LOWER BOUNDS ON STEKLOV EIGENFUNCTIONS FOR A CLASS OF
CURVILINEAR POLYGONS

JEFFREY GALKOWSKI AND RUOYU P. T. WANG

ABSTRACT. Steklov eigenfunctions, {¢s, }52, are the eigenfunctions of the Dirichlet to Neumann
map on a bounded domain with eigenvalue o;. This paper considers Steklov eigenfunctions and
eigenvalues on a family of curvilinear polygons, {2, whose boundaries are smooth away from
a single corner of angle a. We (i) prove optimal lower bounds on the decay of the harmonic
extension, uq;, of ¢,; away from the boundary of €, and (ii) give optimal lower bounds on the
degree to which the high energy Steklov spectrum of Q \ Hi1 may differ from that of Q4 \ Ho
when H; and Hy are isometric. This shows that the corresponding estimates in the recent work
by the authors together with Malagutti are optimal [GMW26].

The proof in this paper was obtained through an interaction with ChatGPT 6 Astra: While
writing the work [GMW26], the authors became curious about optimal error bounds for the
difference between the Steklov spectra on a curvilinear polygon, P, and the spectrum of any
operator which knows only local information about 0P. The authors suggested to ChatGPT to
remove two isometric, smooth domains from a curvilinear polygon. ChatGPT suggested the ideas
for a proof based on a regularized trace and the singularity in the kernel of the DtN map near
a corner. The authors then suggested a simpler, conformal approach, the method for handling
small angles, and the idea to obtain lower bounds on Steklov eigenfunctions. The paper is entirely
written by the authors and the argument has been significantly modified, clarified, and simplified
from the ChatGPT ideas.

1. INTRODUCTION
Steklov eigenfunctions for Q € R? with Lipschitz boundary are non-zero bo; € L?(09) solving
—Au,; =0 in €, OUg; — Ojuy; =0 on 05, Ug,|oq = Po, -

That is, ¢,, are the eigenfunctions with eigenvalue o; for the Dirichlet-to-Neumann map, A?
satisfying A f := 9, Hf, where H® : H%(OQ) — H(Q) satisfies

AR =0inQ,  Hf|oa = f.

It is well known that there are 0 = 0¢9 < 01 < 032... such that {¢,, };?‘;0 form an orthonormal
basis for L2(09) [AM12].

This paper considers a family of domains in R? 22 C given as follows. Let v : R/27Z — T C C
be a smooth diffeomorphsim 0 ¢ supp(y(s) — s) and such that

I'c{zeC:0<argz <2mmin(%,1)}.
1
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FIGURE 1. The domains 2 and €2, in an example where o = -Z~ with the holes

2v2

used in Theorem 1.2 removed.

Let C\ T =: QU Qout, where Q is bounded, define
Ja:{z€C:0<argz < 2mrmin(3,1)} — C,
exp (Flogz) 2z#0
fa(z) = { ( )

0 0’ with the branch log chosen so that 0 < Slogz < 27 on Q.
Zz =

and set Qy = fo(2). We denote by

o
I
—

B

I .0<nez},

the set of exceptional angles.

Our first theorem provides a lower bound on Ug; in Qg

Theorem 1.1. Let o € (0,27) \ E. Then for all xgp € Qy andr >0,

lim sup o [|[uo, || £2(B(z0,r)n020) > O-
J_>OO

When a domain 2 has smooth boundary u,; = O(c;>) in the interior of  [HLO1, GT19,
GPPS14] and this, perhaps surprisingly, persists for polygons all of whose angles lie in £ [LPPS22].
Theorem 1.1 is the first result demonstrating that Steklov eigenfunctions need not decay super-
polynomially into the interior. In another very recent work [DLTP26], the authors show that, on
domains with C? boundary, harmonic Steklov eigenfunctions need not decay superpolynomially.
Moreover, in a recent paper [GMW26], the authors together with Malagutti show that, at least
modulo an € loss in the power, Theorem 1.1 is optimal in the sense that on a curvilinear pol;rfgon

all of whose angles are less than or equal to amax every eigenfunction decays like C’eaj_ max
away from the boundary.
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On curvilinear polygons, P, the article [GMW26] also proves an asymptotic formula for the

Steklov spectrum of the form
27

joj = \j(D)| < Cea; =, (1.1)
where D is a Dirac operator on the boundary of P that is constructed using only local information
about OP. A second goal of this article is to show that (1.1) is optimal modulo an e loss in the
sense that there are two curvilinear polygons VV2hOSG boundaries have identical local information

and whose Steklov spectra differ by at least O'j_?.

To do this, we consider puncturing €2, by two different holes of the same radius, H; centered
at o and Hp at yo. We show that, despite the fact that all local information about €, \ H;
is the same as that for Q, \ Hyp, the high frequency spectrum is substantially perturbed by the
movement of H; to Hy.

Theorem 1.2. Let a € (0,27) \ €. Then for all ro > 0, there is €9 > 0 such that for all xy € Qq
with d(zg,0Qq) > ro and all 0 < € < €g there is yg € Qy with B(yo,€) C Qq such that

2
lim sup (Uj (Aﬂa\B(xo,e)) +o0; (AQQ\B(yo,e))> a

Jj—o0

o; (AQQ\B(Io,e)) —0j (AQa\B(yoyf))’ > 0.

Remark 1.1. It is easy to see that for any curvilinear polygon, c¢j < 0; < Cj (see e.g. Lemma 5.1)
and hence that one may replace

oj (AQa\B(xovG)) +0j (AQa\B(yoze))
in Theorem 1.2 and o; in Theorem 1.1 by j without changing the statement.

Remark 1.2. It is not hard to see from the proof of Theorem 1.2 that the shape of the hole cut
in , is unimportant. What is used in the proof is, in fact, that the hole has diameter ~ ¢ and
there is N > 0 such that the hole has volume larger than €.

Outline of the proof

The proofs of Theorem 1.1 and 1.2 both rely on a trace lower bound together with a variational
principle that identifies the quadratic form associated with the difference between the DtN map
on a domain €2 with and without a hole, H € 2. The general philosophy that lower bounds on
a relative trace can be used to understand spectra has many precedents (see e.g. [Davl3, SZ16,
Chrl7, MVO09]).

In this paper, we consider the difference
P (U, H) = 1goAM 150 — A?,
and show in Lemma 2.1 that, given [ € H%(aﬂ), (2°(Q, H) f, f) is the H2f capacity of H in Q
(see e.g. [AFHT19] for another use of this quantity in spectral estimates).

From this, we obtain two important consequences. First, we can control

(2" (2, £ (H))8z, 6a) (1.2)
and second, if f = ¢, is a Steklov eigenfunction on 9€2, then
<‘@b(Qa7H)¢O']7¢O'J> SCHUUJH%IQ(IZI)? (13)
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log (‘U(Q“ \ Bl ) = 02(2 \ By, ) D

og (o (Q:V\B(Jvo.t)) +o, (QH\B(Z/U-!)) )

2

FIGURE 2. Log-log plot of the numerically computed differences |o; (AQQ\B (’”076)) —
g (Aﬂa\B(yﬂﬁ))L with the domain Q, pictured in Figure 1, yo = 0.7 4+ 0.25¢ and
To = ei”/(?“/i)yg and € = 0.1. The solid green line is a line with slope —4V2 =
—27/a. This line has the same slope as the lower bound from Theorem 1.2 and,
up to an € loss, the upper bound from [GMW26, Theorem 1.1]

where H € H.

With Theorem 1.1 in mind, the inequality (1.3) makes finding a lower bound on a certain trace
of 2°(Qq, H) natural. Specifically, to obtain a lower bound on |, Hiz iy e would ideally like

to find a lower bound for
Z1[1700)(h0-j)<@b(9a7H)¢0'j7¢0’j>’ O0< h<l.
J

However, as is usually the case, it is difficult to control sharp spectral cutoffs and we instead use
a smooth approximation to 1y ).
Rather than convolving 1j; ) with a smooth function, it turns out to be simpler to consider
for some m > 0 the quantity
> p((ho))"UD Qs H) o, b)) = Y <¢<<hA“a)m> P (Q, H) o, ¢gj>
J J
— tr (V((hA%)™) P (0, ),

with ¥(z) := H% This regularization is particularly convenient for proving a lower bound on
the trace because it allows us to work directly with powers of A®e instead of using the full
functional calculus. (This type of regularization is also known as a scaled Yosida approzimation

of (hA%%)™ [BB11, Definition before Proposition 7.2].)

To finish the proof, we show in Lemmas 4.8 and 4.9 that for certain m

cha =l < tr (w((hAQa)m).@b(Qa,H)). (1.4)
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This relies on (1.2) which, together with the conformal invariance of harmonic functions, allows

us to show that the most singular part of the kernel of 2°(Qq, H) has the form ¢|s|a~![t|a~!.
By finding approximations to (AQOC)m|s|§_1 in Corollary 4.6, and understanding the domain of
(AS%)™ sufficiently well, we are then able to prove (1.4) which, together with an elementary
contradiction argument, proves Theorem 1.1.

The proof of Theorem 1.2 relies on a similar argument except that we replace 1 ((RA%)™) by
P((hAg)™), with

Ag = OASNM (1 — g) AP

and integrate the lower bound in 6 to obtain

ch'a < tr (@m(hAQa\Hl) ~ 9, (h,AQa\HO)> = B (hoj (AP NT)) = By, (o (AP \FO)),

J
D, (x) := /Oxw(sm)ds.

To prove Theorem 1.2 we then again proceed by contradiction, using that fact that ®,,(z) ~ =
for x large and | P, (x + 5) — @y ()| < Cx™|s| for 0 < |s| < = small.

ACKNOWLEDGEMENTS: JG was supported by ERC Synergy Grant “PSINumScat” (101167139),
EPSRC grants EP/V001760/1 and EP/V051636/1, and Leverhulme Research Project Grant
RPG-2023-325. The proof in this text resulted from a discussion with ChatGPT 6 Astra as
described in the abstract. In addition, ChatGPT was used to generate the numerical codes which
produce the figures and for proofreading. Thanks also to Leonid Parnovski for helpful discussions.

2. COMPARISON OF DIRICHLET TO NEUMANN MAPS ON DOMAINS WITH AND WITHOUT HOLES

In this section, we let  C R? be open, connected with Lipschitz boundary and H € Q open
with Lipschitz boundary. We then compare the DtN map on ) with the restriction of that on
Q\ H restricted to 92. More precisely, we study the operator

20, H) = 150AM 150 — AY,

where 1 indicates restriction to 0f2.

2.1. Variational formulae for 2°(Q, H).
Lemma 2.1. For all f € H'/?(0Q),

(2"(, H)f, f) :min{/ IVol2dz : ve HY(Q), v=—Hf on H}
Q

Proof. Let f € H'/2(9) and set
wy = 1Q\H'HQH loaf — HQf
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Then, w is harmonic in Q \ H and hence for all g € H}(Q\ H),

Vwy - Vgdr = 0. (2.1)
O\H

Now, notice that

(2°(Q,Hf, f) = i V%Qngf-VHQngfdx—AVHQf-V’HQfdx:/Qwa|2d:r
H

= min{/ \Vol?dz - ve HY(Q), v=—H"f on H},
Q
where the last equality follows from (2.1). O

Our next lemma specializes to the case of 2 and H having smooth boundary.
Lemma 2.2. Suppose that Q2 and H have smooth boundary. Then @b(Q, H) is smoothing and its
kernel, Kgvq gy, satisfies

Koo o,m () = min{/Q \Vol?dz : v e H (Q), v|lg = —PQ(‘7$)|H}, (2.2)
where Pq denotes the kernel of H.

Proof. The smoothing property of 2°(Q, H) follows from the fact that
—“AHNMNF—H) =0in Q\ H,
MM =1 flon =0, (N = HN) flon = ~H" flon

and, by elliptic regularity H f|sir € C°°(0H) and hence, again using elliptic regularity HONH
Hf) € HY(Q\ H) for any N.

The lemma now follows from letting f. € H'/2(9) with f. — 6, (using the fact that, since
HeQ, HY g — Po(,z)|g in HY). O
2.2. Holes with large and small difference kernels. We first show that if the hole H is close
to the boundary, then Kg»q g (2o, x0) is small.

Lemma 2.3. Let Q2 have smooth boundary and xoy € Q2 and c¢g > 0. Then there is C > 0 such
that for all 0 < e and H with smooth boundary satisfying

He{zreQ: d(z,xg) > co, d(z,00) < 2¢},

0 S K@b(Q7H)(.’E0,:E0) S CE.

Proof. Let x € C*°(Q;0,1]) with supp(1 — x) N H = 0, d(supp x, xg) > ¢p/2 and
supp x C Ce, Vx| < Ce?

where

Ce := {y € d(ya xO) > 60/2’ d(ya 89) < 36}
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(It is easy to construct such a function using Fermi normal coordinates near 9€2). Then, observe
that —xPq(-, o) is a candidate for (2.2) and

/WMM%MW@saﬂ/WmmmW@+c/%w%me@sCe
Ce

Here, we use that since d(supp x, 7o) > co/2, Pa(y,zo) is smooth in y and P(-,z0)|so\ (e} = O
which implies that, || Po(-,70)/e(c.) < Ce. O

Next, we show that if the hole H is not close to the boundary, then K 5(Q,H) (x0,x0) is controlled
from below.

Lemma 2.4. Let Q C R? have smooth boundary, xo € 09, co > 0, 1 < p < co. Then there is
¢ > 0 such that for all H with smooth boundary satisfying

H C {d(z,00) > ¢o},
we have
Ko, m) (w0, T0) = c(vol(H))/.
Proof. Suppose that v is a candidate for (2.2). Then,
vlg = —Pa( zo)ln
and, hence, since Pq(-,z9) > 0 in § there is ¢ > 0 satisfying

c(vol(H))M? < inf Po(z, o) vol(H)? < |[vl|1o(ary < |10l zo() < Cllvllmi(ay < ClIVVIl120)-
zeH

Hence, the lemma follows from (2.2). O

3. KERNELS OF DTN DIFFERENCES IN £,

From now on, we identify 9, with S! using a constant speed, bijective map 7, : S* — 9Q4,
such that 7,(0) = 0. Then, let

wa:SI%%R, Ty :S' = S

such that z,,w, are smooth away from 0, w, > 0 away from 0, x, is a homeomorphism, smooth
away from 0, and, in a neighborhood of 0 are given by

zals) =sgn(s)s|>,  wals) = |s|a7 ",
Lemma 3.1. Let H € ), have smooth boundary. Then, the kernel of @b(Qa,H) has the form
kb (a1 (8:1) = Wa(H)E(za(t), Ta(s))wa(s), (3.1)

where k € C(S! x S') and k(0,0) = ckw(g,fgl(H))(O, 0) and ¢ >0

Proof. Observe that 2°(Q, f;1(H)) is smoothing. Therefore, since
™ T 1 p* - *\ —
P (Qar H) = ~|2|a7 327, 15 (H)) ()7

the lemma follows. OJ
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Next let Hy, Hy € (2, be simply connected and equal length L. We again identify the boundaries
of H; with S! using maps 7; : St — 9H; so that 9(Q, \ H;) = S'US! and hence L?(9(Q, \ H;)) =
L?(SY; C?), where we identify the first entry with OH; and the second with 9Q,.

An argument almost identical to that for Lemma 3.1 yields the following

Lemma 3.2. Let H; € Q, i = 1,2 be open, simply connected, possibly empty, with smooth
boundaries both having length L > 0. Then the kernel of 2(Hy, Hy) := ASe\HL _ AQ\Ho pgg the
form

_( KHH(SH,tH) KHQ(SHaxoa(t) wa(t)
Ram, i) = (KHQ(tH,:L‘a( ))wa(s) KQQ(%( ), Tals ))wa(s)wa(t)> 32
where Ky, Ko, Koo € C®(S'xSY) and Kog(0,0) = (k@b (@17 () (0,0) k:@b 1(H0))(O,O)).

4. TRACE CLASS ESTIMATES ON DTN DIFFERENCES IN THE PLANE
In this section, we study regularised traces of 2°(Q, H) and 2(H,, Hy).

4.1. Trace class properties of operators with kernels of the form (3.2). We first show
that these operators are, in fact, trace class. To do this, we recall the following basic fact:

Lemma 4.1. Let > —%, a >0 and f € C(—1,1), then
1 1
|t f(sgn(®)[t]*) € H",  r< B+ 50 feen@t*) e H’,  r<a+g
Lemma 4.2. Suppose that k : S' x St — C is smooth. Then the operators B; i = 1,2,3 given by
Biu(t) = /k:(:na(t),xa(s))wa(s)wa(t)u(s)ds
Bou(t) = /k:(a:a(t),ma(s))wa(s)u(s)ds

Boult) = [ b (t) za(s)wa(uls)ds
are trace class.

Proof. We consider Bj, the other cases being similar. Taylor expanding k at (0, 3), we obtain

Z thaj(s) +tMen(t, s),

where a; and ey are smooth. Therefore,
M—1
=) wlwa ® aj(zo)wa + By,
§=0
where
||EM”L2_>H(M+1>5—%—0 < 0.
Taking M large enough that (M +1)7 — % > 1 implies that E)s is trace class and hence, since
FEy — By is finite rank, so is Bj. (]
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4.2. The action of DtN maps on space of functions with b-regularity. We first recall a
direct consequence of [BNZ05, Proposition 3.9, Theorem 5.4] that allows us to understand the
action of DtN maps on functions with b-regularity.

Lemma 4.3. Let H € €, be open, possibly empty, with smooth, connected boundary, % - <
t< 2+ % Then
IIs|™ 0T gl 2 < o0 for allm >0 = |||s|™ FLamARN\ 150 g|l,2 < o0, for all m > 0.
(4.1)

A simple application of Lemma 4.3 together with the characterisation of the domains of small
powers of A%%\H in Corollary A.4 allows us to apply the following Lemma to DtN maps and hence
to show that functions with b-regularity are in the domain of high powers of DtN maps.

Lemma 4.4. Suppose that A > 0 is self-adjoint with A : H' — L? and satisfies (4.1) for
O§t<g+%. Then for all 0 <t < g—l—%, g satisfying

I[s]" 05 gll L2 < 00, M >0,
we have Alg € L?.

Proof. Let J := |t|. Then, by (4.1)

s =707 A Toq, gll 12 < oo

Therefore, it is enough to show that if 0 < ¢ < 1 and for all m > 0,
ls™ "0 gl 2 < o0
then, Alg € L?. Since A : H' — L?, we have by interpolation that (AQO‘\H)t cHY - L2
We now show that g € H* and hence (A%\H)tg ¢ L? as claimed.

Since g € C*° for any 1 € C*° supported away from 0, we may assume that g is supported in
a small neighborhood of 0. Therefore,

5 6 2
5 lg(z) — g(v)l
lalfe = oz + [ [ S vy
We now estimate
lg(x) — g(y)?
//!x— ’2t+1 dxdy
gy // lg(x) — g(y)|?
R ZTPIN gy + R 7RI qady
//|m y|< ‘y‘ |3§‘— |21H_1 %<|$—y| ‘x_y’2t+1
Jo 19 (y + s(z — y))|%ds lg(x)]* + |g(y)?
< 2
_//Ix <l oy dxdy + //“"<|x—y| oyt dxdy

/ // |g y+3(’2t 1))’ dacdyds—l—C/\g ‘ ||~ 2t g
lz—y|<

where the last line follows from the fact that |x — y| > |g—‘ implies |z — y| > c|z|.
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Now, for 0 <s <1

/ o 2 , 9
// 19" (y + s(x —y))] dxdy:// lg' (w)] i
jo—y|< 1yl |z — y[*! o] < sl |v]26-1
2 g/ (w)|?
= [sento) 77 W v
2—s

SC/WWWWV”mn

and hence g € H? as claimed. O
In our lower bound on the regularized trace of difference of DtN maps, we need a more precise
formula for the action of DtN maps on one particular function.

Lemma 4.5. Let H € Q) be open, possibly empty, with smooth, connected boundary. Then there
is € > 0 such that for ¢ € C°(—¢,€) with ¢ = 1 near 0 and q > 3, ga ¢ 7w(2Z + 1). Then, for
any |t < Z — 3 and m >0,

|40 (A%=\ 190, w(|s])[s|? + g (|s])|s|* " tan(gar/2)) | 2 < oo, (4.2)
Proof. It will be convenient to rotate coordinates so that, with v : [-L/2,L/2) — 0, a unit

speed parametrisation satisfying v(0) = 0, we have v/(0+) = ¢~**/2 and v/(0—) = —e**/2. Note
that, by assumption there is € > 0 such that v(£s) = £s7/(0£) on 0 < s < e.

Let g := 1(|s])|s]? € L*(94), and define

Tq

Ug (6iq0 + e—iqé')‘

" 2c0s(qa/2)
Then,
—AMH M 10,9 — P(r)ug) = [A,1(r)]ug in Qq, (9 — Yug)loarm) =0
Therefore, by [BNZ05, Theorems 3.7, 5.4, for |t| < T and any m > 1,

o (1 g g — (r)ug) |12 < C,

|a<m
Hence, for [t| < T — % and m > 0, we have
s~ 02 (A%=\ "1 50,9 + qu(|s|)[s]*~" tan(gar/2))] 12 < o0

as claimed. O

As a corollary of Lemmas 4.5 and 4.3, and their analogs on €, \ H, we obtain
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Corollary 4.6. Let ¢ € C°(—1,1) with ) = 1 near 0, % <qg<Z andm€eZ with0 <m < q—i—%.

a’

Then, for all H € Qg with smooth boundary (possibly empty), and all j and t < T + %

|s[P—tm I <(AQQ\H)mlaﬂa\HlaQa¢(|S|)‘S|q

< oQ.
L2

m—1
~ (caym(shlste™ T (a— ) tan ((q —j)a/2))
=0

Remark 4.7. It is possible to extend the range of ¢’s to which Lemma 4.5 and Corollary 4.6
apply, but to do so requires one to solve the Dirichlet problem in spaces worse than H 3 and the
use of the distributional normal derivative. To avoid these technicalities we restrict ourselves to
the case ¢ > % used in this paper.

4.3. A lower bound on the regularized trace. Next, we prove the key technical estimate
used to prove Theorems 1.1 and 1.2. It shows that certain regularized traces of kernels of the
form (3.2) can be controlled from below. To state it, we define for m > 0,

T

Um(x) = T

Lemma 4.8. Let a € (0,27)\ &, L > 0, and m € R with %”—1 <m< %” Let H; @ Qy,1=1,2
be open with smooth, connected boundary of length L. Then 2(Hy, Hy) is trace class and there is
¢ > 0 such that if 2(Hy, Hy) has kernel of the form (3.2) with Kqq(0,0) > 0, then

m

2m_q

nf (T, Z(H1, Hy)) > cKoq(0,0)h ! + o(h'a 1), (4.3)
€ ’

Tf o= Um(hhg),  Agi= I+ AN 4 (1 — g)A2e\o,

Proof. The fact that Z(H;, Hp) is trace class follows from Lemma 4.2. To reduce the notation
below, we write A; := 1+ A%\Hi j =1 9.

Step 1: We claim that for 0 < ¢ < min(% + %, %),

sup [[Agll g2 + A5 2o me < oo (4.4)
0€[0,1]

First notice that, since by Corollary A.4 A?*: H* — H~' and A; > 0, we have
[ATul|72 = (Af'u, u) 2 < Clull.
Hence, A : H' — L? and, since A¥ : H' — H~! is invertible,
[ull e < ClIAT ull g < CIAL[| L2 [ Afull 2 < C|[Aful| 2.

In particular, AY : H' — L? is invertible.

After applying the same argument to Ag, it remains to show that

sup || A || prespr—t + HAe_QtHH*tth < 00. (4.5)
0€[0,1]
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For this, observe that by Lemma A.1, for —t +1 < s <t,

Aol s s < C(|A1]| s s + [[ Al s ps—1) < C.

First, notice that since A; > 0, we have for all 8 € [0, 1], A;l cH3 — Hb. Hence,
At = AT+ AT - 0) (A — Ag)A

Therefore, for § < s < t, since (Ay — Aq) : H2 — H 1
1A7 i1 orae < C.
In particular, dualtiy, interpolation and composition imply (4.5).
Step 2: An intermediate quadratic form.
Let 0 < ¢ < min(2 +1,3)
Qni(u) == (WAL (T + h'AL) tu, u).
Then, since
(14 cht(1+ D) Yuyu) < lul2a + chlulZee < (1 -+ hA)u, u),
we have 0 < (1 + h'AL)~! < (14 ch|D|")~! and hence
Qni(v) = ol72 = (1 +A*AG) v, 0)
> [[vl|72 — (1 + ch' (1 + |D))") 1o, v)
> c(h!(1+|D))" (1 + ch' (1 + |D|)") ', v).
Similarly, since for

0 < ((1+h'Ap)u,u) < [lulz2 + Ch'lull 72 < (1 + Ch' (1 + D)), ),

we have

Qni(v) < C(h*(1+ |D) (1 + Ch' (1 + | D))" 1w, v).

We also claim that
Qn,t(Lhery>1v) < 2Qpe(v).

Indeed, this follows from the fact the functional calculus and the fact that
t bt

T g a<oST
14 at *=¢ 1+ elzt
Step 3: A lower bound for the weighted trace
The goal of this step is to prove (4.3), which follows from the fact that
r(TY 2 (Hy, H)) > cKoq(0,0)h's 4+ o(h's 1),

Let By be the operator with kernel
K — 0 0
Bo = 0 Kaq(0,0)wa(s)wa(t) )

We claim that
(T}, Bo) > cKaq(0,00h's ~' +o(h'a =), | te(Tf,(2(H1, Ho) — Bo)| = o(hs

Ir_q

(4.7)

(4.8)

) (4.10)
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Step 3a: the principal term
We start by proving the first part of (4.10). Observe that

tr(T}, ,n Bo) = Kaa(0,0)(T}, ,,wa, wa)
Now, since wq — cib(s)|s|a ! = r € C°(S\ {0}),

(T o tas wa) = cQpm (W(|s])]s] ) = K| AG*r 2.

m/2

Now, by Lemmas 4.4 and 4.3, A,""r € L?. Therefore, we need only show that

Qun (0(5)]s]571) > chE 1
For this, let J := [Z — %} Then, by Lemma 4.5 and (4.8),
Qnan (V(IsDIsl= 1) = (1 4+ h™AF) T R AG 2 AT (|s) s~ Mg (Is])]s|= )
> ¥ Qu-asnns s Aol
> ok (Qumeas (V51181 E7) — 2Qnemas(AJ(s])ls| )
= ceh® (Quum—2s(Crt(IsDIs|% ™ + ) = 2Qnen2.s(Cruo(Js])|s| 27 + g))
> cch® (Qnan—27 (Crb(Is)|s| ™ 77) = CQuem—as (Crib(lsl)|s|a =)
o ChQJ(Qh»m—QJ(g) + Qhe,m—QJ(g)),

where for all n >0 and t < Z + %, [s|""""/9"g € L? and

Cy = (—1)Jﬁ1 (g . 1) tan ((g . 1)%) £ 0.
=0

Where the fact that C; # 0 follows from J < T and 0 < (5 —j —1)§ <.

Now, by Lemma 4.4, since 0 < m_22‘] =5[>~ %] <ZT+ %, we have

[0}

Qnm—2s(g) < CR™ 27

Now, to finish the first step, observe that

us

€5 @ DI [F 1))
= [ emuel il s
= [eulsli s+ [ DY (el sl) — wllsh)lsl 1 )ds

o —

= [ ulslE s+ [ DY (- wlsllslE s = - TF ) 20,
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where the last inequality follows from the fact that = ¢ Z. In particular,

Qnn—2(¥(|s])[sl=~~7)
=~ <hm_2‘](1+ D)™ 2L+ R 2L+ (D)™ (s sl (ls) s 1)

= > 1w(- DI ) - [T () 2h7 2 (14 [nf)™=27 /(1 + W72 (1 + n]y™=2)
—2m m— m— m— m— m
> Inl a”‘]h 2™ /(22 (14 0™+ O(Rm )
[n|>M
Nh% 1-2J

since m > 2% — 1. This implies the first estimate in (4.10).

Step 3b: the error term
To obtain the second estimate, we consider operators R, Ro, R3 with kernels of the form

Kg,(s,t) = wa(H)wa(s)za(t)k1(zalt), Tals))
KR2 (3, t) = wa(s)kQ(xa(t)7 l’a(8)>,
KRy(s,t) = wa (t)k3(a(t), 2a(s)),

with k; smooth.
We consider R, the others being similar. To analyze R;, we Taylor expand the kernel to obtain

for any M
M-1 M-1 '
Kg, (t,s) = wa(t)wa(s)xa(t)< > cumat)za(s) + D za(s)zalty aj i (za(s))
§=0,¢ =0
M—-1 ’
+ 2a(™ D" 2al(s) bt (2a(t)) + 2a(5) M 2alt) M err(@a(t),a(5)) )
/=0

with aj, by, and e smooth.

Hence, for any M > 1,

(A+0)= _1>

cie(sen(t (el 1) @ (v(1s]) sen(s)ls|

M-1
. @2+ N a+om _
(sen(@? oDl ™" ) @ g + D dear @ (sen()w(lsDlsl =" ) + R
=0

M—1
Ri=)_
3,6=0

M—1

+ D
7=0

where, with K, we have for all n,n’, that
1,M

(1\4+1)7r+ +O+n| | (1\1+1)"+ +0+n’ ananK , €L2
Ry ’

U

(M+1)w
DT L 04 an 2 —
a T2 oygim € L7, |s]

(M+2)7T -
|S| +2+0+na;zg£7M c L2.
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The same analysis as in Step 2, using Lemma 4.4 then shows that
0 2m_ 0
| 6e(Ty o B)| = o(h'e ™) + | t(T3 1, Ry ap)|

Now, let s > 1, m{, m} < min(Z + 1, %) and Jy + Jo +m) + mf < m. Then, using cyclicity of
the trace and boundedness of A;n; : L? — H™™i and Agn; : H™: — L2, we have
| (T R 01|
= [tr((1+ (hg)™)~ 2T (g RY (R AG) ™ (14 (Rg)™) )
< WA R e A A
< PR (14 | D)™ Ry A (14| D)™ o
< WA (1 | D)MESA Ry A A (1 [D)™ ) g 12
Now, by Lemma 4.4, for m} +s < 3, J1 + mj +s < T+ 3, and Jo +mh < g—i-%, we have
(14 [D)™ A Ryar A (14 [D)™ | 22 < C,
and hence

"] 2
| (T R ar)| = o(h'a ),

which proves the second estimate in (4.10) and hence the lemma.

An almost identical proof yields

Lemma 4.9. Let o € (0,21) \ & and m € R with 22 — 1 < m < 2Z. Let H € Qq be open

with smooth, connected boundary. Then, Qb(Qa, H) is trace class and there is ¢ > 0 such that if
D" (N, H) has kernel of the form (3.1) with k(0,0) > 0, then
2z

t (Thm 2* (R, H)) > ck(0,0)h s "1+ o(h'a 1),
Thom = U (h(1 4+ AS)).

5. PROOFS OF THE MAIN THEOREMS

Before proving our main theorem, we prove a basic estimate on 0. This estimate follows easily
from the Weyl law [Roz23, KLP23], but we choose to present a self-contained proof.

Lemma 5.1. Let P be a curvilinear polygon. Then there is ¢ > 0 such that
cj<o; < c1y.
Proof. First, notice that g = 0 and o1 > 0. Therefore, it is enough to prove that

cj+1)<1l+0; <C(G+1).
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For a compact operator A, let s;(A) denote the singular values of A. By Lemma A.3 (14+A%)%/2 .
L? — H~'/? is invertible and hence, using [DZ19, Proposition B.15], we have

(1+¢j) 2 <s;((1+ D))
= s5;(1+|D)"2(1 + A7) 2 (1 4+ A7)~1/2)
< Csi(1+ A7)V =C( + 0;)7 Y2
Similarly,
(1+05) 12 =5;((1+ A7)~/
= 5;(1+AP) 721+ [D)?(1 + |D]) /)
< Csi(1+]D) %) < C(1+cj) V2

We can now prove the main theorems.

Proof of Theorem 1.1. Shrinking r if necessary, we may assume that B(zg,r) € Q,. We apply
Lemma 2.2 to see that, in Lemma 4.9 with H = B(zg,r/2), k(0,0) > 0 and hence 2X —1 < m < 2%

trThm.@ (Qu, H) > cha L.

Now, let {¢q;}720 C L?(994,) be an orthonormal basis of eigenfunctions for A% with eigenvalue
o; and ug, the corresponding Harmonic extensions. Then, let x € C2°(B(zo,r)) with supp(1l —
X) N B(xg,r/2) = 0. Then, by Lemma 2.1,

ch%’r_l < trThm@b(Qa,H) = Z<Th m@b(Qa7H))¢j7¢j>

1+O'] b ) )
§ 1+hm 1+0_) <'@ (QavH)¢]7¢J>

1+U] 9
E 1+hm To)m /Qa IVxug,|“dx

(1+o)™ 9
—ch—i—hm T+ oy 1o 2B

where we use that Ug; 18 harmonic in the last line.

Suppose now that |[ug,|[12(B(ze,r)) = o(j~=). Since by Lemma 5.1 there is ¢ > 0 such that
cj <o; < Cj, for any € > 0, we have

2 P+ 2 AL +4)™ 2w 2m_
ol < E o) < C.h™ § « < Ch™ L
chs Cl—i—hm )mO(] ) < Ch™+Ce j 1+hm(1+j)m] Ch™+Ceh'a

which is a contradiction for € > 0 and h small enough. O
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Proof of Theorem 1.2. Let xg € Qq with d(xg,0Q4) > 79 and ye € Qg |ye| > 1o and

€ < d(yo, 00q) < 2e.

Let Hy = B(xg,¢) and Hy = B(yp,€). Then, by Lemmas 2.3, 2.4 (with p > 4), and 3.2, for

e small enough, Z(H;, Hy) has a kernel of the form (3.2) with Ko (0,0) > 0. Lemma 4.8 then

implies that for %r —l<m< %ﬂ

inf trT¢, P(Hy, Hy) > cha . (5.1)
0€[0,1] ’

Define
By () = /0 (1),

To prove Theorem 1.2, we first show that

1
“tr" (D (hA1) — B (hAg)) > / tr T hP(Hy, Ho)d > ch'a, (5.2)
0

where “tr is an appropriately regularized trace, A; := 1 + A2\H1 and Ay := 1 + A%\Ho,
To dot his, let ¢, by polynomials with ¢, — ®,,, in C' uniformly on compact sets. Let {e; }?io -

L2(S') x L?(S') be an orthonormal basis of eigenvectors of A; with eigenvalues 1 + o (A% \1),
Let ITps denote the orthogonal projector onto {e; }j]‘/io. Then, by cyclicity of the trace

1
tr (HM (qn(HMhAlﬂM) - qn(HMhA()HM))HM) = / tr(q,’i(HMhAgﬂM)HMh@(Hl, HQ)HM)dcg
0

1
— tr V(M prhAgIlng )Tz h D (Hy, Ho)ILpd6.

n—oo 0

On the other hand
tr Hqu(HMhAjHM)HM — tr HM(I)m(HMhAjHM)HM,

SO

1
tr (Ipz (@ (Tarh A IT0r) — @y (s hAoITar ) )T ay) :/ t1 Y (I R AT 0 )T h 2 (Hy, Ho)Tpd6.
0

Since Z(Hi, Hy) is trace class,

HHMh-@(Hla Ho)HM — h.@(Hl, HO)Htr Mjoo 0. (53)

Next, observe that

Y (prhAgTly) = T — (I 4 (TLprhAgILy)™) L (5.4)
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Then, since hAg > h, letting I' = {& — it + m?|t| : t € R} be a contour around [h, cc), we have

(1 + (MarhAoTlar)™) ™" = (I + (hAg)™) ™
h 1

T omi rl+2zm

h 1 _ _

=5 [T (hAg — 2) (I — M)A (I — Hpy)(prhAgIy — 2) " tdz
r

h 1

—(1- 9)727”, / = Zm(hAg — 2) Y0y 2(Hy, Hy)y — 2(Hy, Hy)) (T hAgIly — 2) " tdz
I

+ (I —1ly)

h 1

=5 | T (hAg — 2) " (hAy — 2)(hAy — 2) " (I — Tp)Ay (I — g ) (HprhAgIly — 2) " tdz
I

h 1

R 9)/ (o — )7 (Mg 2(H, Fo)Tlas — (i, Ho)) (MashAgTTay — 2) '
r

+ (I —1lnr)

1 1

:27T’L F1+Zm

" (1-0) /F L (hAg — =) (T D (H, Ho)TLyy — 9(Hy, Ho)) (MaghAgLyy — 2)~'d=

(hAg — Z)il(HMAQHM — A@)(HMhAQHM — z)’ldz + (I — HM)

(hAg — Z)_l(hAl — Z)(I + Z(hAl — Z)_l)z_l(f — HM)dZ + (I — HM)

omi 1+ 2m
=: A(I—HM)—I-BM.

By converges to zero since Z(Hi, Hy) is trace class, m > 0, and the resolvents are bounded
by d(z,[h,00))~!. On the other hand A is bounded since (hAy — z)~*(hA; — z) is bounded and
(hA — 2)~! < d(z,[h,00))7L.

In particular, since ||(I — ) Z2(H1, Ho)lltr — 0, we have

(I + (HarhAgIlp)™) ™" — (I + (hAg)™) ") 2(Hy, Ho) || e 0 (5.5)
and hence by (5.1), (5.3), (5.4), and (5.5), we have

1
lim tr ((I)m(HMhAlﬂM) — (I)m(HMhA()HM)) :/ tI‘T}imh_@(Hl,Ho)d@ > Ch%. (5.6)
0

M—o0

Now, observe that, since ®,,, is increasing and

oi(hAg) = min max (hAgv,v
(ho) dimV:j+1v€V,||v||:1< v, 01

we have

M
> " ®p(0j(hhg)) < tr (@ (o (TarhApTIyr))),
j=0
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and hence
cha < limtr (@, (A TLy) = @ (HarhAoTr))
—00
M
<liminf ) | @ (h(1+ o (A2NY)Y — @, (h(1 + o (A% \O))) (5.7)
—00
j=0

Now that we have proved (5.2) in the sense of (5.7) suppose by contradiction that
2
oy (A% — g (A NTo) | = o(j7).

Then, since by Lemma 5.1 ¢j < 0;(A%\1) < € and ¢j < 0;(A%\Mo) < O, for all € > 0 we
have
, M
che < liminf Z; B(h(1+ 0y (A% M) — D(A(1 + (A% o))
=

M
< hliminf P ()] (A% — (A% o))
M—o0 ;meh[ucj,HCj] ! J
< Ch Y min(h™(1+ §)™, 1)o(j~ <)
J
= Ch™ 4 Ceh S min(R™ (14 §)™, 1)j % < Ch™ ' + Ceh's .
J

Taking € small enough and then A small enough, we obtain a contradiction with (5.7). O

APPENDIX A. DOMAINS OF THE DTN MAP ON CURVILINEAR POLYGONS

In this section, we study the DtN map on curvilinear polygons. In particular, we show that
they satisfy the assumptions of Lemma 4.8.

Lemma A.1. Let P C R? be a curvilinear polygon with mazimal angle . Then for all max(—2 +
L1y <s<min(Z +1,3), AP : H*(0P) — H ' (8P).
Proof. We prove the statement for % < s < min(] + %, %) with the other indeces following by
duality.

Let 1 <t < 2 41. We recall some elliptic regularity results from [Dau88, Theorem 23.3]. Then
for all w € H}(P), f € H™2(P) such that

(Vu, Vo) = (f,v) for all v € H}(P), (A1)
we have u € H'(P) and
lull eepy < CUf Nl ae-20py + lull 51 epy)-

In particular, since (A.1) together with the Poincaré inequality implies

[ull 2 (py < ClIVull72y = (f,u),
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we have for all u € H}(P) satisfying (A.1),

lullzepy < CllfllEe—2(P)s (A.2)
which implies that for all f € H!=2 there is a unique solution u € H!(P) N HZ(P) of (A.1).

Let 1 < s < min(Z+3, 2). Then, by [Grill, Theorem 1.5.2.8], there is E : H¥(OP) — HS+%(P)
satisfying

(Ef)lop = f

and HEHHS*? (OP)—H*(P) <o

Next, let w € Hi(P) satisfy
(Vw, Vo) = (VEf,Vv) for all v € H} (P).

Then,
IA7 Fllrs-1(0m) = 100 (E f=w)[| gs-10p) < C(|Jw]

In particular,

FIES orym) < CIEF < Cl[fllzsop)-

HS+%(’P H5+2 P)
HAPHHS(ap)aHSfl(ap) < 0.

The estimates for 3 < s < 1 follow by interpolation with the energy bound A” : H%(ap) N

H~3(9P). ’

We will use the following analog of the Poincaré inequality
Lemma A.2. There is C > 0 such that for all u € H'(P),
ull gy < CIVull2epy + [lulopl 2@p))- (A.3)

Proof. We prove (A.3) by contradiction. Suppose (A.3) fails. Then there are u,, € H'(P) with
lunllgipy = 1, [Vuallp2py = 0 and [Jun|op||2@opy — 0. In particular, extracting a subsequence,

we may assume that u, — v in H'(P) and u,, — u in H %(P) First, notice that since the trace
map is bounded from H3/4(P) — L?(9P), we have u|gp = 0. Next, since [Vun|lr2¢py — 0, we
have Vu = 0 so that u is a constant. Thus, since u|gpy = 0, u = 0. But then [juy||;> — 0 and
which is a contradiction since
2 2 2
L= llunlgnpy = Vunlzz@py + llunllzz@) = 0.
O

Lemma A.3. Let P C R? be a curvilinear polygon with mazimal angle . Then for all max(—g +
L—by<s<min(T+1,3), (1+A)"1: HY(IP) — H*(IP)

Proof. We consider the % < s <min(Z + %, %) The other values of s follow by duality.

s
a

Step 1: Invertibility in H 3.
First observe that for g € H'/2(9P),

(14 AP)g.9) 2(0m) = [VHP gl132(p) + 1911320,
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where
—~AHPg=0inP,  Hglop =g.
In particular, by (A.3) and the fact that the trace is bounded from H(P) — H %(873),

IIQIIZQ or) = < ClIHPgllip p) < CUVH gl 22y + gl Z2(p)) = (1 +A)g.9).

Hence,
<1+ A7)gll

190,13 o) -4op)

and, since A? : Hz — H~2 is self-adjoint, this implies (1+ A7) : H%(ap) — H_%((?P) is
invertible.
Step 2: Elliptic regularity for the DtN map at higher regularity

Let 3 <s < Z+%. Then, by [Dau88, Theorem 23.3], for all w € H'(P) satisfying

(Vw, Vo) = (f,v)  for allv € H'(P), (A.4)
with f € H~'n HS_%(P), we have w € H5+%(73) and
1wll or py < CUSN ot ) + 0l p))-

Consider now the space H*(P) := {u € H*(P) : fu = 0}. Then, the same arguments leading
to (A.2) but applying the Poincaré inequality in H' shows that for all f € H BaY: Lt (P), there
is w € H*(P) satisfying (A.4) and

]l

<Clf

H* 2 (P) 3Py’

Now, let 1 < s < min(Z + 3,3). Then, by [Grill, Theorem 1.5.2.8], there is E, : H*~1(9P) —
HS+%(73) such that
(8VEV)’8P =1, EV|877 =0

Suppose that g € H%(('?P) with APg =: f € H*"1(9P). Note that
(f,D)op = (A7g,1) = (VH"g,V1) = 0.
Therefore, there is w € H'(P) such that
(Vw, Vo) p2py = (VE, f,Vu)p — (f,v)op,  forallv e HY(P),

and

CIVE.f]

”"UHHHQ(P) by T £l m-102)) < ClFll =1 (om)-

Now, observe that u := H¥ g 4+ w satisfies
(Vu, Vo) = (VE, f,Vo)p  forallve H(P).
Therefore,

[l < CUVES ey + llull )

3 (P) 2

< Cllf sy + IH gl iy < CUF 1) + 9l o))"
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Hence,
Il @my < CHHPGl g iy < CllL et gy + 10l g3 ) < CUF Lz 0m) + 1l )
(A.5)
Next, suppose that (1 + AP)g = f. Then, setting f = APg = f — g in (A.5), we obtain
lgllzrs oy < CULANms-10) + gl as1om) + 191l ;3 o)) < CllF Ns10m), (A.6)
where we have used that, since s < 5, by Step 1
lolir=som) + 9013 oy < N+ APl omy < 171 oy
to absorb the H'/2 and H* ! errors. O

The following is now a direct corollary of interpolation together with Lemmas A.1 and A.3

Corollary A.4. Let P C R? be a curvilinear polygon with mazimal angle . Then for m € R
with 0 < m < min(2E + 1,3), there is C > 0 such that

10+ AP) g - + 1A+ AT) g e <C.

m
H2—> 2 -H
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