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Abstract

We consider the hp-FEM applied to the Helmholtz scattering problem with wavenum-
ber k, truncated with a perfectly-matched layer. The scatterer consists of a combination
of Dirichlet, Neumann, and penetrable obstacles together with variable coefficients. Pro-
vided that the Helmholtz solution operator is polynomially bounded in k, all coefficients
are piecewise smooth, all boundary surfaces are Gevrey and all coefficients restricted to
boundary surfaces are Gevrey together with all their normal derivatives, we show that the
hp-FEM is quasioptimal when p ≥ 1+ ϵ log k and hk/p is sufficiently small; i.e., the hp-FEM
does not suffer from the pollution effect. This result generalises the analogous results in
both [6] (proved for piecewise analytic coefficients and analytic boundaries) and [17] (proved
for smooth coefficients that are analytic near analytic obstacles) to a much larger class of
scatterers.

1 Introduction

1.1 The scattering problem and its approximation using a PML

We consider scattering by a bounded open obstacle Ω− ⊂ Rd with connected complement,
Ω+ := Rd \ Ω−: given f ∈ L2

comp(Ω+), find u ∈ H1
loc(Ω+) such that

−k−2 div(A∇u)− nu = f in Ω+, (Bu)|∂Ω+ = 0, (k−1∂r − i)u = or→∞(r
1−d
2 ) (1.1)

where Γs := ∂Ω+ = Γhard ⊔ Γsoft with Γhard and Γsoft smooth, closed hypersurfaces and
(Bu)|Γsoft

= u in the sound-soft case and (Bu)|Γhard
= ν · (A∇u), with ν the normal to Γs

in the sound-hard case.
We assume that there is Γp ⋐ Ω+ a smooth, closed hypersurface such that A ∈ C∞(Ω+ \Γp)

is a symmetric, positive-definite matrix with real coefficients that equals the identity outside a
compact set and n ∈ C∞(Ω+\Γp) is a real-valued function that equals one outside a compact set.
Here, a function u ∈ C∞(V ) if for all connected components Vj of V there exists Uj ∈ C∞(Rd)
such that Uj |Vj = u|Vj (i.e., u is C∞ “up to the boundary”). Under these assumptions, the
solution to (1.1) exists and is unique; see [19, §4.2] and the references therein.

We approximate the Sommerfeld radiation condition using a radial perfectly matched layer
(PML): let Ωtr ⊂ Rd be open, bounded, connected, with C1,1 boundary, and contain a closed ball
containing Ω−∪ supp(A− I)∪ supp(n−1). We truncate the problem (1.1) to the computational
domain Ω := Ω+ ∩ Ωtr and apply the finite-element method to the problem: given f ∈ L2(Ω),
find u ∈ H1(Ω) such that

Pku := −k−2 div(Aθ∇u) + k−2bθ · ∇u− nθu = f in Ω, (Bu)|∂Ω+ = 0, u|∂Ωtr = 0, (1.2)
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where Aθ, bθ, and nθ are defined in, e.g., [19, §4.4 and Definition 4.7] and, in particular, equal A,
0, and n (respectively) in the non-PML region. For all but finitely-many values of k the solution
to (1.2) exists and is unique. When the data f is away from the PML region, the difference
between the solutions of (1.1) and (1.2) (measured away from the PML region) is exponentially
small in k [15].

Let
ρ(k) := sup

{
∥u∥L2(Ω) : u solves (1.2) with ∥f∥L2(Ω) = 1

}
.

Recall that, with the normalisation used in (1.1), for all k0 > 0 there exists c > 0 such that
ρ(k) ≥ ck for k ≥ k0. By [15, Theorem 1.6], for a radial PML, there exist C, k1 > 0 such that
for k > k1 and χ ≡ 1 on the convex hull of Ω,

ρ(k) ≤ C sup
{
∥χu∥L2(Ω+) : u solves (1.1) with ∥χf∥L2(Ω+) = 1

}
; (1.3)

i.e. the PML solution operator is controlled by the scattering solution operator.

1.2 Gevrey-type regularity assumptions

Recall the definition of the Gevrey-σ class.

Definition 1.1 (Gevrey-σ class). Let σ ≥ 1. A function g ∈ C∞(Ω) is Gevrey class Gσ(Ω)
with constant M if for every compact K ⊂ Ω and every γ ∈ Nd

sup
x∈K

|∂γg(x)| ≤M |γ|+1(γ!)σ. (1.4)

Note that a Gevrey-1 function is analytic; thus the Gevrey class of functions can be seen as
an intermediate regularity class between the classes of C∞ functions and analytic functions.

Definition 1.2 (Gevrey-σ hypersurface). A hypersurface Γ is Gevrey-σ if for every point x0 ∈
Γ there is a neighbourhood U of x0, an orthogonal matrix O, and an open set V ⊂ Rd a
neighbourhood of 0 and ψ : U → V a Gσ diffeomorphism such that

ψ(U ∩ Γ) =
{
(x′, 0) : x′ ∈ Rd−1, (x′, 0) ∈ V

}
.

Definition 1.3 (Gevrey-σ at a hypersurface Γ). Let σ ≥ 1, Γ ⊂ Ω a smooth, closed hypersurface
and u ∈ C∞(Ω \Γ). A function u is Gevrey-σ at Γ if for all connected components, Ωi of Ω \Γ,
there is M > 0 such that for all γ ∈ Nd

sup
x∈Γ

|∂γ(u|Ωi)(x)| ≤M |γ|+1(γ!)σ.

1.3 The finite element method with piecewise polynomials

Let ak(·, ·) be the sesquilinear form associated with (1.2). We work in the Hilbert space

H :=
{
u ∈ H1(Ω) : u|Γsoft

= 0, u|∂Ωtr = 0
}

with norm
∥u∥2H1

k(Ω) := k−2
∥∥∇u

∥∥2
L2(Ω)

+ ∥u∥2L2(Ω). (1.5)

Definition 1.4 (Galerkin approximation). Given a closed subspace V ⊂ H, a Galerkin approx-
imation of u ∈ H is an element uh ∈ V such that

ak(uh, wh) = ak(u,wh) for all wh ∈ V. (1.6)
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Given a triangulation T , a reference element T̂ , and element maps {F}T∈T , the space of
mapped polynomials of degree p on triangulation T is defined by

V p(T , {FT }T∈T ) :=
{
v ∈ H1(Ω) : for all T ∈ T , v|T ◦ FT ∈ Pp(T̂ )

}
.

We consider a Gσ simplicial, affine-conforming triangulation, T of Ω, where the notions of
“Gσ” and “affine-conforming” are defined below in Definitions B.7 and B.8, respectively. These
definitions correspond, roughly speaking, to T consisting of curved elements with Gevrey-σ
element maps from a reference simplex, and a compatibility condition on neighbouring element
maps ensuring that there exist non-trivial globally H1 mapped polynomials (i.e., ensuring that
V p(T , {FT }T∈T ) is not the zero function). Let

V p
T := V (T , {FT }T∈T ) ∩H,

and let h(T ) to be an upper bound for the diameter of any element of the triangulation. Ap-
pendix B proves new results about approximation in V p

T , with the bounds explicit in both the
polynomial degree and the regularity of the approximated function.

1.4 Statement of the main result

Theorem 1.5 (k-uniform quasi-optimality of both the hp-FEM and the p-FEM). Let σ ≥ 1,
Γs, ∂Ωtr, and Γp be Gevrey-σ, Aθ and nθ be Gevrey-σ at both Γp and Γs, K ⊂ (0,∞) be such
that

sup
k∈K

log ρ(k)

log k
<∞, (1.7)

and ε, k0,Υ > 0. Then there exist C, Cqo, h0 > 0 such that for all k ∈ K ∩ [k0,∞), and all Gσ

simplicial, affine-conforming triangulations T with constant Υ, if

0 < h(T ) < h0,
h(T )k

p
≤ C, p ≥ 1 + ε log k, (1.8)

and
∂Ω ∪ Γp ⊂

⋃

T∈T
∂T

then for all u ∈ H1
k(Ω) the Galerkin approximation of u in V p

T exists and satisfies

∥u− uh∥H1
k(Ω) ≤ Cqo min

wh∈Vp
T
∥u− wh∥H1

k(Ω). (1.9)

Remark 1.6. If the triangulation is quasi-uniform then the dimension of V p
T is proportional to(

p/h(T )
)d
. Thus Theorem 1.5 shows that there exist piecewise-polynomial spaces with dimension

∼ kd for which the Galerkin approximation is k-uniformly quasi-optimal.

Remark 1.7 (Polynomial boundedness of the solution operator occurs at “most” frequencies).
The bound (1.7) is equivalent to ρ(k) being polynomially bounded in k for k ∈ K. Furthermore,
given δ, k0 > 0, there exists K ⊂ [k0,∞) with the measure of [k0,∞) \K less than δ such that
(1.7) holds for k ∈ K. To see this, recall that (i) the solution of the PML problem (1.2) exists
and is unique for all but finitely-many values of k – this is a consequence of well-posedness
for sufficiently-large k [15] and Fredholm theory (showing well-posedness for all but a discrete
set of ks), (ii) by (1.3), the PML solution operator inherits the bound on the scattering solution
operator for sufficiently-large k, and (iii) the scattering solution operator is polynomially bounded
for “most” k (in the sense above) by [24].
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1.5 Discussion of Theorem 1.5

The context and novelty of Theorem 1.5 It has been known since the seminal works
of Ihlenburg and Babuška [22, 23] that, despite the fact that a fixed number of points per
wavelength, hk ∼ 1, is enough to accurately approximate waves with wavenumber k, the h-
version of the FEM requires hk to tend to 0 as k → ∞ to maintain accuracy. This phenomenon
is known as the pollution effect [5].

The pollution effect becomes less pronounced as p increases. Indeed, for general Helmholtz
problems the Galerkin solution is k-uniformly quasi-optimal if (hk)pρ(k) is sufficiently small [9]
and has controllably-small relative error (for k-oscillating data) if (hk)2pρ(k) is sufficiently small
[18]. It is therefore natural to consider the p- or hp-FEM, with p increasing as k increases.

It was first shown in [28, 29] (see also [39]) that, if

(i) the solution operator is polynomially bounded in k (which holds for “most” k by [24]; see
Remark 1.7), and

(ii) the domain is analytic, and the PDE coefficients are constant,

then both the hp-FEM and p-FEM do not suffer from the pollution effect – i.e., the Galerkin
solution is k-uniformly quasioptimal – if

h ≤ c,
hk

p
≤ cϵ and p ≥ 1 + ϵ log k. (1.10)

These results were then generalised to wider classes of Helmholtz problems in [25, 16, 17, 6].
The current state-of-the-art analyses of the hp-FEM and p-FEM yielding k-uniform quasiop-

timality require regularity assumptions that are substantially weaker than (ii) above. Indeed,
under (1.10), k-uniform quasioptimality of the hp-FEM and p-FEM is proved for the variable-
coefficient Helmholtz Dirichlet problem when either

(a) Ω− is analytic and the coefficients, A and n are smooth in Ω and analytic in a neighbour-
hood of ∂Ω− [25, 16, 17], or

(b) Ω− is analytic and the coefficients A, and n are piecewise analytic with respect to an
analytic interface Γp [6].

In comparison, Theorem 1.5 requires

(c) Ω− is Gevrey-σ and the coefficients A and n are piecewise smooth with respect to a
Gevrey-σ interface Γp, and A and n are Gevrey-σ at ∂Ω− and at Γp (in the sense that the
restriction from either side of Γp is Gevrey-σ; see Definition 1.3).

That is, Theorem 1.5 weakens the regularity requirements of [25, 16, 17, 6] in two substantial
ways: 1) analyticity requirements are replaced by Gevrey-type requirements and 2) all regularity
requirements beyond piecewise smoothness are imposed only at interfaces and boundaries rather
than in neighbourhoods thereof.

The proof of Theorem 1.5: high- and low-frequency splitting The analysis of the hp-
FEM via splitting the solution into “well-behaved” and “poorly-behaved” parts has been known
since the work of Babuška and Guo [3, 4, 20, 21] on domains with corner singularities, where
the poorly-behaved part arises as a result of failure of full elliptic regularity at the corner; this
approach was then further developed in the books [38, 27].

In the context of k-explicit analyses of the Helmholtz equation, this splitting is one into low
and high frequencies: low frequencies should be well approximated by polynomials but may be
large in k, while high frequencies have less good approximation, but should be well controlled
in k because the Helmholtz operator is, in some sense, uniformly elliptic on high frequencies (in
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the absence of boundaries, this can be understood via the notion of semiclassical ellipticity [13,
Theorem E.33]).

The key technical ingredient in the analysis of the Helmholtz hp-FEM is then the method
for splitting the solution u to (1.2) into high- and low-frequencies:

u = uL + uH

so that uL is well approximated by piecewise polynomials and uH is controlled in k.
In the approach of [28, 29, 6] (also used in [30, 31, 32] for the time-harmonic Maxwell

equations), suitable frequency cutoffs are applied to the data f in (1.2) – on Rd these cutoffs are
defined via the Fourier transform, and on subsets of Rd these are defined via first extending to Rd
and then using the Fourier transform. The function uL is then defined as the Helmholtz solution
with right-hand side given by the low-frequencies of the data. Since these low frequencies are
automatically analytic, if the domain and coefficients are piecewise analytic, then uL is piecewise
analytic by analytic elliptic regularity. The proof that u − uL =: uH is “well-behaved” with
respect to k relies crucially on the fact that, for high-frequency data, the Helmholtz solution is
“close” (in an appropriate sense) to the solution of Helmholtz problem with a sign flipped (so
the PDE is coercive, uniformly in k); i.e., semiclassical ellipticity on high frequencies.

In the approach of [25, 16, 17, 19], frequency cut-offs are applied direct to the Helmholtz
solution u in (1.2). There are two basic ideas that have been used to achieve frequency splittings
in this way (see also the discussion in [19, Section 7.1]):

1. use the Fourier transform [25], or

2. apply a function of a self-adjoint operator, P, [16, 17, 19] that agrees with the Helmholtz
operator Pk near the scatterer.

By using the Fourier transform– specifically defining uL := 1[−2k,2k](|D|)u– one can, essentially
always, split u into a low-frequency part that is well approximated and a high-frequency part.
The difficulty is then to show that the high frequency part is controlled by the data f without
growth in k. One of the surprising features of [25] was that, in contrast to the approach in
[28, 29, 6], it required no analyticity assumptions, instead showing that, despite the fact A and
n may not be better than smooth, the high frequencies (as measured by the Fourier transform)
are nevertheless well controlled.

The papers [16, 17, 19] then used this insight to remove analyticity assumptions strictly away
from boundaries, but still require analyticity in neighbourhoods thereof. This analyticity is used
to guarantee that the eigenfunctions of P are approximated well. Up to now, however, there
was no conceptual explanation for why substantial additional regularity assumptions (beyond
smoothness) might be needed near boundaries, but not in the interior.

In this paper, we provide such an explanation using a new method for frequency splitting.
Specifically, we show that it is enough to construct an auxiliary self-adjoint, elliptic, second-order
differential operator P̃, such that, for any N , the domain of P̃N agrees with that of PNk (away

from the PML boundary ∂Ωtr) and such that the eigenfunctions of P̃ are approximated well by
piecewise polynomials. This new approach (i) explains why, in the absence of boundaries and
interfaces, one can use Fourier multipliers that are based on the operator −∆ and (ii) enables
us to impose regularity assumptions (beyond smoothness) only at boundaries and interfaces.
Specifically, we construct P̃ by finding ã and ñ that, together with all derivatives, agree with A
and n at ∂Ω+ and Γp, are Gevrey-σ in a neighbourhood of these interfaces, and are piecewise
smooth. The operator defined by sesquilinear form

⟨P̃u, v⟩ := ⟨ãk−1∇u, k−1∇v⟩ − ⟨ñu, v⟩

acting on the same space as the sesquilinear form associated to Pk then has the required prop-
erties.
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Potential extensions to Theorem 1.5. The proof of Theorem 1.5 suggests that one can
weaken the regularity requirements for the triangulation, Γp, and ∂Ω+ as well as those for A
and n at Γp and ∂Ω+ to the following Denjoy–Carleman class of functions

sup
x∈K

|∂γg(x)| ≤M |γ|+1eσ|γ|
2

(1.11)

(compare to (1.4)); this is discussed further in Remark 6.3 below.
The only missing component to proving Theorem 1.5 under this assumption is the relevant

elliptic regularity theory. Although we are not aware of such results for the classes in (1.11), we
do not believe there are any fundamental difficulties in proving such elliptic-regularity results.
We have chosen not to pursue this here since Gevrey classes of functions are much more standard
in the numerical-analysis literature (see, e.g., [14]).

A natural question is whether one can entirely remove assumptions – on either ∂Ω− and Γp
or the coefficients – at the boundary stronger than just smoothness.

We do not expect removing assumptions on ∂Ω− or Γp for general (i.e., not constructed using
knowledge of both the coefficients and the geometry) C∞ triangulations to be possible for the
following reason: in a conforming triangulation, there will always be a simplex, T , one of whose
faces is contained in the boundary. Because of this, the element map FT cannot be more regular
than the boundary and hence, for a typical smooth u, u ◦ FT cannot be more regular than the
boundary itself and therefore, the quality of the approximation by a polynomial will not be well
controlled as the degree p tends to infinity. Specifically, if the ℓth derivative of the boundary is
of size Mℓ, one expect an approximation no better than

(
Chk

p

)p
max(1, k−pMp)

and hence, if Mp grows arbitrarily fast and Chk/p is bounded below, it will not be possible to
make this error superpolynomially small in k. (The exception to this would be to construct the
triangulation and element maps using knowledge of u so that u ◦ FT has better regularity than
either u or FT .)

The question of whether the regularity of A and n on the boundaries can be relaxed is
somewhat less clear, but an indication that it may not be possible is the following: all splittings
of u into high and low frequencies to date require that uL be in the domain of any fixed power
of the operator P . This implies that uL cannot be more regular than the coefficients (at the
boundaries); thus, when coefficients do not have additional regularity at the boundary uL is
poorly approximated as p→ ∞.

1.6 Organization of the paper

Section 2 describes the operator P̃ used to define the low-frequency cut-offs and proves related
pseudolocality results. Section 4 proves a bound on the adjoint-approximability constant modulo
controlling the low-frequencies. Section 5 constructs P̃ under Gevrey-type regularity assump-
tions. Section 6 proves Theorem 1.5 using the results of Sections 4 and 5. Appendix A recaps
the Schatz argument for proving quasi-optimality. Appendix B proves p-explicit polynomial
approximation results tailored to Gevrey-σ functions, and Appendix C proves elliptic regularity
results under Gevrey-σ regularity.

2 Low-frequency cutoffs defined by functional calculus and re-
lated pseudolocality results

2.1 Notation

We first define the Helmholtz PML problem under less regularity than in Theorem 1.5.
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Definition 2.1 (Hℓ Helmholtz PML problem). The PML problem (1.2) is a Hℓ Helmholtz PML
problem if Ωtr and Ω− and Cℓ−1,1, and there is Γp ⋐ Ω+ a Cℓ−1,1 closed, embedded hypersurface

such that Aθ, bθ, nθ ∈ Cℓ−2,1(Ω+ \ Γp). We then call the operator Pk in (1.2) an Hℓ Helmholtz
PML operator. The problem (1.1) is an H∞ Helmholtz problem if it is an Hℓ Helmholtz problem
for all ℓ and we call Pk an H∞ Helmholtz PML operator.

In a similar way to how the space C∞(V ) was defined, here, a function u ∈ Cℓ(V ) if for all
connected components Vj of V there exists Uj ∈ Cℓ(Rd) such that Uj |Vj = u|Vj .

Definition 2.2 (Semiclassical differential operator). A semiclassical differential operator of
order m on Ω \ Γp is an operator of the form

∑

|α|≤m
aα(x, k) (k

−1Dx)
α, (2.1)

where Dx = 1
i ∂x and aα ∈ S(Ω) where

S(Ω\Γp) :=
{
a ∈ C0((0,∞);C∞(Ω\Γp)) : ∀ k0 > 0, γ ∈ Nd sup

k∈[k0,∞)
∥∂γxa(x, k)∥L∞(Ω\Γp) <∞

}
.

We say that a semiclassical differential operator of order m is elliptic if for all k0 > 0 there is
c > 0 such that

inf
k∈[k0,∞), x∈Ω\Γp

∣∣∣
∑

|α|=m
aα(x, k)ξ

α
∣∣∣ ≥ c|ξ|m, ξ ∈ Rd,

where aα are the coefficients appearing in (2.1).
We say that a semiclassical differential operator of order m has Gevrey-σ coefficients if for

all k0 > 0 there is C > 0 such that for all α ∈ Nd with |α| ≤ m and all γ ∈ Nd,

sup
k∈[k0,∞)

∥∂γxaα(x, k)∥L∞(Ω\Γp) ≤ C |γ|+1(γ!)σ

where aα are the coefficients appearing in (2.1).

The following notation is used to state the pseudolocality results.

Definition 2.3. Let X,Y be Banach spaces, f : (0,∞) → (0,∞), and Bk : X → Y a k-
dependent operator.

Bk = O(f(k))X→Y

if for all k0 > 0 there is C > 0 such that

∥Bk∥X→Y ≤ Cf(k), k > k0.

Furthermore,
Bk = O(k−∞)X→Y

if for all k0 > 0 and N > 0 there is C > 0 such that

Bk = O(k−N )X→Y .

2.2 The operator Sk = ψ(P̃) and pseudolocality results

We begin with an abstract result about two operators satisfying G̊arding inequalities.
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Lemma 2.4. Let H ⊂ H1
k(Ω) be a Hilbert space with

∥u∥H = ∥u∥H1
k(Ω), foru ∈ H,

cG, CG > 0, and P, P̃ : H → H∗ satisfy

⟨P̃u, u⟩ ≥ cG∥u∥2H1
k
− CG∥u∥2L2 for all u ∈ H,

Re⟨Pu, u⟩ ≥ cG∥u∥2H1
k
− CG∥u∥2L2 for all u ∈ H,

and P̃ selfadjoint. Then there is ψ ∈ C∞
c (R) such that, with Sk := ψ(P̃),

Re
〈(
Pk + Sk

)
v, v
〉
≥ c∥v∥2H1

k
for all v ∈ H.

Proof. There is ε > 0 and c1, c2 such that

Re⟨(P − εP̃)v, v⟩ ≥ c1∥v∥2H1
k
− c2∥v∥2L2 .

Next, let M be large enough such that εM > c2. Since P̃ is self-adjoint and satisfies a G̊arding
inequality, we can define functions of this operator P̃; see, e.g., [26, Theorem 2.37], [37, Ch. 5].
In particular, there exist ψ0 ∈ C∞

c (R) such that P̃ +ψ0(P̃) ≥M ; see, e.g., [18, Lemma 2.1] and
[2, §5.3].

Thus a simple computation gives us the desired result for ψ := εψ0

Re
〈(
P + εψ0(P̃)

)
v, v
〉
= Re

〈(
P − εP̃ + ε

(
P̃ + ψ0(P̃)

))
v, v
〉
≥ c1∥v∥2H1

k
.

We require two sets of pseudolocality results – spatial and in frequency. The spatial ones
needed here are proved in [2, Theorems 5.27 and 6.2] and can be applied directly to the semi-
classical operator P̃. We recall them here without proof.

Lemma 2.5. (Spatial Pseudolocality [2, Theorems 5.27 and 6.2]) Let Pk be an H∞

Helmholtz PML operator and P̃ be a self adjoint realisation of an elliptic, semiclassical differen-
tial operator of order 2. Suppose that ψ ∈ S(R), χ1, χ2 ∈ C∞(Ω\Γp) with suppχ1∩suppχ2 = ∅.
Then for all N > 0,

χ1ψ(P̃)χ2 = O(k−∞)(HN
k (Ω\Γp))∗→HN

k (Ω\Γp)
.

Moreover, for ψ ∈ C∞
c (R) constructed in Lemma 2.4 and Sk := ψ(P̃),

χ1(Pk + Sk)
−1χ2 = O(k−∞)(HN

k (Ω\Γp))∗→HN
k (Ω\Γp)

,

χ1(P
∗
k + Sk)

−1χ2 = O(k−∞)(HN
k (Ω\Γp))∗→HN

k (Ω\Γp)
.

The following frequency pseudolocality result is a consequence of [2, Theorem 5.37] after we
check certain commutator relations between Pk and P̃ (see Lemma 2.9 below). When P̃ = RePk,
the analogous result was proved in [2, Theorem 5.37 and Lemmas 6.7 and 6.9]. To simplify
notations below, it is useful to define the N -commutator:

ad0g f = f, adNg f = [g, adN−1
g f ]; (2.2)

with N ≥ 1.
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Lemma 2.6. (Pseudolocality in Frequency) Let k0 > 0 and let Pk be an H∞ Helmholtz
PML operator, P := RePk, and P̃ be a self adjoint realisation of an elliptic, semiclassical
differential operator of order 2 such that for all N ∈ N, D(P̃N ) = D(PN ) = D2N

k where

D2N
k :=

{
u ∈ H2N (Ω \ Γp) :

BPju|Γ = 0, (Pju)|∂Ωtr = 0,

Pju ∈ H1(Ω), ∂νA,+Pju|Γp = ∂νA,−Pju|Γp

for j = 0, . . . , N − 1,

}

and for all N0 > 0 there is C > 0 such that for all k ≥ k0 and u ∈ D(PN0),

C−1
N0∑

m=0

∥P̃mu∥L2 ≤
N0∑

m=0

∥Pmu∥L2 ≤ C

N0∑

m=0

∥P̃mu∥L2 . (2.3)

For all M > 0, N > 0, ψ1, ψ2 ∈ C∞(R), χ ∈ C∞(Ω) such that

∥⟨ · ⟩−Mψi∥L∞ <∞,

either ψ1 ∈ S(R) or ψ2 ∈ S(R), suppψ1 ∩ suppψ2 = ∅, supp∇χ ∩ (∂Ωtr ∪ Γs ∪ Γp) = ∅, and
suppχ ∩ ∂Ωtr = ∅, we have

ψ1(P̃)χψ2(P̃) = O(k−∞)D(P−N )→D(PN ), (2.4)

ψ1(P̃)χ(Pk + Sk)
−1χψ2(P̃) = O(k−∞)D(P−N )→D(PN ), (2.5)

ψ1(P̃)χ(P ∗
k + Sk)

−1χψ2(P̃) = O(k−∞)D(P−N )→D(PN ), (2.6)

where we write D(P−N ) := [D(PN )]∗.

Remark 2.7. Note that since P ≥ −C, D(P−N ) = (P + C + 1)NL2.

We start by giving a general result on repeated commutators of semiclassical operators with
matching domains.

Lemma 2.8. Let A, B be two semiclassical second-order differential operator and suppose that
for all k0 > 0 and n ∈ N there is C0 > 0 such that for all k > k0,

∥A∥D(Pn)→D(Pn−1) + ∥B∥D(Pn)→D(Pn−1) ≤ C0.

Then, for all N,n ∈ N, k0 > 0 there exist C > 0 such that for k > k0,

adNA B : D(Pn) → D(Pn−N/2−1) (2.7)

and
∥ adNA B∥D(Pn)→D(Pn−N/2−1) ≤ Ck−N . (2.8)

Proof. By interpolation, it is sufficient to assume that n is an even integer. The proof relies on
a density argument, specifically that for all m,n,N ∈ N such m ≥ n+N

D(Pm/2)
Hn

k = D(Pn/2), D(Pm/2−N−1) ∩Hm−N−2
k

Hn−N−2
k

= D(Pn/2−N/2−1).

It therefore suffices to show the intermediate result

adNA B : D(Pm/2) → D(Pm/2−N−1) ∩Hm−N−2
k (2.9)

∥ adNA B∥D(Pm/2)→D(Pm/2−N−1)∩Hm−N−2
k

≤ Ck−N , (2.10)

for all m ≥ n +N . The mapping (2.9) follows from the fact that adNA B is an alternating sum
of applications of the operator A, N times, and B, once. Since, for all j ∈ N,

∥Aj∥D(Pn)→D(Pn−j) + ∥Bj∥D(Pn)→D(Pn−j) ≤ C

9



adNA B maps then D(Pm/2) to D(Pm/2−N−1). By the fact that

adNAB = k−NCN+2

where CN+2 is a N +2-th order semiclassical differential operator in the sense of Definition 2.2,
then adNA B also maps D(Pm/2) to Hm−N−2

k . Thus, estimate (2.10) follows. The desired (2.7)
and (2.8) are then obtained by density, using the fact that adNA B is a bounded (i.e., continuous)
mapping from Hm

k to Hm−N−2
k .

Lemma 2.9. Let P̃ be as in Lemma 2.6. Suppose that φ ∈ C∞(Ω), supp∇φ ∩ (∂Ω ∪ Γp) = ∅,
and suppφ ∩ ∂Ωtr = ∅. Then,

∥ adN
φP̃φ Pk∥D(Pn/2)→D(Pn/2−N/2−1) ≤ Ck−N , ∥ adN

φP̃φ P
∗
k ∥D(Pn/2)→D(Pn/2−N/2−1) ≤ Ck−N .

(2.11)

Proof of Lemma 2.9. We prove (2.11). We write

adN
φP̃kφ

Pk = ψ0 ad
N
φP̃kφ

Pk + (1− ψ0) ad
N
φP̃kφ

Pk,

where ψ0 is supported in a region close to ∂Ω where φ is constant. More precisely, let ψi ∈
C∞(Ω), i = −1, 0, 1 with supp(1 − ψi) ∩ ∂Ω− = ∅, suppψi ∩ supp∇φ = ∅, supp(1 − ψi) ∩
suppψi−1 = ∅, and ψ1Pk = ψ1P

∗
k (note that such functions exist since supp∇φ ∩ ∂Ω− = ∅).

By locality of Pk, Pk, and P ∗
k and the fact that Pk = Pk = P ∗

k on suppψ1 ⊃ suppψ0,

ψ0 ad
N
φP̃kφ

Pk = ψ0 ad
N
P̃k
Pk,

and thus
∥ψ0 ad

N
φP̃kφ

Pk∥D(Pn/2)→D(Pn/2−N/2−1) ≤ Ck−N

where we used Lemma 2.8 with A = P̃ and B = Pk.
Now, let φ̃ ∈ C∞(Ω) with supp φ̃ ∩ ∂Ωtr = ∅ and suppφ ∩ supp(1− φ̃) = ∅. Then

(1− ψ0) ad
N
φP̃kφ

Pk = (1− ψ0) ad
N
φ(1−ψ−1)P̃kφ(1−ψ−1)

[
(1− ψ−1)φ̃Pk(1− ψ−1)φ̃

]
.

Since supp φ̃ ∩ supp(1 − ψ−1) ∩ ∂Ω = ∅, integration by parts (with all the boundary terms
vanishing) shows that φ(1 − ψ−1)P̃kφ(1 − ψ−1) and (1 − ψ−1)φ̃Pk(1 − ψ−1)φ̃ coincide with
differential operators on C∞(Ω \ Γp). The result

∥ adN
φP̃kφ

Pk∥D(Pn/2)→D(Pn/2−N/2−1) ≤ Ck−N

then follows by direct differentiation (using the product rule) and then density of C∞(Ω \ Γp)
in Pn. The proof of the analogous bound for P ∗

k is identical.

Proof of Lemma 2.6. Estimate (2.4) follows directly from [19, Lemma 7.5]. To prove (2.5), we
need to prove certain commutator estimates. Let n,N ∈ N . The result [2, Theorem 5.37]
combined with [2, Theorem 5.31] gives the result of the lemma provided that there is C > 0
such that for all k ≥ k0

∥ adNP̃ χ(Pk + Sk)χ∥Dn
k→Dn−N−2

k
≤ Ck−N . (2.12)

Let χ̃ ∈ C∞(Ω) with supp∇χ̃∩ ∂Ω = ∅ and supp(1− χ̃)∩ suppχ = ∅. Then, by spatial locality
of P̃,

adNP̃ χ(Pk + Sk)χ = adN
χ̃P̃χ̃ χ(Pk + Sk)χ. (2.13)

10



We now use [2, Lemma 6.7] which states that the spatial cutoff function χ is a boundary
compatible operator in the sense of [2, Definition 5.35], i.e.,

∥ adN
χ̃P̃χ̃ χ∥Dn

k→Dn−N
k

≤ Ck−N . (2.14)

Therefore, by repeated use of the identity adABC = (adAB)C + B(adAC), to prove (2.12) it
is enough to show that

∥ adN
χ̃P̃χ̃(Pk + Sk)∥Dn

k→Dn−N−2
k

≤ Ck−N .

Recalling that Sk = ψ(P̃), we know by [2, Proposition 5.33] that

∥ adN
χ̃P̃χ̃ Sk∥Dn

k→Dn−N−2
k

≤ Ck−N .

Finally, by Lemma 2.9
∥ adN

χ̃P̃χ̃(Pk)∥Dn
k→Dn−N−2

k
≤ Ck−N .

which finishes the proof of (2.5). The proof of (2.6) follows along similar lines and is omitted.

3 Bound on the high frequencies of the solution operator

We now use the pseudolocality results of the previous subsection (i.e., Lemmas 2.5 and 2.6)
to show that the (adjoint) solution operator behaves well on high frequencies as measured by
(1− ψ(P̃)), with P̃ as in Lemma 2.6.

Lemma 3.1 (High frequency elliptic-type estimate). Let Pk be an H∞ Helmholtz PML operator
(in the sense of Definition 2.1) and let P̃ satisfy the assumptions of Lemma 2.6. Given ψ0 ∈ C∞

c

constructed in Lemma 2.4, let ψ ∈ C∞
c (R) be such that supp(1−ψ)∩suppψ0 = ∅ and χ ∈ C∞(Ω)

such that suppχ∩∂Ωtr = ∅, supp∇χ∩ (Γp∪Γs) = ∅. Then, for all N > 0 k0 > 0 there is C > 0
such that for all k > k0

∥(1− ψ(P̃))χR∗∥L2→H2
k(Ω\Γp)∩H1

k(Ω) ≤ C
(
1 + k−N∥R∗∥L2→L2

)
. (3.1)

Proof. The proof follows from emulating the steps in [19, Lemma 7.7]. Recalling that we denote
by R∗ and R̃∗

Sk
the right, resp., left inverse of P ∗

θ , resp., P
∗
k + Sk, we find that

R∗ = R̃∗
Sk

+ R̃∗
Sk
ψ0(P̃)R∗,

so that
(1− ψ(P̃))χR∗ = (1− ψ(P̃))χR∗

Sk
+ (1− ψ(P̃))χR∗

Sk
ψ0(P̃)R∗. (3.2)

Let χ̃ ∈ C∞(Ω) with supp∇χ̃∩(∂Ωtr∪Γp∪Γs) = ∅, supp(1−χ̃)∩suppχ = ∅, and supp χ̃∩∂Ωtr =
∅. Then, by Lemma 2.5,

(1− ψ(P̃))χR∗
Sk
ψ0(P̃)R∗

= (1− ψ(P̃))χR∗
Sk
χ̃ψ0(P̃)R∗ + (1− ψ(P̃))O(k−∞)L2→HN

k (Ω\Γp)
ψ0(P̃)R∗. (3.3)

Now let ψ1 ∈ C∞
c (R) be such that suppψ0 ∩ supp(1− ψ1) = ∅ and suppψ1 ∩ supp(1− ψ) = ∅.

By Lemma 2.6 and then Lemma 2.5,

(1− ψ(P̃))χR∗
Sk
χ̃ψ0(P̃)R∗ = (1− ψ(P̃))χ(1− ψ1(P̃))R∗

Sk
χ̃ψ0(P̃)R∗

+O(k−∞)D(P−N )→D(PN )R∗
Sk
χ̃ψ0(P̃)R∗

= (1− ψ(P̃))χ(1− ψ1(P̃))χ̃R∗
Sk
χ̃ψ0(P̃)R∗

+O(k−∞)L2→HN
k (Ω\Γp)

R∗
Sk
χ̃ψ0(P̃)R∗ (3.4)
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(where we have combined the remainder terms). Finally, by Lemma 2.6,

(1− ψ(P̃))χ(1− ψ1(P̃))χ̃R∗
Sk
χ̃ψ0(P̃)R∗

= (1− ψ(P̃))χO(k−∞)D(P−N )→D(PN )ψ0(P̃)R∗; (3.5)

the result then follows by combining (3.2), Lemma 2.4 (together with elliptic regularity to control
the H2

k(Ω \ Γp) norm), (3.3), (3.4), and (3.5).

4 Abstract hp-FEM convergence result

As discussed in §1.5, the main idea of the proof of Theorem 1.5 is to split the solution operator
into “high” and “low” frequency components, with this splitting then used to bound the “adjoint
approximability constant” ηL2→H1

k
(V p

T ) in the Schatz duality argument (see Lemma A.6 below).

The following result – Theorem 4.1 – bounds the high-frequency components (using Lemma 3.1),
leaving the low-frequency components to be controlled separately – the advantage of stating this
result is that it separates out the parts of the proof of Theorem 1.5 that require differentiability
assumptions, such as Gevrey-σ or analyticity.

Theorem 4.1. Let d ≤ 3, Pk be an H∞ Helmholtz PML operator (in the sense of Definition
2.1), P̃i, i = 1, 2 satisfy the assumptions of Lemma 2.6, and U be a neighborhood of ∂Ωtr

contained in PML region. Then there is ψ ∈ C∞
c (R) such that for all χ1, χ2 ∈ C∞(Ω; [0, 1]) with

{χ1 + χ2 < 1} ⊂ U, suppχi ∩ ∂Ωtr = ∅, supp
(
(1− χi)χi

)
∩ (Γp ∪ Γs) = ∅

and N, k0 > 0 and Υ > 0 there exist C, h0 > 0 such that for all affine-conforming Cp+1 simplicial
triangulations T with constant Υ > 0 (in the sense of Definition B.6) such that

∂Ω ∪ Γp ⊂
⋃

T∈T
∂T,

p ≥ 1, 0 < h(T ) < h0, and k ≥ k0,

ηL2→H1
k
(V p

T )

≤ C
hk

p
+ C

[(
hk

p

)
k−N + ∥(I −Πph)ψ(P̃1)χ1∥L2(Ω)→H1

k(Ω) + ∥(I −Πph)ψ(P̃2)χ2∥L2(Ω)→H1
k(Ω)

]
ρ(k).

(4.1)

Proof. The proof is similar to that of [19, Theorem 7.1]: we split into high and low frequencies
using (i) the Fourier transform away from all boundaries and interfaces and (ii) ψ(P̃) near
all non-PML boundaries and interfaces. The contribution from the PML is dealt with using
ellipticity of Pk (and hence good solution-operator bounds) in the PML region (recalled from
[2, Theorem 4.2 and §C.3]).

To localize the operatorR∗ near and away from boundaries we introduce the following spatial
cut-off functions: let φP ∈ C∞(Ω) with suppφP contained inside the PML and supp(1−φP )∩U =
∅. Let also ψ ∈ C∞

c (R) with supp(1 − ψ) ∩ [−M,M ] = ∅ for some M > 0 to be chosen large
enough. We then write

R∗ = φPR∗ + (1− φP )R∗

= φPR∗ + χ1(1− φP )R∗ + (1− χ1)(1− φP )R∗

= φPR∗ + (1− ψ(P̃1)
)
χ1(1− φP )R∗ + (1− ψ(P̃2)

)
(1− χ1)(1− φP )R∗

︸ ︷︷ ︸
HR∗

+ ψ(P̃1)χ1(1− φP )R∗ + ψ(P̃2)(1− χ1)(1− φP )R∗
︸ ︷︷ ︸

LR∗

.
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This decomposition of R∗ into HR∗ and LR∗ is one into a well-controlled, in principle high-
frequency part and a low frequency, potentially growing with k part. In particular, we claim
that

∥(I −Πph)HR∗∥L2→H1
k
≤ C

hk

p
+ CNk

−Nρ(k)
(hk
p

)
, (4.2)

and

∥(I −Πph)LR∗∥L2→H1
k

≤
(
∥(I −Πph)ψ(P̃1)χ1∥L2(Ω)→H1

k(Ω) + ∥(I −Πph)ψ(P̃2)χ2∥L2(Ω)→H1
k(Ω)

)
ρ(k) (4.3)

The estimate (4.3) follows directly from the definition of ρ(k) and the fact that |(1 − φP )(1 −
χ1)/χ2| < C and |(1− φP )| < C. Therefore, it remains to prove (4.2).

We start with (I − Πph)φPR∗. By ellipticity of Pk in the PML region (see e.g. [2, Theorem
4.2 and §C.3]),

∥φPR∗∥L2→H2
k
≤ C. (4.4)

By the analogue of Theorem B.1 for Cp+1 triangulations (which holds by, e.g., [19, Theorem
A.11] with T1 = Ω and T2 = ∅),

∥(I −Πph)∥HM+1
k →H1

k
≤
(
Chk

p

)M
. (4.5)

Therefore,

∥(I −Πph)φPR∗∥L2→H1
k
≤ C

hk

p
. (4.6)

Next, we estimate (1− ψ(P̃1))χ1(1− φP )R∗. By (3.1) with M large enough,

∥(1− ψ(P̃1))(1− φP )χ1R∗∥L2→H2
k(Ω\Γp)∩H1

k(Ω) ≤ C(1 + k−Nρ(k)), (4.7)

where we have used that supp(1 − φP )χ1 ∩ ∂Ωtr = ∅ and (1 − φP )χ1 is constant on Γp ∪ Γs.
Therefore, by (4.5),

∥(I −Πph)(1− ψ(P̃1))(1− φP )χ1R∗∥L2→H1
k
≤ C

hk

p
(1 + k−Nρ(k)). (4.8)

The estimate for (I − Πph)(1 − ψ(P̃2))(1 − φP )(1 − χ1)R∗ is identical and hence the lemma
follows.

5 Construction of an operator P̃ under Gevrey-type regularity
assumptions

5.1 Construction of P̃
In this section, we construct of an operator P̃, such that for all n ∈ N, D(P̃n) = D(Pn).

The crucial point is that given a function, f , that is Gevrey-σ at a hypersurface, Γ (in the
sense of Definition 1.3), there exists a function f̃ that is Gevrey-σ in a neighborhood of Γ and
agrees with f to infinite order at Γ. This is the content of the next lemma.

Lemma 5.1. Suppose that Γ̃ ⊂ Ω is a Gσ closed, embedded hypersurface and a ∈ C∞(Ω \ Γ̃)
is Gσ at Γ̃. Then, there is a neighborhood, V of Γ̃ and ã ∈ Gσ(V \ Γ̃) such that for all N > 0,
there is C > 0 such that

|ã(x)− a(x)| ≤ Cd(x, Γ̃)N , x ∈ V \ Γ̃.
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Proof. We treat the case σ = 1 and σ > 1 separately. In both cases, we find two functions ã1
and ã2 that are Gσ in V and each of which matches all derivatives of a when restricted from
one side of Γ̃. The extension ã is then given by defining ã by ã1 on one side of Γ̃ and ã2 on the
other.

We now construct one such extension, denoted below by ã.
We first treat σ = 1. To do this, observe that at every point x0 ∈ Γ̃, the Taylor series of a

at x0 has a positive radius of convergence Rx0 . Denote by ax0 the (convergent) Taylor series in
B(x0, Rx0). Notice that ax0 is then analytic in B(x0, Rx0) and, since Γ̃ is analytic as are ∂jνa|Γ̃,
∂jνax0 |Γ̃∩B(x0,Rx0 )

= ∂jνa|Γ̃∩B(x0,Rx0 )
. By compactness, we may cover Γ̃ by finitely many such

balls.
Now, consider the overlap of Vx1,x0 := B(x1, Rx1)∩B(x2, Rx2). Then, on Γ̃, ax0 and ax1 agree

together with all derivatives and hence, since they are both analytic in Vx1,x0 , the ax0 |Vx1,x0 =
ax1 |Vx1,x0 . Hence, we may set

ã(x) = ax0(x), x ∈ B(x0, Rx0).

When σ > 1, the existence of an extension ã follows from [7]. More precisely, forming the
Whitney jet associated with a on Γ (i.e. the collection of all derivatives of a at Γ) and apply [7,
Theorem 3.1] to obtain ã such that (5.1) holds.

Lemma 5.2. Suppose that P is a self-adjoint second-order, elliptic, semiclassical differential
operator with coefficients that are Gσ at Γs ∪Γp. Then there is a neighborhood V of Γs ∪Γp and

P̃ a self-adjoint second-order, elliptic, semiclassical differential operator such that its coefficients
are Gσ on V and for all n ∈ N, D(P̃n) = D(Pn).

Proof. Since P is a self-adjoint, second-order, elliptic, semiclassical differential operator there
exist {aα(·, ·)}|α|≤2, A, and n such that

Pu =
∑

|α|≤2

aα(x, k) (k
−1Dx)

αu = −k−2∇ · (A∇u)− nu.

Without loss of generality, we assume that
∑

|α|=2

Aij(x)ξiξj > |ξ|2 > 0.

We look for an extension of the form

P̃u = −k−2∇ · (Ã∇u)− ñu.

We choose M large enough so that P +M ≥ 1 and define the self-adjoint operator P̃ as the
Friedrichs extension of the sesquilinear form Q̃ : D([P +M ]1/2)×D([P +M ]1/2) → C,

Q̃(u, v) := ⟨Ãk−1∇u, k−1∇v⟩ − ⟨ñu, v⟩.

Observe that, using Green’s formula, to ensure D(P̃n) = D(Pn) for all n ∈ N, it suffices that
for all multiindices α with |α| ≤ 2, and all m ≥ 0,

∂m

∂νm
Aij =

∂m

∂νm
Ãij ,

∂m

∂νm
n =

∂m

∂νm
ñ on Γs ∪ Γp. (5.1)

For the equivalence of norms, (2.3), it is then sufficient that P̃ is an elliptic semiclassical differ-
ential operator of order 2.

Lemma 5.1 ensures the existence of a neighborhood Ṽ of Γs ∪ Γp and
≈
aα ∈ Gσ(Ṽ ) such

that (5.1) holds. (Strictly speaking, we use two applications for Γp, one on either side of the
interface.)
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Let χ ∈ C∞(Ω; [0, 1]) with supp(1− χ) ∩ (Γs ∪ Γp) = ∅ and suppχ ⊂ Ṽ . Define

Ãij = χ
≈
Aij + (1− χ)Aij , ñ = χ

≈
n+ (1− χ)n.

To see that Ã remains elliptic, observe that, shrinking Ṽ if necessary, we may assume that

inf
x∈V,|ξ|=1,ξ∈Rd

≈
Aij(x)ξiξj > 0.

Therefore, since P is elliptic, suppχ ⊂ Ṽ , and 0 ≤ χ ≤ 1, there is c > 0 such that

Re
∑

|α|=2

[χ
≈
Aij + (1− χ)Aij ]ξiξj ≥ χ(x)c|ξ|2 + (1− χ(x))c|ξ|2 = c|ξ|2,

and hence P̃ is elliptic. Choosing V ⊂ Ṽ a neighborhood of (Γs ∪ Γp) with supp(1− χ)∩ V = ∅
then finishes the proof.

5.2 Bound on functions of P̃
Theorem 5.3. Let σ ≥ 1. Let k0 > 0, Γs, Γp be Gevrey-σ and let ψ ∈ C∞

c (R) be a compactly

supported function. Suppose P̃ is a self-adjoint, elliptic semiclassical second-order differential
operator with Gevrey-σ coefficients in a neighborhood V of Γs∪Γp. Let a smaller neighbourhood

Ṽ ⋐ V . There exists a constant C0 ≥ 1 such that for all α ∈ Nd and all k ≥ k0

∥∂αψ(P̃)∥
L2(Ω)→L2(Ṽ \Γp)

≤ C
|α|+1
0 max{k, |α|σ}|α|. (5.2)

To prove Theorem 5.3, we pay special attention to how fast the neighbourhoods Ṽ ⋐ V
shrink to avoid degeneracy of the estimate. To do this, we use the Gevrey elliptic estimates in
Appendix C. We first start with a result on half balls VR := BR ∩ {xn > 0}, which allows us to
obtain control on the derivatives on shrinking domains with the derivative order.

Lemma 5.4 (Flattened boundary). Let σ ≥ 1. Let R∗, k0 > 0, let ψ ∈ C∞
c (R) be a compactly

supported function. Suppose P̃ is a self-adjoint, elliptic semiclassical second-order differential
operator on Ω with Gevrey-σ coefficients in a half-ball VR∗. There exists a constant C0 ≥ 1 such
that for all α ∈ Nd, for all R ∈ (0, R∗], and all k ≥ k0

∥∂αψ(P̃)∥L2(Ω)→L2(VR/2)
≤ C

|α|+1
0 max

{
k, |α|σ

}|α|
. (5.3)

Proof. We actually prove the stronger estimate that, for |α| ≥ 0,

max
0≤ρ≤ R

2max(|α|,1)

ρ|α|σ∥∂αψ(P̃)∥L2(Ω)→L2(VR−|α|ρ) ≤ C
|α|+1
0 max

{ k

max(|α|σ, 1) , 1
}|α|

; (5.4)

the result (5.3) then follows by setting ρ = R
2|α| in (5.4).

To prove (5.4), we proceed by induction over the order |α|. For |α| ∈ {0, 1}, (5.3) is satisfied
provided C0 is large enough. We additionally choose C0 ≥ A := B0B ≥ 1, with B0, B as in
Proposition C.14. Assume by induction that (5.3) holds for all 0 ≤ |α| ≤ a− 1 and some a ≥ 2.

Using Proposition C.14 with boundary data h = g = 0, we write

max
0≤ρ≤ R

2|α|

ρ|α|σ∥∂αψ(P̃)u∥L2(VR−|α|ρ)

≤ Aamax
{ k

aσ
, 1
}a(

max
0≤|β|≤a−2

max
{ k

(|β|+ 2)σ
, 1
}−|β|

R2σ
∗ A−|β|−1 max

0≤ρ≤ R
2(|β|+1)

ρ|β|σ∥∂βP̃ψ(P̃)u∥L2(VR−|β|ρ)

+ ∥ψ(P̃)u∥H1
k(VR)

)
.
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Let ψ̃(P̃) ∈ C∞
c (R) supp(1− ψ̃) ∩ supp(ψ) = ∅, we write P̃ψ(P̃) = (ψψ̃)(P̃)P̃ψ̃(P̃), and use

the induction hypothesis to find

max
0≤ρ≤ R

2|α|

ρ|α|σ∥∂αψ(P̃)u∥L2(VR−|α|ρ)

≤ Aamax
{ k

aσ
, 1
}(

e2σR2σ
∗ (A−1C0)

a−1∥ψ̃(P̃)P̃ψ̃(P̃)u∥L2(Ω) + ∥ψ(P̃)u∥H1
k(VR)

)

≤ e2σR2σ
∗ Aa(A−1C0)

a−1
{ k

aσ
, 1
}(

∥ψ̃(P̃)P̃ψ̃(P̃)u∥L2(Ω) + e−2σR−2σ
∗ (A−1C0)

1−a∥ψ(P̃)u∥H1
k(VR)

)

≤ e2σR2σ
∗ AC0

a−1
{ k

aσ
, 1
}(

∥ψ̃(P̃)P̃ψ̃(P̃)u∥L2(Ω) + e−2σR−2σ
∗ (A−1C0)

1−a∥ψ(P̃)u∥H1
k(VR)

)
,

where we have used that for all β ∈ Nd

(
(|β|+ 2)σ

max{|β|σ, 1}

)|β|

≤ e2σ.

Since ψ̃ has compact support,

∥ψ̃(P̃)P̃ψ̃(P̃)u∥L2(Ω) ≤ C1∥u∥L2(Ω),

and by the induction hypothesis

∥ψ(P̃)u∥H1
k(VR) ≤

(
C0 +R−σ

∗ C2
0 max

{ 1

k0
, 1
})

∥u∥L2(Ω) ≤ ck0,R∗C
2
0∥u∥L2(Ω),

for some constant ck0,R∗ > 0. Thus

max
0≤ρ≤ R

2|α|

ρ|α|σ∥∂αψ(P̃)u∥L2(VR−|α|ρ) ≤ e2σR2σ
∗ AC0

a−1
{ k

aσ
, 1
}(
C1 + ck0,R∗A

aC2
0

)
∥u∥L2(Ω)

≤
(
e2σR2σ

∗ AC0
a−1C1 + ck0,R∗A

aC2
0

)
max (k, aσ)a ∥u∥L2(Ω)

≤ Ca+1
0

{ k

aσ
, 1
}
∥u∥L2(Ω)

provided C0 is chosen such that

C0 ≥ max
{√

2e2σR2σ∗ AC1, 2ck0,R∗A
2
}
.

Next we consider estimates on flattened interfaces. To simplify presentation, we use the
notation that IR = BR ∩ {xn = 0} and (B \ I)R = BR \ IR.

Lemma 5.5 (Flattened interface). Let σ ≥ 1. Let R∗, k0 > 0, let ψ ∈ C∞
c (R) be a compactly

supported function. Suppose P̃ is a self-adjoint, elliptic semiclassical second-order differential
operator on Ω with Gevrey-σ coefficients in a ball (B \ I)R∗. There exists a constant C0 ≥ 1
such that for all α ∈ Nd, for all R ∈ (0, R∗], and all k ≥ k0

∥∂αψ(P̃)∥L2(Ω)→L2((B\I)R/2)
≤ C

|α|+1
0 max

{
k, |α|σ

}|α|
(5.5)

Proof. The proof follows similarly to that of Proposition 5.4 by using as initial building block
the estimate of Proposition C.16

The final building block toward proving Theorem 5.3, is to have interior estimates on shrink-
ing balls with the derivative order.
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Lemma 5.6 (Interior estimate). Let σ ≥ 1. Let R∗, k0 > 0, let ψ ∈ C∞
c (R) be a compactly

supported function. Suppose P̃ is a self-adjoint, elliptic semiclassical second-order differential
operator on Ω with Gevrey-σ coefficients in a ball BR∗. There exists a constant C0 ≥ 1 such
that for all α ∈ Nd, for all R ∈ (0, R∗], and all k ≥ k0

∥∂αψ(P̃)∥L2(Ω)→L2(BR/2)
≤ C

|α|+1
0 max

{
k, |α|σ

}|α|
. (5.6)

Proof. The proof follows similarly to that of Proposition 5.4 by using as initial building block
the estimate of Proposition C.16

Proof of Theorem 5.3. The proof follows similarly to TheoremsC.2, C.3, and C.15. In particular,

for each x0 ∈ Ṽ , we have three cases

• x0 ∈ Ṽ \ (Γs ∪ Γp) is an interior point: there exists a neighbourhood U2(x0) ⊂ V of x0
which maps to the ball BR through a Gevrey-σ map ϕ. In U2(x0), the mapped operator
P̃ becomes

ϕ−1 ◦ P̆ ◦ ϕ = P̃.
The operator P̆, has Gevrey-σ coefficients on the ball BR∗ , such that the estimate estab-
lished in Lemma 5.6 can be applied to P̆ with constant C0(x0).

We denote the neighbourhood U1(x0) := ϕ−1(BR/2).

• x0 ∈ Γs is boundary point: there exists a neighbourhood U2(x0) ⊂ V of x0 which maps
to the half-ball VR through a Gevrey-σ map ϕ. In U2(x0), the mapped operator P̆, has
Gevrey-σ coefficients on the ball BR, such that the estimate established in Lemma 5.4 can
be applied with constant C0(x0). We denote the neighbourhood U1(x0) := ϕ−1(VR/2).

• x0 ∈ Γp is an interface point: there exists a neighbourhood U2(x0) ⊂ V \ Γp of x0 which
maps to the ball BR \ IR via a Gevrey-σ map ϕ, such that the estimate established in
Lemma 5.5 can be applied with constant C0(x0). We denote the neighbourhood U1(x0) :=
ϕ−1((B \ I)R/2).

Finally, by varying x0 ∈ Ṽ , we can extract a finite covering of the compact set Ṽ by open sets
U1(x0). The proof is then complete by combining a finite number of estimates (5.6), (5.3), and
(5.5).

6 Proof of Theorem 1.5

We now control the low-frequencies in Theorem 4.1 using Theorem 5.3, i.e., using the Gevrey-σ
regularity assumptions made on the boundaries and on the coefficicient at the boundaries.

We now incorporate the low frequencies in the approximability result for ηL2→H1
k
(V p

T ). The
low-frequency cut-off ensures ultra-differentiability; the goal is then to show that the growth
of the higher-order norms grow in a controlled way with respect to the wave number k and
polynomial order p. To achieve this result, we rely here on the Gevrey-σ regularity assumption
made on the boundaries and on the coefficicient at the boundaries.

Theorem 6.1. Let the assumptions of Theorem 1.5 hold. Given M,N, k0 > 0 and Υ > 0 there
exist C, h0 > 0 such that for all affine-conforming Gσ simplicial triangulations T with constant
Υ > 0 (in the sense of Definition B.7) such that

∂Ω ∪ Γp ⊂
⋃

T∈T
∂T,
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p ≥ m ≥ 1, 0 < h(T ) < h0, and k ≥ k0,

ηL2→H1
k
(V p

T )

≤ C
hk

p
+ C

[(
hk

p

)
k−N + Cm+1(hk)mk−m−1(p+ 1)−mmax

{
k, (m+ 1)σ

}m+1
]
ρ(k). (6.1)

Remark 6.2. A result analogous to Theorem 6.1 when m = p and σ = 1 was proved in [19,
Theorem 7.1]; the difference is that Theorem 6.1 includes the bound on the low frequencies
(obtained via Gevery-σ regularity) whereas [19, Theorem 7.1] includes this low frequency bound
abstractly, as in Theorem 4.1.

Proof of Theorem 1.5 using Theorem 6.1. We apply the Schatz argument (Lemma A.6) to the
sesquilinear form a(·, ·) associated with (1.2) and the norm (1.5). This sesquilinear form has
norm independent of k, and satisfies Assumption A.4 with cG and CG independent of k by [17,
Lemma 2.3] and [15, Lemma A.6] (see also [19, Lemmas 4.1 and 4.2]). It is therefore sufficient to
prove that ηL2→H1

k
(V p

T ) can be made arbitrarily small. By (1.7), ρ(k) is polynomially bounded

in k; thus the first term in square brackets on the right-hand side of (6.1) can be made small by
choosing N sufficiently large. Observe that the second-term in square brackets on the right-hand
side of (6.1) contains the free parameter 1 ≤ m ≤ p. We now choose m depending on p, k, and σ
in the following two different ways – note that both choices are designed so that the maximum
on the right-hand side of (6.1) is proportional to k. When k0 ≤ k ≤ 2 the result follows by
taking h sufficiently small. Therefore, we assume that k0 ≥ 2.

When p+ 1 ≤ k1/σ, we choose m = p. Thus (6.1) becomes

ηL2→H1
k
(V p

T )≤ C

[
hk

p
+

(
hk

p

)M
k−Nρ(k) +

(
C

hk

p+ 1

)p
ρ(k)

]
. (6.2)

Given δ, ϵ > 0, there exists c > 0 such that if hk/p ≤ c and p ≥ 1 + ϵ log k (exactly as in (1.8))
then ηL2→H1

k
(V p

T ) ≤ δ. The quasi-optimality bound (1.9) then follows from the Schatz argument

(Lemma A.6).
When k1/σ ≤ p+ 1, we choose m+ 1 = max(⌈k1/σ⌉, 2). Then

ηL2→H1
k
(V p

T )≤ C

[
hk

p
+

(
hk

p

)M
k−Nρ(k) +

(
C

hk

p+ 1

)max(⌈k1/σ⌉,2)−1

ρ(k)

]
. (6.3)

Taking hk/(p+1) ≤ c, and using that cmax(⌈k1/σ⌉,2)−1 ≪ k−N , then makes ηL2→H1
k
(V p

T ) small.

Remark 6.3. We expect that elliptic regularity under the Denjoy–Carleman class (1.11) would
result in the following analogue of (6.1)

ηL2→H1
k
(V p

T )

≤ C
hk

p
+ C

[(
hk

p

)M
k−N + Cm+1(hk)mk−m−1(p+ 1)−mmax

{
k, eσ(m+1)

}m+1

]
ρ(k).

(6.4)

Suppose that ρ(k) grows like kM . Since the maximum in (6.4) is larger than k, we require
(
hk
p+1

)m
≪ k−M ,

with (hk)/(p + 1) = c0, and hence m ≥ ϵ log k for some ϵ > M/ log(1/c0). Furthermore, since
the maximum is larger than eσm

2
and m ≥ ϵ log k, we require also

k−M ≫ k−1
(

h
p+1e

σ(m+1)
)m

≥ k−1
(
c0k

−1eσ(m+1)
)m ≥ k−1

(
c0k

−1+σϵ
)m
.
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In particular, if m = ε log k then

1 ≫ k−1
(
c0k

−1+σϵeM/ε
)m
.

Hence, for k large (say greater than 1), we see that we need a double condition on ε given
by M/ log(1/c0) < ϵ < σ−1. This implies that c0 < e−Mσ, so that increasing σ implies a
corresponding increase in the dimension of the piecewise polynomial approximation space. This
shows that our proof, when applied to Denjoy–Carleman classes that are not contained in the
union over σ of those in (1.11), will require piecewise polynomial spaces whose dimension grows
faster than kd.

Proof of Theorem 6.1. Let P̃1 be the operator constructed in Lemma 5.2. Then there is a
neighborhood W of Γs ∪ Γp such that the coefficients of P̃1 are Gevrey-σ in W .

WT :=
⋃

T∈T :T⊂W
T.

Then, let h0 > 0 be small enough such that Γp ∪ Γs ⊂ WT and let χ1 ∈ C∞(Ω) such that
suppχ1 ∩ ∂Ωtr = ∅, supp(1− χ1) ∩ (Γp ∪ Γs) = ∅ and for 0 < h < h0,

d(suppχ1,Ω \WT ) > c > 0.

By Theorem B.1, mT = M + 1 for T ⊂ Ω \WT and mT = m + 1 for T ⊂ WT and s = 1,
together with Lemma 2.5, we obtain

∥(I −Πph)ψ(P̃1)χ1∥L2→H1
k(Ω)

≤ C
(hk
p

)M
k−M−1∥ψ(P̃1)χ1∥L2→HM+1(Ω\WT )

+
(
Ch(T )k

)m
(p+ 1)−m(m+ 1)σ(m+1)k−m−1∥ψ(P̃1)∥L2→Hm+1(WT \Γp)∩H1(WT ),

≤ C
(hk
p

)M
∥ψ(P̃1)χ1∥L2→HM+1

k (Ω\WT )

+
(
Ch(T )k

)m
(p+ 1)−m(m+ 1)σ(m+1)k−m−1∥ψ(P̃1)∥L2→Hm+1(W\Γp)∩H1(W ),

≤ C
(hk
p

)M
k−N +

(
Ch(T )k

)m
(p+ 1)−m(m+ 1)σ(m+1)k−m−1∥ψ(P̃1)∥L2→Hm+1(W\Γp)∩H1(W ),

(6.5)
where we work in the Sobolev norms (B.1) scaled appropriately for Gevrey-σ type estimates.

Let U be a neighborhood of ∂Ωtr contained in the PML and χ2 ∈ C∞(Ω) such that suppχ2∩
(Γp ∪ Γs ∪ ∂Ωtr) = ∅ and

supp(1− χ2) ∩ {χ1 <
1

2
} = ∅.

Finally, let W̃ be a neighborhood of suppχ2 such that W̃ ∩ (Γp ∪ Γs ∪ ∂Ωtr) = ∅.
Our goal now is to construct P̃2 equal to −k−2∆ − 1 on W̃ and such that P̃2 agrees with

P = RePk near Γp ∪ Γs ∪ ∂Ωtr. We complete the proof assuming such a P̃2 exists, and then

construct such a P̃2 at the end. Let

W̃T :=
⋃

T∈T :T⊂W̃

T ;

then there are c > 0 and h0 > 0 small enough such that

d(suppχ2,Ω \ W̃T ) > c,
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and hence the same sequence of estimates leading to (6.5) with W̃T replacing WT yields

∥(I −Πph)ψ(P̃2)χ2∥L2→H1
k(Ω)

≤ C
(hk
p

)M
k−N +

(
Ch(T )k

)m
(p+ 1)−m(m+ 1)σ(m+1)k−m−1∥ψ(P̃2)∥L2→Hm+1(W̃ )

.
(6.6)

By construction, P̃1 and P̃2 satisfy the assumptions of Theorem 5.3 with V equal to, respec-
tively, W and W̃ , so that

∥ψ(P̃1)∥L2→Hm+1(W\Γp)∩H1(W ) + ∥ψ(P̃2)∥L2→Hm+1(W̃ )
≤

m+1∑

ℓ=0

1

ℓ!σ
Cℓ+1max{k, ℓσ}ℓ. (6.7)

To bound the sum, first suppose that (m+ 1)σ ≤ k. Then, by Stirling’s approximation,

m+1∑

ℓ=0

1

ℓ!σ
Cℓmax(k, ℓσ)ℓ =

m+1∑

ℓ=0

1

ℓ!σ
Cℓkℓ ≤

m+1∑

ℓ=0

(Ck
ℓσ

)ℓ
.

Now, for Ck/ℓσ ≥ e (which is ensured since k ≥ (m + 1)σ, as long as C ≥ e) the function
ℓ 7→ (Ck/ℓσ)ℓ is increasing. Therefore

m+1∑

ℓ=0

(Ck
ℓσ

)ℓ
≤ (m+ 2)

( Ck

(m+ 1)σ

)m+1
≤
( Ck

(m+ 1)σ

)m+1
(6.8)

(where we have increased C in the last inequality). Next, when (m+ 1)σ ≥ k, we use (6.8) (in
the first sum) and Stirling’s approximation (in the second sum) to obtain that

m+1∑

ℓ=0

1

ℓ!σ
Cℓmax(k, ℓσ)ℓ =

⌊k1/σ⌋∑

ℓ=0

1

ℓ!σ
Cℓkℓ +

m+1∑

ℓ=⌊k1/σ⌋

1

ℓ!σ
Cℓℓσℓ ≤ Ck

1/σ+1 +
m+1∑

ℓ=⌊k1/σ⌋
Cℓ ≤ Cm+2.

The result (6.1) then follows by combining these last inequalities with (4.1), (6.5), (6.6), (6.7).
We now go back to the construction of P̃2. Let χ3, χ4 ∈ C∞(Ω; [0, 1]) such that suppχ3 ∩

(Γp ∪ Γs ∪ ∂Ωtr) = ∅, supp(1− χ3) ∩ W̃ = ∅, and χ2
3 + χ2

4 = 1 We then set

P̃2 = χ3(−k−2∆− 1)χ3 + χ4Pχ4.

The so-constructed operator P̃2 verifies the assumptions of Theorem 5.3 and that P̃2 = −k−2∆−
1 on W̃ .

A Recap of the Schatz duality argument

Let H ⊂ H0 ⊂ H∗ be Hilbert spaces with H0 identified with its dual and let a : H×H → C be
a sesquilinear form.

Definition A.1 (Galerkin approximation of u for a). Let Vh ⊂ H and u ∈ H. A Galerkin
approximation of u in Vh, is an element uh ∈ Vh such that

a(uh, vh) = a(u, vh) for all vh ∈ Vh. (A.1)

Definition A.2 (Norm of a sesquilinear form). For a : H×H → C a sesquilinear form,

∥a∥ := sup
u,v∈H
u,v ̸=0

|a(u, v)|
∥u∥H∥v∥H

.
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If ∥a∥ < ∞, we say that a is bounded. We also need the notion of injectivity, surjectivity,
and invertibility for sesquilinear forms.

Definition A.3 (Injectivity, surjectivity, and invertibility). A sesquilinear form is injective if
there is an operator R∗ : H∗ → H such that for all v ∈ H∗,

a(w,R∗v) = ⟨w, v⟩ for all w ∈ H. (A.2)

a is surjective if there is an operator R : H∗ → H such that for all v ∈ H∗,

a(Rv, w) = ⟨v, w⟩ for all w ∈ H.

a is invertible if it is both surjective and injective. In this case, R∗ = (R)∗.

Assumption A.4 (G̊arding inequality). There are cG > 0 and CG > 0 such that for all u ∈ H

|a(u, u)| ≥ cG∥u∥2H − CG∥u∥2H0
. (A.3)

The Schatz duality argument [35, 36, 34] then gives sufficient conditions for quasioptimality
in terms of the following adjoint approximability constant.

Definition A.5 (Adjoint approximability). Let Vh ⊂ H, a be an injective sesquilinear form,
and W be a Hilbert space with W ⊂ H∗. The adjoint approximability constant from W to H is
defined by

ηW→H(Vh) := ∥(I −Πh)R∗∥W→H. (A.4)

Lemma A.6 (Schatz duality argument). Let a : H ×H → C be an injective sesquilinear form
satisfying Assumption A.4, and let 0 < ϵ < 1. Then for all u ∈ H and Vh ⊂ H finite dimensional
subspaces satisfying

CG∥a∥2
(
ηH0→H(Vh)

)2 ≤ (1− ϵ)cG, (A.5)

the Galerkin approximation, uh, for u in Vh exists, is unique, and satisfies

∥u− uh∥H ≤ ϵ−1c−1
G ∥a∥∥(I −Πh)u∥H. (A.6)

Proof. See, e.g., [19, Lemma 6.9]

B Polynomial approximation results for Gevrey triangulations

In this appendix, we prove polynomial approximation results for Gevrey-σ triangulations that
are explicit in both the polynomial degree and the regularity of the approximated function. To
do this, we define Sobolev norms with a special weighting motivated by the expected growth for
Gevrey-σ functions (compare to the treatment of the case σ = 1 in [19, §A.5]). For an open set
U ⊂ Rd, we define

∥u∥2Hp
k (U) :=

p∑

ℓ=0

1

(ℓ!)2σ
|u|2Hp

ℓ (U)

|u|2Hp
k (U) :=

∑

|α|=p
α∈Nd

(
p!

α!

)σ
∥(k−1∂)αu∥2L2(U).

(B.1)

The main result is as follows.
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Theorem B.1. Let Υ > 0, ϵ > 0, σ ≥ 1, there exists C > 0 such that for all affine-conforming
Gσ simplicial triangulations T with constant Υ (in the sense of Definitions B.8 and B.7 below),
and all {mT }T∈T ⊂ N, d/2 < mT ≤ p+1, there is CpT : H1(Ω)∩ (⊕T∈THmT (T )) → Pp

T ∩H1(Ω)
such that for all 0 ≤ s ≤ 1, u ∈ H1(Ω) ∩ (⊕T∈THmT (T )), and all T ∈ T ,

∥(I − CpT )u∥2Hs
k(T )

≤ C

(
hTk

p+ 1

)2(mT−s) (Cmσ
T

k

)2mT ∥u∥2HmT (T ). (B.2)

In addition, if u|F = 0 for F a boundary face of T , then CpT u|F = 0. As a consequence,

∥(I −ΠH
1

Pp
T
)u∥2H1

k(Ω) ≤ C
∑

T∈T

(
hTk

p+ 1

)2(mT−1) (Cmσ
T

k

)2mT ∥u∥2HmT (T ),

where ΠH
1

Pp
T
is the H1

k -orthogonal projection onto Pp
T ∩H1 and, for any union of faces of triangles,

Γ, and u ∈ H1(Ω) ∩ (⊕T∈THmT (T )) with u|Γ = 0,

∥(I −ΠH
1

Pp
T ,Γ

)u∥2H1
k(Ω) ≤ C

∑

T∈T

(
hTk

p+ 1

)2(mT−1) (Cmσ
T

k

)2mT ∥u∥2HmT (T ),

where ΠH
1

Pp
T ,Γ

is the H1
k -orthogonal projection onto

{
w ∈ Pp

T ∩H1 : w|Γ = 0
}
.

B.1 The context of Theorem B.1

The closest approximation results in the literature to Theorem B.1 that we are aware of are
those in [14, §4] and [19, Appendix A].

The paper [14, §4] uses approximation results on tensorized polynomials (building on the
results of [38, §3.3] and [12, Appendix A]), considers triangulations with simplicial elements, and
constructs an interpolant of a function u on an element T that depends on the values of u in some
neighbouring elements. (This last point comes from the fact that [14] uses triangulations with
affine maps AT : T̂ → T ⊂ Ω to the reference simplex that can be extended to AT : K̂ → K ⊂ Ω
where K̂ is a parallelpiped; the interpolant is then constructed on T by approximating u|K ◦AT ,
pulling the resulting polynomial back to K, and then restricting to T .)

In contrast, Theorem B.1 covers general polynomials on curved triangulations (with Gevery-σ
element maps), and the interpolant on an element T depends only on the values of the function
on T . The fact that we work directly with polynomials of degree p in Theorem B.1 rather
than with tensorized polynomials allows us to obtain improved approximation with increasing
regularity of the function u all the way to Hp+1 rather only to H⌊p/d⌋+1.

In addition, Theorem B.1 generalises the results of [19, Theorem A.11] in two ways: i) it
consider Gevrey-σ triangulations (as opposed to Gevrey-1 triangulations; i.e., those with analytic
element maps) and ii) it is explicit in the regularity, m, of the function to be approximated for
d/2 + ϵ ≤ m ≤ p+ 1 (rather than only for m = p+ 1).

B.2 The precise definitions of triangulations

We start by recalling the definition of triangulations and their properties from [19, Appendix B]
as well as adapting them slightly for the Gevrey setting.

Definition B.2 (Conforming triangulations). A finite collection of closed sets T is a conforming
triangulation of Ω ⊂ Rd if
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(i) for each T ∈ T , T is closed, T̊ is nonempty and connected,

(ii) Ω = ∪T∈T T

(iii) if T1, T2 ∈ T and T̊1 ∩ T̊2 ̸= ∅ then T1 = T2.

(iv) for each T ∈ T , T has Lipschitz boundary and

∂T =
d⋃

j=1

Nj,d⋃

i=1

Fj,i(T )

with Fj,i(T ) a smooth, open, embedded submanifold of dimension d−j such that ∂
(
Fj,i(T )

)
=

∂Fj,i(T ),

(v) if T1, T2 ∈ T and Fj1,i1(T1) ∩ Fj2,i2(T2) ̸= ∅, then Fj1,i1(T1) = Fj2,i2(T2).

Definition B.3 (m-simplex). Let m > 0. A set T ⋐ Rd is an m-simplex if there are {xj}mj=0 ⊂
Rd such that

T = convex hull
(
{xj}mj=0}

)

T is an open m-simplex if T = (T̃ )◦ where T̃ is an m simplex and T ̸= ∅.

Definition B.4 (Reference element and element maps). T̂ ⋐ Rd is a reference element for a
triangulation T if diam(T̂ ) = 1 and there exist a family of bi-Lipschitz maps {FT }T∈T such that
T = FT (T̂ ) for all T ∈ T and for all (j, i) there is i′ such that Fj,i(T ) = FT (Fj,i′(T̂ )). The

triangulation T is simplicial if T̂ is a d simplex.

We use the following measure of how star-shaped an open subset of Rd is.

Definition B.5 (Shape-regularity constant). Let U ⊂ Rd and define

ρmax(U) := sup
{
ρ > 0 : U is star-shaped with respect to a ball of radius ρ

}
.

The shape-regularity constant of U is defined by

γ(U) :=
diam(U)

ρmax(U)
. (B.3)

Definition B.6 (Cr-triangulation). Let σ ≥ 1. A triangulation is Cr with constant Υ > 0 if
γ(T̂ ) ≤ Υ and for each T ∈ T there is hT > 0 such that the element map FT can be written as
RT ◦AT where AT is an affine map and

∥∂AT ∥L∞ ≤ ΥhT , ∥(∂AT )−1∥L∞ ≤ Υh−1
T , ∥(∂RT )−1∥L∞ ≤ Υ,

∥∂αRT ∥L∞ ≤ Υ1+|α|α! for all |α| ≤ r.

Definition B.7 (Gσ-triangulation). Let σ ≥ 1. A triangulation is Gσ with constant Υ > 0 if
γ(T̂ ) ≤ Υ and for each T ∈ T there is hT > 0 such that the element map FT can be written as
RT ◦AT where AT is an affine map and

∥∂AT ∥L∞ ≤ ΥhT , ∥(∂AT )−1∥L∞ ≤ Υh−1
T , ∥(∂RT )−1∥L∞ ≤ Υ,

∥∂αRT ∥L∞ ≤ Υ1+|α|(α!)σ,

for every multi-index α such that |α| <∞.
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Definition B.8 (Affine-conforming triangulation). A Gσ triangulation (in the sense of Defini-
tion B.7) is affine conforming if whenever Fj1,i1(T1) ∩ Fj2,i2(T2) ̸= ∅ there is an affine isomor-
phism κ : F−1

T1
(Fj1,i1(T1)) → F−1

T2
(Fj2,i2(T2)) such that

FT1 |F−1
T1

(Fj1,i1
(T1))

= FT2 |F−1
T2

(Fj2,i2
(T2))

◦ κ. (B.4)

Remark B.9. Without a condition on the element maps such as Definition B.8, the space of
mapped polynomials on two adjacent elements of the triangulation may not even intersect non-
trivially when restricted to a common face. If the intersection is trivial, there cannot be any
non-trivial, globally-H1 mapped polynomials.

B.3 Sobolev spaces and coordinate changes in the Gevrey setting

The following result generalises [19, Lemma A.14].

Proposition B.10. Let σ ≥ 1, d ≥ 1, C0 > 0. Then there exists C1 > 0 such that for all t ≥ 0,
U , V ⊂ Rd open, γ : U → V a bijection satisfying

∥∂αγ∥L∞ ≤ C
|α|
0 (α!)σ for α ∈ Nd, |α| ≤ max(t, 1), and ∥(Dγ)−1∥L∞ ≤ C0,

and u ∈ Ht(V ), then
1

t!σ
|u ◦ γ|Ht(U) ≤ Ct1∥u∥Ht(V ). (B.5)

To prove Proposition B.10 we use the following inequalities.

Lemma B.11. (i) For a ≥ 0 and ℓ ≥ 1,

a!(ℓ!)a ≤ (ℓa)!. (B.6)

(ii) Let n ≥ 0 be an integer and let ai ≥ 0 for i = 1, . . . , n. Then

n∏

i=1

ai! ≤
(

n∑

i=1

ai

)
!. (B.7)

and, for σ ≥ 1,
n∑

i=1

aσi ≤
(

n∑

i=1

ai

)σ
. (B.8)

Proof. We prove (B.6) by induction: assume

(ℓa)!

(ℓ!)a
≥ a!

is true for all 0 ≤ a ≤ a′ for some a′ ≥ 0, we now show that it holds for a′ +1. By the induction
hypothesis

(ℓ(a+ 1))!

(ℓ!)a+1
≥ (ℓa+ 1) . . . (ℓa+ ℓ)

1 . . . ℓ
a!.

We next notice that

(ℓa+ 1) . . . (ℓa+ ℓ)

1 . . . ℓ
=

ℓ∏

i=1

ℓa+ i

i
≥

ℓ∏

i=1

ia+ i

i
≥ (a+ 1)ℓ ≥ (a+ 1),
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which proves (B.6). The proof of (B.7) by induction is straightforward. We now prove (B.8).

Let S =
n∑
i=1

ai. If S = 0 then ai = 0 for all 1 ≤ i ≤ n and the result is trivial. We may then

assume S ̸= 0 and let

λi =
ai
S

∈ [0, 1] for all 1 ≤ i ≤ n,
n∑

i=1

λi = 1.

Since σ ≥ 1, λσi ≤ λi, and thus
∑n

i=1 λ
σ
i ≤ 1. Therefore

n∑

i=1

aσi ≤ Sσ ≤
(

n∑

i=1

ai

)σ
.

Proof of Proposition B.10. The proof follows closely that of [19, Lemma A.14], namely, using
the multivariate Faa di Bruno formula and bounding carefully the resulting combinations of
sums and products. First, we define the set

ps(ν, λ) :=





(µ1, . . . , µs; ℓ1, . . . , ℓs) ∈ (Nd)2s : |µi| > 0, 0 < ℓ1 < . . . < ℓs,
s∑

i=1

µi = λ,

s∑

i=1

|µi|ℓi = ν




,

where, following the notation in [10], the order relation µ ≤ ν for µ, ν ∈ Nd is defined by either

(i) |µ| ≤ |ν|, or
(ii) there exists 1 ≤ r ≤ d, such that µi = νi, i = 1, . . . , r − 1 and µr ≤ νr.

From the multivariate Faa di Bruno formula [10, Theorem 2.1]

1

t!2σ
|u ◦ γ|2Ht(U)

=
∑

|ν|=t

∫

U




t∑

m=1

∑

|λ|=m
(∂λu) ◦ γ

t∑

s=1

∑

ps(ν,λ)

ν!√
(ν!)σ(t!)σ

s∏

j=1

[∂ℓjγ]
µj

µj ![ℓj !]|µj |




2

≤C2t
0

∑

|ν|=t

∫

U




t∑

m=1

∑

|λ|=m

1

(m!)σ
(∂λu) ◦ γ

t∑

s=1

∑

ps(ν,λ)

(ν!m!)σ√
(ν!)σ(t!)σ




s∏

j=1

1

µj !




 1

ν!

s∏

j=1

[ℓj !]
|µj |



σ−1


2

≤C2t
0

∑

|ν|=t

∫

U




t∑

m=1

∑

|λ|=m

1

(m!λ!)σ/2
(∂λu) ◦ γ

(
λ!

m!

)σ/2 t∑

s=1

∑

ps(ν,λ)


 ν!m!√

ν!t!

s∏

j=1

1

µj !



σ
 1

ν!

s∏

j=1

µj ![ℓj !]
|µj |



σ−1


2

≤C2t
0




t∑

m=1

∑

|λ|=m

1

(m!λ!)σ

∫

U

∣∣∣(∂λu) ◦ γ
∣∣∣
2


×



∑

|ν|=t

t∑

m=1

∑

|λ|=m

(
λ!

m!

)σ



t∑

s=1

∑

ps(ν,λ)


 ν!m!√

ν!t!

s∏

j=1

1

µj !



σ
 1

ν!

s∏

j=1

µj ![ℓj !]
|µj |



σ−1


2

 ,

where in the last line we used Cauchy–Schwarz inequality. By the definition of the norm |·|Ht(V ),

1

t!2σ
|u ◦ γ|2Ht(U)

≤C2t
0 ∥u∥Ht(V )

∑

|ν|=t

t∑

m=1

∑

|λ|=m

(
λ!

m!

)σ



t∑

s=1

∑

ps(ν,λ)


 ν!m!√

ν!t!

s∏

j=1

1

µj !



σ
 1

ν!

s∏

j=1

µj ![ℓj !]
|µj |



σ−1


2

.
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By (B.6), (B.7), and the fact that
∑s

i=1 |µi| ℓi = ν (from the definition of ps(ν, λ)),

s∏

j=1

µj ![ℓj !]
|µj | ≤

s∏

j=1

(|µj |ℓj)! ≤
(

s∑

i=1

|µi| ℓi
)
! ≤ ν!.

Therefore 
 1

ν!

s∏

j=1

µj [ℓj !]
|µj |



σ−1

≤ 1,

and

1

t!2σ
|u ◦ γ|2Ht(U) ≤ C2t

0 ∥u∥Ht(V )

∑

|ν|=t

t∑

m=1

∑

|λ|=m

(
λ!

m!

)σ



t∑

s=1

∑

ps(ν,λ)


 ν!m!√

ν!t!

s∏

j=1

1

µj !



σ


2

≤ C2t
0 ∥u∥Ht(V )


∑

|ν|=t

t∑

m=1

∑

|λ|=m

λ!

m!




t∑

s=1

∑

ps(ν,λ)

ν!m!√
ν!t!

s∏

j=1

1

µj !




2

σ

,

where in the last line we used (B.8). By [19, Equation A.5] there exist C1 ≥ 1 such that

bt :=
∑

|ν|=t

t∑

m=1

∑

|λ|=m

λ!

m!




t∑

s=1

∑

ps(ν,λ)

ν!m!√
ν!t!

s∏

j=1

1

µj !




2

≤ Ct1

and the proof is complete.

B.4 Degree- and regularity-explicit polynomial approximation on simplices

Lemma B.12 (Polynomial approximation on (−1, 1)d). Let d ≥ 1, ℓ ≥ 0. Then there is C > 0
such that for all ℓ ≤ m ≤ p+ 1 and all u ∈ Hm((−1, 1)d)

∑

|γ|≤ℓ
∥Tγ(I −Πp)u∥2L2 ≤ C2m+1

(p+ 1)2(m−ℓ)
∑

|α|=m
∥Tαu∥2L2 ≤ C2m+1

(p+ 1)2(m−ℓ)
∑

|α|=m

∥∥∂αu
∥∥2
L2 . (B.9)

where Πp denotes the orthogonal projector onto polynomials of degree less than or equal to p in
L2((−1, 1)d), and

Tαu :=
d∏

j=1

(1− x2j )
αj/2∂

αj
xj u. (B.10)

Proof. For α ∈ Nd, let πα denote that orthogonal projector onto

d∏

j=1

Lαj (xj),

where Lm is the normalized Legendre polynomial of degree m. Since each xℓ ∈ [−1, 1], (1 −
x2ℓ )

αℓ/2 ≤ 1, so that

∑

|α|=m
∥∂αu∥2L2 ≥

∑

|α|=m

∥∥∥
( d∏

ℓ=1

(1− x2ℓ )
αℓ/2

)
∂αu

∥∥∥
2

L2
=
∑

|α|=m
∥Tαu∥2L2 .

Therefore, it is enough to prove the first inequality in (B.9).
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By expanding in Legendre polynomials,

∑

|α|=m
∥Tαu∥2L2 =

∑

|α|=m

∥∥∥
∑

β

Tαπβu
∥∥∥
2

L2
.

We now claim that

∥Tαu∥2L2 =
∥∥∥
∑

β

Tαπβu
∥∥∥
2

L2
=
∑

β

∥∥∥Tαπβu
∥∥∥
2

L2
. (B.11)

Indeed, after integration by parts in the L2 inner product, this last equality follows from the
fact that

πβ′∂α
( d∏

ℓ=1

(1− x2ℓ )
αℓ

)
∂απβ = δββ′πβ′∂α

( d∏

ℓ=1

(1− x2ℓ )
αℓ

)
∂απβ (B.12)

(i.e., the operator is zero unless β′ = β). To see (B.12), recall Rodrigues’ formula [33, Equation
14.7.13]

Pn(x) =
1

2nn!

dn

dxn
(x2 − 1)n

(where Pn are the Legendre polynomials with the normalisation Pn(1) = 1) so that

dk

dxk

(
(1− x2)k

dk

dxk
Pn(x)

)
= (−1)k

(n+ k)!

(n− k)!
Pn(x), n ≥ k, (B.13)

and thus the differential operator

T ∗
αTα = ∂α

( d∏

ℓ=1

(1− x2ℓ )
αℓ

)
∂α

is diagonalized by the tensor-product Legendre basis; therefore, (B.11) holds. Combining this
with (B.13), we obtain that if αℓ ≤ βℓ for all ℓ = 1, . . . , d then

∫ 1

−1
|Tαu|2dx =

∑

α≤β

(β + α)!

(β − α)!
∥πβu∥2L2

and otherwise is 0. Therefore, for |γ| ≤ ℓ,

∑

|α|=m
∥Tαu∥2L2 =

∑

β

∥πβu∥2L2

∑

|α|=m
α≤β

(β + α)!

(β − α)!

≥
∑

|β|≥p+1

(β + γ)!

(β − γ)!
∥πβu∥2L2

(β − γ)!

(β + γ)!

∑

|α|=m
α≤β

(β + α)!

(β − α)!

=
∑

|β|≥p+1

∥Tγπβu∥2L2

(β − γ)!

(β + γ)!

∑

|α|=m
α≤β

(β + α)!

(β − α)!

≥ ∥Tγ(I − πp)u∥2L2 inf
|β|≥p+1

(β − γ)!

(β + γ)!

∑

|α|=m
α≤β

(β + α)!

(β − α)!

≥ ∥Tγ(I − πp)u∥2L2 inf
|β|≥p+1

c|β|−2|γ| ∑

|α|=m
α≤β

(β + α)!

(β − α)!
(B.14)
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where we have used (B.12) in the penultimate step. Using that

(β + α)!

β!
≥ β!

(β − α)!
,

∑

|α|=m

(
m!

α!

)2

≤
( ∑

|α|=m

m!

α!

)2

= d2m,

and the Cauchy–Schwarz inequality, we obtain that

∑

|α|=m
α≤β

(β + α)!

(β − α)!
≥
∑

|α|=m
α≤β

( β!

(β − α)!

)2
≥

(∑
|α|=m
α≤β

m!
α!

β!
(β−α)!

)2

∑
|α|=m
α≤β

(
m!
α!

)2 ≥ d−2m
( ∑

|α|=m
α≤β

m!

α!

β!

(β − α)!

)2
.

We now claim that ∑

|α|=m
α≤β

m!
β!

(β − α)!α!
=

|β|!
(|β| −m)!

(B.15)

since both sides count the number of ways to choose m ordered objects from a group of |β|
elements. Indeed, the right-hand side is the standard formula, and the left-hand side first
breaks the |β| elements into groups of size β1, . . . , βd and chooses αj elements from the group of
size βj . The factor β!/(β − α)!α! is the number of ways to choose αj unordered elements from
the jth group and the factor m! is the number of orderings of these elements.

By (B.15),

∑

|α|=m
α≤β

(β + α)!

(β − α)!
≥ d−2m

( |β|!
(|β| −m)!

)2

= d−2m|β|2m
(m−1∏

j=0

(
1− j

|β|
))2

≥ d−2m|β|2m
(m−1∏

j=0

(
1− j

m

))2
= d−2m|β|2m (m!)2

m2m
≥ d−2m|β|2me−2m,

where the last inequality follows from Stirling’s formula. Hence, the result follows from (B.14).

Lemma B.13. Let K̂ be a d-simplex. Then for all m ≥ 0 there is a map Ipm : Hm(K̂) → Pp(K̂)
such that for all ℓ ≥ 0 there is C > 0 such that for all ℓ ≤ m ≤ p+ 1,

∥(I − Ipm)u∥2Hℓ(K̂)
≤ C2m+2

(p+ 1)2m−2ℓ

∑

|α|=m
∥∂αu∥2

L2(K̂)
.

Proof. Without loss of generality, we assume that 0 ∈ K̂◦ and K̂ ⋐ (−1, 1)d. Let

∥u∥H̃m := ∥u∥L2 +
∑

|α|=m
∥∂αu∥L2 .

The plan is to construct an extension Em : Hm(K̂) → Hm((−1, 1)d) satisfying

∥Em∥H̃m(K̂)→H̃m((−1,1)d)
≤ Cm, 1

K̂
Em = I. (B.16)

Let
B(K̂, δ) := {x ∈ Rd : d(x, K̃) < δ}.

28



By [8, Theorem 5], there are C0, δ > 0 and for all m ≥ 0 an extension operator Ẽm : Hm(K̂) →
Hm(B(K̂, δ)) such that

∥Ẽm∥H̃m→H̃m ≤ Cm0 , (Ẽmu)|K̂ = u.

Notice that there is δ1 > 0 such that B(K̂, δ) ⊃ (1 + δ1)K̂. Hence, we may set Em :=
1
(1+δ1)K̂

Ẽm to obtain an extension Em from H̃m(K̂) to H̃m((1 + δ1)K̂) satisfying

∥Em∥H̃m(K̂)→Hm((1+δ1)K̂)
≤ Cm0 , (Emu)|K̂ = u.

Define, for j ≥ 1, Ejm : Hm(K̂) → Hm(K̂) by

Ejmu(x) := Em

(
(Ej−1

m u)
)
((1 + δ1)x), E0

m := I.

We prove by induction that there is A > 0 such that for all m,

∥Ejm∥H̃m(K̂)→H̃m(K̂)
≤ Ajm, 1

(1+δ1)−jK̂
Ejmu(x) = u((1 + δ1)

jx). (B.17)

Suppose that (B.17) holds for some j ≥ 0. Then, we prove it with j replaced by j + 1. The
second part of (B.17) follows easily from the fact that Em is an extension. For the estimate,
observe that

∥Ej+1
m u∥H̃m ≤ Cm0 (1 + δ1)

m∥(Ejmu)∥H̃m ≤ (1 + δ1)
mCm0 A

jm∥u∥
H̃m(K̂)

.

Therefore, taking A ≥ C0(1 + δ1) completes the proof. Now, fix J ≥ 0 so that (−1, 1)d ⊂
(1 + δ1)

JK̂ and set

Em(u)(x) := (EJmu)
(
(1 + δ1)

−Jx
)
, x ∈ (−1, 1)d.

Then, there is C > 0 such that for all m (B.16) holds.
Now set Ĩpm := 1

K̂
ΠpEm, where Πp is the L2((−1, 1)d) orthogonal projector onto polynomials

of degree less than or equal to p. Then for all u ∈ Hm(K̂), by the definition of Tγ (B.10), (B.9),
and (B.16),

∑

|γ|≤ℓ
∥∂γ(I − Ĩpm)u∥2L2(K̂)

≤ C
∑

|γ|≤ℓ
∥Tγ(I −Πp)Emu∥2L2(−1,1)d

≤ C2m+1

(p+ 1)2(m−ℓ)
∑

|α|=m
∥∂αEmu∥2L2(−1,1)d

≤ C2m+1

(p+ 1)2(m−ℓ) ∥Emu∥
2
H̃m(−1,1)d

≤ C2m+1

(p+ 1)2(m−ℓ) ∥u∥
2
H̃m(K̂)

≤ C2m+1

(p+ 1)2(m−ℓ)

(
∥u∥

L2(K̂)
+
∑

|α|=m
∥∂αu∥

L2(K̂)

)2
.

Now, there is a unique map Zm : Hm(K̂) → Pm−1(K̂) such that

∫

K̂
∂α(u−Zmu) = 0, |α| ≤ m− 1.
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Set Ipm := Ĩpm(u−Zmu) + Zmu. (Here, P−1 = {0}.) Then,

∥(I − Ipm)u∥2Hℓ(K̂)
≤ C

∑

|γ|≤ℓ
∥∂γ(I − Ĩpm)(u−Zmu)∥2L2(K̂)

≤ C2m+1

(p+ 1)2(m−ℓ)

(
∥u−Zmu∥L2(K̂)

+
∑

|α|=m
∥∂αu∥

L2(K̂)

)2
.

Now, applying the Poincaré inequality m times on K̂, we obtain

∥(I − Ipm)u∥2Hℓ(K̂)
≤ C2m+1

(p+ 1)2(m−ℓ)

( ∑

|α|=m
∥∂αu∥

L2(K̂)

)2

≤ C2m+1

(p+ 1)2(m−ℓ)
∑

|α|=m
∥∂αu∥2

L2(K̂)
,

which completes the proof.

B.5 Proof of Theorem B.1

Proof. Let T̂ be the reference element for T , and let Ipm the map constructed in Lemma B.13.
By [19, Proposition A.21] applied with J p = IpmT , and Lemma B.13 with ℓ = 0, . . . , d + 1,

for each T ∈ T , there is a boundary compatible operator (in the sense of [19, Definition A.20])
CpT : Hℓ(T̂ ) → Pp such that,

∥(I − CpT )v∥H1
p(T̂ )

≤ C∥(I − Ipm)v∥H⌊d/2⌋+1
p (T̂ )

≤ CmT+1

(p+ 1)mT
|v|

HmT (T̂ )
, (B.18)

and
CpT v|∂T̂ = CpT ′v|∂T̂ (B.19)

(i.e., the different operators agree on the boundary of T̂ ).
Then, define CpT : C0(Ω) ∩ ⊕T∈TH

mT
k (T ) → Pp

T by

F∗
T (CpT u)|T := CpT (F∗

Tu|T ). (B.20)

Observe that CpT is triangulation preserving (in the sense of [19, Definition A.20] ) since CpT are
boundary compatible. Furthermore, since T is a Gσ simplicial triangulation, by (B.18) and
Proposition B.10, for ℓ = 0, 1

k−2ℓ|(I − CpT )u|2Hℓ
p(T )

≤ Chd−2ℓ
T k−2ℓ∥(I − CpT )F∗

Tu∥2Hℓ
p(T̂ )

≤ C2mT+1

(p+ 1)2(mT−ℓ)k
−2ℓhd−2ℓ

T |A∗
TR

∗
Tu|2HmT (T̂ )

≤ C2mT+1

(p+ 1)2(mT−ℓ)h
2(mT−ℓ)
T k−2ℓ|R∗

Tu|2Ht(AT (T̂ ))

≤ C2mT+1(mT !)
2σ

(p+ 1)2(mT−ℓ) h
2(mT−ℓ)
T k−2ℓ 1

(mT !)2σ
|R∗

Tu|2HmT (AT (T̂ ))

≤ C
( hTk
p+ 1

)2(mT−ℓ)(Cmσ
T

k

)2mT ∥u∥2HmT (T ),

where, in the last line, we have used Stirling’s formula. Therefore, to establish the result
we only need to show that CpT u ∈ H1(Ω). For this, we refer the reader to the end of the
proof of [19, Theorem A.11] after noticing that u ∈ C(Ω) (with this used in the proof of [19,
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Theorem A.11] just before [19, Equation A.50]). Indeed, since u ∈ H1(Ω) ∩ ⊕T∈TH
d
2
+ϵ(T ),

u|T ∈ C0(T ) for all T ∈ T and, on the other hand, since u ∈ H1(Ω), if F1,i1(T1) = F1,i2(T2),
then, (u|T1)|F1,i1

(T1) = (u|T2)|F1,i2
(T2).

Remark B.14. We point out here a small error in the statement of [19, Proposition A.21]. It
is stated there that the operators Qj,i are bounded from H1/2(Fj,i) → Pp−1(Fj,i). However, the
proof shows only that they are bounded from C0(Fj,i) ∩H1/2(Fj,i) → Pp−1.

C Gevrey elliptic regularity case

In this section, we establish elliptic regularity results for the Helmholtz equation when the
coefficients and boundaries are Gevrey-σ regular. Our results apply, more generally, to second-
order elliptic semiclassical differential operator (in the sense of Definition 2.2) of the form

P =
∑

|α|≤2

aα(x, k) (k
−1∂)α.

To simplify the task of tracking the dependence on k of the Gevrey estimates, we let

Lu :=
∑

|α|=2

aα(x, k)∂
α.

We then establish estimates for the solution of Pu = f , by considering a boundary value problem
involving

Lu = k2(f − k−1b · ∇u+ nu), (C.1)

where b and n are spatially-dependent coefficients and are k-bounded (see Definition 2.2) for all
wavenumbers k ≥ k0 > 0.

By Definition 2.2, aα(x) are bounded in k and elliptic in the sense that

Lpr(ξ) :=
∑

|α|=2

aα(x0)(iξ)
α ̸= 0, (C.2)

for all ξ ∈ Rn \ {0} and all x0 ∈ Ω. We also assume that aα are Gevrey-σ regular for some
σ ≥ 1; see Definition 1.1, We consider boundary conditions of order 1

Tu = g|∂Ω\Γ on ∂Ω \ Γ,

or of order 0
Du = h|Γ on Γ,

where Γ = ∅ or Γ = ∂Ω. The boundary conditions are assumed to satisfy the complementing
condition (also known as Shapiro–Lopatinskii conditions) which ensures the compatibility be-
tween the interior differential operator L and the boundary conditions, thus producing unique
solvability of the boundary value problem; see, e.g., [1] for the precise definition.

The boundary conditions are assumed to be given by the restriction to the boundary of
functions g and h defined on Ω.

Remark C.1 (Ellipticity for systems). The definition of ellipticity, C.2, is given for a single
equation (Lu scalar-valued) but extending it to a system of equations is straightforward by choos-
ing the definition of ellipticity of systems in the Petrovsky sense as done in [11, Definition 1.A].
The Gevrey regularity results given in Theorems C.2 and C.3 generalize in a natural manner to
the case of elliptic N ×N systems of equations.
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C.1 Gevrey elliptic regularity results

We provide here the main results on the Gevrey regularity for elliptic problems. The first one
deals with the interior regularity, the second extends the Gevrey regularity of the solutions up
to the boundary.

Theorem C.2 (Interior Gevrey regularity). Let Ω ⊂ Rn be open. Let σ ≥ 1, k0 > 0, and L
be a second-order elliptic partial differential operator with Gevrey-σ coefficients. Let b and n be
Gevrey-σ on Ω. Then for any bounded subdomains Ω1, Ω2 such that Ω1 ⊂ Ω2 ⊂ Ω, there exists
a constant A ≥ 1 such that for all κ ≥ 0, k ≥ k0, f ∈ Hκ(Ω2), and u ∈ H2(Ω2) a solution of
(C.1),

|u|κ+2;Ω1 ≤ Aκ+2max (k, (κ+ 2)σ)κ+2

(
max
0≤ℓ≤κ

A−ℓ−1 1

max(k, (ℓ+ 2)σ)ℓ
|f |ℓ;Ω2

+ k−1|u|1;Ω2 + |u|0;Ω2

)
.

(C.3)

In particular, if f ∈ Gσ(Ω2) then the solution u ∈ Gσ(Ω1).

Theorem C.3 (Up-to-the-boundary Gevrey regularity). Let σ ≥ 1, k0 > 0. Let Ω be a Gevrey-
σ regular domain in Rn. Let L, T, D be, respectively, second-, first- and zero-order partial
differential operator with Gevrey-σ coefficients on Ω. Let {L, T,D} be elliptic on Ω. Then for
any open bounded subdomains Ω1 = U1∩Ω, Ω2 = U2∩Ω defined through U1, U2 bounded opens of
Rn verifying U1 ⊂ U2, there exists a constant A ≥ 1 such that for all κ ≥ 0, k ≥ k0, f ∈ Hκ(Ω2),
h ∈ Hκ+2(Ω2) and g ∈ Hκ+1(Ω2), and u ∈ H2(Ω2) a solution of (C.1),

|u|κ+2;Ω1 ≤ Aκ+2max (k, (κ+ 2)σ)κ+2

(
max
0≤ℓ≤κ

A−ℓ−1 1

max(k, (ℓ+ 2)σ)ℓ
|f |ℓ;Ω2

+ max
0≤ℓ≤κ+2

A−ℓ+1 1

max(k, ℓσ)ℓ
|h|ℓ;Ω2

+ max
0≤ℓ≤κ+1

A−ℓ 1

max(k, (ℓ+ 1)σ)ℓ+1
|g|ℓ;Ω2

+ k−1|u|1;Ω2 + |u|0;Ω2

)

(C.4)

where Γ2 := ∂Ω2 ∩ ∂Ω.

When σ = 1, Theorems C.2 and C.3 recovers the anlytic regularity case [27, Chapter 5]; see
also [11, Theorems 1.7.1 and 2.7.1]. The proofs of Theorems C.2 and C.3 are the subject of
Sections C.4 and C.5 respectively.

Remark C.4 (Boundary condition defined on ∂Ω versus Ω). We remark here that formulating
the result for boundary functions g and h only defined on the boundary or on the whole domain
is equivalent thanks to the existence of continuous extension operators for Gevrey-σ functions
(σ > 1); see, e.g., [7]. For the analytic case (σ = 1), the existence of extensions is generally not
true. However, we expect the analytic result holds for boundary functions only defined on the
boundary ∂Ω in light of the result of [11, Theorem 2.7.1].

C.2 Notation for elliptic regularity results

In general, we follow here the notation used in [11] with modifications, where necessary, to
accommodate the Gevrey regularity setting.

For Ω ⊂ Rn, we denote
∥u∥Ω := ∥u∥L2(Ω).
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The norms and semi-norms associated with the Sobolev space Hm(Ω) are given by

∥u∥m,Ω :=


 ∑

|α|≤m
∥∂αu∥2Ω




1
2

, |u|m,Ω :=


 ∑

|α|=m
∥∂αu∥2Ω




1
2

.

We denote by Hm
0 (Ω) the closure of the space of smooth functions with compact support in Ω,

C∞
0 (Ω), with respect to the norm ∥ · ∥m,Ω.
We introduce weighted semi-norms of Sobolev–Morrey type adapted to the present Gevrey

context, i.e., they depend on the parameter σ in the following way:

[|u|]0;BR
:= ∥u∥BR

,

[|u|]ℓ;BR
:= max

0<ρ≤ R
2ℓ

max
|δ|=ℓ

ρσℓ∥∂δu∥BR−ℓρ
for ℓ > 0,

ρ2∗[|f |]ℓ;BR
:= max

0<ρ≤ R
2(ℓ+1)

max
|δ|=ℓ

ρσ(2+ℓ)∥∂δf∥BR−(ℓ+1)ρ
,

(C.5)

for ℓ ∈ N. Similarly to [11, Notation 1.6.1], ρ2∗ is not a real number but a symbolic notation.

C.3 General strategy of the proofs

We discuss here the general strategy towards proving Theorems C.2 and C.3 which also justifies
the notation introduced in the preceding section. First, we discuss the proof of the interior
regularity result for a ball of radius R/2.

The basic building block is the standard elliptic regularity estimate

∑

|α|=2

∥∂αu∥BR∗ ≤ A−1


∥Lu∥BR∗ +

∑

|α|≤1

∥∂αu∥BR∗


 (C.6)

which holds for some A−1 > 0 for all u ∈ H2
0 (BR∗) (R∗ > 0) and is a consequence of the

ellipticity of the operator L. Let k0 > 0, then estimate (C.6) generalizes to frequency-scaled
norms as

∑

|α|=2

∥∂αu∥BR∗ ≤ A0


∥Lu∥BR∗ +

∑

|α|≤1

∥∂αu∥BR∗


 (C.7)

for all k ≥ k0. Above A0 depends on k0.
A first step is to derive a version of estimate (C.7) which does not rely on the vanishing of

the solution. This is obtained by first applying a cut-off function (whose definition depends on
ρ in (C.5)) to a function u ∈ H2(BR∗), this is the object of Lemma C.6. This process leads to
an inequality involving nested balls BR−ϱ and BR (with R ∈ (0, R∗]), partly justifying the form
of the introduced Sobolev–Morrey semi-norms.

A second step is to successively apply Lemma C.6 to the derivatives of the solution ∂βu to
improve its regularity. This requires estimating terms of the form L∂βu on the right-hand side
of (C.7), which we achieve by bounding the difference [L, ∂β]u with

[L, ∂β] := L∂β − ∂βL

which has the advantage of being of order at most |β| − 1. The commutator [L, ∂β] measures
in some sense how the space-dependent case differs from the constant-coefficient one. Indeed,
when the coefficients of the differential operator L are not constant, the commutator is nonzero
and we estimate it through Lemma C.5.

Once these ingredients are built, we recursively build the Gevrey estimate in Proposition C.9
by iterating over the derivative order β, using the Sobolev–Morrey norms to more easily track
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the nesting of the domains (nested balls Figure 1). The other key point about these norms is
that

[|u|]ℓ;BR
≥
(
R

2ℓ

)ℓσ
|u|ℓ;BR/2

, (C.8)

1∑

ℓ=0

[|u|]ℓ;BR
≤ 2max

{(
R

2

)σ
, 1

}
∥u∥1;BR

(C.9)

and

ρ2∗[|Lu|]ℓ;BR
≤
(

R

2(ℓ+ 1)

)(ℓ+2)σ

|Lu|ℓ;BR
, (C.10)

with (C.8) giving us the left-hand side of (C.3) and (C.9) and (C.10) giving us the right-hand
side. Finally, to prove Theorems C.2 and C.3 for general Gevrey domains, we use Gevrey-regular
mappings from neighbourhoods of x0 ∈ Ω1 contained in Ω2 to BR.

The proof of C.3 follows, in spirit, similar steps with special attention paid to the behavior
near the boundary. A flattening of the boundary is performed such that nested half-balls are
used; see Fig. 1. Higher derivatives are derived, in a first step, in the tangential direction of
the boundary; see Proposition C.13. This is because the tangential derivatives compose more
naturally with the boundary operators (as opposed to differentiation in the normal direction
which requires knowledge of the solution on the interior of the domain). A second step is to
assume that the boundary xn = 0 is non-characteristic to obtain isotropic higher-order estimates
(i.e., with normal derivatives of order higher than 2) in Proposition C.14.

C.4 Interior regularity

The next lemma generalizes the commutator estimates [11, Lemmas 1.6.2] to the Gevrey-
coefficient case.

Lemma C.5 (Commutator estimate). Let M ≥ 0, σ ≥ 1, and k0, R∗ > 0. There exists two
constants c and K such that for all radii R ∈ (0, R∗], all commutators [a(x), ∂β] with Gevrey
coefficients a(x) ∈ Gσ(BR) with constant M , and all multi-indices α, β with |α| + |β| = t ≥ 2,
for all ρ ∈

(
0, R2t

]

ρσt∥[a(x), ∂β]∂αu∥BR−(t−1)ρ
≤ c

t−1∑

d=0

(KR)t−d [|u|]d;BR
. (C.11)

Above, α is a multi-index with |α| ≤ 2.

Proof. Our proof strategy is adapted from that of [11, pp. 48–49]. Let

N := ρσt∥[a(x), ∂β]∂αu∥BR−(t−1)ρ
.

We use the Leibniz formula

∂β(a∂αu) =
∑

γ≤β

β!

γ!(β − γ)!
∂γa∂β−γ∂αu

together with the combinatorial inequality

β!

γ!(β − γ)!
≤ |β|!

|γ|!(|β| − |γ|)!
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and find that since the contribution of γ = 0 is absent from N :

N ≤ρσt
∑

1≤|γ|, γ≤β
M |γ|+1 |β|! |γ|!σ−1

(|β| − |γ|)!∥∂
β−γ∂αu∥BR−(t−1)ρ

≤ρσt
|β|∑

g=1

∑

|γ|=g, γ≤β
Mg+1 |β|! g!σ−1

(|β| − g)!
max

|δ|=|β−γ+α|
∥∂δu∥BR−(t−1)ρ

.

By induction over n, we check that
∑

|γ|=g 1 ≤ (g + 1)n−1. This implies that

N ≤ρσt
t−|α|∑

g=1

(g + 1)n−1Mg+1 (t− |α|)! g!1
(t− |α| − g)!

max
|δ|=|β−γ+α|

∥∂δu∥BR−(t−1)ρ

≤ρσt
t−1∑

d=|α|
(t− d+ 1)n−1M t−d+1 (t− |α|)! (t− d)!σ−1

(d− |α|)! max
|δ|=|β−γ+α|

∥∂δu∥BR−(t−1)ρ

where in the last line, we operated the variable change d = t− g.
A contribution for d = 0 appears only if |α| = 0. We denote it by N0:

N0 = ρσt(t+ 1)n−1M t+1t!σ∥u∥BR−(t−1)ρ
.

To deal with the σ term (t − d)!σ−1, which arose from the assumption that the coefficients
are Gevrey, we use the inequalities

(t− |α|)!
(d− |α|)! ≤

t!

d!
, (t− d)! ≤ t!

d!
,

for all 1 ≤ d ≤ t − 1 and 0 ≤ |α| ≤ t − 1. We denote the remaining part N1 := N − N0 and
inject the binomial inequality for (g!)σ−1 = ((t− d)!)σ−1 to obtain

N1 ≤ ρσt
t−1∑

d=1

(t− d+ 1)n−1M t−d+1

(
t!

d!

)σ
max
|δ|=d

∥∂δu∥BR−(t−1)ρ
.

For the purposes of our proof, we want to associate a derivative ∂δu of length d with ρσd.
To this end, we write

N1 ≤
t−1∑

d=1

(t− d+ 1)n−1ρσ(t−d)M t−d+1

(
t!

d!

)σ (
ρσdmax

|δ|=d
∥∂δu∥BR−(t−1)ρ

)
.

Using Stirling’s formula, there exists a constant cs, such that for all t, d > 0:

(
t!

d!

)σ
≤ cse

(d−t)σ
(
t(t+1/2)

dd+1/2

)σ

We now use

ρ ≤ R

2t
,

to infer

N1 ≤ cs

t−1∑

d=1

(t− d+ 1)n−1M

(
RM

2eσ

)t−d√ t

d

σ (
td

dd

)σ (
ρσdmax

|δ|=d
∥∂δu∥BR−(t−1)ρ

)
.

Similarly to [11, p. 49], we define the new distance ρ′d := (t − 1)ρ/d. Then BR−(t−1)ρ =
BR−dρ′d .
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We also note the following inequalities

(
t

t− 1

)dσ
≤ eσ and

√
t

d
≤ t− d+ 1 for 1 ≤ d ≤ t− 1,

which we use to estimate:

N1 ≤ c0e
σ
t−1∑

d=1

(t− d+ 1)n−1+σM

(
RM

2eσ

)t−d(
ρ′σdd max

|δ|=d
∥∂δu∥BR−dρ′

d

)
. (C.12)

Concerning N0, following similar calculations as above, we obtain the following inequality:

N0 ≤ c0M(t+ 1)n−1+σ

(
RM

2eσ

)t
∥u∥BR−(t−1)ρ

Instead of keeping track of ρ′d in N1, we use the Sobolev-Morrey seminorms introduced
in (C.5) to write

ρσt∥[a(x), ∂β]∂αu∥BR−(t−1)ρ
≤ c0M

t−1∑

d=0

(t− d+ 1)n−1+σ

(
RM

2eσ

)t−d
[|u|]d;BR

≤ c1

t−1∑

d=0

(KR)t−d [|u|]d;BR
.

(C.13)

with positive constants c1 and K, independent of t and R for R ≤ R∗. In the last line, we have
used that polynomial growth is dominated by exponential growth, specifically that there exist
constants c2, J , such that for all values of κ+ 3− d

(κ+ 3− d)n−1+σ ≤ c2J
κ+3−d ≤ c2J

2Jκ+1−d.

Consequently we can express c1 = c0Mc2J
2(R∗M

2eσ ), and K = JM
2eσ .

Next, we adapt [11, Lemma 1.4.1] to the Gevrey case, i.e., with the desired ρσ scaling.
Lemma C.6 will be the central building block of the desired Gevrey estimates.

Lemma C.6. Let R∗ > 0 and σ ≥ 1. Let L be a second-order elliptic operator with C0(Ω)
coefficients and assume that (C.7) holds for all functions in H2

0 (BR∗). Then there exists A1 > 0
such that for any u ∈ H2(BR) with R ≤ R∗, for all ρ ∈ (0, R/2)

∑

|α|≤2

ρσ|α|∥∂αu∥BR−|α|ρ ≤ A1


ρ2σ∥Lu∥BR−ρ

+
∑

|α|≤1

ρσ|α|∥∂αu∥BR−|α|ρ


 . (C.14)

Proof. The idea of the proof is to use a cut-off function χR,ρ, along the lines of [11, Eq. (1.40)].
Indeed we define

χR,ρ : x 7→ χ

( |x| −R+ ρ

ρ

)
,

where χ ∈ C∞(R) is a smooth function which verifies

χ ≡
{

1 on (−∞, 0]
0 on [1,∞).

Note that χR,ρ equals 1 inside BR−ρ and 0 outside BR. A basic computation shows that for all
R∗ > 0 and σ ≥ 1, there exists a constant D > 0 such that for all R ∈ (0, R∗], ρ ∈ (0, R), and α
with |α| ≤ 2

|∂αχR,ρ| ≤ Dρ−σ|α|. (C.15)

The rest of the proof follows then by applying (C.7) to χR,ρu in a similar manner as in [11,
Lemma 1.4.1], the details are omitted.
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We now prove an intermediate result towards Proposition C.9, cf. [27, Lemma 5.5.12]

Lemma C.7. Let R∗ > 0. Assume the basic elliptic regularity estimate C.7 holds. Then there
exists a constant A2 > 1 such that for all R ∈ (0, R∗] and for all κ ∈ N,

[|u|]κ+2;BR
≤ A2

(
ρ2∗[|Lu|]κ;BR

+
κ∑

d=0

(KR)κ−d [|u|]d;BR
+ [|u|]κ+1;BR

)
. (C.16)

Proof. The proof relies on recursively applying Lemmas C.5 and C.6. First, let β be a multi-
index of length |β| = κ. We use (C.14) with ∂βu and R = R− |β|ρ, to obtain:

∑

|α|=2

ρσ|α|∥∂α+βu∥BR−|β|ρ−|α|ρ ≤ A1

(
ρ2σ∥L∂βu∥BR−|β|ρ−ρ

+
∑

|α|≤1

ρσ|α|∥∂α+βu∥BR−|β|ρ−|α|ρ

)
,

(C.17)

subsequently, introducing the commutator

∑

|α|=2

ρσ|α|∥∂α+βu∥BR−(|β|+|α|)ρ ≤ A1

(
ρ2σ

(
∥∂βLu∥BR−|β|ρ−ρ

+ ∥[∂β, L]u∥BR−|β|ρ−ρ

)

+
∑

|α|≤1

ρσ|α|∥∂α+βu∥BR−(|β|+|α|)ρ

)
.

(C.18)

We multiply by the scaling ρσ|β| and sum over |β| = κ to obtain

∑

|α|=κ+2

ρσ|α|∥∂αu∥BR−|α|ρ ≤ A1

(
ρ(κ+2)σ

∑

|α|=κ

(
∥∂αLu∥BR−(κ+1)ρ

+ ∥[∂α, L]u∥BR−(κ+1)ρ

)

+

κ+1∑

|α|=κ
ρσ|α|∥∂αu∥BR−|α|ρ

)
.

(C.19)

Now using Lemma C.5, with |β| = κ and |α| ≤ 2 (thus t ≤ κ+ 2), we obtain

ρ(κ+2)σ∥[∂α, L]u∥BR−(κ+1)ρ
≤ c0ρ

σb∥[∂α, L]u∥BR−(b−1)ρ

≤ c0c1

b−1∑

d=0

(KR)b−d [|u|]d;BR

≤ c2

κ+1∑

d=0

(KR)κ+2−d [|u|]d;BR
,

(C.20)

Putting back in (C.19), taking the maximum over ρ, and using the previously introduced
notation (C.5) yields

[|u|]κ+2;BR
≤ A′

1

(
ρ2∗[|Lu|]κ;BR

+ c2

κ+1∑

d=0

(KR)κ+2−d [|u|]d;BR
+

κ+1∑

d=κ

[|u|]d;BR

)

≤ A2

(
ρ2∗[|Lu|]κ;BR

+

κ∑

d=0

(KR)κ−d [|u|]d;BR
+ [|u|]κ+1;BR

)
.

(C.21)
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We recall at this stage that we are interested in k-explicit high regularity bounds for the
equation:

Lu = k2(f − k−1b · ∇u+ nu),

which prompts us to bound the quantities ρ2∗[|b · ∇u|]κ;BR
and ρ2∗[|nu|]κ;BR

; see (C.16). Cf. [27,
Lemma 5.5.13].

Lemma C.8. Let σ ≥ 1 and R∗ > 0 Let b and n be of Gevrey-σ regularity with a Gevrey
constant M , then there exist constants cb and cn such that for all R ≤ R∗, all ρ ∈ (0, R/2)

ρ2∗[|b · ∇u|]κ;BR
≤ cb

1

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d [|∇u|]d;BR

ρ2∗[|nu|]κ;BR
≤ cn

1

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d [|u|]d;BR

(C.22)

Proof. The proof relies on the commutator estimate from Lemma C.5. By definition,

ρ2∗[|nu|]κ;BR
= max

0<ρ≤ R
2(κ+1)

max
|δ|=κ

ρσ(2+κ)∥∂δ(nu)∥BR−(κ+1)ρ

= max
0<ρ≤ R

2(κ+1)

max
|δ|=κ

ρσ(2+κ)
(
∥n∂δu∥BR−(κ+1)ρ

+ ∥[n, ∂δ]u∥BR−(κ+1)ρ

)
,

(C.23)

By Lemma C.5,

max
0<ρ≤ R

2(κ+1)

max
|δ|=κ

ρσ(2+κ)∥[n, ∂δ]u∥BR−(κ+1)ρ

≤ max
0<ρ≤ R

2(κ+1)

ρ2σmax
|δ|=κ

ρσκ∥[n, ∂δ]u∥BR−κρ

≤ CR∗,σ
1

(κ+ 1)2σ
c1

κ−1∑

d=0

(KR)κ−d [|u|]d;BR

(C.24)

Taking into account the contribution of δ = κ in (C.23), there exist a constant cn such that

ρ2∗[|nu|]κ;BR
≤ cn

1

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d [|u|]d;BR
.

The bound on b · ∇u follows similarly by using (C.12) instead of the main estimate of
Lemma C.5 to reflect that we do not need the 0-order term.

Proposition C.9. Let R∗, k0 > 0. Assume the basic elliptic regularity estimate (C.7) holds.
Then there exists a constant B > 1 such that for all R ∈ (0, R∗], all k ≥ k0, and all κ ≥ −2,

[|u|]κ+2;BR
≤ Bκ+2max

{
k

(κ+ 2)σ
, 1

}κ+2
(

max
0≤ℓ≤κ

ΓℓB,k(ℓ+ 2)(ℓ+2)σ ρ2∗[|f |]ℓ;BR

+ k−1[|u|]1;BR
+ [|u|]0;BR

)
,

(C.25)

with ΓℓB,k = B−ℓ−1 (max {k, (ℓ+ 2)σ})−ℓ .
Proof. Verifying the claim for κ ∈ {−2,−1} is straightforward. We proceed by induction on
κ ≥ 0, assuming (C.25) holds for all −1 ≤ κ′ < κ. By Lemma C.7

[|u|]κ+2;BR
≤ A2

(
ρ2∗[|k2(f−k−1b ·∇u+nu)|]κ;BR

+
κ∑

d=0

(KR)κ−d [|u|]d;BR
+[|u|]κ+1;BR

)
(C.26)
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For d ∈ {0, . . . , κ+ 1}

[|u|]d;BR
≤ 1

(κ+ 2)σ(κ+2)

(κ+ 2)σ(κ+2)

dσd
Bdmax(k, dσ)dCu,d−2

≤ 1

(κ+ 2)σ(κ+2)
(κ+ 2)σ(κ+2−d)Bdmax(k, dσ)dCu,d−2

≤ 1

(κ+ 2)σ(κ+2)
Bdmax(k, (κ+ 2)σ)κ+2Cu,d−2

≤Bκ+2max

(
k

(κ+ 2)σ
, 1

)κ+2

Cu,κB
d−κ−2,

(C.27)

with Cu,κ =

(
max
0≤ℓ≤κ

ΓℓB,k(ℓ+ 2)(ℓ+2)σ ρ2∗[|f |]ℓ;BR
+ k−1[|u|]1;BR

+ [|u|]0;BR

)
. Above, we used

that for all 0 ≤ d ≤ κ+ 1

(κ+ 2)σ(κ+2−d)max(k, dσ)d ≤ max(k, (κ+ 2)σ)κ+2. (C.28)

Thus

A2

κ∑

d=0

(KR)κ−d [|u|]d;BR
+ [|u|]κ+1;BR

≤
(

1

(κ+ 2)σ(κ+2)
Bκ+2max(k, (κ+ 2)σ)κ+2Cu,κ

)
A2

(
κ∑

d=0

(KR)κ−dBd−κ−2 +B−1

)
.

(C.29)

Similarly, using the estimates of Lemma C.8,

ρ2∗[|b · ∇u|]κ;BR

≤ cb
1

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d [|∇u|]d;BR

≤ cb
1

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d [|u|]d+1;BR

≤ cb
1

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d
1

(κ+ 2)σ(κ+2)

(κ+ 2)σ(κ+2)

(d+ 1)σ(d+1)
Bd+1max(k, (d+ 1)σ)d+1Cu,d−1

≤ cb
1

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d
1

(κ+ 2)σ(κ+2)
(κ+ 2)σ(κ−d+1)Bd+1max(k, (d+ 1)σ)d+1Cu,d−1

≤ cb
(κ+ 2)σ

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d
1

(κ+ 2)σ(κ+2)
(κ+ 2)σ(κ−d)Bd+1max(k, (d+ 1)σ)d+1Cu,d−1.

(C.30)

We now exploit that for κ ≥ 0, (κ+2)σ

(κ+1)2σ
≤ 2 and (C.28) to find that

ρ2∗[|b · ∇u|]κ;BR

≤
(

1

(κ+ 2)σ(κ+2)
Bκ+2max(k, (κ+ 2)σ)κ+1Cu,κ

)(
cb

κ∑

d=0

(KR)κ−dBd−1−κ
)
.

(C.31)

Taking into account the k-scaling of the term b · ∇u:

A2kρ
2
∗[|b · ∇u|]κ;BR

≤
(
Bκ+2max

(
k

(κ+ 2)σ
, 1

)κ+2

Cu,κ

)
A2

(
cb

κ∑

d=0

(KR)κ−dBd−1−κ
)
.

(C.32)
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One treats similarly the term nu

ρ2∗[|nu|]κ;BR

≤ cn
1

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d [|u|]d;BR

≤ cn
1

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d
1

(κ+ 2)σ(κ+2)
(κ+ 2)σ(κ+2−d)Bdmax(k, dσ)dCu,d−2

≤ cn
(κ+ 2)2σ

(κ+ 1)2σ

κ∑

d=0

(KR)κ−d
1

(κ+ 2)σ(κ+2)
(κ+ 2)σ(κ−d)Bdmax(k, dσ)dCu,d−2

≤ cn,σ

κ∑

d=0

(KR)κ−d
1

(κ+ 2)σ(κ+2)
Bdmax(k, (κ+ 2)σ)κCu,d−2

(C.33)

where we have used that for κ ≥ 0,
(κ+ 2)2σ

(κ+ 1)2σ
≤ 4σ

and cn,σ = 4σcn. Taking into account the k2 scaling of nu, we obtain

A2k
2ρ2∗[|nu|]κ;BR

≤
(
Bκ+2max

(
k

(κ+ 2)σ
, 1

)κ+2

Cu,κ

)
A2

(
cn,σ

κ∑

d=0

(KR)κ−dBd−2−κ
)
.

(C.34)

Finally, we turn our attention to the source term f , which readily verifies:

k2ρ2∗[|f |]κ;BR
≤ Bκ+2max

(
k

(κ+ 2)σ
, 1

)κ+2

Cu,κB
−1.

The proof is then completed by choosing B large enough such that for all κ ≥ 0

A2

( κ∑

d=0

(
KR

B

)κ−d
B−2 +B−1 + cb

κ∑

d=0

(
KR

B

)κ−d
B−1 + cn,σ

κ∑

d=0

(
KR

B

)κ−d
B−2 +B−1

)
≤ 1.

Proof of Theorem C.2. The proof follows similarly to that of [11, Theorem 1.7.1]. In particular,
there exists a neighbourhood U2(x0) ⊂ Ω2 of a point x0 ∈ Ω1 which maps to the ball BR∗ in Rn
through a Gevrey-σ map ϕ. The equation Lu = f in U2(x0) becomes:

L̆ŭ = f̆ in BR∗ with ŭ ◦ ϕ = u, f̆ ◦ ϕ = f, and ϕ−1 ◦ L̆ ◦ ϕ = L.

The operator L̆, has Gevrey-σ coefficients on the ball BR∗ , and so the estimate established in
Proposition C.9 can be applied to L̆.

The only difference with the proof in [11, p. 53] is that the inequalities [11, (1.53)] have to
be adjusted to our definition of the Sobolev–Morrey seminorms (C.5):





[|ŭ|]κ;BR
≥
(
R
2κ

)κσ |ŭ|κ;BR/2

ρ2∗[|L̆ŭ|]ℓ;BR
≤
(

R
2(ℓ+1)

)(ℓ+2)σ
|L̆ŭ|ℓ;BR

.

(C.35)

The rest of the arguments are similar to the aformentioned proof in [11]. In particular, a finite
covering of the domain Ω1 is used so that a global estimate (C.3) is inferred from a finite number
of local estimates over neighbourhoods of x0 ∈ Ω1. The details are omitted.
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VR−3ρ

•

BR−3ρ

•

B′R

VR

VR−ρ

VR−2ρ

BR

BR−ρ

BR−2ρ

Figure 2.4: Nested neighborhoods (balls and half-balls)

Proposition 2.5.3 Let L and the boundary operators Dj , Tj have constant coefficients.
We assume that estimate (2.47) holds for any u ∈ H2

0(VR∗ , B
′
R∗) and that (2.50) holds3.

Then there exist two constants4 A, B ≥ 1 such that for all k,m ∈ N with m ≤ k , for all
R ∈ (0, R∗] , for all ρ ∈ (0, R

k+2
] and for all u ∈ H2(VR) there holds

ρk+2|||u|||
k+2,m+2;VR−(k+2)ρ

≤
k∑

`=0

Ak+1−`
( m∑

ν=0

Bm+1−ν ρ`+2|||Lu|||
`, ν;VR−(`+1)ρ

+Bm+1ρ`+
3
2 |||Tu|||

`, 1
2

;B′
R−(`+1)ρ

+Bm+1ρ`+
1
2 |||Du|||

`, 3
2

;B′
R−(`+1)ρ

)

+ Ak+1Bm+1
∑

|α|≤1

ρ|α|‖∂αu‖
VR−|α|ρ

. (2.51)

In particular, if Lu belongs to Hk(VR) , then u belongs to Hk+2(VR−ρ) for any ρ > 0 .

Proof: Let k be fixed. We prove (2.51) by induction over m from 0 to k . For m = 0 ,

(2.51) is a direct consequence of (2.49) as soon as B ≥ 1 . Let us assume that (2.51) holds

for m− 1 , that is

ρk+2|||u|||
k+2,m+1;VR−(k+2)ρ

≤
k∑

`=0

Ak+1−`
(m−1∑

ν=0

Bm−ν ρ`+2|||Lu|||
`, ν;VR−(`+1)ρ

+Bmρ`+
3
2 |||Tu|||

`, 1
2

;B′
R−(`+1)ρ

+Bmρ`+
1
2 |||Du|||

`, 3
2

;B′
R−(`+1)ρ

)

+ Ak+1Bm
∑

|α|≤1

ρ|α|‖∂αu‖
VR−|α|ρ

, (2.52)

and let us prove it for m . Condition (2.50) implies that we have the following identity, with

3 In fact, it is possible to prove that (2.50) is a consequence of estimate (2.47), because estimate (2.47)
implies the interior ellipticity of the constant coefficient system L , which, itself, implies (2.50).

4 The constant A can be chosen as the same as in Proposition 2.5.2.

Figure 1: Nested balls and nested half-balls neighbourhoods, from [11, p. 97]

C.5 Regularity up to the boundary

In what follows, we establish estimates proving the solution to the elliptic boundary-value prob-
lem: 




Lu = f in Ω
Tu = g on ∂Ω \ Γ
Du = h on Γ

is Gevrey-σ regular whenever the domain, the coefficients, and the problem data are Gevrey-σ
regular. Above L is a second-order differential operator and T , D are differential operator of
order 1 and 0, respectively. On the triplet {L, T,D}, we assume that it is elliptic on Ω in the
sense of [11, Definition 2.2.33], and Γ = ∅ or Γ = ∂Ω.

Let us introduce the notation used for the basic domain we consider in this section, i.e.,
half balls with their flat side corresponding to a flattening of the boundary ∂Ω; see Figure 1.
We denote by BR the ball of radius R, by Vr the half ball obtained by intersecting BR with
the half space {xn > 0} (VR := BR ∩ {xn > 0}), and by B′

R the flat side of the boundary
(B′

R := ∂VR ∩ {xn = 0}).
Let us define the space

Hκ
0 (V,B

′) = {u ∈ Hκ(V ), ∂ℓru = 0 on ∂V \B′, 0 ≤ ℓ ≤ κ− 1}.

If we assume that L is elliptic and that the boundary operators T and D verify the comple-
menting conditions, then by [11, Corollary 2.2.16], the basic elliptic regularity estimate

∥u∥2,VR∗ ≤ ∥Lu∥0,VR∗ + ∥Tu∥ 1
2
,B′

R∗
+ ∥Du∥ 3

2
,B′

R∗
+ ∥u∥1,VR∗ (C.36)

holds for u ∈ H2
0 (VR∗ , B

′
R∗), where the norm ∥ ·∥s,Ω associated with the fractional Sobolev space

Hs(Ω) is defined as

∥u∥2s,B′
R∗

= ∥u∥2⌊s⌋,B′
R∗

+
∑

|α|=⌊s⌋
|∂αu|2s−⌊s⌋,B′

R∗
,

with

|v|2s,B′
R∗

=

∫ ∫

B′
R∗×B

′
R∗

|u(x)− u(y)|2
|x− y|(n−1)+2s

dx dy.

We next introduce the analogue of Lemma C.6 for points close to the boundary, i.e., we want
this estimate to include norms of the boundary operators T and D. Along the lines of [27,
Chapter 5], we state this result for Tu|B′

R
= g|B′

R
∈ H1(VR) and Du|B′

R
= h|B′

R
∈ H2(VR), i.e.

for the extension of the boundary condition to the domain of interest VR.
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Lemma C.10. Let k0, R
∗ > 0 and σ ≥ 1. Let {L, T,D} be an elliptic triplet with smooth

coefficients and assume that (C.36) holds for all functions in H2
0 (VR∗ , B

′
R∗). In addition, let

g ∈ H1(VR) and h ∈ H2(VR). Then there exists A1 > 0 such that for any u ∈ H2(VR) with
R ≤ R∗, for all ρ ∈ (0, R/2) and k ≥ k0

∑

|α|=2

ρσ|α|∥∂αu∥VR−|α|ρ ≤ A1

(
ρ2σ∥Lu∥VR−ρ

+
∑

|α|≤1

ρσ|α|∥∂αu∥VR−|α|ρ

+
∑

|α|≤2

ρσ|α|∥∂αh∥VR−ρ
+
∑

|α|≤1

ρ(1+|α|)σ∥∂αg∥VR−ρ

)
.

(C.37)

Proof. The arguments leading to (C.25) in Lemma C.6 can be repeated here using the truncation
function χR,ρ defined in (C.4). We recall that D and T :=

∑
|α|=1

tα∂
α + t0 id are zero and first

order respectively, thus

DχR,ρu = χR,ρDu, TχR,ρu =
∑

|α|=1

tαu∂
αχR,ρ + χR,ρTu.

Using the above identity, the slope estimate (C.15), and the continuity of the trace operator
from Hs(Rn) into Hs−1/2(Rn−1) (with s > 1/2), we obtain

∥DχR,ρu∥ 3
2
,B′

R∗
≤C

∑

|α|≤2

ρσ(|α|−2)∥∂αh∥VR ,

∥TχR,ρu∥ 1
2
,B′

R∗
≤C

∑

|α|≤1

ρσ(|α|−1)∥∂αg∥VR +
∑

|α|≤1

ρσ(|α|−2)∥∂αu∥VR ,

for some constant C which depends on R∗, T and the continuity norm of the aforementioned
trace operator. The rest of the proof is similar to C.6 (see also [11, pp. 100-103]). The details
are omitted.

Our first regularity result will mimic that of [11, Proposition 2.5.2]. It is an anisotropic
estimate, yielding controld over almost tangential derivatives of the solution u. The motivation
behind this approach is the fact that tangential derivatives compose more naturally with the
boundary conditions (indeed, taking tangential derivativesDu = h only depend on the boundary
function h). To this end let us introduce, the following semi-norms: Let U be a domain in Rn
and let κ, m ∈ N

|u|κ,m,U = max
|α|=κ
αn≤m

∥∂αu∥U ,

where α = (α′, αn), α′ ∈ Nn−1. On the boundary, we use the semi-norm

|u|κ,s,U ′ = max
|α|=κ

∥∂αu∥s,U ′ .

Accordingly, we also introduce weighted anisotropic semi-norms of the Sobolev-Morrey type:
We set

[|u|]0,0,VR := ∥u∥VR ,
[|u|]κ,m,VR := max

0≤ρ≤ R
2κ

ρσκ|u|κ,m,VR−κρ
,

ρ2∗[|f |]κ,m,VR := max
0≤ρ≤ R

2(κ+1)

ρσ(2+κ)|f |κ,m,VR−(κ+1)ρ
,

ρ∗[|h|]κ,α,B′
R
:= max

0≤ρ≤ R
2(κ+1)

ρσκ|h|κ,α,VR−(κ+1)ρ

ρ1∗[|g|]κ,α,B′
R
:= max

0≤ρ≤ R
2(κ+1)

ρ(κ+1)σ|g|κ,α,VR−(κ+1)ρ

(C.38)
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To fully exploit the dichotomy between normal and tangential derivatives we state the analogue
of the commutator estimate given in Lemma C.5 for the anisotropic case (see also [11, Lemma
2.6.2]):

Lemma C.11. Let M ≥ 0, σ ≥ 1, and k0, R∗ > 0. There exists constants c1 and K such
that for all R ∈ (0, R∗], all commutators [a(x), ∂β] with Gevrey coefficients a(x) ∈ Gσ(BR) with
constant M , and all multi-indices |α|, β with |α|+ |β| = b ≥ 2, for all ρ ∈

(
0, R2b

]
and k ≥ k0

ρσb∥[a(x), ∂β]∂αu∥VR−(b−1)ρ
≤ c1

b−1∑

d=0

(KR)b−d [|u|]d,m;VR . (C.39)

Above, α is a multi-index with |α| ≤ 2, and m = αn+βn is the total number of normal derivative
involved in the commutator.

Proof. The proof of this lemma is very similar to that of Lemma C.5 and is omitted.

Our goal is to state a proposition establishing the bounds on almost tangential derivatives of
the solution u (cf. [11, Propostion 2.6.6]). To achieve this goal, we plan to follow the same plan
as in Section C.4. In particular, we establish an intermediate estimate for the κ+ 2 semi-norm
of the solution as a function of Lu, we then substitute Lu for its components and bound them.
The following lemma extends Lemma C.7 up to the boundary.

Lemma C.12. Let R∗ > 0. Assume the basic elliptic regularity estimate C.37 holds. Then
there exists a constant A2 > 1 such that for all R ∈ (0, R∗] and for all κ ∈ N,

[|u|]κ+2,2;VR ≤ A2

(
ρ2∗[|Lu|]κ,0;VR + c2

κ∑

d=0

(KR)κ−d [|u|]d,2;VR

+ [|u|]κ+1,1;VR +
∑

|α|≤2

ρ∗[|h|]κ+|α|,α,B′
R
+
∑

|α|≤1

ρ1∗[|g|]κ+|α|,α,B′
R

)
.

(C.40)

Proof. The proof relies on recursively applying Lemmas C.10 and C.11. First, let β be a multi-
index of length |β| = κ such that its normal component βn = 0. Because β is tangential, the
boundary conditions for ∂βu can be written as

D∂βu = ∂βDu+ [∂β, D]u = ∂βh+ [∂β, D]u

T∂βu = ∂βTu+ [∂β, T ]u = ∂βg + [∂β, T ]u.
(C.41)

We use (C.37) with ∂βu and R = R− |β|ρ, to obtain

∑

|α|=2

ρσ|α|∥∂α+βu∥VR−|β|ρ−|α|ρ ≤ A′
1

(
ρ2σ

(
∥∂βLu∥VR−|β|ρ−ρ

+ ∥[∂β, L]u∥VR−|β|ρ−ρ

)

+
∑

|α|≤1

ρσ|α|∥∂α+βu∥VR−|β|ρ−|α|ρ

+
∑

|α|≤2

ρσ|α|
(
∥∂α+βh∥VR−|β|ρ−ρ

+ ∥[∂β, ∂αD]u∥VR−|β|ρ−ρ

)

+
∑

|α|≤1

ρ(1+|α|)σ
(
∥∂α+βg∥VR−|β|ρ−ρ

+ ∥[∂β, ∂αT ]u∥VR−|β|ρ−ρ

))
.

(C.42)
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We multiply by the scaling ρσ|β|

ρσ(κ+2)∥∂α+βu∥VR−|α|ρ ≤ A1

(
ρ(κ+2)σ

(
∥∂βLu∥VR−(κ+1)ρ

+ ∥[∂β, L]u∥VR−(κ+1)ρ

)

+
∑

|α|≤1

ρσ(κ+|α|)∥∂α+βu∥VR−|α|ρ

+
∑

|α|≤2

ρσ(κ+|α|)
(
∥∂α+βh∥VR−(κ+1)ρ

+ ∥[∂β, ∂αD]u∥VR−(κ+1)ρ

)

+
∑

|α|≤1

ρ(κ+1+|α|)σ
(
∥∂α+βg∥VR−(κ+1)ρ

+ ∥[∂β, ∂αT ]u∥VR−(κ+1)ρ

))
.

(C.43)
Similarly to [11, Proposition 2.6.3], we use Lemma C.11, with |β| = κ+2, κ+1, κ and with

m = 2 to estimate the commutators

ρ(κ+2)σ∥[∂α, L]u∥VR−(κ+1)ρ
+
∑

|α|≤2

ρσ(κ+|α|)∥[∂β, ∂αD]u∥VR−(κ+1)ρ

+
∑

|α|≤1

ρ(κ+1+|α|)σ∥[∂β, ∂αT ]u∥VR−(κ+1)ρ
≤ c2

κ+1∑

d=0

(KR)κ+2−d [|u|]d,2;VR ,
(C.44)

Putting back in (C.43), taking the maximum over ρ, and using the previously introduced
notation (C.38) yields

[|u|]κ+2,2;VR ≤ A′
1

(
ρ2∗[|Lu|]κ,0;VR + c2

κ∑

d=0

(KR)κ−d [|u|]d,2;VR

+ [|u|]κ+1,1;VR +
∑

|α|≤2

ρ∗[|h|]κ+|α|,α,B′
R
+
∑

|α|≤1

ρ1∗[|g|]κ+|α|,α,B′
R

)
.

(C.45)

Proposition C.13. Let σ ≥ 1 and k0, R∗ > 0. Let the elliptic operator L and the boundary
operators D, T have Gevrey-σ coefficients. Let b, n ∈ Gσ(Ω). We assume that (C.36) holds
for any u ∈ H2

0 (VR∗ , B
′
R∗). Then there exists a constant B ≥ 1 such that for all κ ∈ N, all

R ∈ (0, R∗], and for any u ∈ H2(VR) satisfying (C.1)

[|u|]κ+2,2;VR ≤ Bκ+2max

{
k

(κ+ 2)σ
, 1

}κ+2
(

max
0≤ℓ≤κ

ΓℓB,k(ℓ+ 2)(ℓ+2)σ ρ2∗[|f |]ℓ,0;VR

+ max
0≤ℓ≤κ+2

Υℓ
B,kℓ

ℓσρ∗[|h|]ℓ,2,B′
R

+ max
0≤ℓ≤κ+1

Υℓ+1
B,k(ℓ+ 1)(ℓ+1)σρ1∗[|g|]ℓ,1,B′

R

+ k−1[|u|]1;VR + [|u|]0;VR

)
,

(C.46)

with ΓℓB,k = B−ℓ−1 (max {k, (ℓ+ 2)σ})−ℓ and Υℓ
B,k = B−ℓ+1 (max {k, ℓσ})−ℓ .

Proof. The proof follows similarly to that of Proposition C.9, by using Lemma C.10 and rea-
soning by induction. See also [11, Propositions 2.5.2 & 2.6.6]. The details are omitted.
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The estimates for general derivatives of order less than κ+2 (as opposed to almost tangential
ones) rely on the assumption that the boundary is non-characteristic, that is,

a(0,...,0,2) ̸= 0. (C.47)

along the boundary in the notation of (C.2). We note that this concept can be extended to
N ×N system of equations by adopting the definition given in [11, Eq. (2.50)].

Proposition C.14. Let σ ≥ 1 and R∗ > 0. Let the elliptic operator L and the boundary
operators D, T have Gevrey-σ coefficients. Let b, n ∈ Gσ(Ω). We assume that (C.36) holds for
any u ∈ H2

0 (VR∗ , B
′
R∗). Then there exist constants B0, B ≥ 1 such that for all κ,m ∈ N with

m ≤ κ, all R ∈ (0, R∗], and for any u ∈ H2(VR) satisfying (C.1)

[|u|]κ+2,m+2;VR ≤ Bm
0 B

κ+2max

{
k

(κ+ 2)σ
, 1

}κ+2
(

max
0≤ℓ≤κ

0≤ν≤min{ℓ,m}

Γm,ℓB,B0,k
(ℓ+ 2)(ℓ+2)σ ρ2∗[|f |]ℓ,ν;VR

+ max
0≤ℓ≤κ+2

Υm,ℓ
B,B0,k

ℓℓσρ∗[|h|]ℓ,2,B′
R

+ max
0≤ℓ≤κ+1

Υm,ℓ+1
B,B0,k

(ℓ+ 1)(ℓ+1)σρ1∗[|g|]ℓ,1,B′
R

+ k−1[|u|]1;VR + [|u|]0;VR

)
,

(C.48)
with

Γm,ℓB,B0,k
= B−m+1

0 B−ℓ−1 (max {k, (ℓ+ 2)σ})−ℓ

and
Υm,κ
B,B0,k

= B−m+1
0 B−ℓ+1 (max {k, ℓσ})−ℓ .

Proof. The proof follows along the lines of [27, Proposition 5.5.2] and reasons by induction.
Indeed, for m = 0, estimate (C.48) is a direct consequence of (C.46). Assume then that (C.48)
holds for 0, . . . ,m− 1:

[|u|]κ+2,m+1;VR ≤ Bm−1
0 Bκ+2max

{
k

(κ+ 2)σ
, 1

}κ+2
(

max
0≤ℓ≤κ

0≤ν≤min{ℓ,m−1}

Γm−1,ℓ
B,B0,k

(ℓ+ 2)(ℓ+2)σ ρ2∗[|f |]ℓ,ν;VR

+ max
0≤ℓ≤κ+2

Υm−1,ℓ
B,B0,k

ℓℓσρ∗[|h|]ℓ,2,B′
R

+ max
0≤ℓ≤κ+1

Υm−1,ℓ+1
B,B0,k

(ℓ+ 1)(ℓ+1)σρ1∗[|g|]ℓ,1,B′
R

+ k−1[|u|]1;VR + [|u|]0;VR

)
.

(C.49)
Condition (C.47) yields

∂2nu = a(0,...,2)
−1
Lu+

∑

|α|≤2
αn<2

Nα∂αu,

with Nα = − aα
a(0,...,2)

. As a consequence, there exists B0 > 0 such that for all R ∈ (0, R∗) and

all u ∈ H2(VR) (note that here no boundary conditions are needed)

|u|2,2,VR ≤ B0 (|Lu|0,0,VR + |u|2,1,VR) . (C.50)

Applying (C.50) in VR−(κ+2)ρ for ∂β∂n
mu with β = (β′, 0) and |β| = κ−m

|u|κ+2,m+2,VR−(κ+2)ρ
≤ B0

(
|Lu|κ,m,VR−(κ+2)ρ

+
∣∣∣[L, ∂β∂nm]u

∣∣∣
0,0,VR−(κ+2)ρ

+ |u|κ+2,m+1,VR−(κ+2)ρ

)
.

(C.51)
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We multiply by ρ(κ+2)σ and use Lemma C.11 to obtain

ρ(κ+2)σ
∣∣∣[L, ∂β∂nm]u

∣∣∣
0,0,VR−(κ+2)ρ

≤ c1

κ+1∑

d=0

(KR)κ+2−d [|u|]d,min{d,m+2};VR ,

for constants c1 and K independent of R ∈ (0, R∗] and κ. Plugging (C.49) into (C.51), we obtain

[|u|]κ+2,m+2;VR ≤ Bm
0 B

κ+2max

{
k

(κ+ 2)σ
, 1

}κ+2
(

max
0≤ℓ≤κ

0≤ν≤min{ℓ,m}

Γm,ℓB,B0,k
(ℓ+ 2)(ℓ+2)σ ρ2∗[|f |]ℓ,ν;VR

+ max
0≤ℓ≤κ+2

Υm,ℓ
B,B0,k

ℓℓσρ∗[|h|]ℓ,2,B′
R

+ max
0≤ℓ≤κ+1

Υm,ℓ+1
B,B0,k

(ℓ+ 1)(ℓ+1)σρ1∗[|g|]ℓ,1,B′
R

+ k−1[|u|]1;VR + [|u|]0;VR

)

+ c1

κ+1∑

d=0

(KR)κ+2−d [|u|]d,min{d,m+2};VR .

(C.52)
To bound the last term, we use similar arguments as in the proof of Proposition C.9 (see (C.29)).
By eventually adjusting the value of B, we obtain the desired estimate.

We are now ready to present the proof of the up-to-the-boundary Gevrey regularity estimates.

Proof of Theorem C.3. Let x0 ∈ Ω1. We identify two cases:

• x0 ∈ Ω, and is thus an interior point. Then, there exist two neighbourhoods of x0: U1, U2

with U1 ⊂ U2 ⊂ Ω such that Theorem C.2 can be applied, with a constant A = Ax0 (where
we stress the dependence of the constant on the spatial point x0):

|u|κ+2;U1 ≤ Aκ+2max (k, (κ+ 2)σ)κ+2

(
max
0≤ℓ≤κ

A−ℓ−1 1

max(k, (ℓ+ 2)σ)ℓ
|f |ℓ;U2

+ k−1|u|1;U2 + |u|0;U2

) (C.53)

• x0 ∈ ∂Ω, and is thus a boundary point. In this case, the proof follows from mapping a
neighbourhood U2 of the the point x0 to the half-ball VR using a Gevrey-σ-regular map ϕ.
Applying Proposition C.14 with m = κ and A = B0B (depending again on the point x0),
we obtain

|u|κ+2;U1 ≤ Aκ+2max (k, (κ+ 2)σ)κ+2

(
max
0≤ℓ≤κ

A−ℓ−1 1

max(k, (ℓ+ 2)σ)ℓ
|f |ℓ;U2

+ max
0≤ℓ≤κ+2

A−ℓ+1 1

max(k, ℓσ)ℓ
|h|ℓ;U2

+ max
0≤ℓ≤κ+1

A−ℓ 1

max(k, (ℓ+ 1)σ)ℓ+1
|g|ℓ;U2

+ k−1|u|1;U2 + |u|0;U2

)

(C.54)

The neighbourhood U1 := ϕ−1(VR/2). The steps to obtain (C.54) from (C.48) are similar
to those taken in the proof of Theorem C.2 and are omitted.

Finally, by varying x0 ∈ Ω1, we can extract a finite covering of the compact set Ω1 by open sets
U1. The proof is then complete by combining a finite number of estimates (C.53) and (C.54).
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Ω−

Ω+

∂Ω

I

Figure 2: Interface configuration with two subdomains

C.6 Transmission/piecewise-regular problems

In the study of scattering problems or when truncating the domain using PML (Perfectly
Matched Layer) for example, one often deals with two (or more) equations simultaneously,
involving ‘similar’ operator L±, one in an interior domain Ω+ and the other over its comple-
mentary domain in Ω, Ω− = Ω \ (Ω+ ∪ I), with I = ∂Ω− ∩ ∂Ω+ being the interface between the
two domains Ω+ and Ω−.

We illustrate in Figure 2 a typical situation of interest, where the exterior boundary is ∂Ω
and

∂Ω+ = I and ∂Ω− = I ∪ ∂Ω.
Let Γ = ∅ or Γ = ∂Ω.

In this section, we present a result dealing with the Gevrey regularity for such transmission
problems. We note that Sobolev and analytic regularity results can be found in, e.g. [11, Theorem
5.2.2] and [26, Theorem 4.20].

The problem under consideration is of the form:





L+u+ = k2(f+ − k−1b+ · ∇u+ + nu+) in Ω+

L−u− = k2(f− − k−1b− · ∇u− + nu−) in Ω−

Tu− = g on ∂Ω \ Γ
Du− = h on Γ

T+u+ + T−u− = gI on I
D+u+ +D−u− = hI on I

(C.55)

where the system {L+, L−, CΓ, CI} with

CΓ = (T,D) CI = (T+ T−, D+ D−)

is elliptic in the sense of [11, Def 5.1.2]. Once again, we assume the boundary and interface
conditions to be given by the restriction to the boundary of functions g, gI and h, hI defined on
Ω; see Remark C.4.

To present our piecewise regularity result, it is convenient to introduce the space of piecewise
Sobolev spaces

PHκ(Ω) := {u = (u−, u+) : u+ ∈ Hκ(Ω+), u− ∈ Hκ(Ω−)}

for κ ∈ N, equipped with the natural (semi-)norms

∥u∥2Pκ;Ω := ∥u+∥2κ;Ω+ + ∥u−∥2κ;Ω− , |u|2Pκ;Ω := |u+|2κ;Ω+ + |u−|2κ;Ω− .
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x0

Ω+

Ω−

I ϕx0

0

BR ∩ Rn+

BR ∩ Rn−

xn = 0

Figure 3: Flattening of interface via local diffeomorphism ϕx0 : U 7→ BR.

Theorem C.15. Let σ ≥ 1, k0 > 0. Let the domain Ω be Gevrey and let it be subdivided
into two subdomains Ω+ and Ω− with a Gevrey interface (as in Figure 2). Let the system

{L+, L−, CΓ, CI} be elliptic and let their coefficients be Gevrey-σ on Ω
±
. Let b±, n± be Gevrey-

σ on Ω
±
. Let U1, U2 be bounded opens of Rn verifying U1 ⊂ U2. We denote

Ω±
j = Uj ∩ Ω± for j = 1, 2, I2 = U2 ∩ I, Γ2 = U2 ∩ ∂Ω.

There exists a constant A ≥ 1 such that for all κ ∈ N, k ≥ k0, f ∈ PHκ(Ω2), h, hI ∈
Hκ+2(Ω2), g, gI ∈ Hκ+1(Ω2), and u ∈ PH2(Ω2) satisfying (C.55) in Ω2,

|u|Pκ+2;Ω1 ≤ Aκ+2max (k, (κ+ 2)σ)κ+2

(
max
0≤ℓ≤κ

A−ℓ−1 1

max(k, (ℓ+ 2)σ)ℓ
|f |Pℓ;Ω2

+ max
0≤ℓ≤κ+2

A−ℓ+1 1

max(k, ℓσ)ℓ
|h|ℓ;Ω2

+ max
0≤ℓ≤κ+1

A−ℓ 1

max(k, (ℓ+ 1)σ)ℓ+1
|g|ℓ;Ω2

+ max
0≤ℓ≤κ+2

A−ℓ+1 1

max(k, ℓσ)ℓ
|hI |ℓ;Ω2

+ max
0≤ℓ≤κ+1

A−ℓ 1

max(k, (ℓ+ 1)σ)ℓ+1
|gI |ℓ;Ω2

+ k−1|u|P1;Ω2 + |u|P0;Ω2

)

(C.56)

The general strategy of the proof of Theorem C.15 follows along the lines of, e.g., [26,
Theorem 4.20] and [11, Chapter 5]. It relies on a flattening of the interface I akin to what we
did for the study of the regularity up to the boundary in Section C.5; see Fig. 3. The arguments
leading up to Theorem C.3 are then used to obtain the desired piecewise regularity result. In
particular, the following intermediate result is established.

Let us define the space

PHκ
0 (B

−∪B+, B′) = {u = (u−, u+) ∈ PHκ(B−∪B+), ∂ℓru
± = 0 on ∂B±\B′, 0 ≤ ℓ ≤ κ−1}.

We assume the triplet {L, T, D} is such that the basic elliptic regularity estimate

∥u+∥2;BR∩Rn
+
+ ∥u−∥2;BR∩Rn

− ≤∥L+u+∥0,BR∩Rn
+
+ ∥L−u−∥0,BR∩Rn

−

+ ∥T+u+ + T−u−∥ 1
2
,B′

R∗
+ ∥D+u+ +D−u−∥ 3

2
,B′

R∗

+ ∥u+∥1,BR∩Rn
+
+ ∥u−∥1,BR∩Rn

− .

(C.57)

holds for all u ∈ PH2
0 (BR∗ , B

′
R∗).
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Proposition C.16. Let σ ≥ 1 and R∗ > 0. Let the elliptic operators L± and the boundary
operators D±, T± have Gevrey-σ coefficients. Let b±, n± ∈ Gσ(Ω). We assume that (C.57)
holds for any u ∈ PH2

0 (BR∗ , B
′
R∗). Then there exist constants B0, B ≥ 1 such that for all

κ,m ∈ N with m ≤ κ, all R ∈ (0, R∗], and for any u ∈ PH2(Ω2) satisfying (C.55),

[|u+|]κ+2,m+2;BR∩Rn
+
+ [|u−|]κ+2,m+2;BR∩Rn

−

≤ Bm
0 B

κ+2max

{
k

(κ+ 2)σ
, 1

}κ+2
(

max
0≤ℓ≤κ

0≤ν≤min{ℓ,m}

Γm,ℓB,B0,k
(ℓ+ 2)(ℓ+2)σ ρ2∗[|f |]ℓ,ν;BR∩Rn

+

+ max
0≤ℓ≤κ

0≤ν≤min{ℓ,m}

Γm,ℓB,B0,k
(ℓ+ 2)(ℓ+2)σ ρ2∗[|f |]ℓ,ν;BR∩Rn

−

+ max
0≤ℓ≤κ+2

Υm,ℓ
B,B0,k

ℓℓσρ∗[|hI |]ℓ,2,B′
R

+ max
0≤ℓ≤κ+1

Υm,ℓ+1
B,B0,k

(ℓ+ 1)(ℓ+1)σρ1∗[|gI |]ℓ,1,B′
R

+ k−1([|u+|]1;BR∩Rn
+
+ [|u−|]1;BR∩Rn

−)

+ [|u+|]0;BR∩Rn
+
+ [|u−|]0;BR∩Rn

−

)
,

(C.58)
with

Γm,ℓB,B0,k
= B−m+1

0 B−ℓ−1 (max {k, (ℓ+ 2)σ})−ℓ

and
Υm,κ
B,B0,k

= B−m+1
0 B−ℓ+1 (max {k, ℓσ})−ℓ .

Proof. The proof is similar to that leading up to Proposition C.14, with the difference that
the basic elliptic estimate is given by (C.57). To avoid unnecessary repetition, the proof is
omitted.

Proof of Theorem C.15. Let x0 ∈ Ω1. We identify three cases (the first two are treated as in in
the proof of Theorem C.3):

• x0 ∈ Ω \ I, and is thus an interior point.

• x0 ∈ ∂Ω, and is thus a boundary point.

• x0 ∈ I is an interface point. In this case, the proof follows from mapping a neighbour-
hood U2 of the the point x0 to the ball BR using a Gevrey-σ-regular map ϕ. Applying
Proposition C.16 with m = κ and A = B0B (which depends on x0), we obtain

|u|Pκ+2;U1 ≤ Aκ+2max (k, (κ+ 2)σ)κ+2

(
max
0≤ℓ≤κ

A−ℓ−1 1

max(k, (ℓ+ 2)σ)ℓ
|f |Pℓ;U2

+ max
0≤ℓ≤κ+2

A−ℓ+1 1

max(k, ℓσ)ℓ
|hI |ℓ;U2

+ max
0≤ℓ≤κ+1

A−ℓ 1

max(k, (ℓ+ 1)σ)ℓ+1
|gI |ℓ;U2

+ k−1|u|P1;U2 + |u|P0;U2

)

(C.59)
where the neighbourhood U1 := ϕ−1(VR/2). The steps to obtain (C.59) from (C.58) are
similar to those taken in the proof of Theorem C.2 and are omitted.
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Finally, by varying x0 ∈ Ω1, we can extract a finite covering of the compact set Ω1 by open sets
U1. The proof is then complete by combining a finite number of estimates (C.53), (C.54), and
(C.59).
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