ot, § = m they are approximately
horizontal, as observed in Figure 4.12(d), which is a magnified version of Figure
4.12(b).

For completeness we remark that with n < 1, the estimate (4.196) (and hence
(4.123)) holds even for & = O (n), so that the horizontal contours described
above go all the way to & = 0. This can be verified by combining the expansions
(4.187) and (4.168), but we do not present the details here.

When 71 > 1 the far-field behaviour of the Fresnel integral (see (3.54)) gives

. e_i(f_”/4) 1
Dproq ~ H(m — O)e @) (1 +0 (—)) Con> 1, (4.197)
n

2y/m\/1
so that
1 n>160<m,
|q)freq| ~ 1 (4198)
—_— n>1,0>m.
2y/m\/n

When ¢ > 1 and 6 > 7 (the NLOS region) the estimates (4.183) and (4.184)
then give (4.122) and (4.123) with

dr =0 <€3%) , 1< <, (4.199)

5i=0 <%) : 1< <, (4.200)
and

Sr = O (%) , 1< n <&, (4.201)

5 =0 <%) , 1< <t (4.202)

The contours of dg and J; in the regime 1 < 1 < £ are, respectively, curves
on which 55% and 53% are constant. See Figures 4.13(e) and 4.13(f) for an

illustration.

When 6 < 7 (the LOS region), however, (4.198) implies that we gain an extra
factor of 1/,/n in (4.199)-(4.202), giving closer agreement with the frequency
domain solution than in the NLOS region. This far-field asymmetry about
0 = 7 is clearly visible in Figures 4.12(a) and 4.12(b).
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In fact, the assumption that n > 1 allows us to prove (4.122) and (4.123) in
the LOS region even when ¢ is not large. With £ = © (1), (4.182) gives

Re[60], Tm[3®] = O (%) | 0 — 00, £ =0 (1), (4.203)

since

00 2 2\ ,i(s—¢&) 00
'/ (15s% + 10sn + 3n?)e ds' </ 15s% + 10sn + 3n? e
3 3

455/2(s +n)3 455/2(s +n)?
_ 3+ 51
I <n) B

The same estimates (4.203) can be obtained for the case n > 1, £ < 1, since
by splitting the integral we have

/ z(s 1/1 6z’(s )< S )d () ei(sfﬁ) y
— 1———+... s + —F X as
fs+n nJe Vs 7 1 Vs(s+mn)

oY), 4.205
() (209

where the estimate of the second term comes from applying the same procedure
that led to (4.203) with £ = 1. Thus in the LOS region 6 < 7,

1
Oop, 0y =0 [ — =0(1). )
R O1 (\/ﬁ) ) n>1,¢ (1) (4.206)

e Finally, for completeness we remark that in the region 6 < m, r > cot, © > —cot
(i.e. after the arrival of the incident wavefront but before the arrival of the

diffracted wavefront), we have

et(s—¢)
4.207
/ V(s +1n) s+77 ( )

If » > 1 then (4.203) (and hence (4.206)) holds, so that the frequency do-
main solution provides the leading order behaviour, even though the diffracted

wavefront has yet to arrive.

The results of this section are summarised in Table 4.1.
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() e = 5 (b) & = ik
O, > 1Ln<l) (0L, E>1,n<1)

SIS -

(c) e = (d) e=n
r,n<&EKL)  (n<EK)

_ 1 _ 1
(8) € = b (h) e =1z

(0r, 1 < €<, LOS) (0, 1 <& <, LOS)

Figure 4.13: Illustration of contours of g, d; as predicted by asymptotic analysis.
In each plot e = 0.2. For example, in (a), the plotted curve ¢ = 65—/172 provides an
illustration of a typical contour of dg, valid in the regime £ > 1, n < 1. Other
parameter values are 6y = 07, t = 10, w = 1, ¢y = 1.
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Size of n Size of & Size of dg Size of o
n<l1 E=0(n) No convergence | O (/1)
n<e=00)| O(\/1) | o(v)

1 | o(%) [o(#)

n=0/(l) £>1 0 () 0 (&)
n>1 1< &=0(n) 0(53%) o(%z)

6 >« (NLOS) > 0 <£L/> 0 (?’/L)
v>1 | €=0m | ofg) | 0f5)
h<nm(LOS) |1<&=0() o<ﬁ;3/2) o(ﬁlﬁ)
= [ ol Lol

Table 4.1: Switching on a time-harmonic source: diffraction of a plane wave by an
edge. Summary of convergence results in the diffracted region r < cot (i.e. £ > 0).

4.5.4.3 The case 6y #0

In this section we briefly consider the case where the plane wave is incident from an
angle 0 < 6y < 7. When /2 < 6y < 7 the specification of the incident wave (4.116)
is replaced by

® = H(cot + 7 cos (6 — ) (Withreos (6=6o)) t <0, (4.208)
and when 0 < 0y < 7/2 a reflected wave is also present, so that
® = " H(m — (0 % 00)) H(col + rcos (6 = 6))e " “HHrreos 00D =y < 0. (4.209)

In both cases the time-harmonic solution ®g.q is the sum of two terms of the
form (4.179), each associated with one of the two shadow boundaries § = 7 & 6 (cf.
equation (3.50)). Similarly, ® is the sum of two terms of the form (4.165). Plots of
¢ and Pgeq for the case Oy = 7/3 and 6y = 27/3 are presented in Figures 4.14(a)-(d)
and 4.15(a)-(d), respectively.

The corresponding plots of dg and ¢; can be found in Figures 4.14(e)-(f) and
4.15(e)-(f). Although we do not present a full analysis here, we make some remarks

about the features of these plots.

We note first that, in contrast to the special case 6, = 0, the frequency domain

solution is not instantaneously attained along the shadow boundaries 6§ = 7 + 6.
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Figure 4.14: Switching on a time-harmonic source: diffraction of a plane wave by an
edge. Plots of @, ®peq, [0r| and |01] at ¢ = 10, with 6y = 7/3, w =1, ¢o = 1.
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Figure 4.15: Switching on a time-harmonic source: diffraction of a plane wave by an
edge. Plots of @, ®peq, [0r| and |01] at ¢ = 10, with 6y = 27/3, w =1, ¢o = 1.
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This is because along either shadow boundary, although one of the two terms making
up ¢ converges instantaneously, the other does not. However, the convergence is
immediate along the line § = 7 (i.e. the continuation of the half-line into x < 0).
Once the incident wavefront has arrived we have

rcos (6 — 6p)

d — (I)freq — efi(wtfk:rcos%)7 f = Tt>—
C

(4.210)

Second, we remark on the ‘tongue-like’ features observed in Figures 4.14(e)-(f)
and 4.15(e)-(f) in the reflected region 0 < 6 < m — §y. These are due to the effect
of interference between the incident and reflected components of ®p.,. Indeed, along

the lines

(n+1/2)7
="’ N 4.211
Y ksinf, neN ( )

the incident and reflected components of @, cancel exactly, so that ®geq comprises
only a (small) diffracted component in the far field. In the vicinity of these lines, dg
and d0; are therefore similar in magnitude to what they would be in the corresponding
part of the NLOS region (i.e. at angle 2 — 6). Away from these lines, ®geq = O (1),
so that, as was found to be the case for ) = 0 (see the remark after (4.199)-(4.202)),
0r and ¢y are smaller in the LOS region than in the corresponding part of the NLOS

region.

158



4.6 Comparison with data from Bourges trials

In this section we use the theory of pulse propagation of sections 4.2-4.4 to comment on
some experimental results obtained by Dstl as part of the NATO TG-53 Joint Field
Experiment “Acoustic Detection of Weapon Firing”, which took place in Bourges
(France) in June 2008.

4.6.1 Background

The experiment involved the firing of a number of different weapons, including rifles
of various calibres, heavy artillery, rocket-propelled grenades and C4 explosive, at
certain locations within a large area of open farmland. Participants were permitted

to set up microphones and recording equipment to measure the resulting sound pulses.

Although the primary objective of the experiment was to study sound propaga-
tion in open terrain, some measurements were taken by Dstl at microphone locations
in and around a “disturbed zone”, comprising two parallel concrete walls, as illus-
trated schematically in Figure 4.16 (note that this figure is not drawn to scale). The
walls were each approximately 15m long, 5m tall, 0.9m thick and were positioned

approximately 30m apart.

The data we consider here corresponds to “Event 154” (in Dstl’s notation), which
involved the firing of a single shot from a 7.62mm rifle from the source location “S2”
(in Dstl’s notation), represented by the cross in Figure 4.16. Simultaneous mea-
surements were taken at four microphone locations (“dstll-dstl4” in Dstl’s notation)
within the disturbed zone. The microphone and source locations, relative to the
walls, were measured using a combination of GPS and tape measurements, and, for
completeness, coordinates relative to the point W; in Figure 4.16 are given in Table
4.2. The source and the four microphones were all positioned 1m above the ground.
An air temperature of 25.1°C was recorded at the time of the shot at the command
post, a few hundred metres from the source location, and at a height of 5m. This

corresponds (see e.g. [58], p. 7) to an approximate sound speed ¢y = 345.8m/s.
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Figure 4.16: Schematic (not to scale) showing the geometry of the experimental
setup, as viewed from above. The source location is indicated by a cross, and the firing
direction by a thick black arrow. The four microphone receivers are indicated by black
points. The wall vertices are labelled W;-Wg. Parameter values are r; = 308.7m,
ro = 307.4m, ry, = 301.7m, rqg = 294.5m r = 14.6m, 0y = 74°, 0 = 262°.

X y
Microphone 1 | -18.96 6.12
Microphone 2 | -14.06 5.87
Microphone 3 | -2.00 0.50
Microphone 4 | 10.90 4.61
Source 82.16 | 297.79

Table 4.2: Coordinates of microphone and source locations (in metres), relative to the
wall vertex W; in Figure 4.16. Here the x- and y-axes run along W;W, and W;W5,
respectively.
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4.6.2 Commentary on the data

10-second data samples containing the shot event are plotted in Figure 4.17. We
assume that the microphone output is directly proportional to the excess pressure p'.
The origin t = 0 in Figure 4.17 is arbitrary, and does not correspond to the time of
firing. However, since the four microphones were all connected to the same tape deck,
the recordings in Figure 4.17 are synchronised. At each of the four microphones, the
pulse associated with the gunshot event arrives at around ¢ = 4.40s, and appropriately

magnified plots'® showing the arrival of the gunshot event can be found in Figure 4.18.

In each of the four plots (a)-(d) in Figure 4.18 the same qualitative behaviour is
observed, with the single shot giving rise to two distinct pulse arrivals. We comment
first on Figure 4.18(d). The initial pulse, which arrives at around ¢ = 4.40s, is believed
to be associated with the shockwave created by the supersonic flight of the bullet!”.
We focus our attention on the second pulse, arriving at around ¢t = 4.48s, which is

believed to be associated with the acoustic wave caused by the muzzle blast.

As Figure 4.18 shows, the muzzle blast pulse arrives at microphone 4 first, then
at microphone 2, microphone 1, and shortly afterwards at microphone 3. The basic
shape of the pulse is similar in all four plots, although the amplitude and arrival time

of the pulse is different at each microphone.

Microphones 1, 2 and 4 all have a direct line-of-sight (LOS) to the source, whereas
microphone 3 is in the shadow of the right-hand wall, with the shortest propagation
path involving a single edge diffraction around the right-hand wall (i.e. at W5 in
Figure 4.16). This provides a qualitative explanation of why the amplitude of the
pulse at microphone 3 is the smallest of the four. We also note that no reflected
pathways exist between the source and any of the microphones. Diffracted pathways
from the source to the microphones 1, 2 and 4 exist, but the resulting pulses are not

immediately discernable against the background noise.

16The low frequency oscillations observed in the remainder of the samples in Figure 4.17 correspond
to background noise, not associated with the weapon firing.

1"We remark, however, that the highly oscillatory nature of this pulse does not match the N-wave
profile typically associated with ballistic shockwaves (see e.g. [90], Section 9.3). The reasons for
this are not yet clear, but similar observations have been made in other experiments (see e.g. [83]),
especially in the case where the microphone location is far from the bullet trajectory (as is the case
here). In [83] the loss of integrity of the shockwave profile was attributed to turbulent scattering.
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Figure 4.17: Typical data from Bourges trials. Event 154, 7.62mm rifle from S2.
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Figure 4.18: The two pulse arrivals: shockwave and muzzle blast.

163



4.6.3 Gaussian model of muzzle blast

We now attempt to reproduce the key aspects of the data, by modelling the muzzle
blast pulse using the isotropic 3D point source model (4.105), with g(¢) a Gaussian

A
g(t) = —Ze )/ (4.212)
£

This choice of g(t) is made simply for analytical convenience. Although (4.212) does
qualitatively reproduce the key features of the data, as we shall shortly demonstrate,
a different choice of g(t) based on a physical modelling of the muzzle blast could
provide even better agreement. Such a model is beyond the scope of this thesis,

however, and is not considered here.

For simplicity, we neglect diffraction over the walls (which would involve either
vertex-diffraction or double edge-diffraction) and consider the contribution of the LOS
pulse (if it exists), calculated using formula (4.109), and singly-edge-diffracted pulses,
calculated using formula (4.107) with &5 given by the diffracted component of (4.87).
At microphones 1 and 2 we have a LOS pulse, and diffracted pulses associated with
the points Wy, W7 and Wy (see Figure 4.16). At microphone 3 we have no LOS pulse,
only diffracted pulses associated with the points Wy, W7 and Wg. At microphone 4
we have a LOS pulse, and diffracted pulses associated with the points W3 and Wj.

With each pulse (direct or diffracted) we expect an associated ground-reflected
pulse. The ground between the source and the disturbed area was flat, and covered
with long grass of height between 0.5m and 0.75m. However, since detailed informa-
tion concerning the acoustical properties of the ground is unavailable, for simplicity
we model the ground as a rigid plane. Since the typical path length is approximately
300m, the length of a typical associated ground-reflected pathway is approximately
V3002 + 22m= 300.0067m. This corresponds to a delay in arrival time relative to
the original pulse of approximately 0.00002s, and for our purposes it is reasonable to
assume that the two pulses arrive simultaneously. The effect of ground reflection can

therefore be included by absorbing a factor of 2 into the constant A in (4.212).

The parameters A, € and ¢, in (4.212) have been chosen so as to provide a reason-
able fit (by eye) to the direct pulse at microphone 4, as shown in Figure 4.19(d). The
resulting diffracted pulses associated with the points W5 and W, are clearly visible,
arriving at around ¢ = 4.50s and ¢t = 4.53s, respectively. The latter pulse clearly
reproduces a pulse observed in the measured data. However, the former pulse is

harder to distinguish from the oscillations that are present in the measured data near
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Figure 4.19: Muzzle blast for Event 154, along with the pressure pulse arising from
the Gaussian model (4.212). Parameter values are A = 1100m®s™2, ¢ = 0.004s,
to = 3.6087s, ¢y = 345.8ms™!, py = 1.2kgm 3.
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t = 4.50s. The large discrepancy in pressure profiles between t = 4.54s and ¢ = 4.62s
is due to background noise (i.e. the low-frequency oscillations observed in Figure
4.17(d)).

The resulting predicted pressure profiles at microphones 1-3 (using the same pa-
rameter values) are shown in Figures 4.19(a)-(c), and also show good agreement with
the measured data. In Figure 4.19(a) the LOS pulse arriving at around ¢ = 4.5s is
clearly reproduced, as are the diffracted pulses associated with the points W; and
Wy, which arrive at around ¢ = 4.53s and ¢ = 4.56s, respectively, although the latter
pulse is observed to arrive around 0.01s earlier in the measured data than predicted.
The diffracted pulse associated with the point W3 arrives at around ¢t = 4.52s but is

of too small an amplitude to be visible in Figure 4.19(a).

Similarly, in Figure 4.19(b) the LOS pulse is clearly reproduced, as are the diffracted
pulses associated with the points W; and Wg, which arrive at around ¢t = 4.54s and
t = 4.58s, respectively, although the latter pulse is again observed to arrive earlier in
the measured data than predicted. The diffracted pulse associated with the point W5

arrives at around ¢ = 4.51s but is of too small an amplitude to be visible.

In Figure 4.19(c) the diffracted pulse associated with the point W3 arrives at around
t = 4.5s and is clearly reproduced in the measured data. The fact that this diffracted
pulse is so much stronger than the other diffracted pulses is due to the fact that
microphone 3 ‘almost’ has a LOS to the source, lying just 8° within the shadow
region associated with the diffracting edge W5. The diffracted pulse associated with
the point Wy arrives at around ¢ = 4.58s, but is not so clearly reproduced. However,
the diffracted pulse associated with the point Wy, which arrives at around ¢ = 4.61s,

is observed in the measured data, but arrives earlier than predicted.

The discrepancies in the arrival times of the diffracted pulses are most likely due
to errors in measurement of geometry (receiver, source and wall locations), although
the unknown local meteorological conditions (e.g. speed of sound, wind speed and

direction) may also have been a contributing factor.
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4.7 Summary

In this chapter we have studied the propagation of sound pulses in an urban envi-
ronment. We first reviewed the standard theory of characteristics, which governs the
propagation of singularities in the wave field, illustrating it by means of a number of
specific examples in which an exact ‘pulsed’ solution of the wave equation is available.
In particular, we focussed our attention on the diffraction of pulses by edges and ver-
tices, and we stated and proved a general principle which governs the weakening of
singularities when they are diffracted. The singularity on an edge-diffracted wave-
front is half a power of £ weaker than that on the incident wavefront, where £ is the
coordinate in the direction normal to the wavefront. In the case of vertex diffraction

the singularity is a whole power of £ weaker.

We then considered two applications. First, in section 4.5 we considered the prob-
lem of switching on a time-harmonic source. Here we concentrated on the rate at
which the solution of the time-dependent problem converges to the corresponding
frequency domain solution. In the case of a point source in free space we showed
that, in 3D, the frequency domain solution is immediately attained after the arrival
of the leading wavefront. In 2D we found that the rate of convergence depends on the
strength of the singularity on the leading wavefront in the time-dependent problem,
with a stronger singularity giving rise to faster convergence. This phenomenon was
also observed in the case of a plane wave incident on a rigid half-line in 2D. Here we
found that the rate of convergence also depends strongly on the observation point,
and, in particular, the frequency domain solution is immediately attained along the

extension of the half-line, after the arrival of the leading wavefront.

Second, in section 4.6 we commented on some experimental data collected by Dstl
during an investigation into sound pulses arising from gunshots. We have shown that
the mathematical theory of pulse propagation discussed in sections 4.2-4.4 can be used
to model the propagation of the acoustic waves generated by the muzzle blast of a gun
in the presence of obstacles. A rather simple mathematical model for the muzzle blast
was adopted; namely, a isotropic point source with Gaussian time-dependence, but
many of the key features of the data have been reproduced with reasonable accuracy,
such as the arrival times and amplitudes of diffracted pulses. This analysis has put us
in a position to apply the results concerning pulse propagation to the inverse problem

of source localisation, and we will do this in the next chapter.
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Chapter 5

Source localisation in the time
domain

5.1 Introduction

This chapter concerns the inverse problem of localising an impulsive source using the
Time Differences Of Arrival (TDOAs) of the pulse at multiple receivers distributed
through the propagation domain. In section 5.2 we review the exact solution of the
TDOA problem in 2D and 3D free space. We show that when there are errors in the
measurement of arrival times, an estimate of the source location can be obtained by
solving the TDOA equations in an approximate sense. In section 5.3 we show that
in certain domains with boundaries, the arrival times of reflected pulses can be used
to reduce the number of physical receivers needed to locate the source. In section 5.4
we propose a new method for solving the TDOA problem in a 2D urban environment
in which a line-of-sight (LOS) between the source and each receiver is not available.
We then consider the case where the exact dimensions and positions of buildings are

unknown, before discussing the applicability of the new method to the 3D case.

We remark that the TDOA methods in this thesis require knowledge simply of the
arrival time of a pulse at a receiver, and do not make use of additional information
such as the amplitude of the pulse or the arrival direction. The question of how such
additional information could be incorporated into the localisation method will not be

considered here.
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5.2 TDOA localisation in free space

In this section we review the TDOA localisation method in free space. For ease of
presentation we begin by considering the 2D problem, before generalising the results

to the 3D case in section 5.2.3.

Suppose that at ¢ = ¢y a pulse is emitted from the point x¢ = (xg, %o), with the
medium having been at rest for ¢ < ;. Receivers positioned at the points x; =
(xi,y:), 1 =1, ..., N, record the respective arrival times ¢; of the pulse. For each i the

transmission time t; — ¢y is related to the propagation distance r; = |xg — x;| by
T, = CO(ti — to) (5].)
When the emission time #; is unknown, a single receiver is unable to provide us with
any information at all about the source location. However, for any pair of receivers

{xi, x;} the range difference D;; from the source to the two receivers is known, being
given in terms of the Time Difference Of Arrival (TDOA) ¢; —¢; by

Dz’j =TTy :Co(tz' _tj)v (5-2)

a quantity which is independent of ;.

The D;; satisfy the following relations:

Di=0, 1<i<N, (5.3)
Dij=—=Dji, 1<1i4,j<N, (5.4)
Dij = Dig+ Dyjy 1 <4,j,k < N. (5.5)

Hence, of the N? quantities {Dij}z]‘?[jzla only N—1 are linearly independent as functions

of xg.

Knowledge of D;; places the source on a particular branch of a hyperbola with foci

at x; and x;. Indeed, by rewriting equation (5.2) as
Dij+rj=mry, 1<i,j<N, (5.6)
we may square both sides and rearrange to obtain the equation

2 2
® = Ix|° — D}

2r;D;j = 2(x5 — X3) - Xo + |Xi B
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When D;; # 0 we can write (5.7) as

|xo — x;| = £e(xp —1) - n, (5.8)
where
xj — Xi Xj — Xj 1 | Dijl
= = = l1=— : 5.
‘D@]| ) n |Xj_Xi‘7 9 X0+XJ+ %2¢ nj, ( 9)

and £ = sgn D;;. Equation (5.8) is the standard form for the equation of one branch
of a hyperbola of eccentricity e, focus at x; and directrix the line through the point
1, perpendicular to n. The sign of D;; determines the particular branch on which the

source lies.

Squaring both sides of (5.8) leads to
2
AD% [xo — x5 — (2(x5 — x1) - %o + |xi|° — |x3° — D7) =0, (5.10)
which is the Cartesian equation for the hyperbola, including both branches.

With N receivers, there are (g) distinct receiver pairs, and in principle, when N is
sufficiently large the source can be located by finding the mutual intersection point of
the resulting hyperbola branches. This is basis of Time Difference Of Arrival (TDOA)

localisation.

5.2.1 The 2D case with three receivers

When N = 3 we have (g) = 3 such hyperbola branches, with foci pairs {x1,x2},

{x1,x3} and {x2,x3}. We call these branches By, B3 and Bsg, respectively. We
first consider pairwise intersections of the B;;. Suppose we fix x3 as the ‘reference
receiver’, and consider the intersection of By and Bsz, which, according to (5.7), are

described by the equations

2rsDi3 = 2(x3 — X1) - Xo + |x1|° — |xs]* — DZ,, (5.11)
2r3Dag = 2(X3 — X3) - Xo + |x2|° — |x3|* — D2, (5.12)

Eliminating the nonlinear square root term r3 between (5.11) and (5.12) gives

Dss (2(X3 - X1) - Xp + |X1|2 - |X3|2 - D%g) = D3 (2(X3 - X2) - Xo + |X2|2 - |X3|2 - D§3) s
(5.13)
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which is a linear equation relating xy and yo. The TDOA problem can therefore be
reduced to finding the intersection of a straight line (described by (5.13)) with any
one of the three hyperbola branches Bj,, Bis and Bas.

The straight line described by (5.13) is, in fact, independent of the choice of x5 as

the reference receiver. Indeed, by use of (5.3)-(5.5), equation (5.13) can be rewritten

as
axy + byy = ¢, (5.14)
where
n T2 T3
a=2 <D12LU3 + D23.T1 + D31$U2) = 2det 1 1 1 y (515)
Tr1 T2 I3
rn T2 T3
b=2(Diys + Day1 + Ds1ya) =2det | 1 1 1 |, (5.16)
Y1 Y2 Y3
¢ = D13D33D31 + D1y |X3|2 + Dy3 |X1‘2 + D3y ‘X2|2
1 L) T3
= D12D23D31 + det 1 1 1 . (517)

\X1|2 \X2|2 |X3|2

The effect of interchanging any two indices in (5.15)-(5.17) is to change the sign of
a, b and c. Thus the straight line described by (5.14) is independent of the labeling
of the three receivers, and a different choice of reference receiver does not provide us

with any new information.

Substituting (5.14) in any one of the three corresponding Cartesian hyperbola
equations (5.10) produces a quadratic equation for either x or yy, which has two real
solutions, generally distinct. The linear relation (5.14) then provides the remaining

variable (yo or zy, respectively) uniquely for each of these two possible solutions.

If, for some pair {1, j}, the two solutions lie on different branches of the hyperbola
described by (5.10), we may discard the incorrect solution and resolve the ambiguity
(see Figure 5.1(a) for an example). A sufficient condition for this to occur can be

derived by geometrical considerations. Let 0 < 6;; < 3 be the modulus of the acute

angle between the line (5.14) and the axis of the hyperbola branch B;;, so that
COS@Z-]' — |<XJ_Xi>.a| — ‘n.a‘7 (518)
x5 — xi |a] al
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(a) (b)

Figure 5.1: Geometry of TDOA localisation in 2D free space with N = 3. In (a) the
two possible source locations (black crosses) lie on different branches of each of the
three hyperbolae, and the correct source location can be determined from the sign
of the D;;. In (b) the two possible source locations lie on the same branch of each
of the three hyperbolae, and the correct source location cannot be determined from
the TDOA data. In both cases the receivers (black points) are at (0,0), (1,0) and
(—1,1), and for reference the line (5.14) is drawn in green.

where a = (=0, a). The semi-angle 0 < 7;; < 7 of the asymptote cone of B;; satisfies

D;; 1
M = (5.19)

o8 = Ix; —x;| e
i Xj

and a sufficient condition for the line (5.14) to intersect the branch B;; at just one
point is?!
0i; < vij, (5.20)
or, equivalently,
cos f;; > cos ;. (5.21)

By (5.18) and (5.19), (5.21) is, in turn, equivalent to the condition

(x5 —xi) - 2l

la] <
| Dyj|

=eln-al. (5.22)

The dot product on the RHS of (5.22) can be evaluated using (5.15) and (5.16), with
the indices (1,2, 3) replaced by (i, j, k). After some simplification, we find that (5.22)

n fact, (5.19) is also a necessary condition for uniqueness of the intersection point, provided
that we exclude the special case where the line (5.14) intersects B;; tangentially.
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Figure 5.2: Example of the region (shaded) in which the condition (5.23) fails. Sources
located in this region cannot, in general, be recovered uniquely from the TDOA data
from the three receivers (points), located at (0,0), (1,0) and (—1,1). The two source
location pairs of Figure 5.1 are included for reference (crosses). The checked regions,
bounded by the lines (dashed) extending the sides of the triangle formed by the three
receivers, is entirely contained within the shaded region.

can be written as

la] < 2|det K], (5.23)
where
1 1 1
K=z 2 z, |. (5.24)
Yi Y; Yk

We note that both sides of the inequality (5.23) are invariant under relabelling of
indices, by the properties of the determinant and by the fact that both |a| and |b| are
(see the remark after (5.15)-(5.17)). Thus the condition (5.23) is independent of the
choice of hyperbola branch B;; used to derive it, and describes a set of source locations
that can be recovered uniquely from the TDOA data from the three receivers xy, Xa

and x3 (see Figure 5.2 for an example).

We note that the condition (5.23) agrees with that derived by Leva in [57] by
a similar method. However, we now give a geometrical interpretation of the result
(5.23), which was not pointed out in [57]. Let X; = (x;,y;,7;) for each i = 1,2, 3, and
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let A be the area of the triangle A with vertices X;. Then we have

|a| = 44, (5.25)
0] = 4A,,, (5.26)
| det K| = 24, (5.27)

where A,,, A, and A,, are the areas of the projections A, A, and A, of the
triangle A onto the zr-, yr- and xy-planes, respectively. Since by de Gua’s theorem
(see e.g. [5], p. 300)

A= A2 + A2 + A2 (5.28)

TY”

the condition (5.23) is equivalent to requiring that

A< V24, (5.29)

The infinite lines extending the sides of the triangle A,, divide the zy-plane into
seven regions. Consider the three such regions exterior to A,, which meet A,, at
precisely one vertex only (the checked regions in Figure 5.2). We claim that inside any
of these three regions, the condition (5.29) always fails, and we have the possibility

of nonuniqueness.

To prove this statement, suppose that xg lies inside one of these regions; without
loss of generality, the region which meets A,, at the vertex x; only. Let p = (p,q)
be the point of intersection between the line through x¢ and x; and the line through
x2 and x3. We introduce the function f(x) = |x — xo|, so that r; = f(x;). Then,
the convexity of the function f implies that the point (p,q, f(p)) lies below the line
through X5 and X3, and since the line from (zg,yo,0) to (p,q, f(p)) contains the

point X; and makes an angle of 45° with the xy-plane, we must have that
A > V24, (5.30)

so that (5.29) fails.

To end this section we note that in the special case where the three receivers are
collinear, the right hand side of (5.23) vanishes. In this case the two possible source
locations arising from the solution of the quadratic equation are images of each other
under reflection in the line containing the receivers, and only sources lying exactly on
this line can be located uniquely from the TDOA data.
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5.2.2 The 2D case with four receivers

When (5.23) is not satisfied, it is possible for the two solutions to lie on the same
branches of each hyperbola, in which case the correct source location cannot be de-
termined using the TDOA data from the three receivers alone (see Figure 5.1(b) for

an example).

To resolve the ambiguity we introduce a fourth receiver at the point x4 = (24, y4).
By carrying out the procedure outlined in the previous section with x4 rather than xg

as the reference receiver, we obtain another linear relation between xy and y,, namely

a'xg+ by =1, (5.31)
where
CL/ =2 <D12$‘4 —+ D24.T1 —+ D41.§L’2) s (532)
b =2 (Di2ys + Dayr + Duyp) (5.33)
¢ = D19D2yDy1 + D1 |X4|2 + Doy |X1|2 + Dy |X2|2 . (5.34)

By combining (5.31) with (5.14), we conclude that the source location must satisfy

the linear system

Axqy = c, (5.35)

A:(Z, Zb),) c:<2,>. (5.36)

The source location xg can then be found uniquely by inverting (5.35), provided that

where

the matrix A is nonsingular?.

Using relations such as
D;;jDyy — DyiDyy = Dy Dy (5.37)
it can be shown that

det A = 4D [Dy1 (23y2 — 2y3) + Daa(xay1 — z1y4) + Das(x2yn — T1Y2)
+Doy(x3y1 — 21y3) + Dis(@4y2 — w2ya) + Doy (24ys — T3y4)]
= 4Dy det M, (5.38)

2This condition corresponds to the two lines (5.14) and (5.31) having nonequal gradients.
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where

rt Tre T3 T4

M- | bbbl (5.39)
1 X9 X3 T4
Yi Y2 Y3 Ya

The factor of D15 in (5.38) makes A singular whenever the source is equidistant from
the receivers x; and xs (i.e. along the perpendicular bisector of the line joining x;
and x3). This degeneracy can be circumvented by simply choosing a different pair
of reference receivers. However, the absolute value of the second factor in (5.38)
is clearly invariant under relabeling of the receivers, and source locations for which
det M vanishes cannot be recovered from the TDOA data using the linear system
formulation (5.35).

A necessary and sufficient condition for det M to be nonzero for all source locations
Xo 1s that one of the four receivers lies within the interior of the convex hull of the

other three receivers.

To prove this statement we again let X; = (z;, y;, r;), and note that
detM = (X4 — Xl) . [(X2 — Xl) A\ (X3 — Xl)] s (540)

which represents 6 times the ‘signed volume’ of the tetrahedron with X; as vertices.

The condition det M = 0 is therefore equivalent to the points X; being coplanar.

To prove sufficiency, suppose that receiver x4 lies in the interior of the convex hull
of the receivers x1, x5 and x3. With the function f defined as in the previous section,
so that ; = f(x;), the convexity of f implies that, for any source location xq, the
point X4 must lie below the plane containing Xy, X5 and X3, so that det M is always

strictly non-zero.

To prove necessity we use a contrapositive argument, supposing that none of the
four receivers lies within the interior of the convex hull of the other three receivers,

and proceeding to show that there exist source locations xq for which det M vanishes.

One possibility is that three of the receivers, x;, X2 and x3, say, are collinear®, as

in Figure 5.3(a). Then for any source location on the semi-infinite lines Ly or Lj the

points X, X5 and X3 are collinear, and hence trivially coplanar with X4.

The other possibility is that the four receivers define a convex quadrilateral, as in

Figure 5.3(b). Then for any source location on the lines L; or Ls, the convexity of f

31f all four receivers are collinear, det M is equal to zero for any source location.
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Figure 5.3: Four-receiver configurations not satisfying the convex hull condition.

implies that X4 must lie above the plane containing Xy, X5 and X3, so that det M
has fixed sign S € {—1,1} on these lines. For any source location on the lines Ly or
Ly, X4 must lie below the plane containing X;, X and X3, so that det M has fixed
sign —S on these lines. Hence by continuity there exists a curve of source locations

on which det M vanishes, and the proof is complete.

When the ‘convex hull condition’ is not satisfied, source locations which cannot be
recovered from the linear system formulation (5.35) can sometimes still be recovered
from the TDOA data, by an application of the three receiver method described in the

previous section to a subset of three of the four receivers.

One example of a case in which this approach works is that of a rectangular receiver
configuration. Supposing that the receivers are labelled in a clockwise direction, the

curves of degeneracy can be shown to satisfy the equation
Tt T3 =T Ty, (5.41)

and it is easily shown that (5.41) is satisfied only on the lines D15 = 0 and Dq3 = 0,
which are the perpendicular bisectors of {x3,x3} and {x3,x3}, respectively. It is
easily shown that for any choice of three receivers from the rectangular configuration,
the condition (5.23) is always satisfied along these two lines of degeneracy, so that
the source location can be recovered uniquely. For example, using receivers xi, Xa
and x3, if D1y = 0 then (5.23) becomes

2|D23| |X1—X2| §2|X2—X3||X1—X2|, (542)
which is true for all source locations.

It should be remarked, however, that there exist four-receiver configurations for
which certain source locations cannot be recovered from the TDOA data in this way.

An example of this can be found in Figure 5.4.
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Figure 5.4: Example of a four-receiver configuration for which there exist source
locations which cannot be recovered from the TDOA data using either the three-
receiver or the four-receiver methods. Here the receivers (black points) are at (0,0),
(1,0), (=1,1) and (0.5,2). The shaded regions represent source locations for which
the condition (5.23) fails for any choice of three receivers. The curves represent the
source locations for which the determinant of the matrix (5.39) vanishes.

5.2.3 The 3D case

The generalisation of the above analysis to the 3D case is relatively straightforward.
Much of the analysis carries over directly, with 2D vectors replaced by 3D vectors,
although naturally we find that an extra receiver is needed in the 3D case compared
to the 2D case.

The geometrical interpretation of equation (5.7) is now that the source lies on a
particular sheet of a hyperboloid of revolution, with the receivers x; and x; as foci. For
any triplet (, 7, k), the pairwise intersection of any two of the resulting hyperboloid

sheets constrains the source to lie in a plane described by

aijpTo + bijrlyo + Cijrzo = dijr, (5.43)
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where
aij = 2 (Djjrr + Djrx; + Diixj) (5.44)
biji = 2 (Dijyx + Djryi + Driy;) (5.45)
Cijik = 2 (Dijzr + Djizi + Diizj) (5.46)
dijk = DijDjxDi + Dyj |xx|> + Dji. |x5]* + Dy |35 (5.47)

With N = 4, the intersection of the planes arising from two different choices of the
triplet (¢, j, k) is a line, described by an equation such as
a b c o0 d
Coz bz oo ) (e ) - (62), o8
20
This line intersects any of the hyperboloids in at most two points, and with N = 4
the source location can therefore be determined up to the solution of a quadratic
equation. Under certain conditions, the correct source location can be determined by
selecting the point which intersects the correct sheet of the hyperboloid. Geometrical
considerations reveal that a sufficient condition for this to be possible is again provided
by (5.22), although the vector a is now any right nullvector of the rank two matrix

( a123 5123 C123 ) (5 49)

@124 bioa Cro4

so that a is a constant multiple of

1 bi23Ci24 — bi24Ci23

Do | G123t = Craalizg | (5.50)
12

1230124 — a124b123

The reason for the inclusion of the prefactor D%Q in (5.50) is that each entry of the
vector is a 2-by-2 determinant of the form (5.38), the absolute value of which, after
dividing by Djs, has already been shown to be invariant under relabeling of the

receivers.

Evaluation of the RHS of (5.22) then implies that the condition (5.23) should be
replaced by*

1 1 1 1
la] <4|det [ TP T2 T8 T (5.51)
- Y1 Y2 Ys Ya

Z1 R2 23 %4

4We remark that the RHS of (5.51) represents 24 times the volume of the tetrahedron with
vertices Xi, X2, X3 and X4.
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We remark that (5.51) is invariant under relabeling of the receivers.

With N = 5 the source location can be shown to satisfy the linear system
where, for instance,

@123 biaz cio3
A= @124 bioa Cro4 ) (5-53)

ai125 b125 C125

dy23
d=| din |. (5.54)
dy25
We find that
det A = 8D73, det M, (5.55)
where

rL To T3 T4 T
11 1 1 1
M= | z; 22 23 x4 x5 |. (5.56)
Y Y2 Yz Ys Y5
21 2y 23 Z4 25
The presence of the factor of D%, in (5.55) is simply due to our choice of x3,x4 and
x5 as reference receivers. The absolute value of the factor det M in (5.55), however,
is invariant under relabeling of the receivers, and source locations for which det M
vanishes cannot be recovered from the TDOA data using the linear system formulation
(5.52). A necessary and sufficient condition for det M to vanish is that one of the five
receivers lies within the interior of the convex hull of the other four receivers. When
this convex hull condition is not satisfied, the degenerate source locations form a union
of surfaces in 3D space, which is the analogue of the union of curves of degeneracy in
the 2D case.

5.2.4 Measurement errors and least-squares solutions

In this section we consider the case where there are errors® in the measurement of
pulse arrival times ¢; and receiver locations x;. For ease of presentation we consider

the 2D case, but the 3D case can be treated similarly.

5 Another important source of localisation error may be local meteorological variations affecting
the sound speed, but this issue will not be discussed here.
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Figure 5.5: TDOA localisation in the presence of measurement errors, N = 4. For
any choice of three receivers (black points) the three associated hyperbola branches
have a point of mutual intersection. However, none of these points coincide with the
actual source location (black cross).

Assuming that the measured quantities satisfy
[ Dij| < [xi — x4 (5.57)

for each pair {i, j}, the TDOA equations (5.2) still describe a collection of hyperbola

branches with foci x; and x; (this is a simple consequence of the triangle inequality).

With N = 3 it is easily shown using the relations (5.3)-(5.5), which hold even
in the presence of measurement errors, that if two of the hyperbola branches have
a point of intersection, then the third must also pass through the same point. The
TDOA equations (5.2) are then consistent, and the solution method of section 5.2.1
can be applied. Of course, the resulting solution pair will not, in general, contain the

actual source location.

When N > 4, however, the TDOA equations (5.2) are, in general, inconsistent,
and the hyperbolae branches no longer have a point of mutual intersection (see Figure
5.5 for an example with N = 4). In this case we may seek an estimate of the source

location by solving the TDOA problem in an approximate sense.

The approach taken in [75] and [79] is to consider a least-squares solution of the

N

3) choices of

linear system formulation discussed in section 5.2.2. Each of the M = (

triplet (i, j, k) gives rise to an equation of the form

a;jkTo + bijryo = Cij, (5.58)
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where

aiji = 2 (Djjrg + Djrx; + Diixj) (5.59)
biji = 2 (Dijyx + Djry; + Driy;) (5.60)
Cijik = Dij D, Dy; + D;; Ixi|* + D Ixi|* + Dy |Xj|2 ; (5.61)

and, after normalising each equation by the factor ,/a?jk + b?jk, we may combine
(5.59)-(5.61) to form a single matrix equation

where A is an M -by-2 matrix and ¢ is an M-vector. We then take as our proposed
source location X} the least-squares solution of the overdetermined® linear system
(5.62), namely (see e.g. [84], p. 114)

%, =(ATA)'ATe. (5.63)

Given a statistical model of the measurement errors, the performance of the esti-
mate (5.63) for a given receiver configuration and source location can be investigated

numerically by a Monte Carlo simulation. More precisely, with

1

t; = teoxctual 4+ = ‘Xoactual . Xiactual + 7, (564)
Co

X; = Xiactual + €i7 (565)

where the superscript 2 denotes the actual quantities, and the measurement errors
7; and &; are random variables with known probability distributions, we define the

localisation error
1. sl
e = |&p — %o - (5.66)
A measure of the performance of the estimate (5.63) may then be obtained by com-
puting the average value (€!) of (5.66) over a number of realisations of 7; and &;.

As an example, we consider the case where the receiver locations are known exactly
(&, =0), and 7; are assumed to be independent and identically distributed Gaussian

random variables with zero mean and known standard deviation o. Figures 5.6(a)

®We remark that when N = 4 it can be shown, using the relations (5.3)-(5.5), that the linear
system (5.62) is, in general, consistent, even though the original nonlinear system (5.2) is inconsistent.
When N > 5, however, the linear system (5.62) is, in general, inconsistent.
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Figure 5.6: TDOA localisation with measurement errors in pulse arrival times; linear
minimisation. Plots (a) and (c¢) correspond to an ‘equilateral triangle’ four-receiver
configuration, and plots (b) and (d) correspond to a ‘square’ four-receiver config-
uration. In both configurations the minimum receiver separation is 50m, and the
speed of sound ¢y = 340m/s. The measurement errors 7; are taken to be independent
and identically distributed Gaussian random variables with zero mean and standard
deviation o0 = 0.001s. Localisation errors are averaged over 100 realisations of ;.

and 5.6(b) show typical plots of {(e!) as a function of xo for two particular four-
receiver configurations; namely an ‘equilateral triangle’ configuration, with three of
the receivers at the vertices of an equilateral triangle and the fourth at the center
of the triangle, and a ‘square’ configuration, with four receivers at the vertices of a

square.

Regions in which the localisation error is large correspond to regions in which the
matrix AOTAO is ill-conditioned, where AO represents the value of the matrix A in the
absence of measurement errors. This is confirmed by comparing Figures 5.6(a),(b)
with Figures 5.6(c),(d). In the case of the square configuration, the localisation error

is found to be largest in the vicinity of the xy and y, axes, where the condition
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number of AOTAO is infinite”. By contrast, since the equilateral triangle configuration
satisfies the ‘convex hull condition’ introduced in section 5.2.2, the matrix (5.39) is
not singular anywhere in the plane, and the matrix AOTAO does not suffer from the

same kind of localised ill-conditioning observed for the square configuration.

The linear least-squares formulation (5.63) is not the only way of estimating the
source location in the presence of measurement errors. An alternative approach, taken
in [16], is to return to the original nonlinear equations (5.1) and look for an estimated
source location which gives rise to arrival times that most closely fit the measured

data, by minimising the nonlinear function

N 2
|0 — x4
F(xq,ty) :== ti—tg— — | . 5.67
o) = 3 (1 to = P2 (5.67)
We remark that for the example considered in Figure 5.6 the minimiser of (5.67)
represents the maximum likelthood estimator of the source location, since it maximises

the joint p.d.f. of the measurements t;, which is given by

v <tz’ —ty — M)
I1 exp | — “ . (5.68)

L1 oV2 202
=1

The minimisation over the unknown emission time ¢, in (5.67) can be carried out

explicitly, and the problem is therefore equivalent to determining X§ minimising

N (R R S O

=1

As is usually the case with nonlinear minimisations, the solution obtained using
a numerical minimisation algorithm may be sensitive to the initial guess supplied
to the algorithm, because of the possibility of non-convexity and the existence of
local minimisers. An idea of the ‘best case’ performance of the minimiser of (5.69) is
obtained by taking x™"#! to be the actual value of xo. Figures 5.7(a),(b) show typical
plots of the average localisation errors (e") resulting from the nonlinear minimisation,
under this choice of initial guess, for the equilateral triangle and square receiver

configurations. In both cases the minimisation was carried out in Matlab using the

TAs was shown in section 5.2.2, these are precisely the curves on which the matrix (5.39) is
singular.
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Figure 5.7: TDOA localisation with measurement errors in pulse arrival times; non-
linear minimisation. In (a) and (b) the actual source location xo was used as the
initial guess for the numerical minimisation. In (c) and (d) xo™"# was taken to be
the solution (5.63) of the linear minimisation. Other parameter values are as in Figure
5.6.

50 100

built-in nonlinear least-squares routine lsqnonlin, which is based on an iterative

trust-region-reflective algorithm.

The first thing we notice is that, in general, the linear and nonlinear minimisers
do not produce the same estimate for the source location. Comparing Figures 5.6(a)
and 5.7(a), we observe that for the equilateral triangle configuration, for most source
locations the nonlinear minimisation appears to perform as well as, if not better than
the linear minimisation. However, for some source locations the linear minimisation
performs slightly better (observe the ‘streaks’ in 5.7(a)). This is rather surprising,
given that the nonlinear minimisation represents the maximum likelihood estimator
in this case, but we expect the nonlinear minimisation to outperform the linear one
as the number of realisations tends to infinity. More importantly, comparing Figures

5.6(b) and 5.7(b), we see that for the square configuration, the nonlinear approach
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offers a significant improvement on the linear approach in the regions in which the

linear system (5.62) is ill-conditioned.

However, we cannot expect the nonlinear minimisation to achieve the same perfor-
mance with an arbitrary initial guess. When no a priori information about the source
location is available, one possible choice of initial guess would be to take x™a! to
be the solution (5.63) obtained from the linear formulation. Figures 5.7(c),(d) show
typical plots of the average localisation errors (e") resulting from this choice of ini-
tial guess. For the equilateral triangle configuration the result appears unchanged.
However, in the case of the square configuration we observe that in the vicinity of
the curves of degeneracy of the linear formulation, the nonlinear minimisation can-
not overcome the poor initial initial guess resulting from the linear minimisation.
Whether this is due to the existence of multiple local minimisers or simply of regions

of slow variation in the function G is yet to be determined.

5.3 TDOA localisation in an urban environment:
the line-of-sight case

In an urban environment, a single pulse emitted from the source may give rise to
multiple pulse arrivals at each receiver, due to the effects of reflection and diffraction

from buildings, as described in Chapter 4.

If there is a direct line-of-sight (LOS) between the source and each receiver (for
example, if the domain is convex or star-shaped with respect to the source), the free-
space localisation method described in the previous section can be applied to the
TDOAs obtained from the arrival times of the first pulse to arrive at each receiver,

which is always the LOS pulse.

In certain special cases, the arrival times of subsequent pulses can be used to reduce
the number of receivers required to solve the localisation problem. In the remainder

of this section we consider three examples of this.
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Figure 5.8: Geometry of image receivers for the reflected pulses in a 2D half-plane.

5.3.1 Image receiver method

5.3.1.1 A half space

In the case of a 2D half plane y > 0 with a rigid wall at y = 0, a single pulse emitted
from a source (zo,yo) gives rise to two distinct pulses at a receiver (z1,y1): a LOS
pulse, and a reflected pulse, which can be thought of as having been emitted from an
image source at the point (o, —yo). Equivalently, the reflected pulse can be thought
of as having been received at an image receiver at the point (1, —y;) (see Figure

5.8).

The introduction of a second receiver (xs,y2) in the physical domain (distinct from
the first), and its corresponding image receiver, provides a total of four receivers in
the image domain, with which the localisation problem can be solved by the free-
space method described in section 5.2.2. In particular, if y; = y, then the four image
domain receivers are in a rectangular configuration, and we have seen that any source
location can be uniquely determined in this case. By using the image receivers we
have halved the number of physical receivers needed from four (in the free-space case)

to just two.

We remark that a similar argument can be used in a 3D half-space (i.e. a 3D
urban environment with no buildings) to reduce the number of physical receivers

needed from five to three.

5.3.1.2 A 2D corner

Another 2D domain for which this approach works is the quadrant x > 0, y > 0, with
rigid walls at z = 0,y > 0 and y = 0, x > 0. A pulse emitted from the source now

results in four pulse arrivals at a physical receiver (zg, yg), corresponding to the LOS
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Figure 5.9: Geometry of image receivers for the reflected pulses in a 2D corner.

pulse, a single reflection in the x axis, a double reflection, and a single reflection in
the y axis. We associate the three reflected pulses to image receivers xa = (g, —Yr),

x3 = (—xg, —yr) and x4 = (—2r, Yr), respectively (see Figure (5.9)).

Since the four receivers x1,Xs, X3, X4 in the image domain are automatically ar-
ranged in a rectangular configuration, we would expect to be able to recover the
source location uniquely from the TDOA data, having needed just one receiver in the
physical domain. However, in order to apply the method of section 5.2.2 we need to
know with which image receiver each of the pulses arriving at the physical receiver

should be associated.

The first pulse to arrive is always the LOS pulse, and should always be associated
with x;. The last pulse to arrive is always the doubly-reflected pulse, and should
always be associated with x3. The order of arrival of the two singly-reflected pulses
depends on the (unknown) source location. When yryy — zrzo < 0 the X2 pulse
arrives before the x4 pulse, and when yryy — rrxo > 0 the opposite is true. When
the source lies on the line yryo — rrro = 0 the two singly-reflected pulses arrive
simultaneously, so that only three distinct pulse arrivals are recorded at the physical
receiver. In this special case, the linear system (5.35) can be formed by associating
the arrival time of the second of the three pulses to both of the virtual receivers xo
and x4. There is no ambiguity to resolve and the source location can be recovered

uniquely.

When yryg — rrxro # 0 we have to guess which of the two singly-reflected pulses
arrived first. If we guess correctly, the solution obtained by solving (5.35) will, of

course, be the correct source location. On the other hand, incorrectly assigning the
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pulses will lead us to attempt to solve the modified system®
A% = ¢, (5.70)

where

= Duzrr Daayr D14Dyz D3y
A=—-4 = . 5.71
( Doszr  Dsayr )’ ¢ Doy Dy3 D3o (5.71)

It is easily shown that the degeneracies of A are the same as those of A, and therefore
lie along the lines o = 0, yo = 0. Hence for any source location xq > 0, yo > 0,
the system (5.70) has a unique solution Xg = (Z¢, Jo), which, after some algebraic

manipulation, is found to be

Fo = z—};yo, o = i—j::co. (5.72)

Since yryo — Trxo # 0, the proposed solution (5.72) does not provide the correct

source location. However, the invalidity of (5.72) can be detected a posteriori by a

compatibility check against the original data. As previously discussed, we know for

certain that D;3 is the range difference associated with the direct and doubly-reflected

pulses. Suppose we calculate this range difference using the proposed solution Xg and
call it Dy3, so that

Dys = V(@0 —21)2 + (o — v1)2 — V/(Fo — 3)2 + (o — y3)2 (5.73)

After repeated squaring and rearrangement we find that a necessary condition for

D15 to equal Dy is given by the sextic equation

256
W(x}% —yr)(xr + yr)(Toxr — Yoyr)*(zoxr + yoyr)* = 0, (5.74)

RYR
and the only way that (5.74) can be satisfied is if 2z = yz. Thus, provided that®
xR # yr we can determine whether we have assigned the pulses correctly by checking

a posteriori that the proposed source location provides the correct value of Dys.

8This system is obtained from (5.35) by switching the indices 2 and 4 in the TDOA data D;; but
not in the receiver locations x;.

90f course, it is clear from symmetry considerations that unique localisation will not be possible
when zp = yg.
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Figure 5.10: Geometry of image receivers for the reflected pulses in a 2D street.

5.3.1.3 A single 2D street

A third domain in which the image receiver method can be applied is an infinite
two-dimensional street with rigid walls. In this case a single pulse emitted from the
source gives rise to an infinite number of arrivals at each receiver, and, assuming that
the walls are at y = 0 and y = 1, the arrivals at the receiver x; = (0,yg) can be
associated with an infinite set of image receivers (0,2m+yg), m € Z, as illustrated in
Figure 5.10. The first arrival is always due to the LOS pulse, and when yy < 1 — yg,
the pulse associated with the image receiver (0, —yg) is the next to arrive, followed
by the pulse associated with (0,2 — yg). When yy > 1 — yg the two singly-reflected
pulses arrive in the opposite order, and when yy = 1 — yr they arrive simultaneously.

Similar statements hold for the arrivals of the higher-order reflected pulses.

Since the image receivers are all collinear, the best we can hope to do with a single
physical receiver is to determine the source location up to a set of two points which
are images of each other in the line x = 0, as was remarked at the end of section
5.2.1.

With two physical receivers it is possible to locate the source uniquely. For sim-
plicity we assume that the second receiver has the same y-coordinate as the first, so
that xo = (zg,yr), say (this is the case illustrated in Figure 5.10). Suppose that we
record the arrival times of the first two pulses received at each physical receiver. We

know that the first pulses should be associated with x; and x5, respectively. We then
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make the arbitrary guess that yo < 1 — yg, and assign the second pulses to x3 and
x4, respectively. This gives us a rectangular four-receiver configuration, for which a
unique solution to the TDOA problem exists. If our guess that yy < 1 —yg was false,
the resulting solution will not, in general, recover the correct source location, since
the second pulses should have been assigned to x5 and xg, respectively. However, by a
similar analysis to that used in the previous example, it can be shown that, provided
yr # 1/2 (which is obviously a degenerate case), the ambiguity can be resolved by
checking a posteriori that the proposed solution produces the correct value of the

known range difference D15, although we do not give the details here.

5.4 The non-line-of-sight case

In more complicated domains, in which a direct LOS between the source and each

receiver does not always exist, equation (5.1) must be replaced by
Co(ti — to) = Li, (575)

where t; is the arrival time of the first pulse to reach the receiver, and L; is the length
of the shortest propagation path between the source and receiver, which must be
either a LOS path or a (multiply-) diffracted path.

If L; can be calculated (or appropriately approximated) for any given source lo-
cation, the natural generalisation of the LLOS localisation method is to seek a source

location minimising the nonlinear function

G (xo) :fj ((t—f—o) }Vi(tjfo)y (5.76)

i—1 j=1

We remark that in practical applications we need to consider whether the arrival of the
weaker multiply-diffracted pulses can be accurately detected against any background
noise that may be present, but for the purposes of this thesis we assume that this is

always the case.

A simple analytical expression for L; is not usually available, however, and recov-
ering the source location is therefore more difficult than in the LOS case. In the next
section we consider the 2D case, and comment on the more difficult 3D case in section
5.4.3.
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Figure 5.11: Shortest ray paths from source to receivers in a 2D urban environment.

5.4.1 The 2D case - known building distribution

In the 2D case, assuming that the distribution of buildings is known exactly, L; can
be computed using a shortest path algorithm such as Dijkstra’s algorithm. We first
construct a ‘visibility graph’ with the building vertices as nodes, and edges weighted
according to the distance between vertices, when a LOS exists. An application of the
shortest path algorithm then produces a lookup table of the shortest paths between
any two building vertices. This permits the rapid calculation of the shortest propaga-
tion distances between an arbitrary source and receiver pair for which a direct LOS
does not exist by a discrete minimisation over the vertices visible to the source and

receiver, respectively.

Figure 5.11 shows the result of applying this algorithm to the 2D environment
studied in [4] in the context of time-reversal processing (cf. Figure 1.1 in the Intro-
duction to this thesis). The environment consists of fifteen irregularly-placed build-
ings, amongst which eight receivers and a source are located. In this case none of
the eight receivers have a direct LOS to the source. A plot of the objective function
(5.76), computed using the shortest path algorithm, can be found in Figure 5.12(a),
and we see that the source location corresponds to a clear global minimum of (5.76)
over the propagation domain. Other source locations have also been considered, and
the corresponding plots of (5.76) can be found in Figure 5.12(b)-(f).
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Figure 5.12: TDOA localisation in a 2D urban environment, N = 8. Plots (a)-(f)

show log,, G(x0) for six different source locations (crosses). The eight receivers are
marked with points.
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Figure 5.13: TDOA localisation in a 2D urban environment, N = 4. The plot shows
log,, G(x0) for the source location considered in Figure 5.12(a).

The numerical minimisation of (5.76) has been implemented in Matlab using the
nonlinear least-squares routine lsqgnonlin. To deal with the geometric constraint
that the source location should not lie inside a building, the value of the objective
function for a source location inside a building was set to a sufficiently large constant
(in this case 1000). For each of the six source locations considered in Figure 5.12, the
minimisation converged to the correct source location within five seconds using an
initial guess xo™%! = (40, 110). This offers a considerable improvement in efficiency
over the time-reversal approach adopted in [4]. We expect that the performance of our
TDOA method could be improved further using a more sophisticated implementation.
We remark that the choice of initial guess was not observed to affect the results

dramatically, and similar performance was observed for five other initial guesses.

A detailed investigation into the performance of the minimisation (5.76) for dif-
ferent receiver configurations has not yet been carried out, and this is an important
area for future research. However, preliminary investigations suggest that it should
be possible to reduce the number of receivers needed. For example, Figure 5.13 shows

a plot of the objective function (5.76) when only four of the eight receivers are used.

5.4.2 The 2D case - unknown building distribution

When detailed information about the dimensions and locations of the buildings is
unavailable, the localisation method described in the previous section cannot be ap-
plied. In this section we consider two particular situations in which assumptions on
the distribution of buildings allow the path lengths L; to be approximated in such a

way that reasonable localisation accuracy can still be obtained. Although the results
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Figure 5.14: TDOA localisation in a 2D urban environment, N = 8, using the Eu-
clidean minimisation (5.69).

of this section are rather tentative, they suggest that TDOA methods can still pro-
vide a powerful method for source localisation, even when relatively little information

about the domain is available.

5.4.2.1 Low building density

First, we consider the case where the buildings are sparsely distributed, so that the
shortest ray path between source and receiver does not deviate too much from the
free-space path. After nondimensionalising lengths by a typical receiver separation,
which we assume is of the order of the typical building separation, we suppose that

the typical (nondimensional) building diameter d < 1. We may then approximate
Li ~ |x¢ — x3| (L + 0O (d)), d< 1, (5.77)

provided that |xg — x;| > d. Assuming that the relative positions of the receivers are
known, an estimate of the source location can then be obtained by an application of
the LOS method (i.e. by minimising (5.69)). As an illustration, we have applied this
method in the environment considered in the previous section, and the results of the
localisation are presented in Figure 5.14. The observed performance is remarkably

good given that the environment is not particularly sparse, and that no knowledge
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Figure 5.15: A network of 2D streets intersecting at right-angled crossroads.

of the building dimensions or locations was assumed. Another illustration of this

method will be presented in section 5.4.2.3.

5.4.2.2 A network of narrow streets

Second, we consider the case of a network of narrow 2D streets intersecting at right-
angles, as illustrated in Figure 5.15. After nondimensionalising lengths by a typical
receiver separation, which we assume is of the order of the typical street length,
we suppose that the (nondimensional) street width w < 1. We then propose to

approximate
L; = |x¢ — Xj|sum (1 — O (w)), w1, (5.78)
where
X0 — Xi|sum = |Zo — 2| + Y0 — yil (5.79)

is the 2D sum norm and the minus sign in (5.78) indicates that the approximation is
an overestimate. The approximation (5.78) is valid provided that |xo — x;| > w and

the receiver x; is located at a junction.

Under the approximation (5.78), knowledge of the range difference D;; for any pair

of receivers {x;,x;} places the source at points in the set
By = {x : |x — Xilsum — |X — Xjlsum = Dij}, (5.80)
which represents one branch of the set

Hij = {x  |x — Xi|sum — |X — Xj|sum = |Dij|} (5.81)
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Figure 5.16: The geometrical structure of H;; in the case (z;,v;) = (0,0) and (x;,y;) =
(p,q), with 0 < ¢ < p. Here [ = %(p+ q — |Dijl).

analogous to the hyperbolae of the 2D free-space case.

The geometrical structure of H;; varies with the size of the parameter |D;;|, as is
illustrated in Figure 5.16 in the case where (z;,v;) = (0,0) and (x;,y;) = (p,q), with
0 < g < p (other cases can be treated similarly). When 0 < |D;;| < p — ¢ (see Figure
5.16(a)), the positive branch B of H;; (i.e. corresponding to D;; > 0) is composed

of the three straight line segments

1
v=5Dy++a),  y<O, (5.82)
1
vty=5Dy++q)  0<y<yg (5.83)
1
r=5Dy+p-a)  y>a (5.84)

When |D;j| = p — q (see Figure 5.16(b)), B;;» is composed of the quadrant x > p,
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Figure 5.17: The geometrical structure of H;; when ¢ = 0. Here I = $(p — |Dy]).

y < 0, and the two straight line segments

T4y =p, 0<y<q, (5.85)
r=p-—q, y>q. (5.86)

When p—q < |D;j| < p+q (see Figure 5.16(c)), Bjf is composed of the three straight

line segments

y= %(Du’ + (—p+4q)), T > p, (5.87)
r+y= %(Dm+(p+Q)), %(Dij—(p—Q)) <y <gq, (5.88)
r = %(DU + (p —q)), y>q. (5.89)

Finally, when |D;;| = p + ¢ (see Figure 5.16(d)), B;;- is the quadrant = > p, y > q.
In each of the four cases, the negative branch B;; is found by rotating the positive
branch 180° about the point (p/2,q/2).

In the special case ¢ = 0, the geometrical structure of H;; simplifies somewhat (see

Figure 5.17). When 0 < |Dj;| < p (see Figure 5.17(a)), B;} is the straight line

1

and when |D;;| = p (see Figure 5.17(b)), B is the half-space z > p.

With N receivers, the source location lies within the mutual intersection of the
(gf ) such B;; that result from considering every possible distinct pair of receivers. We

immediately notice that if R is defined to be the smallest rectangle containing the N
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Figure 5.18: Regions (I-III) in which a source cannot be located uniquely in the
sum-norm approximation.

receivers, as illustrated in Figure 5.18, then no source location outside of R can be
uniquely determined from the TDOA data. For a source located in region I of Figure
5.18, we can at best hope to determine the x coordinate of the source location, and
whether the source lies North or South of R. Similarly, for a source located in region
IT, we can at best hope to determine the y coordinate of the source location, and
whether the source lies East or West of R. For a source in region III, we can at best
hope to determine in which of the four quarter planes the source lies. Thus, for the

purposes of this thesis, we restrict our attention to source locations lying inside R.

If the source is known to lie in a given rectangular subregion R, its precise location

:
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Figure 5.19: TDOA localisation in the sum-norm approximation. The TDOA problem
for the four-receiver configuration in (a) admits a unique solution for any source
location inside the outer rectangle. In contrast, for the four-receiver configuration in
(b), source locations inside the inner (shaded) rectangle cannot be recovered uniquely
from the TDOA data. In particular, any source location on the diagonal line segment
pictured produces the same TDOA data between the 4 receivers.
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Figure 5.20: TDOA localisation in the sum-norm approximation. The two source
locations (crosses) produce the same TDOA data at the three receivers (points). The
corresponding ‘hyperbola’ branches B;; are represented by thick lines.

can be recovered uniquely from the TDOA data from just three receivers, provided
that the receivers are placed at vertices of R. The pair of receivers with the same y-
coordinate can be used to determine the z-coordinate of the source by formula (5.90),
and the pair of receivers with the same z-coordinate can be used to determine the

y-coordinate of the source similarly.

However, the general question of which receiver configurations admit a unique
solution to the TDOA problem has yet to be resolved. For example, of the two four-
receiver configurations illustrated in Figure 5.19, the configuration in Figure 5.19(a)
does admit a unique solution to the TDOA problem for all sources inside the rectangle
R, whereas that in Figure 5.19(b) does not, since the TDOA data for a source located
inside the shaded rectangle is the same as that for any source location on a diagonal

line segment passing through the source.

The existence of such a line of source locations which produce the same TDOA
data can be avoided by choosing a receiver configuration such that for any source
location, at least three of the four quadrants defined by the source location contain a
receiver. However, this condition is not sufficient to guarantee global uniqueness, as
Figure 5.20 shows. In the three-receiver configuration pictured, both source locations
satisfy the condition, but both produce the same TDOA data.

In the case of inconsistent TDOA data and with N receivers, we may seek, following

(5.76), an estimated source location Xo which minimises
N

Gaum(X0) == ) <<t - %) - % i (tj - X"C:(”m)f (5.91)

i=1 j=1
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We now present an illustration of this.

5.4.2.3 Results of numerical simulation

The minimisations (5.69) and (5.91) resulting from the approximations (5.77) and
(5.78) have been compared in the 2D urban environments illustrated in Figure 5.21.
These environments are more general than the network of streets intersecting in cross-
roads considered in section 5.4.2.2, but the choice of receiver locations ensures that

the approximation (5.78) still holds when w < 1.

In both steps the minimisation was carried out in Matlab using the built-in non-
linear least-squares routine lsqnonlin. The initial guess for the iteration was taken
to be xo™tal = (1/2,0), but the results were found to agree for five different choices

of initial guess.

The results of the calculation are plotted graphically in Figure 5.21, and the max-
imum and mean localisation errors (measured in terms of Euclidean distance) are
displayed in Table 5.1.

The domain in Figure 5.21(a) represents a relatively sparse urban environment. In
this domain the Euclidean minimisation (5.69) performs remarkably well, given that
many of the source locations considered have no LOS to any of the four receivers.
The domain in Figure 5.21(c) represents a relatively dense urban environment, and
here the sum-norm minimisation (5.91) provides a more accurate estimate than the
Euclidean minimisation. The domain in Figure 5.21(b) represents an intermediate

case, in which the performance of the two minimisations is comparable.

We emphasize the fact that for both minimisations, the only information supplied
to the algorithm concerning the geometry of the domain was that the source should

lie within the rectangle with the receivers as its vertices.
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Table 5.1: Results of 2D numerical simulation.
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Figure 5.21: Results of 2D numerical simulation.
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Figure 5.22: Diffracted ray paths in a 3D urban environment.

5.4.3 Applicability to the 3D case

In a 3D urban environment, the source localisation problem is complicated by the
fact that sound can propagate over buildings as well as around them (see Figure
5.22(a)). Propagation pathways over buildings may involve diffraction not just at
edges, but also at vertices, as discussed in section 4.3.5. Determining the shortest
path between the source and a receiver is much more difficult than in the 2D case
- even determining the sequence of edges/vertices through which the shortest path
passes requires a computation time which grows exponentially in the number of edges
(see e.g. [74]), although approximate methods do exist which run in polynomial
time (see e.g. [3]). Furthermore, determining the points of contact of the path with
these edges then requires the solution of high-degree algebraic equations, which must
be accomplished either by numerical approximate methods, or by precise, but very

inefficient, symbolic algebraic calculations [76].

A detailed discussion of the 3D shortest path problem would be beyond the scope
of this thesis, and in this section we mention only the special case in which shortest
paths can be computed exactly in polynomial time, by reduction to the 2D problem
discussed in previous sections. Specifically, we make the assumption that the buildings
are tall enough to ensure that the shortest ray path between source and receiver

involves only diffraction around buildings, rather than over them.
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Figure 5.23: Mlustration of the region (shaded) in which the condition (5.95) holds.
The receiver is located at the origin and the (constant) building height, street length
and street width are h = 10, [ = 9, w = 1, respectively. Both the source and receiver
are assumed to be at ground level. The bounding curves of the shaded region are
hyperbolae with centre at the receiver.

Under this assumption, the shortest ray path around buildings is given by

LA = \/L% + (ZQ — ZZ-)Q, (592)

where Lp is the length of the projection of the ray path onto the xy-plane (see
Figure 5.22(b)). When the geometry is known exactly, Lp can be computed using the
shortest path algorithm described in section 5.4.1. When the geometry is unknown,
Lp may be approximated by the Euclidean distance (as in section 5.4.2.1) when the
building density is low, or by the sum-norm distance (as in section 5.4.2.2) in the case
of a network of narrow streets intersecting in right-angled crossroads, with receivers

positioned at junctions.

In the latter case we note that the sum-norm approximation provides an upper
bound on the length L,, with

La < /(o — @l + lyo — wil)? + (20 — 20)*. (5.93)

Assuming a typical building height h, the length Lo of the shortest ray path over
buildings can be crudely bounded below by the length of the shortest piecewise-linear

curve in 3D free space from the source to the receiver which reaches a height h, i.e.

Lo >V (zo— )2+ (yo —y:)2 + (h — 20+ h — )2 (5.94)
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By combining (5.93) and (5.94), we certainly have L, < Lo whenever
lzo — mil|lyo — yi| < 2(h — 20)(h — 2). (5.95)

An illustration of the region described by (5.95) is given in Figure 5.23. In practice,
we expect the region in which Ly < Lo to be larger than that described by (5.95),
since the lower bound (5.94) is, in general, rather crude. However, a tighter lower

bound for Lo has not yet been found.
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5.5 Summary

In this chapter we have studied the inverse problem for an impulsive source using the
method of TDOA localisation. We first considered the free space case, in which the
TDOA problem is equivalent to finding the intersection of a collection of hyperbola
branches with receivers as foci. With four receivers in 2D (five in 3D) the source
location solves a system of linear equations, and we have proved that this system is
uniquely solvable for any source location if and only if one of the receivers lies in the

interior of the convex hull of the other three (four) receivers.

We have also considered the case where errors in the measurement of pulse arrival
times and receiver locations give rise to inconsistent TDOA data, and we have pre-
sented two possible approaches by which one may obtain an estimate of the source
location in this case. First, we considered the least-squares solution of the linear
system formulation. Although this approach provides an explicit solution formula for
the estimated source location, it suffers from problems of ill-conditioning, which can
give rise to large localisation errors for some source locations. Second, we considered
the least-squares solution of the original nonlinear system, which does not suffer from
the same ill-conditioning, but requires a numerical solution. The question of how
to choose an appropriate initial guess for the nonlinear minimisation is still an open

question.

We then addressed the question of how the free-space TDOA methods can be
generalised to urban environments. In the simplest case, in which there exists a line
of sight (LOS) between the source and each receiver, the free-space methods can be
applied to the arrival times of the first pulse arrival at each receiver, which is always
associated with the LOS. Furthermore, we have shown that in certain simple domains
the arrival times of the subsequent reflected pulses can be used to reduce the number
of physical receivers needed to locate the source, by an application of the method
of images. The success of this method relies crucially upon our ability to assign the
reflected pulse arrival times to the correct image receivers, and, as a result, we do not
expect it to be feasible in more complicated domains. Having said this, the technique
could provide a way of improving the accuracy of location estimates derived by other
methods, if the source has been found to lie within a subdomain for which the image

method works - a single street, for example.

In the general non-line-of-sight (NLOS) case we have proposed a new TDOA

method, which uses the arrival times of diffracted pulses. The method involves the
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least-squares minimisation of the nonlinear function (5.76), the evaluation of which
requires the calculation of shortest propagation pathways. In the 2D case, this con-
stitutes a discrete optimisation problem, which can be solved exactly and efficiently
using Dijkstra’s algorithm. We have implemented and tested the method in the 2D do-
main considered in [4], with very promising results. In particular, the TDOA method
offers a significant reduction in computation time over the time-reversal localisation

approach taken in [4].

We then considered the case where the exact dimensions and positions of buildings
are unknown. In two special 2D cases we have shown, using numerical simulations,
that by approximating path lengths appropriately, the inverse problem can be solved
with reasonable accuracy, using only limited information about the geometry. The
two cases considered were a sparse distribution of buildings, in which a Euclidean
approximation was applied, and a network of narrow streets intersecting at right-

angles, in which a sum-norm approximation was applied.

Finally, we briefly considered the applicability of the new TDOA method to 3D
urban environments. The main difficulty in the 3D case is that the calculation of
shortest paths is much more computationally expensive than in the 2D case. However,
the problem can be trivially reduced to the 2D case when the buildings are tall enough
to ensure that the shortest path involves diffraction only around buildings, rather than
over them. We have given an indication of when this assumption holds in the case of

a 3D network of narrow streets intersecting at right-angles.
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Chapter 6

Conclusions

The principal aim of this thesis has been to investigate the propagation of sound in
urban environments. The main new results can be found in Chapters 3-5, and the
chapter summaries at the end of these chapters provide an overview of the key results
obtained. The purpose of this Conclusion is to draw together these key results and
to indicate the common threads running through the thesis. We also suggest some

possible areas for future work that have arisen from this investigation.

6.1 Summary of results

Our starting point in Chapter 3 was the study of time-harmonic disturbances in the
frequency domain. Focussing on the short wavelength regime, we used geometrical
acoustics (ray theory) to develop a model for the propagation of acoustic energy from a
time-harmonic point source through a network of interconnecting streets. Our model
represents the acoustic power flow from the source along any pathway through the
network as the integral of a power density over the launch angle of a ray emanating
from the source, and takes into account the key phenomena involved in the prop-
agation, namely energy loss by wall absorption, energy redistribution at junctions,
and, in 3D, energy loss to the atmosphere. Interestingly, the model predicts strongly
anisotropic decay away from the source, with the power flow decaying exponentially
in the number of junctions from the source, except along the axial directions of the

network, where the decay is algebraic.

In Chapter 4 we considered sources with arbitrary time dependence. We began by

reviewing the general theory concerning the propagation of singularities in the wave
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field, another situation in which a geometrical acoustics approximation can be applied.
After reviewing a number of exact solutions we stated a general principle concerning
the weakening of singularities when they are diffracted by edges and vertices. The
correspondence between this principle and the predictions of Keller's Geometrical
Theory of Diffraction (GTD) for time-harmonic waves was made explicit via the

Fourier transform in section 4.2.4.

We then applied the theory to a situation in which both pulse-like and time-
harmonic behaviour is observed, namely the instantaneous switching on of a time-
harmonic source. We considered three examples: a point source in 3D and 2D, and
the diffraction of a plane wave by a rigid half-line in 2D. In each case we showed how
the pulse-like behaviour on the leading wavefront gives way to the time-harmonic
behaviour of the corresponding frequency domain solution after a suitable time. In-
terestingly, we found that the manner in which the source is switched on is of great
importance in determining the rate of convergence to the frequency domain solution,
with a stronger singularity on the leading wavefront giving rise to a faster rate of

convergence.

In section 4.6 we used the theory of pulse diffraction to analyse some real data
from an experimental study of the propagation of pulses arising from gunshots in
presence of obstacles. Using only a very simple model of the impulse, we were able to
predict qualitatively a number of key features of the data, including the arrival times

and amplitudes of diffracted pulses.

Finally, in Chapter 5 we applied the pulse propagation theory of Chapter 4 to study
the inverse problem of source localisation for an impulsive source. In particular, we
generalised to urban environments the existing free-space method of Time Difference
Of Arrival (TDOA) localisation, by using the arrival times of reflected and diffracted
pulses. The new method offers real-time localisation, and can deal with errors in
the measurement of arrival times and receiver locations. Most promising for Dstl
is the fact that TDOA methods can still be applied even when the full details of
the domain are unknown, as is often the case in practice. We showed that, under
certain assumptions, it is possible to localise a source approximately using only general
information about the geometry (e.g. typical building diameters or street widths),

without needing any detailed information about the exact distribution of buildings.
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6.2 Future work

Throughout this thesis we have encountered a number of interesting questions which
we have been unable to answer, or which have been beyond the scope of this study.

We therefore conclude with some areas for potential future work:

e The model for acoustic energy propagation developed in Chapter 3 is based on a
number of simplifying assumptions. One obvious and easily implemented exten-
sion of the model would be to make the absorption coefficient angle-dependent.
Another relatively easy extension would be to networks involving non-right-
angled intersections, and we expect that the probabilistic interpretation of en-
ergy redistribution discussed in section 3.6.4 could be of use here. More challeng-
ing would be to incorporate diffraction effects, which are neglected in our model
(cf. section 3.6.1.1). This would require a significantly more complicated anal-
ysis, but could be an excellent test case for next-generation short-wavelength
numerical methods (see e.g. [20], [21]). Another important generalisation would
be to include the effect of diffuse reflections by inhomogeneous building facades
- a brief discussion of this issue, along with some relevant references, was given

in the Introduction in section 1.2.1.

e The inverse problem for a time-harmonic source has not been discussed in this
thesis. It is feasible that the ‘directivity patterns’ we obtained in Chapter 3
could form a starting guess for a solution to the source localisation problem in

this case; however, further investigation is necessary.

e In section 4.5 we encountered one of the most scientifically interesting problems
of the thesis, namely the switching on of a time-harmonic source in the pres-
ence of a diffracting edge. The extension of the analysis to the case of wedge
diffraction should be fairly easy, since an exact solution to the time-dependent
problem exists; however, a more challenging task would be the extension to
cases where no exact solution exists, e.g. diffraction by a cone, or problems for

which the frequency domain solution possesses caustics.

e In section 5.4 we proposed a new TDOA method for source localisation in an
urban environment. One problem of great practical importance that we have
not answered concerns the optimal positioning of receivers for a given building

configuration. A starting point could be a numerical investigation based on
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Monte Carlo simulations similar to those carried out in section 5.2.4 in the

free-space case.

e Finally, more work is needed on the application of TDOA methods in unknown
geometries. In particular, a numerical investigation based on Monte Carlo sim-
ulations in different geometries could provide a starting point for a more exten-
sive comparison of the performance of the two approximate localisation methods

(Euclidean and sum-norm) proposed in sections 5.4.2.1 and 5.4.2.2.
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Appendix A

Asymptotic analysis of the sums 5;
and 59

In this Appendix we present details of the analysis of the sums S; and Sy defined in
Section 3.5.

Write Sy (K) = F(K + 1) — F(K), where

F(K) =Y fx(m), (A1)
and
fr(m) = VK% —m?. (A.2)

The function F(K) can be approximated for large K by an integral. The Euler

summation formula ([9, p315]) gives

K
1
P(K) = [ fi®yde+ 5 i) + Fic O] + ROEK), (A3)
0
where
K N
R(K) :/ (t — t] — 5) fre (@) dt. (A.4)
0
The approximating integral can be evaluated explicitly:
/Kf (t)dt = 1 tVK? —t2 + K?arctan __t K—KQW (A.5)
0 K = 13 V arcta = 1o .
as can the endpoint contribution:
1 K
5 [fx(0) + fr(K)] = CR (A.6)
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Then, noting that

t
f;((t):—m<o forallO<t<K,

the remainder term can be estimated as follows:

[ (t-10-3) skia \‘K:@—m—;)
[0 (e g) s [7 (eome )

[fic(m = 1) = fie(m)| + V2K — 1

A
0

|R(K)|

T

(]

T

VAN
g
e~ =

= 3" km = 1)~ fielm)) + VAE 1
- if( 1)+ V2K~ 1
K — SR 1
4\/2K +
= O(VK).

Thus we have that
S1(K)=F(K+1)—- F(K)
2 2

4 2 4 2
K
~ TW +O(VEK).

To estimate Sy(K') we first write

where
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(A.8)

(A.9)

(A.10)

(A.11)



Note that the a,, form a monotonically increasing sequence. Now set B,,, = Y " b, =

l’lim; and note that |B,| < ;% for all m = 0,1,..., K. We can then use partial

summation to estimate the sum in (A.IO).

K K—1
Zambm = aKBK_'_Z _aerl
m=0 m=0
5 K—1
< i (aK—irmZO 1 — @ ))
2 A12
|1—z\( ax — ao)
- ‘(2\/2K+1—1)
—z

:0(|j_{|>.

52<K>=o<|fi‘>,

Hence

(A.13)

and this is lower order than S;(K) provided */_ < K. The only problem could be
when z = €™ is close to 1, which corresponds to the source being close to one of
the walls. Without loss of generality we assume that 0 < yo < 1/2. Then for yy < 1

we expand
1 1 1 Yo

= . ~ — 4 ... A.14
T—2 =] ~2myy T 12 (A.14)

to see that the validity condition on yq is that yo > 1/ VK. The same result holds
for 1/2 < yy < 1, with yo replaced by 1 — yo. Thus we conclude that Sy(K) < S1(K)

provided y, > 1/v/K, where 3, = min {yo,1 — 3o}
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Appendix B

Paths through a network of streets

Consider an infinite lattice of crossroads indexed by (z,y) € Z x Z and joined by
straight streets, with a point source located in the street between junctions (0,0) and
(1,0).

Question 1: How many paths of minimal length exist between the source and junc-
tion (X,Y) when X > 1 and Y > 07

Answer 1: By definition, a path of minimal length encounters exactly X + Y junc-
tions, and any such path must therefore consist of exactly X moves to the East and
Y moves to the North. Since the first move must be to the East (from the source to
the junction (1,0)) the number of paths of minimal length is equal to the number of
distinct orderings of a set of X — 1 objects of one type (representing the remaining
X — 1 moves to the East) and Y objects of another type (representing the ¥ moves

to the North), which is (X;}:l_l)

Question 2: In the special case of a regular network of streets where the street
widths are all equal, how many of these paths of minimal length make a non-zero

contribution to the power flow P)EY out of the East exit of the junction (X,Y)?

Answer 2: As was remarked in section 3.7.3, there is no propagation along any

path that crosses junctions in both the West-East and South-North directions.

When X > Y, any path of minimal length that crosses a junction in the South-
North direction must also cross at least one junction in the West-East direction, and

hence makes no contribution to the power flow. The total number of contributing
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paths is therefore equal to the number of ways of assigning the Y Northerly moves to

the X positions x = 1, ..., X without repetition, which is equal to (g)

When X < Y, any path of minimal length that crosses a junction in the West-
East direction must also cross at least one junction in the South-North direction, and
hence makes no contribution to the power flow. Furthermore we note that an Easterly
move at y = 0 or y = Y would automatically force the path to cross a junction in the
West-East direction since the source and the receiver are both in West-East streets.
As remarked in Answer 1, the first move must be an Easterly one, and the total
number of contributing paths is therefore equal to the number of ways of assigning
the remaining X — 1 Easterly moves to the Y — 1 positions y = 1,...,Y — 1 without

Yfl) )

repetition, which is equal to (X_l
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Appendix C

Evaluation of a useful sum and
integral

In this appendix we explicitly evaluate a sum and an integral encountered in section

3.8.

First, we consider the sum
S:Zp”cosf(xj:n), (C.1)
n=0

with 0 < p < 1. By writing the cosine term as the sum of exponentials, and using

the formula for the sum of a geometric progression, we obtain

1 e:l:zf:c 6$z’§m
S = — + A
2 \1—peit  1—pe i

coséx — pcosé(z F1)

= . C.2
1+ p?—2pcosé (€:2)
Second, we consider the integral
T cosny
I = —d C.3
/0 acosn+b m (C3)

where y is a positive integer and a,b € R with [b| > |a|. We note that

= I A C.4
T2 e{/ﬂacosn—l—b} g (C-4)

and by substituting z = €™ we see that I is a parametrisation of the contour integral

I =Re {—i fc %} iz, (C.5)
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where the contour C' is the unit circle (traversed in the anti-clockwise direction) and
q(2) = a(z* + 1) + 2bz, (C.6)

(z + 1/z). By factoring the function ¢(z) into

after using the fact that cosn = %

q(z) = a(z — 24)(z — z-), (C.7)

we see that the two roots z1 must satisfy z, 2. = 1, so that one of the roots must lie
inside the unit circle (assuming that they do not both lie on the unit circle). Indeed,

solving (C.6) using the quadratic formula gives

B —b+Vb? —a?

a

(C.8)

2+

and since |b| > |a|, both roots are real. When b < 0, the root inside the unit circle
is z_, and when b > 0, the root inside the unit circle is z,. By the Residue Theorem

we can then evaluate I in either case as

I =Re {m‘ T€Se=zy (‘Z%)}

— e {QWQ"(Z;E)}

21
azy +0b
24

=47
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Appendix D

A useful integral identity

In this Appendix we prove the integral identity

/00 s it/ / . 01)
e ds = s, n >0, 1

v \/_ (s+ 77)

used in section 4.5.4.2 (equation (4.178)).

We begin by writing

[ e [ s

Then, defining

f(s,u) =ce (st (D.3)

[e.e] 1 oo
= - —(s+mu
/ / f(s,u)|duds = /0 \/§</0 du) ds

ds = — < 0. (D.4)

:/ﬁ Vil

By Tonelli’s theorem (see e.g. [50, p206]) we conclude that f(z,y) is absolutely

we note that

integrable on (0,00) x (0,00), and hence that Fubini’s theorem applies'. Swapping
the order of integration in (D.2) then gives

, /oo . ( 00 eis(lJriu) p ) p (D 5)
= (& S u. .
0 0 \/g

'Here we interpret the integrals in the Lebesgue sense. We note, however, that the integral on
the LHS of (D.1) is not convergent in the Lebesgue sense, and must be interpreted as an improper
Riemann integral, as is the case for other related integrals in the main body of the text.
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The inner integral in (D.5) can be evaluated by changing variable to § = s(1 + iu)

(which can be justified by a contour integration) to give

00 6is(1+z’u) 1 00 1§
/ ds = 7/ — ds
0 Vs Vitiu o V3
2 oo im/4
= 7/ 6152 ds = \/7_T€ —, (D6)
V14w Sy vV1+iu

with the result that
I — \/Ee”/‘l > e

——du.
o v/ (14iu)

We then change variable to s = n(1 + iu) (justified by another contour integration)

(D.7)

to give

2 —i(ntm/4) oo
po AT [ e g (D.8)

Vi Vi

which proves (D.1).
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