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1. Introduction

A quantum state, described by a density operator Q, evolves under a Hamiltonian

P as Q(t) = e−itPQeitP and is unlikely to settle at an equilibrium. This evolution can

be described by the equation

∂tQ(t) = −i[P,Q(t)]. (1.1)

The lack of convergence to an equilibrium can be remedied by an interaction with a

larger environment modelled by Lindblad evolution which includes a dissipative term

L:
∂tQ(t) = −i[P,Q(t)] + L(Q(t)).

For a very general example, see (1.7) below, and [GaZw25] for an introduction from a

PDE perspective. A natural equilibrium is given by the Gibbs state, e−βP/tre−βP (we

will take β = 1 from now on). The first issue then is to design L so that

L(e−P ) = 0, (1.2)

with an expectation that the dissipative term L will produce convergence to that

equilibrium. Here we only address finding L so that (1.2) holds.

A now classical construction of L was given by Davies [Da74],[Da76] and we review

it in the case of matrices in §2.1 following [BrPe02, §3.3]. It is constructed using an

essentially arbitrary family of operators, A, but it involves their evolution under (1.1)

for all times – see §2.2.

1.1. Localised generators. In this note we are motivated by a recent paper by Chen–

Kastoryano–Gilyén [CKG23] where a construction involving localisation in time was

proposed and carried out in the case of finite dimensional Hilbert spaces. (See also

Ramkumar–Soleimanifar [RaSo24] and Ding–Li–Lin [DLL25] for further developments

and references). We show that under certain conditions (natural in the case of differen-

tial and pseudo-differential operators) the construction works in the case of unbounded

operators. A different approach to the infinite dimensional case has also been pro-

posed by Becker–Rouzé–Salzmann [BRS26]. We refer to that paper and to [CKG23]
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for references and background in the context of quantum information. The motivating

unbounded example is given by,

P = −∆+ V (x), V ∈ C∞(Rn,R),
∂αV (x) = O(1), |α| ≥ 2, V (x) ≥ |x|2/C − C,

(1.3)

and (in the construction of the Lindbladian below)

A = ⟨a1, ∂x⟩+ ⟨a2, x⟩, aj ∈ Cn. (1.4)

To describe the construction in [CKG23, Theorem I.1], we recall the operator Fourier

transform: for a self-adjoint operator P and for A (in a class described below) we define

Âf (ω) :=
1√
2π

∫
R
eiP tAe−iP te−iωtf(t)dt, (1.5)

where, following [CKG23], we will (mostly) take

f(t) = fσ(t) := σ
1
2π

1
4 e−t2σ2/2, f̂σ(τ) = f1/σ(τ), ∥fσ∥L2 = 1, (1.6)

where ĝ(τ) := (1/
√
2π)

∫
g(t)e−itτdt. For a self-adjoint Hamiltonian P and a set of

operators (with properties specified below), A, we define the following Lindbladian

LfT := −i[β−1P +B, T ] +Df (T )

Df (T ) :=

∫
R
γ(ω)

∑
A∈A

(
Âf (ω)TÂf (ω)

∗ − 1
2

{
Âf (ω)

∗Âf (ω), T
})

dω
(1.7)

The additional coherent term in Lindblad evolution is defined as

B :=
∑
A∈A

∫
R
b1(t)e

−iP t

(∫
R
eiPsA∗e−2iPsAeisP b2(s)ds

)
eiP tdt, (1.8)

where b1, b2 satisfy

b1, b2 ∈ L1(R;R). (1.9)

As we indicate in the case of matrices (see 2.2), the Davies generator is the delocal-

isation limit, σ → 0 (the Gaussian becomes flat) and hence we refer to the [CKG23]

generators as localised Davies generators. They are more commonly known as quantum

Gibbs samplers but that implicitly assumes convergence to the Gibbs state in Lindblad

evolution which is a question not addressed here.

1.2. Statements of the results. We now specify our assumptions on P and on A.

We first consider an abstract setting and then show how additional structure gives

results for pseudodifferential operators.

For H, a separable Hilbert space,

P : H → H is an unbounded, self-adjoint operator with P ≥ 1. (1.10)
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(Since adding a constant to P does not change any of the objects above, for our

purposes, this is equivalent to P being bounded from below, a natural condition for

considering e−P .) We can define (using the notation X ′ for the dual of X, with duality

defined via the inner product on H)

Ds := D(P s), Ds = P−sH, s ≥ 0, Ds = (D−s)′, s ≤ 0. (1.11)

We now assume that there exists k ∈ R such that A : Dk → H and A∗ : Dk → H.

Here at first A∗ : H → D−k and we require this additional mapping property. More

precisely, we assume that ∑
A∈A

∥A∥2Dk→H + ∥A∗∥2Dk→H <∞ (1.12)

It is then immediate that for γ ∈ L1(R; [0,∞)), f, bj ∈ L1(R), Lf defined in (1.7) has

the following mapping property:

Lf : L(D−k,Dk) → L(Dk,D−k). (1.13)

When we specialise to Gaussian f ’s and assume in addition that A is closed un-

der taking the adjoints we need a balance condition on γ’s guaranteeing that we can

find B of the form (2.11) such that exp(−P ) is stationary for (1.7). The standard

Kubo–Martin–Schwinger detailed balanced condition (see Benoist at al [B∗25] for a re-

cent abstract investigation of balanced conditions) on γ, needed in the Davies generator

(2.5), is the limiting case as σ → 0, that is, when the Gaussian in the sampling (1.5)

becomes flat (see §2.2). The balance condition (1.14) appeared already in [RaSo24,

Lemma 7.1] and the expressions for bj’s in B are essentially the same as in [CKG23].

Theorem 1. Assume (1.10), (1.12), f = fσ in (1.6), A is closed under taking adjoints,

and

γ(ω) = e−ω/2φ
(
ω + 1

4
σ2
)
, φ(−ω) = φ(ω) ∈ e−|ω|/2L1(R). (1.14)

If B is defined by (1.8) with

b̂1(τ) =
1

4σ
√
πi
e−τ2/4σ2

tanh
(τ
4

)
, b̂2(τ) = e−τ/2

∫
R
γ(ω) e−(ω+τ/2)2/σ2

dω, (1.15)

(see (2.16) for bj(t)’s) then, in the notation of (1.7), Lf (e
−P ) = 0.

An important issue now is to see if Lf generates a contraction on the trace class.

For that we make the following assumption: there is δ > 0 such that∑
A∈A

(
∥AP− 1

2∥2H→H + ∥[P,A]P− 1
2∥2H→H + ∥[P, [P,A]]P−1+δ∥2H→H

)
<∞, (1.16)

where the operators are initially defined as operators Dm+1+δ → D−2. When the

operators in A are bounded, it is enough to assume∑
A∈A

∥A∥2 <∞. (1.17)
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The key now is that (1.16) implies that Lf in (1.7) satisfies the Davies condition

[Da77]:

Y := i(β−1P +B)− 1
2

∑
A∈A

∫
R
γ(ω)Âf (ω)

∗Âf (ω)dω (1.18)

is the infinitesimal generator of a strongly continuous one parameter contraction semi-

group on H. This may be of independent interest and it gives

Theorem 2. Suppose that A satisfies (1.16), P satisfies (1.10) and γ ∈ L1(R; [0,∞)).

Then for f ∈ L1, Lf is a well defined Lindbladian, in the sense that etLf is a contraction

on the space of trace class operators L1(H), preserving the trace and total positivity.

1.3. Differential and pseudodifferential operators. When we assume more struc-

ture, an analogue of Theorem 2 is valid for pseudodifferential operators, even though

(1.16) may be violated. The operators we consider are in the class used in recent works

on classical/quantum correspondence in Lindblad evolution by Hernández–Ranard–

Riedel [HRR25] and the authors [GaZw25] (see also Li [Li25] and Smith [Sm26] for

more recent progress on the PDE study of Lindblad evolution). For harmonic oscilla-

tors (which are a very special case of our operators) questions related to Lindbladians

with stationary Gibbs states were addressed by Cipriani–Fagnola–Lindsay [CFM00]

and, for localised generators, by Šmid et al [S∗25], where very precise results about

return to equilibrium were provided.

To state the result we recall the Weyl quantization. Let a ∈ C∞(R2n) (a classical

observable, that is, a function on phase space) satisfy |∂αa| ≤ (1+ |x|+ |ξ|)M for some

M and all α. For u ∈ S (Rn) (the class of functions with rapidly decaying derivatives

[Zw12, §3.1]) the action of the Weyl quantisation of a on u is given by

aw(x,D)u =
1

(2π)n

∫
R2n

a
(
1
2
(x+ y), ξ

)
u(y)ei⟨x−y,ξ⟩dydξ. (1.19)

We use the notation

ρ = (x, ξ) ∈ R2n, ⟨ρ⟩ = (1 + |x|2 + |ξ|2)
1
2 .

Theorem 3. Suppose that p ∈ C∞(R2n) satisfies

|∂αp(ρ)| ≤ Cα, |α| ≥ 2, p(x, ξ) ≥ ⟨ρ⟩2/C0 − C0, (1.20)

P = pw(x,D) and A = {aw(x,D) : a ∈ Acl ⊂ C∞(R2n)} where,∑
a∈Acl

∑
1≤|α|≤N0

|∂αa(ρ)|2 ≤ C, Acl = Acl, (1.21)

where N0 is a (large) constant depending on the dimension. Then the assumptions of

Theorem 1 are satisfied and the conclusions of Theorem 2 hold.
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We conclude this introduction with describing some operators generalising (1.3) and

(1.4) and satisfying assumptions of Theorem 1 and 2 but not necessarily Theorem 3.

1.3.1. Examples for Theorem 1. The assumptions in Theorem 1 are very weak and

apply to large classes of examples. Here is one formulated using order functions [Zw12,

§4.4,§8.2] used for definitions and composition rules for pseudodifferential operators.

We say that m : R2n → [0,∞) is an order function if there exist C,N such that for

X, Y ∈ R2n, m(X) ≤ (1 + |X − Y |)Nm(Y ). Then a classical observable a ∈ C∞(R2n)

(a function on the phase space) is a symbol associated to m, a ∈ S(m), if |∂αa| ≤ Cαm

for all α ∈ Nn (here ∂α = ∂α1
x1

· · · ∂αn
xn
, |α| = α1 + · · ·αn. For u ∈ S (Rn) (the class of

functions with rapidly decaying derivatives [Zw12, §3.1]) a quantisation of a ∈ S(m),

is given by (1.19).

Suppose now that m ≥ 1 ,

P = pw(x,D), p ∈ S(m), p ≥ m/C − C, (1.22)

We assume that P is self-adjoint with the domain given by the generalised Sobolev

spaceH(m) (see [Zw12, 8.2]; we consider the case of h = 1). We also assume that P ≥ 1

which implies that P−1 ∈ S(m−1) (see the Appendix). We then have Ds = H(ms).

The condition (1.12) holds provided that

A = {aw(x,D) : a ∈ Acl},
∑
a∈Acl

∑
|α|≤N0

sup
R2n

|m−k∂αa|2 <∞, Acl = Acl, (1.23)

where N0 is some (large) fixed constant depending only on n.

We now list some concrete examples which fit into this framework: the condition

P ≥ 1 can be obtained by a adding a constant to P . One was already given in Theorem

3.

Example 1. Consider A0 ⊂ C∞(Rn;Cn+1), and

P = −∆+ V (x), |∂αV (x)| ≤ Cα,

A = {⟨a1(x), ∂x⟩+ a2(x) : (a1, a2) ∈ A0},
∑
a∈A0

∑
|α|≤N0

sup
Rn

|∂αa|2 <∞,

and that, (to have the set closed under complex conjugation),

(a1, a2) ∈ A0 =⇒ (−ā1,−div ā1 + ā2) ∈ A0.

In this case, m = (1 + |ξ|)2 and H(ms) = H2s(Rn) (the usual Sobolev space) and

(1.23) holds with k = 1
2
. Note that in this case e−P is not of trace class.

Example 2. Suppose (M, g) is a compact Riemannian manifold and P = −∆g+V (x),

V ∈ C∞(M,R), and A a family of vector fields with coefficients bounded in CN0(M).

This could be generalised of P being any self-adjoint elliptic operator with a non-

negative principal symbol of order m and A a family of psedodifferential operators of
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order k/2 with boundedness condition similar to (1.23) – see [Zw12, §14.2] for operators
on manifolds.

1.3.2. Examples for Theorem 2. The assumption (1.16) is not valid for operators in

Theorem 3. We can however consider some cases in which it is valid and to which

Theorem 3 does not apply.

The first example generalises (1.3) slightly:

Example 3. Consider P = −∆+ V (x) satisfying

|∂αV (x)| ≤
{
C(1 + |x|) |α| = 1,

Cα(1 + |x|)1−2δ, |α| ≥ 2,
V (x) ≥ |x|2/C − C,

(for instance V (x) = x2 + (1 + x2)
1
2
(1−2δ) cos x, x ∈ R) with

A = {⟨a1, ∂x⟩+ ⟨a2, x⟩ : (a1, a2) ∈ A0 ⊂ C2n},
∑
a∈A0

|a|2 <∞.

Example 4. Consider the torus Tn := Rn/Z2 and an elliptic self-adjoint (on L2(Rn, dx))

second order operator

P = −
∑

1≤i,j≤n

∂xi
pij(x)∂xj

+ V (x), pij ∈ C∞(Tn), V ∈ C∞(Tn),

pij(x) = pji(x),
∑
i,j

pij(x)ξiξj ≥ |ξ|2/C, ξ ∈ Rn.

Then the following family works:

A = {⟨a, ∂x⟩+ b(x) : a ∈ A0 ⊂ Cn, b ∈ B ⊂ C∞(Tn)}},∑
a∈A0

|a|2 +
∑
B

∑
|α|≤N0

sup |∂αb| <∞.

We should note that the operators u 7→ bu do not satisfy (1.16) but they are bounded

operators and hence can be handled directly.
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2. The matrix case revisited

We start by presenting a different perspective on the case of

P = P ∗ ∈ L(H), A ⊂ L(H), dimH <∞. (2.1)

The functional equation which determines the properties of γ and the functions bj
in (1.8) will be the same in the infinite dimensional case but it can be presented

in a straightforward way. We start with the description of the Davies generator

[Da74],[Da76] as presented in [BrPe02]. We then show how the Davies generator arises

as the limit of the localised generator. This is followed by analysis of the localised

version from [CKG23].

2.1. The Davies generator. Following [BrPe02, §3.3] (see also [Te13, equation (4)]),

we introduce the Davies generator. This generator provides a Lindbladian for which

the Gibbs state, ρ = e−P/tre−P , is stationary. It is constructed as follows. Define

Aν :=
∑

E2−E1=ν

1lE2(P )A 1lE1(P ), [P,Aν ] = νAν , ePAνe
−P = eνAν . (2.2)

The index ν varies along the Bohr spectrum of P :

B(P ) := {E2 − E1 : Ej ∈ Spec(P )}.

A version of the Davies generator is now defined for a family A ⊂ L(H) as

D(T ) :=
∑
A∈A

∑
ν∈B(P )

γ(ν)
(
AνTA

∗
ν − 1

2
(A∗

νAνT + TA∗
νAν)

)
. (2.3)

We now have

Proposition 1. Suppose that D is given by (2.3), A is closed under taking adjoints,

and ∑
A∈A

∥A∥2 <∞. (2.4)

If γ satisfies the following balance condition

γ(−ω) = eωγ(ω) ⇐⇒ γ(ω) = e−
1
2
ωφ(ω), φ(ω) = φ(−ω), (2.5)

then

D(e−P ) = 0.

In particular e−P is stationary for the Lindbladian LT := −i[β−1P, T ] +D(T ).
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Proof. From (2.2) we obtain

Aνe
−PA∗

ν = eνAνA
∗
νe

−P , e−PA∗
νAν = A∗

νAνe
−P ,

which means that we need to check that∑
A∈A

∑
ν∈B(P )

(γ(ν)eνAνA
∗
ν − γ(ν)A∗

νAν) = 0.

We now observe that A−ν = (A∗)∗ν so that the assumption in (2.3) shows that the sum

is equal to∑
A∈A

∑
ν∈B(P )

γ(ν)
(
A−νA

∗
−ν − A∗

νAν

)
=

∑
A∈A

∑
ν∈B(P )

γ(ν) ((A∗)∗ν(A
∗)ν − A∗

νAν) .

Since A is assumed to be invariant under taking adjoints the sum vanishes. □

2.2. Davies generator as a limit of localised generators. The following propo-

sition relates the Davies generator from §2.1 to the Lindbladian described in §1 under

the assumption that dimH < ∞ is fixed. Since we present this only to relate the

two generators we do not consider uniformity in the dimension. We make a somewhat

strong assumption on γ – it is satisfied by Gaussians considered in [CKG23].

Proposition 2. Suppose that (2.4) holds and that

γ(ω) ∈ C∞(R), ̂e−ωγ(ω) ∈ L1(R). (2.6)

For Lf and D defined in (1.7) (with fσ and bj’s in (1.6) and (1.15)) and (2.3) respec-

tively,

lim
σ→0

∥Lfσ(T )−D(T )∥Lp(H) = 0, T ∈ Lp(H), 1 ≤ p ≤ ∞, (2.7)

where Lp(H) denotes the p–Schatten class (see [Ka80, Chapter 10, §1.3]).

Proof. In the case of matrices (since B(P ) is finite), definitions (1.5) and (2.2) give

Âfσ(ω) =
∑
ν

Aν f̂σ(ω − ν),

and hence

Dfσ(T )−D(T ) =
∑
A∈A

∑
ν,ν′

(
AνTA

∗
ν′ − 1

2
{A∗

νAν′ , T}
)
(Gσ(ν, ν

′)− γ(ν)δνν′).

The formula (1.6) gives

Gσ(ν, ν
′) :=

∫
R
γ(ω)f1/σ(ω − ν)f1/σ(ω − ν ′)dω

= e−(ν−ν′)/4σ2

√
π

σ

∫
R
γ(ω)e−σ−2(ω− 1

2
(ν−ν′))2dω → γ(ν)δνν′ .

Since ∥AνTA
∗
ν′∥Lp ≤ ∥A∥2∥T∥Lp , with similar estimates for other terms, the finiteness

of the sum over ν and ν ′ shows that for T ∈ Lp, Dfσ(T ) → D(T ) in Lp as σ → 0.
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It remains to show that i[B, T ] → 0 as σ → 0 and we do it by showing that ∥B∥ → 0.

For that we go to the inverse Fourier transforms of the bj’s appearing in (1.8) and given

in (2.16). We write b1 as follows

b1(t) =
1
8
π

1
2

∫ ∞

0

e−σ2(t+s)2 − e−σ2(t−s)2

sinh(2πs)
ds.

Since (t+ s)2 ≥ (t− s)2 for t ≥ 0 with the opposite inequality for t ≤ 0,

∥b1∥L1 = 1
4
π

1
2

∫ ∞

0

∫ ∞

0

e−σ2(t−s)2 − e−σ2(t+s)2

sinh(2πs)
dsdt = 1

4
π

1
2

∫ ∞

0

∫ s

−s

e−σ2u2

sinh(2πs)
duds

≤ 1
2
π

1
2

∫ ∞

0

s

sinh(2πs)
ds = 1

32
π

1
2 .

For b2 we use the assumption (2.6) noting that γ̂(t−i) in (2.16) is the Fourier transform

of e−ωγ(ω). Hence, ∥b2∥1 ≤
√
πσe

1
4
σ2∥γ̂(•− i)∥1 = O(σ), σ → 0. This and (2.4) show

that ∥B∥ → 0 as σ → 0, completing the proof. □

2.3. A localised version. We now consider (1.5) in the case of matrices. For that

we define

Â(ω) :=
1√
2π

∫
R
eitPAe−itP e−itωdt

=
√
2π

∑
ν∈B(P )

Aνδ(ν − ω), Â ∈ S ′(R;L(H)),

where H is the finite dimensional Hilbert space on which the operators act.

The operator in (1.5) becomes (specifying the dependence on f in the notation)

Âf (ω) =
1√
2π
Â ∗ f̂(ω), f̂(ω) :=

1√
2π

∫
R
f(t)e−itωdt.

In view of (2.2),

e−P Â(ω) = e−ωÂ(ω)e−P , Â(ω)∗ = Â∗(−ω). (2.8)

We now write Df (e
−P ) = 1

2π

∑
j Ij, where, assume that f̂ is real valued, and that A is

invariant under taking adjoints,

I1 :=
∑
A∈A

∫
R3

γ(ω)Â(τ)e−P Â∗(−τ ′)f̂(ω − τ)f̂(ω − τ ′)dτdτ ′dω

=

∫
R2

∑
A∈A

Â(τ)Â∗(−τ ′)e−P

(∫
R
γ(ω)eτ

′
f̂(ω − τ)f̂(ω − τ ′)dω

)
dτdτ ′

=

∫
R2

∑
A∈A

Â(τ)∗Â(τ ′)e−P

(∫
R
γ(ω)e−τ ′ f̂(ω + τ)f̂(ω + τ ′)dω

)
dτdτ ′,
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I2 := −
∑
A∈A

1
2

∫
R3

γ(ω)Â∗(−τ)Â(τ ′)e−P f̂(ω − τ)f̂(ω − τ ′)dωdτdτ ′

=
∑
A∈A

∫
R2

Â(τ)∗Â(τ ′)e−P

(
−1

2

∫
R
γ(ω)f̂(ω − τ)f̂(ω − τ ′)dω

)
dτdτ ′,

and

I3 := −
∑
A∈A

1
2

∫
R3

γ(ω)e−P Â∗(τ)Â(−τ ′)f̂(ω + τ)f̂(ω + τ ′)dωdτdτ ′

=
∑
A∈A

∫
R2

Â∗(τ)Â(−τ ′)e−P

(
−1

2

∫
R
γ(ω)eτ

′−τ f̂(ω + τ)f̂(ω + τ ′)dω

)
dτdτ ′

=
∑
A∈A

∫
R2

Â(τ)∗Â(τ ′)e−P

(
−1

2

∫
R
γ(ω)eτ−τ ′ f̂(ω − τ)f̂(ω − τ ′)dω

)
dτdτ ′.

If we define

F (τ, τ ′) :=

∫
R
γ(ω)

(
e−τ ′ f̂(ω + τ)f̂(ω + τ ′)− 1

2
(1 + eτ−τ ′)f̂(ω − τ)f̂(ω − τ ′)

)
dω,

(2.9)

the formulas for Ij’s show that

Df (e
−P ) =

1

2π

∑
A∈A

∫
R2

F (τ, τ ′)Â(τ)∗Â(τ ′)e−Pdτdτ ′. (2.10)

We now want to find a self-adjoint operator on H, B, such that, for ω and b with

suitable properties,

Df (e
−P ) = i[B, e−P ], B =

1

2π

∑
A∈A

∫
R2

b(τ, τ ′)Â(τ)∗Â(τ ′)dτdτ ′. (2.11)

Since

B∗ =
1

2π

∑
A∈A

∫
R2

b(τ, τ ′)Â(τ ′)∗Â(τ)dτdτ ′,

we have B = B∗ (for any choice of A) if

b(τ, τ ′) = b(τ ′, τ). (2.12)

We now compute the commutator using (2.8) and

e−P Â(τ)∗ = e−P Â∗(−τ) = eτ Â∗(−τ)e−P = eτ Â(τ)∗e−P ,

to obtain

[B, e−P ] =
1

2π

∑
A∈A

∫
R2

b(τ, τ ′)(Â(τ)∗Â(τ ′)e−P − e−P Â(τ)∗Â(τ ′))dτdτ ′

=
1

2π

∑
A∈A

∫
R2

b(τ, τ ′)(1− eτ−τ ′)Â(τ)∗Â(τ ′)e−Pdτdτ ′.
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In the notation of (2.10) and (2.11) this leads to the following functional equation:

F (τ, τ ′) = i(1− eτ−τ ′)b(τ, τ ′). (2.13)

It turns out that for f given by the Gaussian centred at 0, a condition on the function

γ is sufficient for obtaining a solution – see §2.4.

Before solving the functional equation, we relate the form of B in (2.11) with that

from [CKG23] presented in (1.8).

Lemma 3. The operator B in (2.11) is given by the formula (1.8) if

b(τ, τ ′) = 2πb̂1(τ
′ − τ)b̂2(τ + τ ′). (2.14)

Proof. Make the following change of variables in (2.11), w = s− t, v = −s− t, so that

the integral becomes

1
2

∫
R2

b1(−1
2
(v + w))b2(

1
2
(w − v))eiwPA∗e−iwP eivPAe−ivPdvdw.

To apply Plancherel’s theorem we calculate

1
2

∫
b1(−1

2
(v + w))b2(

1
2
(w − v))e−iwτ−ivτ ′dvdw =

∫
b1(t)b2(s)e

−i(s−t)τ+i(s+t)τ ′dtds

= b̂1(−τ − τ ′)b̂2(τ − τ ′).

Hence Plancherel’s theorem shows that B given in (1.8) can be written as

B =
∑
A∈A

∫
R2

b̂1(−τ − τ ′)b2(τ − τ ′)Â∗(−τ)Â(−τ ′)dτdτ ′

=
∑
A∈A

∫
R2

b̂1(τ
′ − τ)b2(τ + τ ′)Â(τ)∗A(τ ′)dτdτ ′,

which gives (2.14). □

2.4. Solving functional equation (2.13) in the Gaussian case. A necessary and

sufficient condition for the existence of a function b(τ, τ ′) such that (2.13) holds is

F (τ, τ) = 0 for all τ ∈ R. Equivalently,

0 =

∫
R
γ(ω)

(
e−τ f̂(ω + τ)2 − f̂(ω − τ)2

)
dω

=

∫
R
f̂(η)2

(
e−τγ(η − τ)− γ(η + τ)

)
dη

= σ−1
√
π

∫
R

(
e−τγ(η − τ)− γ(η + τ)

)
e−η2/σ2

dη,

(2.15)

where in the last equality we used f = fσ from (1.6), so that f̂σ(η)
2 = σ−1

√
π e−η2/σ2

.

If we define Gσ(x) := σ−1
√
π e−x2/σ2

, then condition (2.15) may be written as

(γ ∗Gσ)(τ) = e−τ (γ ∗Gσ)(−τ) = (e•[γ ∗Gσ](•))(−τ).
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Passing to the Fourier transform side, and assuming the required analyticity of γ̂,

we obtain

γ̂(t)Ĝσ(t) = γ̂(−t+i)Ĝσ(−t+i).
Since

Ĝσ(s) = 2−1/2e−σ2s2/4,

this is equivalent to

γ̂(t) = eiσ
2t/2eσ

2/4 γ̂(−t+i).
Equivalently, if we define

φ̂(t) := e−iσ2t/4γ̂
(
t+1

2
i
)

then

φ̂(t) = φ̂(−t).
Taking inverse Fourier transforms, we obtain the following description of all γ for which

(2.15) holds:

γ(ω) = e−ω/2 φ
(
ω + 1

4
σ2
)
, φ(ω) = φ(−ω).

To obtain the expressions for b1 and b2 in (2.14), it is convenient to introduce ξ :=

τ − τ ′, ζ := τ + τ ′, and

A(ζ) :=

∫
R
γ(ω)e−ω2/σ2

e−ζω/σ2

dω.

A direct computation then gives

F (τ, τ ′) = σ−1
√
π e−(ζ2+ξ2)/4σ2 (

e−(ζ−ξ)/2A(ζ)− 1
2
(1 + eξ)A(−ζ)

)
.

Under the divisibility condition F (τ, τ) = 0, equivalently

A(−ζ) = e−ζ/2A(ζ),

this becomes

F (τ, τ ′) = σ−1
√
π i(1− eξ) β1(ξ) β2(ζ),

where

β1(ξ) =
1

2i
e−ξ2/4σ2

tanh

(
ξ

4

)
, β2(ζ) = e−ζ/2

∫
R
γ(ω) e−(ω+ζ/2)2/σ2

dω.

In particular, we may write

b(τ, τ ′) = 2π b̂1(ξ)b̂2(ζ),

with

b̂1(ξ) =
1

4σ
√
π i

e−ξ2/4σ2

tanh

(
ξ

4

)
, b̂2(ζ) = e−ζ/2

∫
R
γ(ω) e−(ω+ζ/2)2/σ2

dω.

This gives Theorem 1 in the case of matrices. Here are the expressions bj’s after taking

the inverse Fourier transform (less clean in the case of b1):

b1(t) = −1
8
π− 1

2 (e−σ2•2 ∗ sinh(2π•)−1)(t), b2(t) = 2
√
π σ e−

1
4
σ2(2t−i)2 γ̂(2t− i), (2.16)



LOCALISED DAVIES GENERATORS FOR UNBOUNDED OPERATORS 13

where sinh(2πx)−1 is considered the distribution defined by taking the principal value

at 0: sinh(2π•)−1(φ) := limε→0

∫
R\(−ε,ε)

sinh(2πt)−1φ(t)dt, φ ∈ S (R).

3. Unbounded operators

The assumptions for Theorem 1 are very general as illustrated in §1.3.1. The proof

is also straightforward since we assume that the operators A act on spaces defined

using P – see (1.11) and (1.12). We also note that for those spaces e−P : D−N → DN

for any N .

Proof of Theorem 1. The strategy is to mimic the proof in §2.3 considering A(t) :=

e−itPAeitP as an operator-valued tempered distribution. Then Â(ω) can be considered

as the Fourier transform of A(t) in the distributional sense (see [Zw12, §3.2] for a brief

introduction), and for f ∈ S (R) Af (ω) = Â ∗ f(ω).
More precisely, using (1.12)

A(t) ∈ L∞(Rt;L(H,D−k)) ⊂ S ′(R;L(H,D−k)), s ∈ R

and, in the sense of the distributions Â(g) := A(ĝ), Â(ω) ∈ S ′(Rω;L(H,D−k)). Here

A(ĝ) and Â(g) denotes distributional pairing, informally written as

A(ĝ) =

∫
R
A(t)ĝ(t)dt =

∫
R
Â(ω)g(ω)dω = Â(g), ĝ(t) :=

1√
2π

∫
g(ω)e−itωdω. (3.1)

We also have the corresponding statements for A∗.

The key fact now is the distributional analogue of (2.8):

Lemma 4. Suppose that g ∈ S (R), ĝ is holomorphic in R+ (−1− ε, ε), ε > 0 and

|ĝ(t−iµ)| ≤ C⟨t⟩−2, µ ∈ [0, 1]. (3.2)

Then

e−P Â(g) = Â(e−•g(•))e−P ∈ L(H) (3.3)

Proof. We proceed using the definition (3.1) and contour deformation, justified by the

holomorphy of ĝ and the fact that eiζP : Ds → Ds for Im ζ ≥ 0 (recall that P ≥ 1):

e−P Â(g) = e−P

∫
eitPAe−itP ĝ(t)dt =

∫
ΓR

eizPAe−i(z−i)P ĝ(z−i)dz,

and the contour is given by ΓR = Γ+
R + Γ−

R + γ+R + γ−R + IR, where IR = [−R,R] with
the positive orientation, and Γ±

R = ±[R,∞) + i, γ±R = ±R + i[0, 1], with matching

orientations. Condition (3.2) then shows that∫
Γ±
R

eizPAe−i(z−i)P ĝ(z−i)dz,
∫
γ±
R

eizPAe−i(z−i)P ĝ(z−i)dz → 0, R → ∞,
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implying that

e−P Â(g) =

∫
R
eitPAe−itP ĝ(t−i)dte−P .

Since ĝ(•−i) = ̂e−•g(•), this gives (3.3). □

With the lemma in place, the distributional point of view allows us to carry the

calculations in §2.3 in the case of f given by the Gaussians (1.6). □

To prove Theorem 2 via Proposition 5 below we start with some preliminaries about

mapping properties of A and A∗. The assumption (1.16) shows that the following

operators are continuous:

A : D
1
2 → H, A∗ : H → D− 1

2 . (3.4)

We also not that the assumption that [P,A]P− 1
2 : H → H gives

∥A∥
D− 1

2→D−1
= ∥A∗∥

D1→D
1
2

= ∥P
1
2A∗P−1∥H→H ≤ ∥P− 1

2A∗∥H→H + ∥P
1
2 [P−1, A∗]∥H→H

= ∥P− 1
2A∗∥H→H + ∥P− 1

2 [P,A∗]P−1∥H→H

≤ ∥AP− 1
2∥H→H + ∥[P,A]P− 1

2∥H→H.

(3.5)

since ∥P−1∥H→H ≤ 1. Complex interpolation then implies that

∥A∥
H →D− 1

2
≤ ∥A∥1/2

D−1/2→D−1∥A∥
1/2

D1/2→H ≤ C∥AP− 1
2∥→H + ∥[P,A]P− 1

2∥H→H.

We also have

∥A∥
D

3
2→D1

= ∥PAP− 3
2∥H→H ≤ ∥AP− 1

2∥H→H + ∥[P,A]P− 1
2∥H→H (3.6)

and hence, using interpolation again A : D → H. Consequently, we also have the

following uniform continuity statement:

eitPA∗ei(s−t)PAe−isP : H → D−1, eitPA∗ei(s−t)PAe−isP : D1 → H. (3.7)

To prove Theorem 2 we recall (1.18):

Y := i(β−1P +B)− 1
2

∑
A∈A

∫
γ(ω)Âf (ω)

∗Âf (ω)dω (3.8)

where B is defined in (1.8). In view of the results of [Da77], Theorem 2 follows from

Proposition 5. Suppose that γ, f ∈ L1(R), γ ≥ 0, and that for some δ > 0,∑
A∈A

(
∥AP− 1

2∥2H→H + ∥[P,A]P− 1
2∥2H→H + ∥[P, [P,A]]P−1+δ∥2H→H

)
<∞, (3.9)

Then Y in (3.8) is the generator of a contraction semigroup on H.



LOCALISED DAVIES GENERATORS FOR UNBOUNDED OPERATORS 15

Proof of Proposition 5. As in the proof of Lemma 3, we can write B and the last term

on the right hand side of (3.8) as

R :=

∫
R2

eitPA∗ei(s−t)PAe−isPF (t, s)dtds, (3.10)

with

F (t, s) = 1
2
b1(−1

2
(t+ s))b2(

1
2
(t− s)) ∈ L1(R2),

and

F (t, s) =

∫
R
γ(ω)ei(t−s)ωf(t)f(s)dω ∈ L1(R2),

respectively (we assumed γ, f, bj ∈ L1). From (3.7) we see that R : H → D−1 is

continuous and hence so is Y .

To apply the Hille-Yosida theorem (see [Ka80, Chapter 9, §1.2]), we need to show

that Y with the domain

D(Y ) := {u ∈ H : Y u ∈ H}.

(in view of the the discussion above, we interpret Y u ∈ D−1 ⊃ H) is closed and prove

the estimate

∥(Y − λ)−1∥L2→L2 ≤ λ−1, λ > 0. (3.11)

To show that Y is closed we first consider Y0 = Y |D1 and show that Y 0 = Y . For

that, suppose un ∈ D1 with un
H→ u, Y0un

H→ w. Since this implies that Y0un
D−1

→ w,

and Y is continuous from H → D−1, we have w = Y u (where the right hand side is

understood to be in D−1. In particular, Y0 ⊂ Y .

To show equality, let u ∈ D(Y ). We will show that

∀u ∈ D(Y ) ∃uε ∈ D1 uε
H−→ u, Y0uε

H−→ Y u, ε→ 0. (3.12)

In other words, Y ⊂ Y 0, and hence Y = Y 0 is closed.

To prove this we need the following Lemma:

Lemma 6. Suppose that R : S → S satisfies

∥P− 1
2 [P,R]P− 1

2∥H→H + ∥P−1+δ[P, [P,R]]P−1+δ∥H→H <∞, (3.13)

for some δ > 0. Then, for all χ0, χ1 ∈ C∞
c (R) with χ1|[−1,1] ≡ 1 and supp(1 − χ0) ∩

suppχ1 = ∅, there is C > 0 such that for 0 < ε < 1 there Aε and Bε such that

[χ0(εP ), R] = Aε(1− χ1(εP )) + ε2δBε, ∥Bε∥H→H + ∥Aε∥H→H ≤ C. (3.14)

Proof. We use the Helffer–Sjöstrand formula (see [DiSj99, Theorem 8.1]):

χj(εP ) = π−1

∫
C
∂̄zχ̃j(z)(εP − z)−1dm(z), (3.15)



16 JEFFREY GALKOWSKI AND MACIEJ ZWORSKI

where dm(z) is the Lebesgue measure on C ≃ R2 and χ̃j ∈ C∞
c (C) satisfies χ̃j|R = χj,

∂̄zχ̃h(z) = (| Im z|∞). (That means that χ̃j is an almost analytic extension of χj.) We

can assume that χ̃0 = 1 on the support of χ̃1. (See the construction in the beginning

of [DiSj99, Chapter 8].) We then have the decomposition in (4.3) with

Aε = [χ0(εP ), R] = π−1ε

∫
C
∂̄zχ̃0(z)(εP − z)−1[R,P ](εP − z)−1dm(z),

Bε = ε−2δ[χ0(εP ), R]χ1(εP ).

To estimate ∥Aε∥ we use the spectral theorem to see that for z /∈ R,

∥(εP − z)−1P 1−δ∥H→H ≤ sup
x∈[1,∞)

x1−δ

|εx− z|
≤ |z|1−δ

ε1−δ| Im z|
. (3.16)

This with δ = 1
2
and the first bound in (3.13) show that ∥Aε∥H→H is uniformly bounded.

To estimate the norm of Bε, let χm ∈ C∞
c (R) satisfy

supp(1− χm) ∩ suppχ1 = ∅, suppχm ∩ supp(1− χ0) = ∅.

Then,

Bε = ε−2δ[χ0(εP ), R]χ1(εP ) = −ε−2δ(1− χ0(εP ))Rχm(εP )χ1(εP )

= −ε−2δ(1− χ0(εP ))[[R,χm(εP )], χ1(εP )].

Hence, using the Helffer Sjöstrand formula,

Bε = π−2ε2−2δ(1− χ0(εP ))

∫
C2

∂̄zχ̃(z)∂̄wχ̃m(w)Qε(z, w)dm(z)dm(w),

Qε(z, w) := (εP − w)−1(εP − z)−1[[R,P ], P ](εP − z)−1(εP − w)−1.

Using (3.16) with δ = 0 to estimate (εP −w)−1 : H → H, (3.16) as stated to estimate

P 1−δ(εP−z)−1 : H → H, and the second hypothesis in (3.13), we see that ∥Bε∥H→H ≤
C. □

To apply the lemma we need the following:

Lemma 7. Suppose that (3.9) holds. Then for all F ∈ L1(R2), (3.13) holds for

operators, R, of the form

R =
∑
A∈A

∫
R2

eitPA∗ei(s−t)PAe−isPF (t, s)dtds

Proof. Since P 1−δP−1+δ′ : H → H is bounded when δ′ < δ, we may assume without

loss of generality that δ ≥ 1
2
.

To prove the lemma, we compute

[P,R] =

∫
R2

eitP
(
[P,A∗]ei(s−t)PA+ A∗ei(s−t)P [P,A]

)
e−isPF (t, s)dtds.
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Hence, the bounds ∑
A∈A

∥[P,A]P− 1
2∥2 + ∥AP− 1

2∥2 <∞

together with the fact that P is self-adjoint imply the first estimate in (3.13).

Next,

[P, [P,R]] =

∫
R2

eitPQ(t, s)e−isPF (t, s)dtds

Q(t, s) := [P, [P,A∗]]ei(s−t)PA+ 2[P,A∗]ei(s−t)P [P,A] + A∗ei(s−t)P [P, [P,A]].

Hence, the bounds∑
A∈A

∥[P,A]P− 1
2∥2 + ∥AP− 1

2∥2 + ∥[P, [P,A]]P−1+δ∥2 <∞

imply the second estimate in (3.13). □

By Lemma 7, (3.13) holds for Y . Using the notation of Lemma 6, we put uε =

χ0(εP )u with χ. Then, using (4.3) and the assumptions in (3.12),

Y uε = Y u+ (1− χ0(εP ))Y u+ Aε(1− χ1(εP ))Y u+ ε2δBεY u

= Y u+ o(1)H +O(ε2δ)
H−→ 0, ε→ 0.

(For any v ∈ H, (1 − χj(εP ))v
H→ 0 as ε → 0.) This proves (3.12) and completes the

argument for the closedness of Y .

We now need to prove (3.11). Observe that for u ∈ D1, the estimate (3.5) shows

that Af (ω) ∈ D
1
2 ⊂ H and hence,

Re⟨(Y − λ)u, u⟩ = −λ∥u∥2H − 1
2

∫
γ(ω)∥Af (ω)u∥2Hdω ≤ −λ∥u∥2H.

For u ∈ D(Y ) and with uε as in (3.12). Then,

Re⟨(Y − λ)u, u⟩ = lim
ε→0

Re⟨(Y − λ)uε, uε⟩ ≤ −λ∥uε∥2H → −λ∥u∥2H.

Hence (using the same argument for Y ∗ with its maximal domain), we have

λ∥u∥H ≤ ∥(Y − λ)u∥H, u ∈ D(Y ), λ∥u∥H ≤ ∥(Y ∗ − λ)u∥H, u ∈ D(Y ∗), (3.17)

Since (3.17) implies Y − λ is injective, and provides the estimate (3.11) if the inverse

exists, it remains only to show that Y is surjective. For this, suppose that v ∈ H such

that

⟨(Y − λ)u, v⟩ = 0, ∀u ∈ D1 ⊂ D(Y ).

Then, in D−1, (Y ∗ − λ)v = 0, and hence v ∈ D(Y ∗) and (3.17) implies that v = 0.

We conclude that the inverse exists and (3.17) shows that (3.11) holds, completing

the proof of the proposition. □
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4. Pseudodifferential operators

In this section we show how the proof of Proposition 5 can be modified to apply to

pseudodifferential operators quantising observables satisfying (1.20) and (1.21). That

will prove Theorem 3.

We define m = (1 + |x|2 + |ξ|2) 1
2 (a slightly different convention than in §1.3.1 and

the Appendix) and recall the following definitions:

Ψ(mr) = {aw(x,D) : a ∈ S(mr)}, Ψ(k) = {aw(x,D) : a ∈ S(k)}, k = 1, 2,

where
a ∈ S(mr) ⇐⇒ ∂αa = O(mr), |α| ≥ 0,

a ∈ S(k) ⇐⇒ ∂αa = O(1), |α| ≥ k, k = 0, 1, 2.

We note that S(k) ⊂ S(mk). Also all results are valid with only a finite (but large

depending on the dimension) number of derivatives needed.

We want to investigate the structure of χ(εP ) for χ ∈ C∞
c (R), and

P = p(x,D), p ∈ S(2), p ≥ cm2. (4.1)

One can show that P with the domain H(m2) (see [Zw12, §8.3] for definition; in

this case it is particularly simple) is self-adjoint (see [GaZw25, Proposition A.2]). We

assume in addition that P ≥ 1 which can always be achieved by adding a constant to

P . We have mapping properties

P s : H(mr) → H(mr−2s), A : H(mr) → H(mr−k), A ∈ Ψ(mk), r, s ∈ R. (4.2)

The assumptions (4.1) and the fact that P is invertible implies that P−1 ∈ Ψ(m−2)

(see the Appendix).

To follow the same strategy as in §3 it suffices the prove the following analogue of

Lemmas 6 and 7:

Proposition 8. Suppose that R1, R2 ∈ Ψ(1), t ∈ R. Then, for

χ, χ0 ∈ C∞
c (R), suppχ0 ∩ supp(1− χ) = ∅,

[χ(εP ), R1e
itPR2] = Aε(1− χ0(εP )) + εBε, ∥Bε∥H→H + ∥Aε∥L2→L2 ≤ C, (4.3)

where C is independent of ε.

The proof is based on the following

Lemma 9. Suppose that χ ∈ C∞
c (R) and P satisfies the assumptions above. Then

χ(εpw(x,D)) = (εp)∗χw(x,D) + εqwε (x,D), qε ∈ S(m−2), (4.4)

uniformly in ε, that with |∂αqε| ≤ Cαm
−2, with constants independent of ε.
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Remark. We obtain a stronger result about qε but we do not stress it as (4.4) is

sufficient for our purposes.

Proof. In what follows we assume that |z| ≤ C. We first show that for for all M ≥ 0

there is N > 0 such that for {ℓj}Mj=1 linear,

∥ adℓw1
adℓw2

. . . adℓwM
(εP − z)−1∥L2→L2 ≤ CM | Im z|−NM

{
ε M ≥ 2

ε
1
2
M 0 ≤M ≤ 1,

(4.5)

Hence for Im z ̸= 0, Beals’s Lemma, or rather [Zw12, Theorem 8.1],

(εP − z)−1 = awε (z, x,D), |∂αaε| ≤ C| Im z|−Nαεmin(1,|α|/2). (4.6)

(Here and elsewhere Nα denotes a constant depending on α which may be different in

different estimates.)

To prove (4.5), we first observe that adℓw1
P ∈ Ψ(1). Since

adℓw(εP − z)−1 = −ε(εP − z)−1(adℓw P )P
− 1

2P
1
2 (εP − z)−1,

and

∥(adℓw P )P
− 1

2∥2L2→L2 = ∥(adℓw P )P
−1(adℓw P )

∗∥L2→L2 ≤ C,

(since P−1 ∈ Ψ(m−2) and adℓw P ∈ Ψ(1) ⊂ Ψ(m)) and ∥(εP−z)−1P− 1
2∥ ≤ Cε

1
2 | Im z|−1,

we have

∥ adℓw(εP − z)−1∥L2→L2 ≤ Cε
1
2 | Im z|−2. (4.7)

For M ≥ 2 we argue as in the proof of [DiSj99, Proposition 8.6] but for our class of

operators. For that we note that

adℓw1
. . . adℓwM

(εP − z)−1

is a sum of terms of the form

εL(εP − z)−1(adℓw1
. . . adℓwj1

P )(εP − z)−1 . . . (adℓwjL−1+1
. . . adℓwM

P )(εP − z)−1,

where 1 ≤ L ≤M and and 1 ≤ j1 < j2 · · · < jL−1 < M . The bound is then seen from

considering the two extreme cases:

εM(εP − z)−1(adℓw1
P )(εP − z)−1(adℓw2

P )(εP − z)−1 · · · (adℓwM
P )(εP − z)−1

and

ε(εP − z)−1(adℓw1
· · · adℓwM

P )(εP − z)−1.

In the first case we proceed as in the proof of (4.7) to obtain the bound εM/2| Im z|−M−1 =

O(ε)| Im z|−M−1. In the second we use the fact that for M ≥ 2, adℓw1
· · · adℓwM

P ∈ Ψ(0),

so the bound becomes O(ε)| Im z|−2.

We write

[(εp− z)−1]w(εP − z) = I + εE(z),
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where E(z) = ew(z, x,D) with

e(z, x, ξ) =

∫ 1

0

(1− t)eitA(D)(iA(D))2(ε−1(εp(ρ1)− z)(εp(ρ2)− z)−1)|ρ1=ρ2=(x,ξ)

and A(D) := −1
2
σ(Dρ1 , Dρ2). The terms to which eitA(D) is applied are, schematically,

of the form

D2p(ρ1)

(
εD2p(ρ2)

(εp(ρ2)− z)2
+
ε2Dp(ρ2)Dp(ρ2)

(εp(ρ2)− z)3

)
.

Using that p ≥ cm2, for |z| < 1 and ε > 0 small enough, we have

|(εp(ρ2)− z)|−1 ≤ | Im z|−1min
(
1, 2ε−1c−1m(ρ2)

−2
)
.

Thus, for | Im z| > 0, we have

∂αρ1,ρ2(iA(D))2(ε−1(εp(ρ1)− z)(εp(ρ2)− z)−1) = O(| Im z|−Nαm(ρ2)
−2).

Since in the estimates eitA(D) : S(m1(ρ1)m2(ρ2)) → S(m1(ρ1)m2(ρ2)) only finitely

many derivatives are used, we conclude that

∂αe(z, x, ξ) ≤ C| Im z|−Nαm(x, ξ)−2.

Combing this with (4.6) we obtain

(εP − z)−1 = [(εp(x, ξ)− z)−1]w + εR(z),

where R(z) = E(z)(εP − z)−1 = rw(z, x,D) and

∂αr(z, x, ξ) = O(| Im z|−Nαm(x, ξ)−2).

We now apply the Helffer–Sjöstrand formula (3.15) (see the proof of Lemma 6) which

gives (4.4). □

Proof of Proposition 8. We put

Aε := [χ(εP ), R1e
itPR2], Bε = ε−1[χ(εP ), R1e

itPR2]χ0(εP ),

so that

Aε = [χ(εP ), R1]e
itPR2 +R1e

itP [χ(εP ), R2]

= [χ(εP ), R1]P
1
2 eitPP− 1

2R2 +R1P
− 1

2 eitPP
1
2 [χ(εP ), R2]

In view of (4.2) and (4.4), to show that Aε : L2 → L2 is uniformly bounded, it is

enough to show that

∥[(εp)∗χw, R∗]P [(εp)∗χw, R]∥L2→L2 ≤ C, R ∈ Ψ(1) (4.8)

with C independent of ε. Since m∂α(χ(εp)) = O(εp)(∂αχ)(εp)O(1) for |α| = 1, this

follows from the composition formula as in [GaZw25, Proposition A.1].
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To analyse Bε, let χ1 ∈ C∞
c (R) with suppχ0 ∩ supp(1 − χ1) = ∅ and suppχ1 ∩

supp(1− χ) = ∅. Then,

Bε = ε−1[χ(εP ), R1]e
itPR2χ1(εP )χ0(εP ) + ε−1R1e

itP [χ(εP ), R2]χ0(εP )

= ε−1[χ(εP ), R1]e
itP [R2, χ1(εP )]χ0(εP )

+ ε−1[χ(εP ), R1]χ1(εP )P
1
2 eitPP− 1

2R2χ0(εP )

+ ε−1R1P
− 1

2 eitPP
1
2 [χ(εP ), R2]χ0(εP )

=: I + II + III.

(4.9)

To prove the lemma, we show that I, II, and III are O(1)L2→L2 .

We start by estimating I. To do this, we claim that

∥[χ(εP ), R]∥L2→L2 = O(ε
1
2 ). (4.10)

The form of I then implies I = O(1)L2→L2 . To prove (4.10), we use (4.2) and (4.4) to

replace the the cut-off operator with
(
(εp)∗χ

)w
(x,D) so that it is enough to show

∥[(εp)∗χw, R]∥L2→L2 = O(ε
1
2 ). (4.11)

This follows by arguing as in the proof of (4.8).

Next, to estimate II, we claim that

∥ε−1[χ(εP ), R1]χ1(εP )P
1
2∥L2→L2 = O(1). (4.12)

Since ∥P− 1
2R2∥2 = ∥R∗

2P
−1R2∥ = O(1)L2→L2 , this implies II = O(1)L2→L2 .

To prove (4.12) we put χ̃1(x) := xχ1(x) ∈ C∞
c (R) and observe that

∥ε−1[χ(εP ), R1]χ1(εP )P
1
2∥2L2→L2

= ∥ε−2[χ(εP ), R1]χ1(εP )Pχ1(εP )[χ(εP ), R1]∥L2→L2

= ∥ε−3[χ(εP ), R1]χ̃1(εP )χ1(εP )[χ(εP ), R1]∥L2→L2

≤ ε−3∥[χ(εP ), R1]χ̃1(εP )∥L2→L2∥[χ(εP ), R1]χ1(εP )∥L2→L2 .

(4.13)

Now, we claim that for ψ ∈ C∞
c with suppψ ∩ supp(1− χ) = ∅,

∥[χ(εP ), R1]ψ(εP )∥L2→L2 = O(ε3/2). (4.14)

The estimate (4.12) then follows by using (4.15) with ψ = χ̃1 and ψ = χ1 in (4.13).

Tp prove (4.15) we again use (4.2) and (4.4) to replace the the cut-off operator with(
(εp)∗χ

)w
(x,D). That is, we need to show

∥[(εp)∗χw, R1](εp)
∗ψw∥L2→L2 = O(ε3/2). (4.15)

The symbolic calculus (see [GaZw25, Proposition A.1]) gives

[(εp)∗χw, R1] = ε1/2
(
ε1/2{p, r1}χ′(εp)

)w
+ εbw1 , (4.16)
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where b1 ∈ S(0). Since {p, r1} ∈ S(m), and p ≥ m2,

ε1/2{p, r1}pχ′(εp) ∈ S(0).

Therefore, using [GaZw25, Proposition A.1] again and the fact that suppχ′∩suppψ =

∅ in the first equality

ε1/2
(
ε1/2{p, r1}χ′(εp)

)w
(εp)∗ψw = ε3/2bw2 , εbw1 (εp)

∗ψw = ε3/2bw3 , (4.17)

where b2, b3 ∈ S(0). Putting (4.16) and (4.17) together implies (4.15) and hence com-

pletes the proof of the bound on II.

Finally, to estimate III we observe that

∥P
1
2 [χ(εP ), R2]χ0(εP )∥2L2→L2 = ∥χ0(εP )[χ(εP ), R2]P [χ(εP ), R2]χ0(εP )∥L2→L2

and

χ0(εP )[χ(εP ), R2]P [χ(εP ), R2]χ0(εP )

= χ0(εP )[χ(εP ), R2][χ(εP ), R2]Pχ0(εP ) + [χ0(εP ), R2][P, [χ(εP ), R2]]χ0(εP )

= χ0(εP )[χ(εP ), R2][χ(εP ), R2]Pχ0(εP )− [χ0(εP ), R2][χ(εP ), R3]χ0(εP ),

where R3 := [R2, P ] ∈ Ψ(1). Arguing as in the proof of the estimate on II, we obtain

∥[χ(εP ), R2]Pχ0(εP )∥L2→L2 = O(ε1/2), ∥χ0(εP )[χ(εP ), R2]∥L2→L2 = O(ε3/2),

∥[χ(εP ), R3]χ0(εP )∥L2→L2 = O(ε3/2).

Therefore, using (4.10) (or more precisely its analog with χ replaced by χ0) completes

the proof that III = O(1)L2→L2 and hence of the lemma. □

Appendix

We first consider the general assumptions in §1.3.1. We first use the results of [Zw12,

§8.2] to see that there exists

G = eg
w(x,D), Gs := esg

w(x,D) = ews (x,D), es ∈ S(ms), s ∈ R. (A.1)

From this we conclude that PG−1 = r(x,D) , r ∈ S(1), and that r(x,D)−1 = GP−1 :

L2 → L2 exists (since the domain of P was assumed to beH(m), P−1 : L2 → H(m) and

G : H(m) → L2). Beals’s Lemma (see [Zw12, Theorem 8.3]) shows that r(x,D)−1 =

r̃(x,D), r̃ ∈ S(1), and hence,

P−1 = G−1r̃(x,D) = q(x,D), q ∈ S(m−1). (A.2)

Then the assumptions in Theorem 1 follow from [Zw12, Theorems 4.23 and 8.12].

In Example 4, we can compute cw(x,D) := [P,A], cw1 (x,D) := [P, [P,A]] explicitly,

and show that c ∈ S(m
1
2 ) and c1 ∈ S(m1−δ), m := (1 + |x|+ |ξ|)2.

Finally we comment on the condition under which e−P is of trace class. In the

general case of a self-adjoint P satisfying (1.22) (with the domain H(m)), P ≥ 1, we
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use (A.2) to conclude that P−ℓ = qwℓ (x,D), qℓ ∈ S(m−ℓ). We then recall from [Zw12,

(C.3.6)] that if m−ℓ ∈ L2(R2n, dxdξ) then P−ℓ, and consequently, exp(−P ) is of trace
class.
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