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Abstract

We consider the hp-FEM applied to the Helmholtz scattering problem with wavenum-
ber k, truncated with a perfectly-matched layer. The scatterer consists of a combination
of Dirichlet, Neumann, and penetrable obstacles together with variable coefficients. Pro-
vided that the Helmholtz solution operator is polynomially bounded in k, all coefficients
are piecewise smooth, all boundary surfaces are Gevrey and all coefficients restricted to
boundary surfaces are Gevrey together with all their normal derivatives, we show that the
hp-FEM is quasioptimal when p > 1+ e€logk and hk/p is sufficiently small; i.e., the hp-FEM
does not suffer from the pollution effect. This result generalises the analogous results in
both [6] (proved for piecewise analytic coefficients and analytic boundaries) and [I7] (proved
for smooth coefficients that are analytic near analytic obstacles) to a much larger class of
scatterers.

1 Introduction

1.1 The scattering problem and its approximation using a PML

We consider scattering by a bounded open obstacle Q_ C R? with connected complement,

Qy =R\ Q_: given f € LZ,,,(Q4), find u € H. () such that

1—-d

—k 2 div(AVu) — nu = f in Qy, (Bu)|an, =0, (720, —i)u=0,500(r 2 ) (L.1)

where 'y := 004 = Tharq U Dgort With Tharqg and Tgoe smooth, closed hypersurfaces and
(Bu)|r,,,, = u in the sound-soft case and (Bu) = v - (AVu), with v the normal to Ty
in the sound-hard case.

We assume that there is I', € Q4 a smooth, closed hypersurface such that A € C°°(Q4 \T))
is a symmetric, positive-definite matrix with real coefficients that equals the identity outside a
compact set and n € C(Q\T,) is a real-valued function that equals one outside a compact set.
Here, a function u € C>(V) if for all connected components V; of V' there exists U; € C>(R%)
such that Uj|ly, = uly, (i.e., u is C°° “up to the boundary”). Under these assumptions, the
solution to exists and is unique; see [19) §4.2] and the references therein.

We approximate the Sommerfeld radiation condition using a radial perfectly matched layer
(PML): let Q¢ C R? be open, bounded, connected, with C*! boundary, and contain a closed ball
containing 2 Usupp(A —I')Usupp(n —1). We truncate the problem to the computational
domain Q := Q, N Q, and apply the finite-element method to the problem: given f € L?(Q),
find u € H'(f) such that

‘Fhard

P = —k~2div(ApVu) + k2bg - Vu — ngu = f in Q, (Bu)|aa, =0, ulaq,, =0, (1.2)

*Department of Mathematics, University College London, London, UK. E-mail: jj.galkowskiQucl.ac.uk.
"Department of Mathematical Sciences, University of Bath, Bath, UK. E-mails: mm4138@bath.ac.uk,
eas25@bath.ac.uk!


mailto:j.galkowski@ucl.ac.uk
mailto:mm4138@bath.ac.uk
mailto:eas25@bath.ac.uk

where Ay, by, and ny are defined in, e.g., [19, §4.4 and Definition 4.7] and, in particular, equal A,
0, and n (respectively) in the non-PML region. For all but finitely-many values of k the solution
to exists and is unique. When the data f is away from the PML region, the difference
between the solutions of and (measured away from the PML region) is exponentially
small in & [15].

Let

p(k) := sup {”UHLQ(Q) : u solves (1.2) with || f|[z2) = 1}.

Recall that, with the normalisation used in ([L.1f), for all ky > 0 there exists ¢ > 0 such that
p(k) > ck for k > ko. By [15, Theorem 1.6], for a radial PML, there exist C,k; > 0 such that
for k > k1 and xy = 1 on the convex hull of €2,

p(k) < Csup{quHLz(Q+) . u solves with [[xfllz2+) = 1}; (1.3)

i.e. the PML solution operator is controlled by the scattering solution operator.

1.2 Gevrey-type regularity assumptions

Recall the definition of the Gevrey-o class.

Definition 1.1 (Gevrey-o class). Let ¢ > 1. A function g € C>*(Q) is Gevrey class G7(Q)
with constant M if for every compact K C Q and every v € N?

sup [7g(x)| < MPH (y1)°. (1.4)
zeK

Note that a Gevrey-1 function is analytic; thus the Gevrey class of functions can be seen as
an intermediate regularity class between the classes of C*° functions and analytic functions.

Definition 1.2 (Gevrey-o hypersurface). A hypersurface I' is Gevrey-o if for every point xy €
T there is a neighbourhood U of o, an orthogonal matriz O, and an open set V. C R? q
neighbourhood of 0 and ¢ : U =V a G diffeomorphism such that

YU NT)={(2,0) : 2’ e R, (2/,0) e V]

Definition 1.3 (Gevrey-o at a hypersurface I'). Let o > 1, T' C Q a smooth, closed hypersurface
and u € C®(Q\T). A function u is Gevrey-o at T if for all connected components, Q; of Q\ T,
there is M > 0 such that for all v € N¢

sup [07 (ulo,) (z)| < M (41)7,
zel

1.3 The finite element method with piecewise polynomials

Let ag(-,-) be the sesquilinear form associated with ([1.2]). We work in the Hilbert space
H = {u € HI(Q) sulr, =0, ulpq, = 0}

with norm )
HU‘H%{%(Q) = k_2HVU’HL2(Q) + HUH%%Q)' (1.5)

Definition 1.4 (Galerkin approximation). Given a closed subspace V- C H, a Galerkin approx-
imation of u € H is an element up, € V' such that

ax(up,wp) = ag(u,wp)  for all w, € V. (1.6)



Given a triangulation 7, a reference element f, and element maps {F}rc7, the space of
mapped polynomials of degree p on triangulation 7 is defined by

VP(T, {Frirer) == {ve H(Q) : forall T € T, v|p o Fr € PP(T)}.

We consider a G simplicial, affine-conforming triangulation, 7 of 2, where the notions of
“G7” and “affine-conforming” are defined below in Definitions [B.7] and respectively. These
definitions correspond, roughly speaking, to T consisting of curved elements with Gevrey-o
element maps from a reference simplex, and a compatibility condition on neighbouring element
maps ensuring that there exist non-trivial globally H! mapped polynomials (i.e., ensuring that
VP(T,{Fr}rer) is not the zero function). Let

V773 = V(T A Fr}rer) NH,

and let A(T) to be an upper bound for the diameter of any element of the triangulation. Ap-
pendix [B| proves new results about approximation in V2, with the bounds explicit in both the
polynomial degree and the regularity of the approximated function.

1.4 Statement of the main result

Theorem 1.5 (k-uniform quasi-optimality of both the hp-FEM and the p-FEM). Let o > 1,
[y, 0%y, and Ty be Gevrey-o, Ag and ng be Gevrey-o at both I'y and I's, K C (0,00) be such
that

00, (1.7)
and €, ko, T > 0. Then there exist C, Cqo, ho > 0 such that for all k € K N [k, 00), and all G

simplicial, affine-conforming triangulations T with constant T, if

h(T)k
p

0 < h(T) < ho, <C, p>14clogk, (1.8)

and
oQuT, c | Jor
TeT

then for all u € H,%(Q) the Galerkin approrimation of u in V7E exists and satisfies

o= unllgey < Coo i, 1= wnllig oy (L9)

Remark 1.6. If the triangulation is quasi-uniform then the dimension of V713 is proportional to

(p/h(T))d. Thus Theorem shows that there exist piecewise-polynomial spaces with dimension
~ k? for which the Galerkin approzimation is k-uniformly quasi-optimal.

Remark 1.7 (Polynomial boundedness of the solution operator occurs at “most” frequencies).
The bound is equivalent to p(k) being polynomially bounded in k for k € K. Furthermore,
given 6, ko > 0, there exists K C [ko,00) with the measure of [ko,00) \ K less than § such that
holds for k € K. To see this, recall that (i) the solution of the PML problem ezists
and is unique for all but finitely-many values of k — this is a consequence of well-posedness
for sufficiently-large k [15] and Fredholm theory (showing well-posedness for all but a discrete
set of ks), (ii) by , the PML solution operator inherits the bound on the scattering solution
operator for sufficiently-large k, and (iii) the scattering solution operator is polynomially bounded
for “most” k (in the sense above) by [Z4)].



1.5 Discussion of Theorem

The context and novelty of Theorem It has been known since the seminal works
of Thlenburg and Babuska [22] 23] that, despite the fact that a fixed number of points per
wavelength, hk ~ 1, is enough to accurately approximate waves with wavenumber k, the h-
version of the FEM requires hk to tend to 0 as k — oo to maintain accuracy. This phenomenon
is known as the pollution effect [5].

The pollution effect becomes less pronounced as p increases. Indeed, for general Helmholtz
problems the Galerkin solution is k-uniformly quasi-optimal if (hk)Pp(k) is sufficiently small [9)]
and has controllably-small relative error (for k-oscillating data) if (hk)?p(k) is sufficiently small
[18]. It is therefore natural to consider the p- or hp-FEM, with p increasing as k increases.

It was first shown in [28], 29] (see also [39]) that, if

(i) the solution operator is polynomially bounded in & (which holds for “most” k by [24]; see

Remark , and

(ii) the domain is analytic, and the PDE coefficients are constant,

then both the hp-FEM and p-FEM do not suffer from the pollution effect — i.e., the Galerkin
solution is k-uniformly quasioptimal — if

h<e, ?306 and p>1+elogk. (1.10)
These results were then generalised to wider classes of Helmholtz problems in [25, 16} 17, [6].
The current state-of-the-art analyses of the hp-FEM and p-FEM yielding k-uniform quasiop-
timality require regularity assumptions that are substantially weaker than (ii) above. Indeed,
under , k-uniform quasioptimality of the hp-FEM and p-FEM is proved for the variable-
coefficient Helmholtz Dirichlet problem when either

(a) Q_ is analytic and the coefficients, A and n are smooth in Q and analytic in a neighbour-
hood of 0Q2_ [25, [16], [17], or

(b) Q_ is analytic and the coefficients A, and n are piecewise analytic with respect to an
analytic interface I', [6].

In comparison, Theorem [1.5| requires

(c) Q_ is Gevrey-o and the coefficients A and n are piecewise smooth with respect to a
Gevrey-o interface I'y, and A and n are Gevrey-o at 02— and at I', (in the sense that the
restriction from either side of Iy, is Gevrey-o; see Definition [1.3]).

That is, Theorem weakens the regularity requirements of [25 16, 17, 6] in two substantial
ways: 1) analyticity requirements are replaced by Gevrey-type requirements and 2) all regularity
requirements beyond piecewise smoothness are imposed only at interfaces and boundaries rather
than in neighbourhoods thereof.

The proof of Theorem high- and low-frequency splitting The analysis of the hp-
FEM via splitting the solution into “well-behaved” and “poorly-behaved” parts has been known
since the work of Babuska and Guo [3| 14 20, 2I] on domains with corner singularities, where
the poorly-behaved part arises as a result of failure of full elliptic regularity at the corner; this
approach was then further developed in the books [38, 27].

In the context of k-explicit analyses of the Helmholtz equation, this splitting is one into low
and high frequencies: low frequencies should be well approximated by polynomials but may be
large in k, while high frequencies have less good approximation, but should be well controlled
in k because the Helmholtz operator is, in some sense, uniformly elliptic on high frequencies (in



the absence of boundaries, this can be understood via the notion of semiclassical ellipticity [13]
Theorem E.33)).

The key technical ingredient in the analysis of the Helmholtz hp-FEM is then the method
for splitting the solution w to into high- and low-frequencies:

U= uUg + uy

so that u, is well approximated by piecewise polynomials and wuy is controlled in k.

In the approach of [28, 29, 6] (also used in [30, B1, B2] for the time-harmonic Maxwell
equations), suitable frequency cutoffs are applied to the data f in (T.2)) — on R these cutoffs are
defined via the Fourier transform, and on subsets of R? these are defined via first extending to R?
and then using the Fourier transform. The function u, is then defined as the Helmholtz solution
with right-hand side given by the low-frequencies of the data. Since these low frequencies are
automatically analytic, if the domain and coefficients are piecewise analytic, then u, is piecewise
analytic by analytic elliptic regularity. The proof that u — uy =: uy is “well-behaved” with
respect to k relies crucially on the fact that, for high-frequency data, the Helmholtz solution is
“close” (in an appropriate sense) to the solution of Helmholtz problem with a sign flipped (so
the PDE is coercive, uniformly in k); i.e., semiclassical ellipticity on high frequencies.

In the approach of [25, 16, [I7, 19], frequency cut-offs are applied direct to the Helmholtz
solution w in ([1.2). There are two basic ideas that have been used to achieve frequency splittings
in this way (see also the discussion in [19), Section 7.1}):

1. use the Fourier transform [25], or

2. apply a function of a self-adjoint operator, P, [16] [I7, [19] that agrees with the Helmholtz
operator Pj near the scatterer.

By using the Fourier transform— specifically defining u, := 1|_oy 24 (| D|)u— one can, essentially
always, split u into a low-frequency part that is well approximated and a high-frequency part.
The difficulty is then to show that the high frequency part is controlled by the data f without
growth in k. One of the surprising features of [25] was that, in contrast to the approach in
[28, 29| [6], it required no analyticity assumptions, instead showing that, despite the fact A and
n may not be better than smooth, the high frequencies (as measured by the Fourier transform)
are nevertheless well controlled.

The papers [16}, 17, [19] then used this insight to remove analyticity assumptions strictly away
from boundaries, but still require analyticity in neighbourhoods thereof. This analyticity is used
to guarantee that the eigenfunctions of P are approximated well. Up to now, however, there
was no conceptual explanation for why substantial additional regularity assumptions (beyond
smoothness) might be needed near boundaries, but not in the interior.

In this paper, we provide such an explanation using a new method for frequency splitting.
Specifically, we show that it is enough to construct an auxiliary self-adjoint, elliptic, second-order
differential operator P, such that, for any N, the domain of PV agrees with that of Pév (away
from the PML boundary 0€;) and such that the eigenfunctions of P are approximated well by
piecewise polynomials. This new approach (i) explains why, in the absence of boundaries and
interfaces, one can use Fourier multipliers that are based on the operator —A and (ii) enables
us to impose regularity assumptions (beyond smoothness) only at boundaries and interfaces.
Specifically, we construct P by finding @ and 7 that, together with all derivatives, agree with A
and n at Q4 and I'j, are Gevrey-o in a neighbourhood of these interfaces, and are piecewise
smooth. The operator defined by sesquilinear form

(Pu,v) := (ak™'Vu, k~'Vo) — (7, v)

acting on the same space as the sesquilinear form associated to Py then has the required prop-
erties.



Potential extensions to Theorem The proof of Theorem suggests that one can
weaken the regularity requirements for the triangulation, I'y, and 092, as well as those for A
and n at I', and 9924 to the following Denjoy—Carleman class of functions

sup |07g(z)| < MhIt1eohl? (1.11)
zeK
(compare to (1.4)); this is discussed further in Remark below.

The only missing component to proving Theorem under this assumption is the relevant
elliptic regularity theory. Although we are not aware of such results for the classes in , we
do not believe there are any fundamental difficulties in proving such elliptic-regularity results.
We have chosen not to pursue this here since Gevrey classes of functions are much more standard
in the numerical-analysis literature (see, e.g., [14]).

A natural question is whether one can entirely remove assumptions — on either 92— and I',,
or the coefficients — at the boundary stronger than just smoothness.

We do not expect removing assumptions on 9§2_ or I', for general (i.e., not constructed using
knowledge of both the coefficients and the geometry) C'*° triangulations to be possible for the
following reason: in a conforming triangulation, there will always be a simplex, T', one of whose
faces is contained in the boundary. Because of this, the element map Fr cannot be more regular
than the boundary and hence, for a typical smooth u, u o Fp cannot be more regular than the
boundary itself and therefore, the quality of the approximation by a polynomial will not be well
controlled as the degree p tends to infinity. Specifically, if the ¢ derivative of the boundary is
of size My, one expect an approximation no better than

P
(C;Lk> max(1, kP M,)

and hence, if M, grows arbitrarily fast and Chk/p is bounded below, it will not be possible to
make this error superpolynomially small in k. (The exception to this would be to construct the
triangulation and element maps using knowledge of u so that u o Fr has better regularity than
either u or Fr.)

The question of whether the regularity of A and n on the boundaries can be relaxed is
somewhat less clear, but an indication that it may not be possible is the following: all splittings
of u into high and low frequencies to date require that u,s be in the domain of any fixed power
of the operator P. This implies that u, cannot be more regular than the coefficients (at the
boundaries); thus, when coefficients do not have additional regularity at the boundary wu, is
poorly approximated as p — co.

1.6 Organization of the paper

Section |2| describes the operator P used to define the low-frequency cut-offs and proves related
pseudolocality results. Section [4] proves a bound on the adjoint-approximability constant modulo
controlling the low-frequencies. Section |5| constructs P under Gevrey-type regularity assump-
tions. Section [6] proves Theorem [I.5] using the results of Sections [] and 5] Appendix [A] recaps
the Schatz argument for proving quasi-optimality. Appendix [B| proves p-explicit polynomial
approximation results tailored to Gevrey-o functions, and Appendix [C| proves elliptic regularity
results under Gevrey-o regularity.

2 Low-frequency cutoffs defined by functional calculus and re-
lated pseudolocality results

2.1 Notation
We first define the Helmholtz PML problem under less regularity than in Theorem



Definition 2.1 (H* Helmholtz PML problem). The PML problem is a H' Helmholtz PML
problem if Q¢ and Q_ and C*~51, and there is r,eQya C 11 closed, embedded hypersurface
such that Ag,bg,ng € C*=21(Q4 \T')). We then call the operator Py, in an HY Helmholtz
PML operator. The problem is an H* Helmholtz problem if it is an H® Helmholtz problem
for all £ and we call Py an H*> Helmholtz PML operator.

In a similar way to how the space C®(V) was defined, here, a function u € C*(V) if for all
connected components V; of V' there exists U; € C*(R?) such that Uj|y, = uly;.

Definition 2.2 (Semiclassical differential operator). A semiclassical differential operator of
order m on Q\ T, is an operator of the form

> aa(x, k) (k7' D), (2.1)

la|<m

where Dy = %8x and aq € S() where

S(Q\Iy) = {a € C°((0,00); C®(Q\T})) : Vko > 0,7 € N ?up )H(‘);a(x, E)ll L \r,) < oo}.
kelko,00

We say that a semiclassical differential operator of order m is elliptic if for all kg > 0 there is

¢ > 0 such that
Z aa(x7k)£a

|al=m

where aq, are the coefficients appearing in (2.1)).
We say that a semiclassical differential operator of order m has Gevrey-o coefficients if for
all ko > 0 there is C > 0 such that for all « € N¢ with |a| < m and all v € N¢,

inf

> clg|™ ERd
ke(ko,00), z€Q\I'p > cl¢[™, 1 ,

sup (|07 aa (@, k)| (@r,) < CTH ()7
ke[ko,oo)

where aq, are the coefficients appearing in (2.1)).
The following notation is used to state the pseudolocality results.

Definition 2.3. Let X,Y be Banach spaces, f : (0,00) — (0,00), and B, : X — Y a k-
dependent operator.

By = O(f(k))x-y
if for all kg > 0 there is C' > 0 such that

IBrllx—y < Cf(k), k> ko.

Furthermore,

B, =O0(k™) x5y
if for all kg > 0 and N > 0 there is C' > 0 such that

By =0k ) xoy.

2.2 The operator S, = ¢(75) and pseudolocality results

We begin with an abstract result about two operators satisfying Garding inequalities.



Lemma 2.4. Let H C H}(Q) be a Hilbert space with
lulle = lullgr@)y, — forueH,
cq,Ca >0, and P,P : H — H* satisfy

(Pu,u) > cGHuH?{é — Cgllull3s  for allu € H,

Re(Pu,u) > cG||u||}2gé — Cgllull3s  for allu € H,

and P selfadjoint. Then there is ) € C>®(R) such that, with Sy := W(P),
Re((P; + Sk)v,v) > c||vH?{é for allv e H.
Proof. There is € > 0 and ¢y, ¢o such that

Re((P —eP)o,v) > erllollfpy — ealloll2-

Next, let M be large enough such that eM > c¢o. Since P is self-adjoint and satisfies a Garding
inequality, we can define functions of this operator P; see, e.g., [26, Theorem 2.37], [37, Ch. 5].
In particular, there exist 1y € C2°(R) such that P+ ¢0(75) > M; see, e.g., [18, Lemma 2.1] and
2 §5.3].

Thus a simple computation gives us the desired result for ¥ := e

Re((P + 5¢0(73))v,v> =Re((P - eP + &7(75 + wo(ﬁ)))v,@ > C1HUH?{%-
O]

We require two sets of pseudolocality results — spatial and in frequency. The spatial ones
needed here are proved in [2, Theorems 5.27 and 6.2] and can be applied directly to the semi-
classical operator P. We recall them here without proof.

Lemma 2.5. (Spatial Pseudolocality [2, Theorems 5.27 and 6.2]) Let P, be an H>
Helmholtz PML operator and P be a self adjoint realisation of an elliptic, semiclassical differen-
tial operator of order 2. Suppose that 1 € S(R), x1, x2 € C°(Q\T}) with supp x1Nsupp x2 = 0.
Then for all N > 0,

X19(P)xa = O(k™%) gy ar,))— BN (\T,)-

Moreover, for ) € C°(R) constructed in Lemma and Sy = 1/1(75),
X1(P + Sk) "' xa = Ok ™) (v @\ry ) Y (0T,
X1 (B 4 8k) "Xz = O(k™%) (g @\, ) Y (1)

The following frequency pseudolocality result is a consequence of |2, Theorem 5.3Z] after we
check certain commutator relations between P and P (see Lemma belovv). When P = ReP,
the analogous result was proved in [2, Theorem 5.37 and Lemmas 6.7 and 6.9]. To simplify
notations below, it is useful to define the N-commutator:

ad)f = f,  ad f = [g.ad) ] (22)

with NV > 1.



Lemma 2.6. (Pseudolocality in Frequency) Let ko > 0 and let P, be an H* Helmholtz

PML operator, P := RePy, and P be a self adjoint realisation of an elliptic, semiclassical
differential operator of order 2 such that for all N € N, D(PY) = D(PYN) = DN where

BPiulr =0, (P?u)|aq,, =0,

DN = Sue H*N(Q\T,) : . . . A
Plue H'(Q), 9y, , Plulr, = 0y, _Pulr,

forj—O,...,N—l,}

and for all Ny > 0 there is C > 0 such that for all k > ko and u € D(PN),
No No No
CT' Y NP Mull2 < Y 1P ull2 < C Y P ull 2 (2.3)
m=0 m=0 m=0

For all M >0, N >0, ¢1,92 € C®(R), x € C®(Q) such that
1™ il e < o0,

either 1 € S(R) or ¥y € S(R), supp 1 Nsupp e = 0, supp Vx N (0 UT,UT,) =0, and
supp x N OQ, = 0, we have

V1(P)x2(P) = O(k™%)pip-nyoppny, (2.4)
PLP)X(Pe + Sk) " xtha(P) = O(k™°) pip-n)sp(piys (2.5)
D1 (P)X(P; + Si) "' xipa(P) = O(k™>)pp-NysppN), (2.6)

where we write D(P~N) = [D(PN)]*.
Remark 2.7. Note that since P > —C, D(P~V) = (P+ C + 1)N L%

We start by giving a general result on repeated commutators of semiclassical operators with
matching domains.

Lemma 2.8. Let A, B be two semiclassical second-order differential operator and suppose that
for all kg > 0 and n € N there is Cy > 0 such that for all k > ko,

| Allpeprysppn-1y + [ Bllppnysppn-1) < Co.
Then, for all N,n € N, kg > 0 there exist C' > 0 such that for k > kg,
adlY B : D(P") — D(P"N/21) (2.7)

and
lad) Blippnyspipn-niz-1y < ckN. (2.8)

Proof. By interpolation, it is sufficient to assume that n is an even integer. The proof relies on
a density argument, specifically that for all m,n, N € Nsuch m>n+ N

n—N-—2

D(P™/2) " = D(PV?), D(Pm/2-N-1) HIT_N_Q k — p(p/2-N/2-1y,
It therefore suffices to show the intermediate result
ad B : D(P™?) — D(P™/* N1y N2 (2.9)
| adg B||’D(’Pm/2)_>p(7jm/27N71)mHIZVL*N*Q <CkV, (2.10)

for all m > n + N. The mapping (2.9) follows from the fact that adY B is an alternating sum
of applications of the operator A, N times, and B, once. Since, for all j € N,

147 || ppmy—spipn—iy + | B lpprnyspipn-iy < C

9



ad B maps then D(P™/?) to D(P™/>~N=1). By the fact that
adYB = k™Y Cnyg

where Cy42 is a N 4 2-th order semiclassical differential operator in the sense of Definition
then adY B also maps D(P"/?) to H;”_N ~2. Thus, estimate follows. The desired
and are then obtained by density, using the fact that adg B is a bounded (i.e., continuous)
mapping from H;" to H,’C”_N_Q. O

Lemma 2.9. Let P be as in Lemma . Suppose that ¢ € C*®(2), supp Vo N (0QUT,) =0,
and supp N O, = 0. Then,

” adgﬁw PkHD(P"”)—)D(P"/27N/2*1) S CkiN, H adgﬁp P]:HD(pn/z)_)D(pnmfN/Qfl) S CkiN
(2.11)

Proof of Lemma[2.9. We prove (2.11). We write

N _ N _ N_
ad9075k%0 P, =y ad@ﬁktp P+ (1 wo) adgo??kcp P,

where g is supported in a region close to 02 where ¢ is constant. More precisely, let ¢; €

C>*(Q), i = —1,0,1 with supp(l — ;) N 9N_ = O, supp; N supp Ve = 0, supp(l — ¢;) N
supp¥;—1 = 0, and ¢ P, = 1 P} (note that such functions exist since supp Vi NoQ_ = 0).
By locality of Py, Py, and P} and the fact that P, = P, = P on supp 1 D supp ¢,

Yoads P =1oads P,

and thus

||1/}0 adgﬁk‘p Pk)H’D(’Pn/2)_)D(’pn/27N/2—l) S CkiN

where we used Lemma with A =P and B = P;.

Now, let ¢ € C*°(Q2) with supp ¢ NI, = () and supp ¢ Nsupp(l — @) = 0. Then
N 1 N B _ N _ ~
(1=vo)ad s Pr=(00-vo)ad], 5 o [(1=¢2)eP(l—¢-1)g].

Since supp ¢ N supp(l —¢_1) N 02 = (), integration by parts (with all the boundary terms
vanishing) shows that ¢(1 — _1)Prp(l — ¢¥_1) and (1 — ¢_1)@PPx(1 — ¥_1)@ coincide with
differential operators on C°(Q\ T'y). The result

N —-N
|| adlp’ﬁkip Pk?||D(P”/2)~>'D('P”/27N/271) < Ck

then follows by direct differentiation (using the product rule) and then density of C>(Q\ T'p)
in P". The proof of the analogous bound for P is identical. O

Proof of Lemma[2.6. Estimate follows directly from [19, Lemma 7.5]. To prove , we
need to prove certain commutator estimates. Let n, N € N . The result [2, Theorem 5.37]
combined with [2, Theorem 5.31] gives the result of the lemma provided that there is C' > 0
such that for all £ > kg

| ad x(Pr + Si)Xll pp oy pr-n-2 < CkN. (2.12)

Let x € C* () with supp Vx N9 = 0 and supp(1 — x) Nsupp x = 0. Then, by spatial locality
of P,

adg X(Pr + Sk)x = adgﬁg X(Px + Sk)x- (2.13)
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We now use [2, Lemma 6.7] which states that the spatial cutoff function y is a boundary
compatible operator in the sense of [2, Definition 5.35], i.e

| ad®, pr-n < CkN. (2.14)

~7)X X”Dn

Therefore, by repeated use of the identity adq BC = (ad4 B)C + B(ada C), to prove (2.12)) it
is enough to show that
N -N
I ad;zﬁ;z(P’f + Sk)‘|Dg—>D2_N_2 < Ck .

Recalling that Sy, = 1(P), we know by [2, Proposition 5.33] that
N -N
H ad)zﬁ)~< SkHDEHDLHN72 < Ck .

Finally, by Lemma
N -N
I adXﬁX(Pk)||D£—>DZ_N_2 < CEkE™.

which finishes the proof of (2.5). The proof of ([2.6) follows along similar lines and is omitted. [

3 Bound on the high frequencies of the solution operator

We now use the pseudolocality results of the previous subsection (i.e., Lemmas and
to show that the (Nadjoint) solution operator behaves well on high frequencies as measured by
(1 —1(P)), with P as in Lemma

Lemma 3.1 (High frequenc elhptlc type estimate). Let Py be an H> Helmholtz PML operator
(in the sense of Deﬁmtion and let P satisfy the assumptions of Lemma . Given ¢y € C°
constructed in Lemma let ¢ € C°(R) be such that supp(1l—1))Nsupp g = (Z) and x € C>(Q)
such that supp x N0, = 0, supp VxN (T, ULs) = 0. Then, for all N > 0 ko > 0 there is C > 0
such that for all k > kg

(1 - ¢(73>)XR*\|L2—>H,§(Q\rp)mH;(Q) <COA+ kMR r2mr2). (3.1)

Proof. The proof follows from emulating the steps in [I9, Lemma 7.7]. Recalling that we denote
by R* and Ry, the right, resp., left inverse of Py, resp., P’ + Sj, we find that

R* = ﬁgk + ﬁqu?ﬂo(ﬁ)R*,
so that B B B B
(I =d(P)xR" = (1 = 4(P))xRy, + (1 —»(P))xRs,%o(P)R". (3:2)

Let y € C(Q) with supp VXN (92, UT,UT) = 0, supp(1—x)Nsupp x = 0, and supp YN, =
(). Then, by Lemma

(1= $(P)xRE, ¢o(P)R

= (1 =¢(P)xRs xtho(P)R* + (1 = (P))O(k™) 2, gy (onr,) Yo (PR (3.3)
Now let ¢y € C°(R) be such that supp ¥y N supp(l — 1) = O and supp 1 Nsupp(l — ¥) = 0.
By Lemma and then Lemma

(1 = %(P)) xR, Xo(P)R* = (1 — ¥(P))x(1 — ¢1(P))RE, Xtho(P)R"
k) pp-3 ) p o) R Xtbo(P) RS
= (1 = (P)x(1 — 91 (P))YRE, Xto(P)R*

+ OF™) 2y (ar,) Ris X0 (P P)R* (3.4)
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(where we have combined the remainder terms). Finally, by Lemma

(1 — »(P)x(1 — 91 (P))XRE, Xto(P)R*

=(1- w(ﬁ))XO(k_OO>D(P*N)—>D(7>N)¢O(ﬁ)R*S (3.5)
the result then follows by combining (3.2)), Lemma (together with elliptic regularity to control
the HZ(Q\ T'p) norm), (3-3), (3.4), and (3.5). O

4 Abstract hp-FEM convergence result

As discussed in the main idea of the proof of Theorem is to split the solution operator
into “high” and “low” frequency components, with this splitting then used to bound the “adjoint
approximability constant” n;2_, ;1 (V7) in the Schatz duality argument (see Lemma below).
The following result — Theorem — bounds the high-frequency components (using Lemma,
leaving the low-frequency components to be controlled separately — the advantage of stating this
result is that it separates out the parts of the proof of Theorem [I.5] that require differentiability
assumptions, such as Gevrey-o or analyticity.

Theorem 4.1. Let d < 3, Py be an H> Helmholtz PML operator (in the sense of Definition
, Pi, i = 1,2 satisfy the assumptions of Lemma and U be a neighborhood of Oy
contained in PML region. Then there is ¢ € C°(R) such that for all x1,x2 € C>®(£2;1]0,1]) with

{xi+x2<1}CU, supp x; N Oy = 0, supp ((1 - Xi)Xi) NI, Uly) =10

and N, ko > 0 and X > 0 there exist C, hg > 0 such that for all affine-conforming CPT' simplicial
triangulations T with constant T > 0 (in the sense of Deﬁnition such that

oQuT, c | or,
TeT

p>1,0<h(T) < ho, and k > ko,

77L2—>H,1 (V7Il)

hk hk _ ~ ~
<™ o (M) kY 4 1= 0PN sy + I = TV P2l o | o)

(41)

Proof. The proof is similar to that of [I9, Theorem 7.1]: we split into high and low frequencies
using (i) the Fourier transform away from all boundaries and interfaces and (ii) ¢(P) near
all non-PML boundaries and interfaces. The contribution from the PML is dealt with using
ellipticity of Py (and hence good solution-operator bounds) in the PML region (recalled from
[2, Theorem 4.2 and §C.3]).

To localize the operator R* near and away from boundaries we introduce the following spatial
cut-off functions: let pp € C°°(Q) with supp pp contained inside the PML and supp(1—pp)NU =
(. Let also ¢ € C°(R) with supp(1 — 1) N [-M, M] = 0 for some M > 0 to be chosen large
enough. We then write

R*=¢pR*+ (1 —pp)R"
=pR* +x1(1 —pp)R* + (1 — x1)(1 — pp)R"
= opR* + (1 —(P1))x1(1 — ¢p)R* + (1 — 9(P2)) (1 — x1)(1 — pp)R*
HR*
+(P)x1(1 — op)R* +9(P2)(1 - x1)(1 — p)R* .
LR*

12



This decomposition of R* into HR* and LR* is one into a well-controlled, in principle high-
frequency part and a low frequency, potentially growing with k part. In particular, we claim

that
% hk _ hk
(7 = TGYHR oy < 4+ Ok () (1), (4.2)

and
I = T LR 2y
< (I = TP laqey-smp ey + 1T = TGPl 20z ) oK) (4.3)

The estimate (4.3]) follows directly from the definition of p(k) and the fact that [(1 — ¢p)(1 —
x1)/xz2| < C and |(1 —¢p)| < C. Therefore, it remains to prove (4.2).
We start with (I — II})ppR*. By ellipticity of Py in the PML region (see e.g. [2, Theorem
4.2 and §C.3)),
P ) (4.4

By the analogue of Theorem for CPT! triangulations (which holds by, e.g., [19, Theorem
A.11] with 73 = Q and T3 = 0),

chik\M
I = ) os e < (SF) (45)
Therefore,
, i} hk
1L = 1)epR || g2y < C?- (4.6)

Next, we estimate (1 — 1(Py))x1(1 — @p)R*. By (3.1) with M large enough,
(1 = (P1)) (1 — er)IR 2 m @) nm @ < C(L+E N p(k), (4.7)

where we have used that supp(l — ¢p)x1 N, = 0 and (1 — pp)x1 is constant on T’y U T's.
Therefore, by (4.5]),

I = TE)(1 = w(PO)(L = R ooy < O (14K p(h) (45)

The estimate for (I — II})(1 — (P2))(1 — @p)(1 — x1)R* is identical and hence the lemma
follows. -

5 Construction of an operator P under Gevrey-type regularity
assumptions

5.1 Construction of P

In this section, we construct of an operator P, such that for all n € N, D(P") = D(P").

The crucial point is that given a function, f, that is Gevrey-o at a hypersurface, I' (in the
sense of Definition , there exists a function f that is Gevrey-¢ in a neighborhood of I' and
agrees with f to infinite order at I'. This is the content of the next lemma.

Lemma 5.1. Suppose that L CcQisaGe closed, embedded hypersurface and a € C(Q\ f)
is G at I'. Then, there is a neighborhood, V of I' and a € G°(V \ T') such that for all N > 0,
there is C' > 0 such that

la(z) — a(z)| < Cd(z,T)N,  zeV\TL.
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Proof. We treat the case 0 = 1 and o > 1 separately. In both cases, we find two functions a;
and a9 that are G° in V and each of which matches all derivatives of a when restricted from
one side of T'. The extension @ is then given by defining @ by @; on one side of T’ and as on the
other.

We now construct one such extension, denoted below by a.

We first treat 0 = 1. To do this, observe that at every point xg € f, the Taylor series of a
at zo has a positive radius of convergence R;,. Denote by a,, the (convergent) Taylor series in
B(xo, Ry,). Notice that ag, is then analytic in B(zo, Ry,) and, since [ is analytic as are 8ﬁa|f,

%aro
balls.

Now, consider the overlap of V,, », := B(x1, Ry, )N B(x2, Ry,). Then, on T, ag, and a,, agree
together with all derivatives and hence, since they are both analytic in Vi, 4, the az|v,, ., =
a1 |Vy, 0 - Hence, we may set

’fﬂB(xo Ru) = 85@|me(:;:0 Rap)’ By compactness, we may cover r by finitely many such
LT Al

a(z) = agy(z), x € B(xg, Ryy)-

When o > 1, the existence of an extension a follows from [7]. More precisely, forming the
Whitney jet associated with a on I' (i.e. the collection of all derivatives of a at I') and apply [7,
Theorem 3.1] to obtain a such that (5.1]) holds. O

Lemma 5.2. Suppose that P is a self-adjoint second-order, elliptic, semiclassical differential
operator with coefficients that are G at I's UT'y,. Then there is a neighborhood V of I's UT',, and

Pa self-adjoint second-order, elliptic, semiclassical differential operator such that its coefficients
are G on'V and for all n € N, D(P") = D(P").

Proof. Since P is a self-adjoint, second-order, elliptic, semiclassical differential operator there
exist {aa(-;")}jaj<2, 4, and n such that

Pu = Z ao(z, k) (k71Dy)%u = —k 72V - (AVu) — nu.
o] <2
Without loss of generality, we assume that
> A (@)&g > €1 > 0.
|a|=2
We look for an extension of the form
Pu=—k2V - (AVu) — fiu.

We choose M large enough so that P + M > 1 and define the self-adjoint operator P as the
Friedrichs extension of the sesquilinear form Q : D([P + M]'/?) x D([P + M]'/?) = C,

@(u,v) = (Ak™'Vu, ko) — (i, v).

Observe that, using Green’s formula, to ensure D(ﬁ") = D(P") for all n € N, it suffices that
for all multiindices o with || < 2, and all m > 0,

—AY = —AY —n=_—m"n rsurly,. 1
S Sy n —n  on I, UL, (5.1)

For the equivalence of norms, , it is then sufficient that P is an elliptic semiclassical differ-
ential operator of order 2.

Lemma ensures the existence of a neighborhood V' of Ty UT, and @, € G°(V) such
that holds. (Strictly speaking, we use two applications for Iy, one on either side of the
interface.)

14



Let x € C®(;]0,1]) with supp(1 — x) N (Fs UT,) = 0 and supp x C V. Define
AT = AT + (1= x)AY, n=xn+(1-x)n
To see that A remains elliptic, observe that, shrinking Vv if necessary, we may assume that

inf XU x)&E > 0.
2€V)|¢|=1,¢€Rd ()&t

Therefore, since P is elliptic, supp x C 17, and 0 < x <1, there is ¢ > 0 such that

Re > [xAY + (1 — x)A9]6&; > x(@)elé]? + (1 — x(@))eléf? = el¢]?,

laf=2

and hence P is elliptic. Choosing V' C Va neighborhood of (I's UT',,) with supp(1 —x)NV =0
then finishes the proof. O

5.2 Bound on functions of P

Theorem 5.3. Let 0 > 1. Let kg > 0, I's, I'y be Gevrey-o and let ¢ € C°(R) be a compactly
supported function. Suppose P is a self-adjoint, elliptic semiclassical second-order differential
operator with Gevrey-o coefficients in a neighborhood V of I's UT',. Let a smaller neighbourhood
V € V. There exists a constant Co > 1 such that for all a € N and all k > ko

100 (P 120y p2ginr,) < Co T mac{k, [ 7}, (5.2)

To prove Theorem we pay special attention to how fast the neighbourhoods Vev
shrink to avoid degeneracy of the estimate. To do this, we use the Gevrey elliptic estimates in
Appendix [C| We first start with a result on half balls Vi := Bg N {x,, > 0}, which allows us to
obtain control on the derivatives on shrinking domains with the derivative order.

Lemma 5.4 (Flattened boundary). Let 0 > 1. Let Ry, ko > 0, let ¢ € C2°(R) be a compactly
supported function. Suppose P is a self-adjoint, elliptic semiclassical second-order differential

operator on ) with Gevrey-o coefficients in a half-ball Vi, . There exists a constant Cy > 1 such
that for all o € N?, for all R € (0, R.], and all k > ko

o g al+1 o) o
109 (P 20y L2y < OO max {k, ||} (5.3)
Proof. We actually prove the stronger estimate that, for |a| > 0,

oy }‘a' (5.4)

|a\o fel
O§p<max 0% (P )”L2 Q)= L2 (Vi) = max {

i max |oz|‘r
— 2max(|af,1)

the result then follows by setting p = ﬁ in .

To prove (5.4)), we proceed by induction over the order |a|. For |a| € {0, 1}, is satisfied
provided Cj is large enough. We additionally choose Cy > A := ByB > 1, with By, B as in
Proposition Assume by induction that holds for all 0 < |a| < a—1 and some a > 2.

Using Proposition with boundary data h = g = 0, we write

|arlo o
max p 'lp Ul L2(v,

k —|Bl -
—,1 max max{-—————,1 REUA_W‘_1 max Bl 1|08 Pop (P)u
} <0§|5|§a—2 {(ym +2)° } 0<p< st PENOTPY(Pull L2 vy,

+ (Pl vy )-
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Let 1;(73) € CX(R) supp(l — ¥) Nsupp(ep) = B, we write 731/)( P) = (Y) (P )P¢( ) and use
the induction hypothesis to find

|erlo o™
maX p 'IIZ) U L2(V,

k e~ ~

< A% max {1} (2R (A7 Co) T [B(PYPH(P)ul 2y + ¥ (P)ullmy v

< PR AN Col  E 1L (1B @YPHBYul 2y + e R (A7 O [0 (Pul g v
< R AC E 1} (IBBBIBYul iz + e R (A7 ) 9 (Pulngviy ) -

where we have used that for all 5 € N¢

181
a81+2° \" _ .
max{|8]7,1} |~
Since 1; has compact support,

[G(PYP(P)ull 20 < Chllull 2o

and by the induction hypothesis

~ . 1
1Pyl g vy < (Co+ B Cmas {1} )l ey < e Gl zxcoy

for some constant cg, r, > 0. Thus

|0 (0% ag a a— k a
max_ A0 (Pl L2y, ) S €TRIAC 1{* 1} (C1 + o, r, ACR) [lull L2

0<p< ey

< (620R30A00a_101 + Ciio,R. A“Cg) max (k, a”)" [|ull L2 (q)
k
a+1
Co {a77 1}HUHL2(Q)

IN

provided Cj is chosen such that

Cp > max {\/ 262‘7R§‘7A01, 2CI<:0,R* AQ}
O

Next we consider estimates on flattened interfaces. To simplify presentation, we use the
notation that Ir = BRN{z, =0} and (B\ I)r = Bg\ Igr.

Lemma 5.5 (Flattened interface). Let o > 1. Let Ry, ko > 0, let v € C°(R) be a compactly
supported function. Suppose P is a self-adjoint, elliptic semiclassical second-order differential

operator on ) with Gevrey-o coefficients in a ball (B \ I)r,. There exists a constant Cy > 1
such that for all o € N%, for all R € (0, R.], and all k > kg

.

1% (P) |2 () L2((B\ 1)) < O max {£, o]} (5.5)

Proof. The proof follows similarly to that of Proposition by using as initial building block
the estimate of Proposition O

The final building block toward proving Theorem is to have interior estimates on shrink-
ing balls with the derivative order.
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Lemma 5.6 (Interior estimate). Let o > 1. Let Ri, ko > 0, let v € CF(R) be a compactly
supported function. Suppose P is a self-adjoint, elliptic semiclassical second-order differential
operator on ) with Gevrey-o coefficients in a ball Br,. There exists a constant Cy > 1 such

that for all o € N%, for all R € (0, R.], and all k > ko

|’8a¢(P)HLQ(Q)~>L2(BR/2) < C(|)a‘+1 max{k, ‘a|ff}‘0¢|. (56)

Proof. The proof follows similarly to that of Proposition by using as initial building block
the estimate of Proposition O

Proof of Theorem[5.3 The proof follows similarly to TheoremdC.2|[C.3] and[C.15 In particular,

for each zg € V, we have three cases

o 1 € ?\ (I's UT,) is an interior point: there exists a neighbourhood Us(xp) C V' of xg
which maps to the ball Bg through a Gevrey-o map ¢. In Us(z¢), the mapped operator
P becomes

g loPogp="P.

The operator P, has Gevrey-o coefficients on the ball Bg,, such that the estimate estab-
lished in Lemma [5.6 can be applied to P with constant Cop(zp).

We denote the neighbourhood Ui (xo) := ¢~ (Bg/2)-

e xy € I'y is boundary point: there exists a neighbourhood Uz (zo) C V of xp which maps
to the half-ball Vi through a Gevrey-o map ¢. In Us(x(), the mapped operator 75, has
Gevrey-o coefficients on the ball Bg, such that the estimate established in Lemmal5.4] can
be applied with constant Co(zo). We denote the neighbourhood Uy (zg) := ¢! (Vi 2).

e 79 € I', is an interface point: there exists a neighbourhood Up(z9) C V' \ T’ of zp which
maps to the ball Bg \ I via a Gevrey-o map ¢, such that the estimate established in
Lemma [5.5| can be applied with constant Co(zo). We denote the neighbourhood U (z¢) :=

¢~ (B\py2)-

Finally, by varying x¢ € ‘7, we can extract a finite covering of the compact set 1% by open sets
Ui (). The proof is then complete by combining a finite number of estimates (5.6)), (5.3)), and

(5-9)-
O

6 Proof of Theorem [1.5

We now control the low-frequencies in Theorem using Theorem i.e., using the Gevrey-o
regularity assumptions made on the boundaries and on the coefficicient at the boundaries.

We now incorporate the low frequencies in the approximability result for n;._, Hl (V7). The
low-frequency cut-off ensures ultra-differentiability; the goal is then to show that the growth
of the higher-order norms grow in a controlled way with respect to the wave number k& and
polynomial order p. To achieve this result, we rely here on the Gevrey-o regularity assumption
made on the boundaries and on the coefficicient at the boundaries.

Theorem 6.1. Let the assumptions of Theorem[1.5 hold. Given M, N,ky >0 and T > 0 there
exist C, hg > 0 such that for all affine-conforming G° simplicial triangulations T with constant
Y > 0 (in the sense of Deﬁm’tion such that

oQuT, c | or,
TeT
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p>m>1,0<h(T) < ho, and k > ko,
nLQHHl(V;?)

< C’f;k + C[ <];k> k=N 4 ML (hk)™ kL (p 4+ 1) max {k (m + 1)”}m+1] p(k). (6.1)

Remark 6.2. A result analogous to Theorem when m = p and o = 1 was proved in [19,
Theorem 7.1]; the difference is that Theorem includes the bound on the low frequencies
(obtained via Gevery-o regularity) whereas [19, Theorem 7.1] includes this low frequency bound
abstractly, as in Theorem [{.1]

Proof of Theorem [1.5 using Theorem[6.1. We apply the Schatz argument (Lemma to the
sesquilinear form a(-,-) associated with and the norm . This sesquilinear form has
norm independent of k, and satisfies Assumption with ¢g and Cg independent of k by [17,
Lemma 2.3] and [I5, Lemma A.6] (see also [19, Lemmas 4.1 and 4. 2]) It is therefore sufficient to
prove that n2_, Hl(VT) can be made arbitrarily small. By (1.7} . p(k) is polynomially bounded
in k; thus the ﬁrst term in square brackets on the right-hand side of can be made small by
choosing N sufficiently large. Observe that the second-term in square brackets on the right-hand
side of contains the free parameter 1 < m < p. We now choose m depending on p, k, and o
in the following two different ways — note that both choices are designed so that the maximum
on the right-hand side of is proportional to k. When kg < k < 2 the result follows by
taking h sufficiently small. Therefore, we assume that ky > 2.

When p+ 1 < kY7, we choose m = p. Thus becomes

’”;’f <f;’“>M KN p(k) + <chk")pp(k)] : (6.2)

Given 0, € > 0, there exists ¢ > 0 such that if hk/p < c and p > 1 + elogk (exactly as in (1.8))
then 772, ;1 (VF) < 6. The quasi-optimality bound (L.9) then follows from the Schatz argument

(Lemma [A6)).
When k77 < p 4 1, we choose m + 1 = max([k'/?7,2). Then
h,k hk; M B hk max(ﬂcl/ﬂ@)fl
momay (V)< C |20 (M) oy + (025 ) o(h) . (63)

Taking hk/(p+1) < ¢, and using that emax([F71.2) 1 « =N then makes N2 1} (VF)small. O

Remark 6.3. We expect that elliptic reqularity under the Denjoy—Carleman class (1.11]) would
result in the following analogue of (6.1])

nL2—>H1 (V7E)
hk hk m
<Cc—= >t c[ ( 5 ) k=N 4 0 (hk)™ ™ (p + 1) max {k, 7 (MDY *1] p(k).

(6.4)
Suppose that p(k) grows like k™. Since the mazimum in (6.4) is larger than k, we require
nk \" -M
()" <™,

with (hk)/(p+ 1) = co, and hence m > elogk for some e > M/log(1/co). Furthermore, since
the maximum s larger than e° * and m > elogk, we require also

k™ M > k™ < e (m+1)> > k—l(cok—leo—(m—i-l))m > k—l(cok—1+ge)m
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In particular, if m = elogk then
1> k_l(cok_1+U€eM/€)m.

Hence, for k large (say greater than 1), we see that we need a double condition on € given
by M/log(1/co) < € < o~t. This implies that co < e M7, so that increasing o implies a
corresponding increase in the dimension of the piecewise polynomial approzimation space. This
shows that our proof, when applied to Denjoy—Carleman classes that are not contained in the
union over o of those in , will require piecewise polynomial spaces whose dimension grows
faster than k2.

Proof of Theorem [6.1. Let Py be the operator constructed in Lemma Then there is a
neighborhood W of I'y UT', such that the coefficients of P are Gevrey-o in W.

W = U T.
TeT :TCW

Then, let hg > 0 be small enough such that I', UTy C Wy and let x1 € C°°(Q) such that
supp x1 N 9%, = 0, supp(l — x1) N (I, UT's) = 0 and for 0 < h < hy,

d(supp x1, 2\ Wr) > ¢ > 0.

By Theorem [B.1, mp = M + 1 for T C Q\ Wy and mp = m+ 1 for T C Wy and s = 1,
together with Lemma |2.5] we obtain

17 = ) (Po)xall 2o

hE\M . ~
<o(5) MNP e )

+ (CR(TE)" (p+ 1) ™(m + I)U(m—i_l)k‘_m_lnw(’ﬁl)HL2ﬁHm+1(W7—\Fp)r‘1H1(W7—)a
WM~
<O(2) PO e )
+ (Ch(T)E)" (p+1)"™(m + 1)U(m+1)k‘_m_1||1/1(771)HL2—>Hm+1(W\rp)mH1(W)7

hk\M m —m o(m —m— )
<C(7) K+ (CTIR)™ (0 + )7 (m o )7 DR () s smss gy ()

(6.5)
where we work in the Sobolev norms (B.1)) scaled appropriately for Gevrey-o type estimates.
Let U be a neighborhood of 92, contained in the PML and y2 € C°°(£2) such that supp x2N
(T, U U OSy) = 0 and

1
Supp(l — XQ) N {X1 < 5} = 0.

Finally, let W be a neighborhood of supp x2 such that ﬁ N(Cp Ul U0y) = 0.

Our goal now is to construct Py equal to —k~?A — 1 on W and such that P agrees with
P = RePy near I', UT'y U 0€,. We complete the proof assuming such a P, exists, and then

construct such a ﬁz at the end. Let

WT = U T;
TeT : TCW

then there are ¢ > 0 and Ay > 0 small enough such that

d(supp X2 Q \ WT) > c,
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and hence the same sequence of estimates leading to (6.5) with WT replacing Wy yields
I(I =TI v(P2)xzll Lo i )

hk m —m o(m —m— S
p) N (CRTIR) ™ (04 1) 7"+ 17 OE Y (Po) |y s -

0 ( (6.6)

By construction, 751 and 752 satisfy the assumptions of Theorem with V equal to, respec-
tively, W and W, so that

m—41

~ 1 o
[Pl s ainram o) + 1Pl oy gy < D 7 O max{k, €73 (6.7)
=0

To bound the sum, first suppose that (m + 1)? < k. Then, by Stirling’s approximation,

m+1 m+1 m—+1

. Clk
Z_: Fcfmax (k, £°) Z Wc%f ; (za) .

Now, for Ck/¢° > e (which is ensured since k& > (m + 1)?, as long as C' > e) the function
¢+~ (Ck/t7)" is increasing. Therefore

m—+1 C

S (7)< < () (6.8)

(where we have increased C' in the last inequality). Next, when (m + 1)? > k, we use (in
the first sum) and Stirling’s approximation (in the second sum) to obtain that

m+1 1 Uﬂl/ﬂ 1 m+1 1 . m+1

§ : 14 o\l __ § : 1.0 § : L pol k741 § : 0 m+2
6'70 max(k,ﬁ ) = Wc k 6' C g < C + C < C

£=0 £=0 =|k/7 | =|k1/7|

The result (6.1)) then follows by combining these last inequalities with (4.1]), (6.5)), , (6.7)).
We now go back to the construction of Ps. Let x3, x4 € C(;[0,1]) such that supp xs N

(I Uy U0Qy) =0, supp(l — x3) N W =0, and X3+ X3 =1 We then set
Pa = x3(—k A = 1)x3 + xaPxa-

The so-constructed operator P, verifies the assumptions of Theoremﬂand that Py = —k~2A—
1on W.
O

A Recap of the Schatz duality argument

Let H C Ho C H* be Hilbert spaces with Hg identified with its dual and let a : H x H — C be
a sesquilinear form.

Definition A.1 (Galerkin approximation of u for a). Let V, C H and u € H. A Galerkin
approximation of u in Vy, is an element uy € Vy, such that

a(up,vp) = a(u,vy)  for all vy € V. (A1)

Definition A.2 (Norm of a sesquilinear form). For a: H x H — C a sesquilinear form,

alu,v
HaH = sup | ( ) )| ]
woer [[ullwflvlln
u,v#0
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If ||la]| < oo, we say that a is bounded. We also need the notion of injectivity, surjectivity,
and invertibility for sesquilinear forms.

Definition A.3 (Injectivity, surjectivity, and invertibility). A sesquilinear form is injective if
there is an operator R* : H* — H such that for all v € H*,

a(w,R*v) = (w,v) for all w € H. (A.2)
a is surjective if there is an operator R : H* — H such that for all v € H*,
a(Ru,w) = (v,w) for all w € H.
a is invertible if it is both surjective and injective. In this case, R* = (R)*.
Assumption A.4 (Garding inequality). There are cg > 0 and Cg > 0 such that for all u € H
a(u,w)] > callul — Callull,- (A.3)

The Schatz duality argument [35] [36], 34] then gives sufficient conditions for quasioptimality
in terms of the following adjoint approximability constant.

Definition A.5 (Adjoint approximability). Let V, C H, a be an injective sesquilinear form,
and W be a Hilbert space with VW C H*. The adjoint approximability constant from W to H is
defined by

My (Vi) = [[(I = TR R* ([ (A.4)

Lemma A.6 (Schatz duality argument). Let a : H x H — C be an injective sesquilinear form
satisfying Assumption[A.4, and let 0 < e < 1. Then for allu € H and V}, C H finite dimensional
subspaces satisfying

2
Callall? (M- (Vn)~ < (1 = €)ca, (A.5)
the Galerkin approximation, uyp, for w in Vy exists, is unique, and satisfies
= wnllae < g lalll(T = Thy)ulae (A.6)
Proof. See, e.g., [19, Lemma 6.9] O

B Polynomial approximation results for Gevrey triangulations

In this appendix, we prove polynomial approximation results for Gevrey-o triangulations that
are explicit in both the polynomial degree and the regularity of the approximated function. To
do this, we define Sobolev norms with a special weighting motivated by the expected growth for
Gevrey-o functions (compare to the treatment of the case o =1 in [19, §A.5]). For an open set
U C RY, we define

p
1
”UH%,’;(U) = ZZ: ()2 ’u\?{;’(m
—0

P\ e
[ulipw) = 20 (oﬂ) IE™0) ul .

la|=p
aeNd

The main result is as follows.
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Theorem B.1. Let T >0, ¢ > 0, 0 > 1, there exists C > 0 such that for all affine-conforming
G simplicial triangulations T with constant Y (in the sense of Deﬁmtions and below),
and all {mp}rer CN, d/2 < mp < p+1, there is Ci. : H{(Q)N (®perH™ (T)) — PENH ()
such that for all 0 < s <1, u € HY(Q) N (e H™T(T)), and all T € T,

hrk \ 277 Cmg. 2mr
e (5) ™ Wl ry (B.2)

I~ e ullyer, < ©

In addition, if u|p = 0 for F a boundary face of T', then Cg—u]F = 0. As a consequence,

. hok \ 2071 Oma. 2mr
I -y <€ 5 (G2 ) (S Ml oy
TeT

1
where ng
b

T, and u € HY(Q) N (BrerH™ (T)) with ulp = 0,

2(mT71) o
ol 2 th; CmT 2mr 2
- e <0 (357) () It
S

is the H,i—orthogonal projection onto P%)-ﬂ H' and, for any union of faces of triangles,

where Hg; is the H,%—orthogonal projection onto
T,r
{w Epg—ﬂHl : wlp = 0}.

B.1 The context of Theorem [B.1l

The closest approximation results in the literature to Theorem that we are aware of are
those in [14] §4] and [19, Appendix A].

The paper [14, §4] uses approximation results on tensorized polynomials (building on the
results of [38, §3.3] and [12, Appendix A]), considers triangulations with simplicial elements, and
constructs an interpolant of a function » on an element 7" that depends on the values of v in some
neighbouring elements. (This last point comes from the fact that [14] uses triangulations with
affine maps Ap : T — T C Q to the reference simplex that can be extended to Ap : K-> KcQ
where K is a parallelpiped; the interpolant is then constructed on 7' by approximating u|x o Ap,
pulling the resulting polynomial back to K, and then restricting to T'.)

In contrast, Theorem covers general polynomials on curved triangulations (with Gevery-o
element maps), and the interpolant on an element 7' depends only on the values of the function
on T. The fact that we work directly with polynomials of degree p in Theorem rather
than with tensorized polynomials allows us to obtain improved approximation with increasing
regularity of the function u all the way to HPT! rather only to HP/d/+1,

In addition, Theorem [B.1] generalises the results of [I9, Theorem A.11] in two ways: i) it
consider Gevrey-o triangulations (as opposed to Gevrey-1 triangulations; i.e., those with analytic
element maps) and ii) it is explicit in the regularity, m, of the function to be approximated for
d/2+ e <m < p+1 (rather than only for m =p+1).

B.2 The precise definitions of triangulations

We start by recalling the definition of triangulations and their properties from [19, Appendix B
as well as adapting them slightly for the Gevrey setting.

Definition B.2 (Conforming triangulations). A finite collection of closed sets T is a conforming
triangulation of Q C R if
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(i) for each T € T, T is closed, T is nonempty and connected,
(ii) Q = UperT
(iii) if T1, Ty € T and Ty N Ty # O then Ty = Ts.

(iv) for each T € T, T has Lipschitz boundary and

d
oT = U
j=1

with F;;(T) a smooth, open, embedded submanifold of dimension d—j such that d(F;;(T)) =
8Fjjai (T)7

Nj,d
Fji(T)
1

i=

(v) if T, To € T and Fj, i, (T1) N Fj, 5,(T2) # 0, then Fj, 3, (Th) = Fjy i, (T2).

Definition B.3 (m-simplex). Let m > 0. A set T € R? is an m-simplex if there are {z; 3L, C
R such that
T = convex hull({x;}7Lo})

[e)

T is an open m-simplex if T = (f) where T is an m simplex and T # ().

Definition B.4 (Reference element and element maps). TeRlisa reference element for a

~

triangulation T if diam(T) = 1 and there exist a family of bi-Lipschitz maps {Fr}ret such that
T = Fr(T) for all T € T and for all (j,i) there is i’ such that F;;(T) = Fr(F;#(T)). The
triangulation T is simplicial if Tisad simplez.

We use the following measure of how star-shaped an open subset of R is.

Definition B.5 (Shape-regularity constant). Let U C R? and define
Pmax(U) = sup {p >0 : U is star-shaped with respect to a ball of radius p}.

The shape-regularity constant of U is defined by

_ diam(U)
Y(U) = (D) (B.3)

Definition B.6 (C"-triangulation). Let o > 1. A triangulation is C" with constant T > 0 if
Y(T) <Y and for each T € T there is hy > 0 such that the element map Fr can be written as
Ry o A where Ap is an affine map and

|0Ar e < Thr,  |@A7) M= < Thi',  [@Rr) Y= < T,

10% Ry < Yol for all |af <.

Definition B.7 (G?-triangulation). Let o > 1. A triangulation is G with constant T > 0 if
~(T) <Y and for each T € T there is hp > 0 such that the element map Fr can be written as
Ry o Ap where Ap is an affine map and

|0AT||L < Thr, (A7) Yoo < Thi ', [(ORr) e < 7,
10% R || e < YO (),

for every multi-index o such that o] < co.
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Definition B.8 (Affine-conforming triangulation). A G triangulation (in the sense of Defini-
tion is affine conforming if whenever Fj, ;, (T1) N Fj, i, (T2) # 0 there is an affine isomor-
phism K : fil(Fjl,il (Th)) — fil(FjQ,iQ (T3)) such that

]:T1 | = ]:T2 ‘]__,1— O R. (B4)

m 1y (Flig,ig (T2))

Remark B.9. Without a condition on the element maps such as Definition [B.8, the space of
mapped polynomials on two adjacent elements of the triangulation may not even intersect non-
trivially when restricted to a common face. If the intersection is trivial, there cannot be any
non-trivial, globally-H' mapped polynomials.

B.3 Sobolev spaces and coordinate changes in the Gevrey setting

The following result generalises [19, Lemma A.14].

Proposition B.10. Leto > 1,d > 1, Cy > 0. Then there exists C1 > 0 such that for all t > 0,
U,V CR? open, v: U =V a bijection satisfying

|0%Y||Lee < C(ga‘(oz!)” for a € N |a| < max(t,1), and ||(Dv) ™|z~ < Co,
and uw € HY(V), then

1
tTU‘uo’Y’Ht(U) < Cllull ey (B.5)

To prove Proposition [B.10| we use the following inequalities.

Lemma B.11. (i) Fora >0 and ¢ > 1,
al(th)® < (Ca)!. (B.6)

(ii) Let n > 0 be an integer and let a; >0 for i =1,...,n. Then

and, for o >1,

Zaf < (ZQZ) . (B.8)

i=1 i=1

Proof. We prove by induction: assume

> al

is true for all 0 < a < a’ for some a’ > 0, we now show that it holds for a’ + 1. By the induction
hypothesis
((a+1))! - (ba+1)... (£a+£)a

|
(£1yat1 1.0 -

We next notice that

(la+1)...(fa+7?) la+1 ia+1
T =11——=II
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which proves - The proof of ( ﬂ by induction is straightforward. We now prove (B.8)).
Let S = Z a;. If S =0 then a; = 0 for all 1 < i < n and the result is trivial. We may then
assume S ;é 0 and let

)\i:%e[o,l] for all 1 < i < n, ZAZ-:L

Since o > 1, A7 < \;, and thus > " ; A7 < 1. Therefore

Zn:af <89 < (Z”:%)
i=1 i=1
d

Proof of Proposition[B.10. The proof follows closely that of [I9, Lemma A.14], namely, using
the multivariate Faa di Bruno formula and bounding carefully the resulting combinations of
sums and products. First, we define the set

(1, pis; 01, ) € (ND2S 2 ] > 0,0 < €y < ... < U,
S S
SRS S
=1 =1

where, following the notation in [I0], the order relation p < v for p, v € N? is defined by either
(i) |pul < |v|, or

(ii) there exists 1 < r < d, such that u; =v;, i =1,...,r — 1 and p, < v,.

ps(v, A) =

From the multivariate Faa di Bruno formula [10, Theorem 2.1]

2
e o )

_Z/ Z Z 8A O’YZ Z \/WH 57|M;J

pl=t7U \m=13 =1 pa(v))

2

o—1y\ 2
s

_ () OVEZ V'm' - Hl 7Hgl|li3

|
S= 1p51/A ]:1/’6]

—_

<

o o—1
t 0/2 t S S
o 1 A\ Al vim! 1 1 _
<Cj Z/U( Z m;)\u)a/i(ﬁ Ll > H o 31[;1]143]

s=1 ps(V7>\) : ]:1

t
<G| > (m!lx!)”/U(aA“)”Q} x
o—1y 2

t Al o t ] s ) o . 5 |
Z Z <m!> Z Z \/’Tt']l_[lug' V!jl_[lﬂj![gj!]lujl 7

s=1 Ps (V7>‘)

where in the last line we used Cauchy-Schwarz inequality. By the definition of the norm |- | gy,

2
e w e w)

: AN [ Im! 1 s
<Gliwn XX Y (2) (X 2 (AL Tt
]:

1!
[v|=t m=1|\|=m s=1ps(v,\) vit! o1 P
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By (B.6)), (B.7), and the fact that >_;_; [1;| ¢; = v (from the definition of ps(v, \)),

I wities st < TT(msle0! < (Z Mz’%’)l <l
j=1 j=1 i=1

Therefore
o—1
V'HM WJ SL
and
2

1 ) ot : AN [ sl 1)

e b < ey X3 5 (20) (XX (1T

' pimtm=1A=m N =gy \ VY =

2 g

t

ot Al vim!
N T D33P 105D> ) |

lv|=t m=1|X=m m\ = Lps(v,))
where in the last line we used (B.8). By [19, Equation A.5] there exist C; > 1 such that

2
t s

XYY A (S S ) <

lv|=t m=1 |\|= T\ s=1ps(r,2)

and the proof is complete. O

B.4 Degree- and regularity-explicit polynomial approximation on simplices

Lemma B.12 (Polynomial approximation on (—1,1)%). Let d > 1, £ > 0. Then there is C > 0
such that for all ¢ <m <p+1 and all u € H™((—1,1)%)

CQerl

> T (I = Tp)ul3 < CESECE] > Toul3 < TEREC] > [6%ul|3,  (B.9)
lv[<¢e loo|=m lor|=m

where 11, denotes the orthogonal projector onto polynomials of degree less than or equal to p in

L2((—1,1)%), and
d

Tou = [J(1—a3)*?0 u. (B.10)
j=1

Proof. For a € N%, let 7, denote that orthogonal projector onto

d

H LOtj (xj)a

J=1

where L, is the normalized Legendre polynomial of degree m. Since each zy € [—1,1],(1 —
22)*e/2 <1, so that

S Jorle = X (110 - 2e)o
(=1

lal=m laj=m

" = Z Tl 3.

Therefore, it is enough to prove the first inequality in .
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By expanding in Legendre polynomials,

> Tl = Y- HZTM%’U

la|=m |al=m

We now claim that

2
ITaulte = |3 Tamsu|| , = (B.11)
B

Indeed, after integration by parts in the L? inner product, this last equality follows from the
fact that

d d
ﬂﬂ,aa(Hu - xg)az)a%g Y ( []c- a;g)ae)a%ﬁ (B.12)
(i.e., the operator is zero unless 8 = 3). To see (B.12)), recall Rodrigues’ formula [33, Equation
14.7.13]
1 a .
2nn! dx™ (x -1

(where P, are the Legendre polynomials with the normalisation P,(1) = 1) so that

P,(z) =

i k n :
% ((1 - x2)kac’an(x)> = (—1)’“En ‘_F :;: Py (x), n >k, (B.13)

and thus the differential operator
d
T*T, = 80‘(1_[(1 - xz)aé)aa
(=1

is diagonalized by the tensor-product Legendre basis; therefore, (B.11)) holds. Combining this
with (B.13)), we obtain that if ay < 3y for all £ =1,...,d then

! 2 _ B+a)
[ e = 3 Gl

a<lp

and otherwise is 0. Therefore, for |y| < ¢,

S | Toule = anuup Z {p+ )t *“

jal=m lal=m
a<6
(B+)! (B =) B+a)t
2 2 (5= HL2(5+7)! 2 (8 —a)!
|B]1>p+1 |2‘J<g”
_ oull? (B=) (B+a)!

(B —=! (8 + )!

> ”TV(I )UHL2 |5\3If+1 (/B +’Y)! — (/B — a)|

> ||, (I — )uHLg it clg|” 2y (ﬂM; (B.14)

lal=m
a<6
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where we have used (B.12)) in the penultimate step. Using that

Segta T (@) =(x ) e

|a)|=m |a|=m

and the Cauchy—Schwarz inequality, we obtain that

(B +a)! Bl N2 (z‘al ma' (ﬁﬁlﬂ')z om ml Bl N2
2 oaiZ 2 ((5-@!) & a7 (3 E(B—a)') '

laf |al

—~ (B-a)l ™ = Voo m!? —
=m =m Z|a|:m Of! |a‘_m
a<p a<p a<pB a<p

We now claim that

! B!
Z m! il (IBII—‘m)! (B.15)

la=m

a<B
since both sides count the number of ways to choose m ordered objects from a group of ||
elements. Indeed, the right-hand side is the standard formula, and the left-hand side first
breaks the |3| elements into groups of size 1, ..., f4 and chooses «; elements from the group of
size ;. The factor B!/(8 — a)!a! is the number of ways to choose «; unordered elements from
the j'" group and the factor m/! is the number of orderings of these elements.

By (B.19),
(B+a) _ o om( 1B \2
> G5 2 (=)

la)=m
as<p

(T 0-))

= a2 (] (1= 2)) = aojppee T8 o2,

O

3 \)

<.
Il
o

where the last inequality follows from Stirling’s formula. Hence, the result follows from (B.14)).
O

Lemma B.13. Let K be a d-simplex. Then for allm > 0 there is a map b, : H™(K) — Pp(f()
such that for all £ > 0 there is C' > 0 such that for all { <m <p+1,

CQm +2 N
(I —ZF )UH ) S (pt 122 Z |0 U||L2(K

laf=m

Proof. Without loss of generality, we assume that 0 € K°and K € (—1,1)% Let

lall g = Il 2 + D 10l 2

|a|=m
The plan is to construct an extension &, : H™(K) — H™((—1,1)%) satisfying
HSMHﬁm(]A()_)gm((_l,l)d) < Cm, 1[}5771 =1. (B.16)
Let

B(K,6) :={z e R? : d(z,K) < §}.
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By [8, Theorem 5], there are Cp,d > 0 and for all m > 0 an extension operator En: H"(K) —
H™(B(K,?¢)) such that

”EmHHm_)Hm <y, (Emu)’f( = u.

Notice that there is 1 > 0 such that B(K d) D ( + 0 )K Hence, we may set E

A

N E to obtain an extension E,, from H™(K) to H™((1 + 6;)K) satisfying

| Em <Gy, (Em )|f<_u

() (o) <
Define, for j > 1, EJ, : H"(K) — H™(K) by

EY u(z) = B, ((Eg,;lu)) (1+6)z), B :=1.
We prove by induction that there is A > 0 such that for all m,

VB ity <A™ Ty Bhul@) = ul(1+61)2). (BAT)

Suppose that (B.17)) holds for some j > 0. Then, we prove it with j replaced by j + 1. The
second part of (B.17)) follows easily from the fact that E,, is an extension. For the estimate,
observe that

VBl e < OB L 60) " (B e < (L4 60) " CF A ]

Therefore, taking A > Co(1 + d1) completes the proof. Now, fix J > 0 so that (—1,1)4
(14 61)’K and set

Em(u)(x) := (E}]nU)((l +o) 7 e), we(-1,1)%

Then, there is C' > 0 such that for all m ) holds.
Now set 75, := 1~ 7 UpEm, where T, is the LQ(( , 1)) orthogonal projector onto polynomials

of degree less than or equal to p. Then for all u € H m([? ), by the definition of 7', (B.10]), ,

and (B1).

D10 = Th)ullfs ) < € D0 1T = ) EmulFag_y 1y
lv[<¢ lv<e
C2m+1

= (p+1) m—0) Z Haa‘gmuHL? ~1,1)d

|oo|=m
C2m+1

< -
= (p+ 1)%m-
C2m+1

<
(p+1)20m
C2m+1

2
S+ 1)2<me><”“|m<f?>+ > 107l az,) -

laf=m

Hgmu”2 —1 1)

gl

Now, there is a unique map 2, : Hm(I?) — ]P’m_l(f() such that

/A8a(u—2mu) =0, la| <m — 1.
K
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Set 78, := Ib(u — Zpu) + Zpu. (Here, P_; = {0}.) Then,

I = Th)uly gy < € D107 = Th)(u— Znu)ll7,
[v]<e
C2m+1 .
SMM(HU Ztll oy + 30 10l gy )

laf=m

Now, applying the Poincaré inequality m times on K , we obtain

CQm +1 N
10 = T2l < Gy (o 19 ulaqz )
la|=m

C2m+1

< Gy s 2 1%l

|al=m

which completes the proof.

B.5 Proof of Theorem [B.1l

Proof. Let T be the reference element for T, and let Z%, the map constructed in Lemma

By [19, Proposition A.21] applied with J? = Z7,,., and Lemma with £ =0,...,d+ 1,
for each T' € T, there is a boundary compatible operator (in the sense of [19, Definition A.20])
CE : HY(T) — PP such that,

D C’I’I’LT+1
I = €Yol gy < N = Todoll o gy < g Plgr ey, (B18)
and
Crf;w’l)’af = C:I;,v\af (B.lg)
(i.e., the different operators agree on the boundary of f)
Then, define Ci-: C°(Q) N ®rerH' (T) — PY by
Fr(Clu)|r := CH(Frulr). (B.20)

Observe that C%- is triangulation preserving (in the sense of [19, Definition A.20] ) since C. are
boundary compatible. Furthermore, since 7 is a G? simplicial triangulation, by (B.18]) and
Proposition [B.10} for £ =0, 1

k2T - cp)u|m < Ch& 2572 (1 — Cp)]-"TuH
CQmT+1

~ (A 1)3mrh
CQmT+1

< -

~ (p+1)2mr=H

C2mT—|—1(mT!)20 2(mr—0)

20y d—2¢
k™ h |ATRT |HmT )

(mT L), —2¢

k—2£ ‘ ‘
(p+1)2(mT—z) T (mr!)2e T H™T (Ap(T))
hrk \2(mr=6) (CmZ\2mr
<o) () el

where, in the last line, we have used Stirling’s formula. Therefore, to establish the result
we only need to show that CpTu € H'(Q). For this, we refer the reader to the end of the
proof of [19, Theorem A.11] after noticing that u € C(Q2) (with this used in the proof of [19,

30



Theorem A.11] just before [19, Equation A.50]). Indeed, since u € H'(2) N @TGTH%J”(T),
ulp € COT) for all T € T and, on the other hand, since u € H*(Q), if F1 4 (Th) = F1,(T2),

then, (u|lny)|F , () = (uln)lF ., @)
O

Remark B.14. We point out here a small error in the statement of [19, Proposition A.21]. It
is stated there that the operators Q;; are bounded from H'/?(Fj;) — P,_1(Fj;). However, the
proof shows only that they are bounded from CO(F;;) N HY?(Fj;) — Pp1.

C Gevrey elliptic regularity case

In this section, we establish elliptic regularity results for the Helmholtz equation when the
coefficients and boundaries are Gevrey-o regular. Our results apply, more generally, to second-
order elliptic semiclassical differential operator (in the sense of Definition [2.2)) of the form

P=>" aq(zk)(k0)".

o] <2

To simplify the task of tracking the dependence on k of the Gevrey estimates, we let

Lu := Z aq(z, k)0*.

=2

We then establish estimates for the solution of Pu = f, by considering a boundary value problem
involving

Lu=k*(f —k~'b- Vu + nu), (C.1)

where b and n are spatially-dependent coefficients and are k-bounded (see Definition for all
wavenumbers k > kg > 0.
By Definition aq(x) are bounded in k and elliptic in the sense that

L7 (€)= 3 aala0)(i€)® £0, (C2)

|af=2

for all £ € R™\ {0} and all o € Q. We also assume that a, are Gevrey-o regular for some
o > 1; see Definition We consider boundary conditions of order 1

Tu=glpoyr ~ on OQ\T,

or of order 0
Du = h|p on T,

where I' = ) or I' = 9. The boundary conditions are assumed to satisfy the complementing
condition (also known as Shapiro—Lopatinskii conditions) which ensures the compatibility be-
tween the interior differential operator L and the boundary conditions, thus producing unique
solvability of the boundary value problem; see, e.g., [1] for the precise definition.

The boundary conditions are assumed to be given by the restriction to the boundary of
functions g and h defined on ).

Remark C.1 (Ellipticity for systems). The definition of ellipticity, is given for a single
equation (Lu scalar-valued) but extending it to a system of equations is straightforward by choos-
ing the definition of ellipticity of systems in the Petrovsky sense as done in [11, Definition 1.A].
The Geuvrey regularity results given in Theorems[C.2 and[C-3 generalize in a natural manner to
the case of elliptic N x N systems of equations.
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C.1 Gevrey elliptic regularity results

We provide here the main results on the Gevrey regularity for elliptic problems. The first one
deals with the interior regularity, the second extends the Gevrey regularity of the solutions up
to the boundary.

Theorem C.2 (Interior Gevrey regularity). Let Q@ C R™ be open. Let o > 1,ky > 0, and L
be a second-order elliptic partial differential operator with Gevrey-o coefficients. Let b and n be
Gevrey-o on Q. Then for any bounded subdomains 1, Qo such that Q1 C Qo C Q, there exists
a constant A > 1 such that for all k > 0, k > ko, f € H*(Qs), and u € H?(Qs) a solution of

CD.

1
o < ARt2 o\k+2 -1 .
‘u"ﬁ_Q’Ql - A fmax (k’ (K + 2) ) Orél?g(nA In&X(k7 (f + 2)0)6 ‘f‘f,ﬂz (C 3)

Yl + |u|o;92)-

In particular, if f € G7(Q2) then the solution u € G(€).

Theorem C.3 (Up-to-the-boundary Gevrey regularity). Let o > 1,ko > 0. Let Q be a Gevrey-
o regular domain in R™. Let L, T, D be, respectively, second-, first- and zero-order partial
differential operator with Gevrey-o coefficients on Q. Let {L, T, D} be elliptic on Q. Then for
any open bounded subdomains 0y = Uy N2, Qo = Us NS defined through Uy, Us bounded opens of
R™ werifying Uy C Us, there exists a constant A > 1 such that for all k > 0, k > ko, f € H*(Q2),
h € H"2(Q) and g € H*"(Qy), and v € H*(Q2) a solution of (C.1)),

1
o < ART2 o\k+2 -1 ‘
’u‘5+27ﬂl — A max (k7 (H’ + 2) ) OrélgaSXHA max(k:, (6 + 2)0—)g ’f’@,ﬂg

1
A_K'Hi .
* OSI?Sa;(JrQ max(k’ @U)E | |€,Qz

+ max A~! 1 l9]e0
0<l<r+1 max(k, (€ 4+ 1)o)t+1 17152

(C.4)

+ kil‘uh;QQ + ’U‘O;QQ)

where I'y := 9 N ONN.

When ¢ = 1, Theorems and recovers the anlytic regularity case [27, Chapter 5]; see
also [11I, Theorems 1.7.1 and 2.7.1]. The proofs of Theorems and are the subject of

Sections [C.4] and [C.5] respectively.

Remark C.4 (Boundary condition defined on 0f2 versus Q). We remark here that formulating
the result for boundary functions g and h only defined on the boundary or on the whole domain
s equivalent thanks to the existence of continuous extension operators for Gevrey-o functions
(0 > 1); see, e.g., [1]. For the analytic case (o = 1), the existence of extensions is generally not
true. However, we expect the analytic result holds for boundary functions only defined on the
boundary O in light of the result of [11, Theorem 2.7.1].

C.2 Notation for elliptic regularity results

In general, we follow here the notation used in [I1I] with modifications, where necessary, to
accommodate the Gevrey regularity setting.
For 2 C R™, we denote

lulle == llullc2(0)-
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The norms and semi-norms associated with the Sobolev space H™(f)) are given by

NI
|

lullma = D 10%ullg ]+ Julme = | D 10%uld

|a|<m |a|=m

We denote by Hj*(€2) the closure of the space of smooth functions with compact support in €,
C3°(92), with respect to the norm || - ||, .

We introduce weighted semi-norms of Sobolev—Morrey type adapted to the present Gevrey
context, i.e., they depend on the parameter o in the following way:

(lullo;Bg = llullBg,
£ 90
ulle:By := max max p"||0°u| B, for £ >0
Il = mavs, w710l , o5
2 . o(2+L4) 1190
pillflleBy = 0<p12?§i . mas p 10° Fll Br_ (04100

for £ € N. Similarly to [IT, Notation 1.6.1], p? is not a real number but a symbolic notation.

C.3 General strategy of the proofs

We discuss here the general strategy towards proving Theorems and which also justifies
the notation introduced in the preceding section. First, we discuss the proof of the interior
regularity result for a ball of radius R/2.

The basic building block is the standard elliptic regularity estimate

Y N0%ullpe, < Aot ([ Lullpg, + Y 10%ulls,, (C.6)

|a|=2 la|<1

which holds for some A_y > 0 for all w € H3(Bg,) (R« > 0) and is a consequence of the
ellipticity of the operator L. Let kg > 0, then estimate (C.6]) generalizes to frequency-scaled
norms as

S 10%ullse, < Ao | [1Zulsg, + 3 110%ul5,, (€7)
lo]=2 o<1
for all £ > ky. Above Ay depends on k.

A first step is to derive a version of estimate which does not rely on the vanishing of
the solution. This is obtained by first applying a cut-off function (whose definition depends on
p in (C.5)) to a function u € H?(Bg,), this is the object of Lemma This process leads to
an inequality involving nested balls Br_, and Bg (with R € (0, R,]), partly justifying the form
of the introduced Sobolev—Morrey semi-norms.

A second step is to successively apply Lemma to the derivatives of the solution d%u to

improve its regularity. This requires estimating terms of the form LO®u on the right-hand side
of (C.7), which we achieve by bounding the difference [L, 9°]u with

[L,0°) := Lo — 0°L

which has the advantage of being of order at most |3| — 1. The commutator [L,d°] measures
in some sense how the space-dependent case differs from the constant-coefficient one. Indeed,
when the coefficients of the differential operator L are not constant, the commutator is nonzero
and we estimate it through Lemma [C.5]

Once these ingredients are built, we recursively build the Gevrey estimate in Proposition [C.9]
by iterating over the derivative order 3, using the Sobolev—Morrey norms to more easily track
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the nesting of the domains (nested balls Figure [1)). The other key point about these norms is
that

R lo
HUHZ;BR Z By ‘u‘f;BR/W (CS)

20

1 R o

S lulln < 2max{ (5 ) 1} luleg (©9)

=0

and
) R +2)o
il < (5 ) ulen (10

with giving us the left-hand side of and (C.9) and (C.10)) giving us the right-hand
side. Finally, to prove Theorems and for general Gevrey domains, we use Gevrey-regular
mappings from neighbourhoods of 29 € Q; contained in Q5 to Bg.

The proof of follows, in spirit, similar steps with special attention paid to the behavior
near the boundary. A flattening of the boundary is performed such that nested half-balls are
used; see Fig. Higher derivatives are derived, in a first step, in the tangential direction of
the boundary; see Proposition This is because the tangential derivatives compose more
naturally with the boundary operators (as opposed to differentiation in the normal direction
which requires knowledge of the solution on the interior of the domain). A second step is to
assume that the boundary x,, = 0 is non-characteristic to obtain isotropic higher-order estimates
(i.e., with normal derivatives of order higher than 2) in Proposition

C.4 Interior regularity

The next lemma generalizes the commutator estimates [II, Lemmas 1.6.2] to the Gevrey-
coeflicient case.

Lemma C.5 (Commutator estimate). Let M > 0, o > 1, and ko, R« > 0. There ezists two
constants ¢ and K such that for all radii R € (0, R.], all commutators [a(z),d°] with Gevrey
coefficients a(x) € G°(Bg) with constant M, and all multi-indices o, B with |a| + |B| =1 > 2,
for all p € (O, %]

t—1

7 l[a(x), 0°)0%ull By, ), < ¢y (KR) ™ [Julla;py- (C.11)
d=0

Above, a is a multi-index with |a| < 2.
Proof. Our proof strategy is adapted from that of [11, pp. 48-49]. Let
N = p"tH[a(x),@ﬂ]aauHBR_(t_l)P.

We use the Leibniz formula

B! _
0P (adu) =y ————97ad% 9%
(a0%) ;3 (B =)

together with the combinatorial inequality

B sl
N(E =) = WIS = D!
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and find that since the contribution of v = 0 is absent from N:

N <ot M|7|+1 ‘5“ ’7“071 86—7804

= R
1<y, v<B
18l

Bllgto ! 5

Sp"t E E M~‘7H|7 max °ullp .

— 18] = ! 1= v 1 P
9=1|y|=g,v<B

By induction over n, we check that 30, _ 1< (g+ 1)»~1. This implies that

t—|a]

N <p” Z (9 + 1)n_1Mg+1M ax [|0%ul B
= (t = lo| = )! 61=15-7+al R0
ot = d+ 1)L t—d+t (t_ ’O[’)!(t—d)!a_l 86
< t— - —
~ le< i @=laDl e 17 B,
=|a

where in the last line, we operated the variable change d =t — g.
A contribution for d = 0 appears only if |a| = 0. We denote it by Noy:

No = p7 (¢ + )" M lull oy,

To deal with the o term (¢t — d)!°~!, which arose from the assumption that the coefficients
are Gevrey, we use the inequalities

t—l|al)! _ ¢ ot
@y =@ Y=g

forall 1 <d<t—1and 0 < |a] <t—1. We denote the remaining part Ny := N — Ny and
inject the binomial inequality for (¢!)°~! = ((¢t — d)!)°~! to obtain

t—1 o

B _ t!

Ny < pt ) (t—d+ 1) (d') gl‘iﬁHa‘sUHBRf(H)p-
d=1 ' B

For the purposes of our proof, we want to associate a derivative 0°u of length d with p7¢.
To this end, we write

t—1 o

1 o(t—d) i ! 5

N, < § :(t —d+ 1)n 1p0'(t d)Mt d+1 <d'> (padlrﬁi)éua u‘BR(tl)p) .
d=1

Using Stirling’s formula, there exists a constant cs, such that for all ¢, d > 0:
o t+1/2)\ 7
(%) <Ceu4w<“/)>
d! =8 dd+1/2

R
21

We now use
p <

9

to infer

t—1 t—d 4 d\ ?
o RM t7 [t d 5
Ny <eo ) (t—d+1)"'M ( 500 > \/; <dd> (p max Iz uHBR(H)p> .

Similarly to [IT, p. 49], we define the new distance pj; := (¢ — 1)p/d. Then Br_(_1), =
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We also note the following inequalities

do
¢ t
(t—l) < e? and \/;St—d+1 for1<d<t-—1,

which we use to estimate:

t—1 RM t—d
-1+ /od 1
R Y w(zeg) (pg a0 u||BR_dp&). (C.12)

Concerning Ny, following similar calculations as above, we obtain the following inequality:

1o (RMN\'
No < coM(t+1)" 1 <2€g> HUHBR—(t—Dp

Instead of keeping track of p/, in Nji, we use the Sobolev-Morrey seminorms introduced

in (C.5) to write
-1 t—d
o @ nelto [ BM
p”!|[a(x),0")0 ullBr_(,_y), < coM Z(t —d+ )" <2eg> [|ul]a; By

d=0

t—1 (C.13)

<cry (KR ™ [lullap,
d=0

with positive constants ¢; and K, independent of { and R for R < R,. In the last line, we have
used that polynomial growth is dominated by exponential growth, specifically that there exist
constants co, J, such that for all values of Kk +3 — d

(H—F 3 d)n—1+a < 62jn+3—d < 62J2Jn+1—d.

Consequently we can express ¢; = coMcaJ 2(%‘6{,\4 ), and K = % O

Next, we adapt [I1, Lemma 1.4.1] to the Gevrey case, i.e., with the desired p” scaling.
Lemma will be the central building block of the desired Gevrey estimates.

Lemma C.6. Let R* > 0 and 0 > 1. Let L be a second-order elliptic operator with C°(Q)
coefficients and assume that (C.7)) holds for all functions in H3(Bg,). Then there exists Ay > 0
such that for any u € H*(Bg) with R < R, for all p € (0, R/2)

> o ulsy < A (P Lulse, + > 270l sy, ] - (C.14)
la|<2 |af<1

Proof. The idea of the proof is to use a cut-off function xr,,, along the lines of [T, Eq. (1.40)].
Indeed we define
|z| — R+ p>

P
where y € C*°(R) is a smooth function which verifies

_ 1 on (—00,0]
X= { 0 on [1,00).

XR,p:l"_)X<

Note that xr, equals 1 inside Br_, and 0 outside Bg. A basic computation shows that for all
R, > 0 and o > 1, there exists a constant D > 0 such that for all R € (0, R.], p € (0, R), and «
with |a| <2

0°XR,p| < Dp~ 1ol (C.15)
The rest of the proof follows then by applying (C.7) to xg,u in a similar manner as in [I1}
Lemma 1.4.1], the details are omitted. O
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We now prove an intermediate result towards Proposition cf. [27, Lemma 5.5.12]

Lemma C.7. Let R, > 0. Assume the basic elliptic reqularity estimate [C.7 holds. Then there
exists a constant Ay > 1 such that for all R € (0, R, and for all k € N,

lulls+2:8, < Az (Pf[lLUHmBR + > (KR [lullas, + UU|]H+1;BR>- (C.16)
d=0

Proof. The proof relies on recursively applying Lemmas and First, let 3 be a multi-
index of length |B| = k. We use (C.14) with 9°u and R = R — |B]p, to obtain:

Z pa|a‘Haa—i_BuHBRf\Blpfla\ﬂ <A (pzauLa/BuHBRﬁﬂp

=2
|a (C.17)
i Z poa|||ao‘+6“||BR_ﬁp_|ap>a
lal<1
subsequently, introducing the commutator
Z pala‘H8a+5“H3m<|B|+\a|>p <4 <p2" (HaﬁL“HBm\mpw + ”[a’B’L]“HBRf\mpr
=2
|al (C.18)
o +3
+ Z polo UHBR—(ﬁHa)p)'
lal<1
We multiply by the scaling p°/?l and sum over |3| = & to obtain
> ANl < A (p(“ﬂ)" > (19" Ll v, + 10" Ll 10,
|o|=K+2 lal=kK
il (C.19)
n Z p"alllao‘u\|BRa|p>-
|a|=k
Now using Lemma [C.5] with |8| = & and |a| < 2 (thus ¢ < k + 2), we obtain
p(K/-‘rQ)O'H [8a7 L]UHBR_(,H_UP < Copng [aa7 L]uHBR_(b_l)p
b—1
< coer Yy (KR [ulla;,
=0 (C.20)
r+1
<oy (KR |ulla.p,,
d=0

Putting back in (C.19), taking the maximum over p, and using the previously introduced
notation (C.5|) yields

k+1 k+1
[ullst2B, < A3 (Pf[!LUHmBR +ea Yy (KR ullap, + ZHUHd;BR>
d=0 d=k

(C.21)

< AQ <pZHLU|],{;BR + Z (KR)Kid Hqu;BR =+ HanJrl;BR) .
d=0
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We recall at this stage that we are interested in k-explicit high regularity bounds for the
equation:
Lu=k(f — k- Vu + nu),
which prompts us to bound the quantities p2[|b - Vx5, and p2[|nullx.pg; see (C.16). Cf. 27
Lemma 5.5.13].

Lemma C.8. Let 0 > 1 and Ry > 0 Let b and n be of Gevrey-o regularity with a Gevrey
constant M, then there exist constants ¢, and ¢y, such that for all R < Ry, all p € (0, R/2)

K

1 o
Pillb - Vulluisn < vz X (KR [ Vullaay
) =0 (C.22)
pilinullep, < 4 1)2 > (KR |ullgzy,
d=0

Proof. The proof relies on the commutator estimate from Lemma By definition,

pillnullnp, =  max max p” TEHND (nu) | B i,
0<p<2(n+1) [6]= (C 23)
1 1 )
= max I;laxp o(24k) (||n8 ul|By_ (i), t 1[0, 0 ]“HBR_(KH)F,) ,
0<p<2( +1)| |=
By Lemma [C5]
max  max P, Jull By i),
O<p<2(n+1) [6]=r
< max P max |, Olul gy,
0<P< iy - ’ o (C.24)
1 Kk—1
Kk—d

< CR*,amcl Z (KR)™ " [|ulla; B

d=0
Taking into account the contribution of § =  in (C.23|), there exist a constant ¢, such that

K

1 —d
pellnullwsy < en——gz > (KR)" [|ullg5,-
(k4 1)%7 7=
The bound on b - Vu follows similarly by using (C.12) instead of the main estimate of
Lemma to reflect that we do not need the 0-order term. O

Proposition C.9. Let Ry, ky > 0. Assume the basic elliptic reqularity estimate (C.7)) holds.
Then there exists a constant B > 1 such that for all R € (0, R,], all k > ko, and all k > -2,

. k Iﬁ?+2
[|ullnto;Br < B™H? max {("5"‘2)07 1} ( (max. T5 e (€ +2) 27 2] g,
(C.25)

+ 5 ullys, + [IUHO;BR> )

with Ty, = B~ (max {k, (¢ +2)7}) ™

Proof. Verifying the claim for k € {—2,—1} is straightforward. We proceed by induction on
k > 0, assuming ((C.25)) holds for all —1 < x’ < k. By Lemma

[lulls+2:8, < Az (Pi[\kQ(f—k_lb'VqunU)Hn;BR+Z (KR)"[ulla;, + [\Ul]n+1;BR> (C.26)
d=0
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For d € {0,...,k + 1}

1 (K} i 2)a(n+2)
K+ 2)o(k+2) dod
L o(k+2— o
Srrape e 7O B max(h, d7)*Cua
1
<—
(KZ + 2)a(n+2

Nulla;p, < ( B max(k,d”)*Cy a2

(C.27)
B max(k, (k + 2)7)"2C, 42

K42
<B"t2max <(K f2)a , 1> Cuv,inf"/”*z,

with Cy, = <0mzax FB L+ 2) 27 21 fllop, + kY |ullip, + [|u|]0;BR>. Above, we used
that forall 0 <d <k +1

(k + 2)7"5+2=D) max(k, d°)? < max(k, (k + 2)7)"+2. (C.28)

Thus

K

453 (KR [[ullay + lullssiinn

=0 (C.29)

K

B max(k, (k + 2)U)H+2CM> Ay ( (KR)" @ Bd=r=2 4 B—1> .
d

1
< ((,i 1 2)(x+2)

Similarly, using the estimates of Lemma

=0

P1Ib - Vull sy
1 = 4
<o S (KR) |
=Yy 1) dzzo( R)"[|Vulla;,
1 ~ o
< cbm Z (KR)" " [Jullat1;,
d=0
1 - K—d 1 (k +2)7042) d+1
I PEE dz_o R s 2D (g3 e D max(k (d+ 1)) Cua
1 - k= 1 o(k—
< ey 2 KR g (6 + 7B max(k, (44 1)) s
d=0
(k+2)° u r—d 1 (k—d) pad-+1 i1
= 7 K 2 O\KR B 1 o B
= Y1) ;( R) (5 + 2)7 (1) (k+2) max(k, (d +1)7)""" Cya-1
(C.30)
We now exploit that for x > 0, ((”:12))20 < 2 and ( - ) to find that
p2(lb - Vulleny,
- (C.31)

< <1BH+2 max(k, (KZ + 2)0)&4—10“’%) (Cb

KR Kk—d Bd—l—l‘{ X
(KJ + 2)0(&-{—2) ( ) >

d=0

Taking into account the k-scaling of the term b - Vu:

Agkpi“b : VUHH;BR

2 al C.32
< (Bm-‘rQ max <k20’ 1> Cu,n) A2 (Cb (KR)m—d Bd—l—n) ] ( )
(k+2) =
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One treats similarly the term nu

pelnull,

1 o
< Cnm d%% (KR)"* (lul]a:Br

K

# rk—d ; o(k+2—d) pd ond
- (K + 1)2‘7 % (KR) (Ii + 2)0(n+2) (/i + 2) B max(k; d ) Ou,d—2
1
)

(H + 2)2U . Kk—d
Scn(lﬁ+1)20;(KR) (

(C.33)

oyt (6 27T B max(k,d%) Cua -

- K— 1 o\K
S Cn7o— Z (KR) d WBd maX(k, (K/ + 2) ) Cu7d72
d=0

where we have used that for k > 0,
(k4 1)%0 —

and ¢, » = 4%¢,. Taking into account the k2 scaling of nu, we obtain

A2k2pi[|nu|]N§BR

rt2 ~ C.34
< (BH+2 max <(+k32)07 1> Cuﬁ) A2 (cn,a Z (KR)de Bd2n> ) ( )
K

d=0

Finally, we turn our attention to the source term f, which readily verifies:

k Ii+2
k2 2 . < BK+2 " 1 Cu HBfl.
sy < B max (g ,

The proof is then completed by choosing B large enough such that for all K > 0

K k—d ad Kk—d K k—d
A2(Z (Ké%) B2+ B '+ cbz (KB}%> B 14 Cno Z <KBR> B2+ B_1> <1

0

Proof of Theorem[C.2. The proof follows similarly to that of [I1, Theorem 1.7.1]. In particular,
there exists a neighbourhood Uz (xg) C Q9 of a point xy € £ which maps to the ball B, in R”
through a Gevrey-o map ¢. The equation Lu = f in Us(z) becomes:

Li=fin Bp, with @top=u, fod=f and ¢ 'oLog=L.

The operator L, has Gevrey-o coefficients on the ball Br, , and so the estimate established in
Proposition can be applied to L.

The only difference with the proof in [I1, p. 53] is that the inequalities [I1} (1.53)] have to
be adjusted to our definition of the Sobolev—Morrey seminorms :

[WHH;B 2 (2£)’w W|K;B .
B e (C.35)

(+2)o o
> |Lu|€,BR

P2l|Lil]epy, < (Q(T}}rl)

The rest of the arguments are similar to the aformentioned proof in [I1]. In particular, a finite
covering of the domain 2 is used so that a global estimate (C.3]) is inferred from a finite number
of local estimates over neighbourhoods of xg € €21. The details are omitted.

O
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Figure 1: Nested balls and nested half-balls neighbourhoods, from [}, p. 97]

C.5 Regularity up to the boundary

In what follows, we establish estimates proving the solution to the elliptic boundary-value prob-
lem:

Lu =f in Q
Tu =g on 0Q\ T
Du =h on I'

is Gevrey-o regular whenever the domain, the coefficients, and the problem data are Gevrey-o
regular. Above L is a second-order differential operator and T', D are differential operator of
order 1 and 0, respectively. On the triplet {L,T, D}, we assume that it is elliptic on Q in the
sense of [I1} Definition 2.2.33], and I' = () or I = 99Q.

Let us introduce the notation used for the basic domain we consider in this section, i.e.,
half balls with their flat side corresponding to a flattening of the boundary 9€2; see Figure
We denote by Bpr the ball of radius R, by V,. the half ball obtained by intersecting Br with
the half space {z,, > 0} (Vg := Br N {x, > 0}), and by Bj the flat side of the boundary
(BR = 0Vr N{z, = 0}).

Let us define the space

H{(V,B)={ue H*(V), du=00ndV\B', 0<(<k-1}.

If we assume that L is elliptic and that the boundary operators T" and D verify the comple-
menting conditions, then by [I1], Corollary 2.2.16], the basic elliptic regularity estimate

[ull2, v, < [ Tully gy, +1Dulls gy, + llullva, (C.36)

holds for u € H§(Vr,, By_), where the norm || - ||5,o associated with the fractional Sobolev space
H?(Q) is defined as

lal2 gy, = llullfyy gz, + D 107l
jal=ls)

x) —u(y)[?
|U|sB’ //B’ xB’ ‘x_y‘ n— 1+25 dlUdy

We next introduce the analogue of Lemma @ for points close to the boundary, i.e., we want
this estimate to include norms of the boundary operators 7' and D. Along the lines of [27,
Chapter 5], we state this result for Tu|p, = g|p;, € H'(Vg) and Du|p, = h|p; € H?(VR), i.e.
for the extension of the boundary condition to the domain of interest Vi.

with
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Lemma C.10. Let ko, R* > 0 and 0 > 1. Let {L,T,D} be an elliptic triplet with smooth
coefficients and assume that holds for all functions in Hg(VR*,BE*). In addition, let
g € H' (VR) and h € H*(VR). Then there exists Ay > 0 such that for any u € H?*(Vg) with
R < Ry, forall p € (0,R/2) and k > ko

Z pcf|a\||8au‘|VR_‘a|p < A4 <p2a||Lu|VRp + Z p0|a\Haau”VR_|a‘p

|or|=2 la]<1

+ Z Pala‘HaahHVpr + Z p(1+|a)UH8a9HVRP)-

|af<2 laf<1

(C.37)

Proof. The arguments leading to (C.25) in Lemma can be repeated here using the truncation
function x g, defined in (C.4). We recall that D and T := ) t,0% + toid are zero and first

lal=1
order respectively, thus

Dxg,pu = Xr,pDu, TXRpu = Z tau0*XR,p + XR,pTu.
lal=1
Using the above identity, the slope estimate (C.15]), and the continuity of the trace operator
from H*(R™) into H*~Y/2(R"~1) (with s > 1/2), we obtain

IDxRpulls g, <C Y o712 0%y,

laf<2
ITxrpuly g, <C D 7 DN0%lve + D o712 0%l
laf<1 laf<1

for some constant C which depends on R,, T and the continuity norm of the aforementioned
trace operator. The rest of the proof is similar to (see also [11l pp. 100-103]). The details
are omitted. O

Our first regularity result will mimic that of [11, Proposition 2.5.2]. It is an anisotropic
estimate, yielding controld over almost tangential derivatives of the solution u. The motivation
behind this approach is the fact that tangential derivatives compose more naturally with the
boundary conditions (indeed, taking tangential derivatives Du = h only depend on the boundary
function h). To this end let us introduce, the following semi-norms: Let U be a domain in R"”
and let kK, m € N

Ulmas = max 0l

laj=r
an<m

where a = (¢/, ), o/ € N*~1. On the boundary, we use the semi-norm

|t = max ||0%u
lal=x

s’

Accordingly, we also introduce weighted anisotropic semi-norms of the Sobolev-Morrey type:
We set

[[ulloo,vi = llullvg,
(lullem, v == max o7 |ulemvy_,;
R P
0<p<s5-
pz[|f”"‘€7m7VR = maXR p0(2+ﬁ)|f|ﬁ,m,VR—(n+1)pa
0<p< 305D (C.38)
o oK
p*Hth,a,Bk = Oﬁprgi}iﬁl) P |h|f€,a,VR,<,€+1)p
1 e (k+1)o
p*HgHﬁ,a,B’ = max P ’g’n,a,VR,(K+1>
0ty ’
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To fully exploit the dichotomy between normal and tangential derivatives we state the analogue
of the commutator estimate given in Lemma for the anisotropic case (see also [I1, Lemma
2.6.2]):

Lemma C.11. Let M > 0, 0 > 1, and ko, R« > 0. There exists constants ¢; and K such
that for all R € (0, R.], all commutators [a(x), D] with Gevrey coefficients a(x) € G°(Br) with
constant M, and all multi-indices |a|, B with |a| + 8| = b >2, for all p € (0, 4] and k > ko

b—1

p"Wla(x), 0°)0%ullvy, (., < 1D (KR [Jullamvy- (C.39)
d=0

Above, a is a multi-index with |a| < 2, and m = ay+ By, is the total number of normal derivative
involved in the commutator.

Proof. The proof of this lemma is very similar to that of Lemma and is omitted. O

Our goal is to state a proposition establishing the bounds on almost tangential derivatives of
the solution u (¢f. [11l Propostion 2.6.6]). To achieve this goal, we plan to follow the same plan
as in Section [C.4] In particular, we establish an intermediate estimate for the k + 2 semi-norm
of the solution as a function of Lu, we then substitute Lu for its components and bound them.
The following lemma extends Lemma [C.7] up to the boundary.

Lemma C.12. Let R, > 0. Assume the basic elliptic reqularity estimate holds. Then
there exists a constant As > 1 such that for all R € (0, R.] and for all k € N,

lullsrz2ve < A2 (Pf[!LUI]n,O;VR +ea (KR [|ullagvy

=0 (C.40)

+lullssrive + Y oellblisjatam, + D Pi[|g|]n+|a,a,33%>-
|| <2 laf<1

Proof. The proof relies on recursively applying Lemmas [C.10] and First, let 8 be a multi-
index of length |8| = k such that its normal component (3, = 0. Because 3 is tangential, the
boundary conditions for 9%u can be written as

DOPu = 8°Du + [0°, Dlu = 9°h + [8°, D]u

C41
T%u = 0°Tu + [0°, Tlu = 8°g + [9°, Tu. (G4
We use (C.37) with 9°u and R = R — |$|p, to obtain
Z po-|a‘HanrBuHVRf‘[ﬂpfhx‘p < A (p% <”aﬂLu”VRf|3|pfp + Hl:alB7L:|uHVRf‘ﬁ|pfp)
|a|=2
+ Z pgla‘Hanrﬁ“HVRf\mMa\p
<1
+ 3 o (100 PRlvi -, + 11670 Dllvi )
| <2

£ 30 D ([0, 1107 0TIl )
ler|<1

(C.42)
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We multiply by the scaling p°l#!

PJ(HH)HO(HBUHVR_\Q“, < A4 <p(m+2)a (HaﬁL“HVR_(KH)p + ||[667L]UHVR_(N+W)

+ Z ,OU(HHQD”3%’8““%4&\,}

|| <1

£ 30 07D (10" hlvi iy, + 1070 Dl i, )
|| <2

3 D (0 gl 0% 0 Tl ) )
o<1

(C.43)
Similarly to [I1), Proposition 2.6.3], we use Lemma with |8 = k+2, K+ 1,k and with
m = 2 to estimate the commutators

p(n+2)a||[aa’L]UHVR_(KH)[) + Z pU(KHaDH[aBaaaD]UHVR_(,H_I)p

|| <2
" (C.44)
+ Y pHeD 98 00 T ullv, Ly, S 2> (KR ullagvy,
<1 =

Putting back in (C.43)), taking the maximum over p, and using the previously introduced
notation ((C.38)) yields

K
[ullis2,2:v, < A} (pEHLUI]n,o;VR +ea Yy (KR ullazvy

=0 (C.45)

+ HUHIH-Ll;VR + Z p*[|hHm+|a|,a,B3¥ + Z pngHn—Ha,a,B;{) .

laf<2 o<1
O

Proposition C.13. Let ¢ > 1 and kg, Ry > 0. Let the elliptic operator L and the boundary
operators D, T have Gevrey-o coefficients. Let b, n € G°(§2). We assume that holds
for any u € HS(VR*,B}%*). Then there exists a constant B > 1 such that for oll k € N, all
R € (0, R.], and for any u € H*(VR) satisfying

k K+2
HU|]:-:+2,2;VR < B""?max {M’ 1} 0@?}/{ FEB,k(g + 2)(“2)0 PszHé,O;VR

TZ gﬁa » h ,
+0§I?22(+2 Bkt P [ HZ,2,BR (C.46)

+ max TEB'D%(E—F DEDopLg

!
002X | ]e,l,BR

+E ulv, + HU’HO;VR)’
with FEB,k = B~ (max {k, ({+2)°}) " and TeBJg = B~ (max {k, °}) "

Proof. The proof follows similarly to that of Proposition by using Lemma and rea-
soning by induction. See also [I1} Propositions 2.5.2 & 2.6.6]. The details are omitted. O
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The estimates for general derivatives of order less than k+2 (as opposed to almost tangential
ones) rely on the assumption that the boundary is non-characteristic, that is,

a©-02) £ o, (C.47)

along the boundary in the notation of (C.2)). We note that this concept can be extended to
N x N system of equations by adopting the definition given in [11, Eq. (2.50)].

Proposition C.14. Let ¢ > 1 and R, > 0. Let the elliptic operator L and the boundary
operators D, T have Gevrey-o coefficients. Let b, n € G°(Q2). We assume that holds for
any u € HS(VR*,B%,‘*). Then there exist constants By, B > 1 such that for all k,m € N with
m < K, all R € (0, Ry], and for any u € H*(VR) satisfying

0<l<k

k K/+2
llrnmon < BB mos{ oot | e Tale 2 Al
0<v<min{¢,m}

L
+ 0<lSnt2 T3 5o il PellPlle2, 3y,
L1 ¢
+ oJpax Ty g+ 1) +1)UP1[|9|]£,1,B§

+ k_luqu;VR + HUHO;VR) )

(C.48)
with
5o = By " B~ (max {k, (£ +2)7)) ™"

and

Tg’go = BamHB_é+1 (max {k, K”})_Z.

Proof. The proof follows along the lines of [27, Proposition 5.5.2] and reasons by induction.

Indeed, for m = 0, estimate (C.48]) is a direct consequence of (C.46[). Assume then that (C.48))
holds for 0,...,m — 1:

0<t<k

B k I{+2 _
Hu|}n+2,m+l;VR < Bgl IBK+2 max {W, 1} max Iﬂg,Bt’,Kk(g + 2)(€+2)U pz[’f”g,y;VR
0<v<min{¢{,m—1}

’H’L71,e géo’

+ max TB,Bo,k p*HhHAQ,B;2

0<l<K+2

—1L6+1 +1)o 1
o nax Tp (D) llglle s,

+k ullv, + [IUHO;VR> :

(C.49)
Condition (C.47) yields
OPu = a7 Loy 1 Z N*0%u,
lal<2
an<2
with N = — 5. As a consequence, there exists By > 0 such that for all R € (0, R.) and
all u € H?(VR) (note that here no boundary conditions are needed)
[ul2,2,vi, < Bo (| Lulo,0,vi + lul2,1,v%) - (C.50)
Applying (C.50) in Vg_(x2), for 9P0,™u with 8 = (8,0) and || = kK —m
U , Va_ < By Lu77V7 +‘L,858mu‘
[l 2m 42V 2 (1Ll v i T L n"l 0,0,VR—(r+2)p (C.51)

+ |u‘ﬂ+2,m+1,VR—(n+2)p)‘
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We multiply by p*+2 and use Lemma to obtain

Kk+1

< Z (KR)EJrzid Hu|]d,min{d,m+2};VRa
d=0

for constants ¢; and K independent of R € (0, R.] and . Plugging ((C.49)) into (C.51)), we obtain

p(li+2)0'

L,8° anm]u‘
0,0,Vr_ (k+2)p

k Kﬁ‘rQ é
HanJrQ,erQ;VR § BZ)nBKH max {W, 1} 0121?2{’{ PE:BO,I@(E + 2)<Z+2)0 pz“ﬂ]g’y;VR
0<v<min{¢,m}

£ £

* 0<I?<a’z<+2 Trgﬁo,kg Up*HhHZ,Q,B;?
L+1

+ max TRp i (D) gl

+ kw1, + UUHO;VR>

k+1

2—d
+ca Z (KR)’H_ Hu|]d,min{d,m+2};VR-
d=0
(C.52)
To bound the last term, we use similar arguments as in the proof of Proposition (see (C.29)).
By eventually adjusting the value of B, we obtain the desired estimate. O

We are now ready to present the proof of the up-to-the-boundary Gevrey regularity estimates.

Proof of Theorem[C.3 Let zg € ;. We identify two cases:

e xg € (), and is thus an interior point. Then, there exist two neighbourhoods of xg: U, Us
with U1 C Uy C 2 such that Theoremcan be applied, with a constant A = A, (where
we stress the dependence of the constant on the spatial point xg):

1
. < K+2 o\K+2 —f—1 )
[ul k200 < A¥T max (k, (k +2)7) orgzagan max(k, (( + 2)7)° | flews

(C.53)
+ EMuliy, + \U|0;u2>

e xg € 01, and is thus a boundary point. In this case, the proof follows from mapping a
neighbourhood Uy of the the point zg to the half-ball Vi using a Gevrey-o-regular map ¢.
Applying Proposition with m = k and A = ByB (depending again on the point xg),

we obtain
1
. < K42 o\Kk+2 ——1 )
Ul wyo2, < A2 max (k, (k +2)7) 01;12{&14 max(h (€+2)U)g’f‘€,U2
1
+ max A‘é+17|h|@u
0<b<r+2 max(k, ()¢
L ) (C.54)
4+ max A

0<l<r+1 max(k, (£ + 1)7)¢+1 19leze
+ k:_1|u|1;u2 + |U‘O;U2>

The neighbourhood Uy := ¢! (V/2). The steps to obtain (C.54) from (C.48) are similar
to those taken in the proof of Theorem and are omitted.

Finally, by varying =g € Q, we can extract a finite covering of the compact set 2 by open sets
U;. The proof is then complete by combining a finite number of estimates (C.53) and (C.54). O
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(9]

Figure 2: Interface configuration with two subdomains

C.6 Transmission/piecewise-regular problems

In the study of scattering problems or when truncating the domain using PML (Perfectly
Matched Layer) for example, one often deals with two (or more) equations simultaneously,
involving ‘similar’ operator L*, one in an interior domain Q1 and the other over its comple-
mentary domain in Q, Q7 = Q\ (QT UI), with I = 9Q~ NINT being the interface between the
two domains QF and Q.

We illustrate in Figure [2] a typical situation of interest, where the exterior boundary is 052
and

o0 =I and 00 =I1U0Q.

Let ' =0 or T' = 09Q.

In this section, we present a result dealing with the Gevrey regularity for such transmission
problems. We note that Sobolev and analytic regularity results can be found in, e.g. [11, Theorem
5.2.2] and [26, Theorem 4.20].

The problem under consideration is of the form:

Ltut = EX(ft — k71" - Vut +nu®) in QF
Lu = K (f"—k % -Vu +nu") in Q
Tu = g on OQ\T
Du~ = h on I (C.55)
THut +T u™ = gp on [
Dtut+ D u = hg on I

where the system {L*, L™, Cr, Cy} with
Cr=(T,D) C;={T"T ,D" D)

is elliptic in the sense of [11, Def 5.1.2]. Once again, we assume the boundary and interface
conditions to be given by the restriction to the boundary of functions g, g; and h, h; defined on
2; see Remark

To present our piecewise regularity result, it is convenient to introduce the space of piecewise
Sobolev spaces

PH Q) :=={u= (u",u"):u" € H*(Q),u™ € H*(Q)}
for k € N, equipped with the natural (semi-)norms
2 2 -2

+H/~g +|K‘,;Q+ + |u |H;Q*‘

HUH%K,Q = ||’LL QF + HU_Hi;Qf, |UJ|123,€;Q = |U
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W

Figure 3: Flattening of interface via local diffeomorphism ¢, : U — Bg.

Theorem C.15. Let ¢ > 1, kg > 0. Let the domain Q be Gevrey and let it be subdivided
into two subdomains Q1 and Q= with a Gevrey interface (as in Figure @ Let the system

{L*,L~,Cr,Cr} be elliptic and let their coefficients be Gevrey-o on OF. Let bE, nt be Gevrey-
o on . Let Ui, Uy be bounded opens of R™ verifying Uy C Us. We denote

Q]i:Z/ljﬁQi for j =1,2, I =UyN1I, [y = U N O

There exists a constant A > 1 such that for all Kk € N, k > ko, f € PH"(Q2), h,h; €
H"2(Qy), 9,91 € H"TH(Qy), and u € PH?(Qy) satisfying (C.55) in Qo,

1
] < An+2 2\ K+2 A—ﬁ—l )
|U|Pn+2,Ql > max (ka (K + ) ) OIgéagxn max(k, (ﬁ + 2)g)g ’f‘P&Qz

1
ma Ai£+17 hl,.
+0§Z§/§+2 max(k,go)ﬂ |60

1
At .
+ 0<iSnr1 max(k, (£ + 1)7)¢+1 19les0z

(C.56)

AT —— s
+ 03%12212 max(k, £7)¢ |hilg0s

1
At .
* 0<tenil max(k, (¢ + 1)7)¢+1 9160,

+ kM ulpro, + IUIPO;m)

The general strategy of the proof of Theorem follows along the lines of, e.g., |26,
Theorem 4.20] and [I1, Chapter 5]. It relies on a flattening of the interface I akin to what we
did for the study of the regularity up to the boundary in Section see Fig.[3l The arguments
leading up to Theorem are then used to obtain the desired piecewise regularity result. In
particular, the following intermediate result is established.

Let us define the space

PH{(B"UB",B') = {u= (uv",u") e PHY(B"UB"), 9u*=00ndB*\B, 0<(<k-1}.

We assume the triplet {L, T, D} is such that the basic elliptic regularity estimate

28R <L u o, Brrry + IL7 0 llo,Brrre
o, N T
+|T7u"+T u ”%,B}Q* +||DTuT + D u H%B%* (C.57)

a2 Bprmy + [lu™

+ lu I, Brory + lu”[l1,Brrrn -

holds for all u € PH§ (Bg,, By ).
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Proposition C.16. Let 0 > 1 and R, > 0. Let the elliptic operators L™ and the boundary
operators DF, T* have Gevrey-o coefficients. Let b*, n* € G7(Q). We assume that
holds for any u € PHg(BR*,BQ{*). Then there exist constants Bg, B > 1 such that for all
k,m € N withm < k, all R € (0, R,], and for any u € PH?*(Qy) satisfying (C.55),

lu*le+om2:Bprrr + [[u” lotr2m+2,Brrre

k K+2
S B(T)nBH'i‘Q max {(H—i-2)0" 1} max Fgéo’k(ﬁ + 2)(6"1‘2)0 pz[‘f

. n
0<t<r ]E,V,BRHR+

0<v<min{¢,m}

+ max ng’éovk(ﬁ +2)( 7 g2 ¢ Je.w;BrAR"

0<t<k
0<v<min{¢,m}

b,
+ max Typ  Lp(lhille, sy,

0<t<k+2
yas) (1o 1
+ OS?SZ—i—l Tg,Bo,k(g +1)! )ap*[’gIH@’LBb

+E ([lu Juromn + (o [);Bgaen)

+ [[u™[lo;Brrrn + [Iu_l]o;BRmRn>,
(C.58)
with
Do = Bo ™ B! (max {k, ({+2)7}) "
and

Tgvgo P = Bam+1B—€+1 (max{k‘, ZJ})_Z ]

Proof. The proof is similar to that leading up to Proposition with the difference that
the basic elliptic estimate is given by (C.57). To avoid unnecessary repetition, the proof is
omitted. O

Proof of Theorem[C-15. Let zo € Q;. We identify three cases (the first two are treated as in in
the proof of Theorem [C.3)):

e 9 € Q\ I, and is thus an interior point.
e 1y € 002, and is thus a boundary point.

e xg € I is an interface point. In this case, the proof follows from mapping a neighbour-
hood Uy of the the point ¢ to the ball Br using a Gevrey-o-regular map ¢. Applying
Proposition with m = k and A = ByB (which depends on (), we obtain

1
) < AH+2 2)9 K42 A—Z—l )
|ulprt2us < max (k, (k +2)7) 0?52{% max(k, (£ + 2)°)! | flpewss

1

041

ma hrle.
+0§£§,§+2 max(lc,f")f| ey

1
At .
+ 0t max(k, (¢ + 1)7)1 91ee

+kHulpry, + ’U‘PO;Z/&)

(C.59)
where the neighbourhood U := ¢~ (Vp /2)- The steps to obtain (C.59) from (C.58) are
similar to those taken in the proof of Theorem and are omitted.
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Finally, by varying zq € Q, we can extract a finite covering of the compact set 2 by open sets
Uy. The proof is then complete by combining a finite number of estimates (C.53)), (C.54), and
(C.59). O
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