CARTESIAN PML TRUNCATION FOR THE HELMHOLTZ
EQUATION IS EXPONENTIALLY ACCURATE AT HIGH
FREQUENCY

MARTIN AVERSENG*, JEFFREY GALKOWSKI', AND EUAN A. SPENCE!

Abstract. For a wide class of Helmholtz scattering problems (namely, those fitting in the black-
box framework of Sjostrand—Zworski [18]) we prove that the error incurred by approximating the
radiation condition by a Cartesian perfectly-matched layer (PML) decreases exponentially in the
width of the PML, the strength of the PML scaling, and the frequency.

1. Introduction. Since the work of Berenger [1], perfectly matched layers
(PMLs) have become a standard tool in the numerical simulation of frequency-domain
wave problems such as the Helmholtz equation. This method approximates the solu-
tion of a scattering problem in an unbounded domain by making a complex change of
variables in a layer away from the region of interest and truncating the problem with
a zero Dirichlet condition.

It has long been understood that for a radial PML, the error in the truncation
decreases exponentially with the PML width and the strength of the PML scaling [15,
Theorem 2.1}, [16, Theorem A], [10, Theorem 5.8], [2, Theorem 3.4]. More recently,
[7, Theorem 1.5] proved that the error in the truncation decreases exponentially in
the PML width, the strength of the scaling, and the frequency.

Cartesian PML is a very popular way of approximating the radiation condition in
numerical-analysis applications using rectangular meshes. However, Cartesian PML
is more difficult to analyse than radial PML — this is because the damping in the
Cartesian PML operator only occurs in one coordinate direction at a time; i.e., a
ray moving inside the PML and perpendicular to the direction of the scaling is not
damped.

The papers [11, 12, 13] proved that the error in Cartesian PML truncation is expo-
nentially small in the PML width, with then [3] proving that the error is exponentially
small in both the PML width and the strength of the scaling.

Regarding the frequency-dependence of the Cartesian PML truncation error: us-
ing propagation of singularities (see, e.g., [5, Appendix EJ) it is relatively straightfor-
ward to show that the error in Cartesian PML truncation (and indeed, truncation with
any complex absorption) is super-polynomially small in frequency (i.e., given N > 0
there exists Cy such that the error is < Cyk~% for all sufficiently large frequencies
k). These arguments are written out — and this error bound proved — in the case of
scattering by smooth variable coefficients (where these propagation arguments are the
least technical) in [6, Theorem 4.7]. In the case of no scattering, and for Cartesian
PML where the scaling function is linear at the PML boundary, the error was proved
to be exponentially small in the PML width, the scaling strength, and the frequency
in [4, Lemma 3.4]. Very recently, this result was extended to the case of scattering by
a star-shaped Dirichlet obstacle [20, Theorem 5.6].

The main result of the present paper is informally summarised as the following.
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INFORMAL THEOREM 1.1. Consider a Helmholtz scattering problem fitting in the
black-box framework of [18]; recall that this includes scattering by Lipschitz Dirichlet
and Neumann obstacles and/or Lipschitz penetrable obstacles [14, §2.2].

Suppose that the solution operator is polynomially bounded in frequency — as occurs
for “most” frequencies by [14, Theorem 3.3] in general, and always for nontrapping
scatterers including star-shaped obstacles.

Then, for Cartesian PML truncation where the scaling function is linear at the
PML boundary, the error decreases exponentially in the width of the PML, the strength
of the scaling, and the frequency.

2. Statement of the main result.

2.1. Recap of the black-box framework. We consider P a (semiclassically
scaled) Helmholtz scattering operator in the black-box framework of Sjostrand—
Zworski [18]. We give a short recap here, and refer to [5, Chapter 4] for the details. In
this framework, P = —k~2A outside a ball and is equal to some self-adjoint operator
inside the ball. Black-box operators include scattering by Dirichlet, Neumann, and
penetrable obstacles (even for Lipschitz boundaries — see [14, §2.2]), and scattering
by inhomogeneous media.

For i = 1,...,d, let Ryp; be such that the black box is contained in Q1 =

[T, (—Rubis Run,)- Let
H =My @ L*(RY\ Qup),

where H, is a Hilbert space such that P : H — H is an unbounded operator with
domain D. (Recall that if u = (0,u1) with suppu; N Qpp, = 0, then u € D & u;y €
H?(R?®\ Qup) and, furthermore, P(0,u;) = (0, —k~2Auy).) We use the following
notation for multiplication operators on H: for u = (ui,us) € H and x € L®(R?)
with supp(1 — x) N Qup = 0 we set xu := (uy, xu2).

In addition to the usual black-box assumptions, we require the following unique-
continuation-type property:

(2.1) if u=(uj,u2) € D, (P—1)u =0, and ug is compactly supported, then u =0

(note that this is the case for the scattering examples listed above; see the discussion
and references in [8, §4.2]). This unique-continuation property combined with Rel-
lich’s theorem (see [5, Theorem 4.17]) implies uniqueness of outgoing solutions to the
equation (P — 1)u = g for compactly supported g € H.

We can now define the limiting absorption resolvent Rp := lim,_,q+ (P —1—1¢)~
and recall that xRpx : H — D [5, Theorem 4.4].
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2.2. Definition of the scaled operators. Given Ry, ;, 7 = 1,...,d, let
Rpb; < Rs,j < Riin,j < Rir; (where “bb” stands for “black-box”, “st” stands
for “start”, “lin” stands for “linear”, and “tr” stands for “truncation”), and let

Q. = H?Zl(—R*,j, R*,j) with x standing for either of the previous subscripts. We
consider a Cartesian totally real deformation (see [5, Section 4.5]), I, of R? given by

d
(2.2) Yo :x— x+i(tanf)VF(x), where F(x):= Z Fj(xj),

j=1

with Fj € COO(R), Fj =0 on [_Rbb,ijbb,j] and F;(iE) = g for ‘.13| > Rlin,ja {FJN >

0} = {|z| > Rs,; } and F; convex. (The notation “lin” is used since when |z;| > Ry ;
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the scaling/stretching in the jth coordinate is linear by (2.2).) We identify T' with R¢
using the map ~y.
Let

zi: (1 +i(tan a)F”(xj)a“f)z’

Py e — 1= —k720g — 1;

and let

i.e., Py tree — 1 is the free, scaled Helmholtz operator. Let (Py — 1) be the operator P
deformed to I', and let (PQD — 1) be the Dirichlet realization of Py — 1 on Qy, More
precisely, let

H(Qtr) = HO @ LQ(Qtr \ be))
D(Qty) := {u € H(Qtr) : for allx € C°(Qst), X =1 on Qpp, xu € D,

(1=0)u € H} (Qu). =Ao((1 = )u) € L(Qur) },

and then define
PPu = P(xu) + (~k220)(1 — x)u)

so that PP : H(Qt) — H(Q4r) with domain D(Qy,) and norm

(2.3) HU”%(Q”) = HU”?-L(QU) + ||P9U||§{(Q”)7 u € D(Qrr)-
2.3. The main result.

THEOREM 2.1 (Exponential accuracy of Cartesian PML truncation). Let x €
C(Qst) with supp(l — x) N Qup = O, and suppose that there are J C (0,00) and
M > 0 such that for all kg > 0, there is C > 0 such that for k € J, k > kg

IxRpx|la—n < CEM.
Then, for all 6,e > 0 there are C, c, k1 > 0 such that for Rg; ;+€ < Riin, Riin+e€ < Reri,
for all 0 € [§,7/2 = 4], and all k € T with k > ki, (PP —1)7! : H(Qw) — D(Qwr)
exists with

(2.4) ||X(RP — (PP —1)" < Cexp (—cktan O min{ Ry, ; — Ryt })-

)XHH (Qtr)—=D(Qrr)

We emphasise that, in the case of scattering by Dirichlet, Neumann, and pene-
trable Lipschitz obstacles and scattering by variable coefficients, for all kg > 0, there
is C' > 0 such that for k > ko,

lullZy = llullZ2 + 157 VullZs < Cllulipg,,);

i.e., (2.4) controls the k-weighted H' error.
Overview of the proof. Let g € H, x a cutoff supported in the unscaled region
Qst, and consider uyg, u(g’ the solutions of

(Po — 1)ug = (P — 1)ug = xg.

By the well-known property that ug equals the scattering solution Rpyg in the un-
scaled region (see Theorem 4.1 below), it suffices to show that ug and u} agree up to
exponentially small errors in the unscaled region.
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To bound the error E := thuy — uf (where suppx C {¢p = 1} C suppy C Qu),
we observe that it satisfies the PDE

(PP —1)E = [Py, ]ug = [Py, 1] dug

for some cutoff ¢ = 0 near the black-box and ¢ = 1 outside of Q)s;. We now use the
fact that any Helmholtz solution away from the scatterer can be written in terms of
the free resolvent. Indeed,

(Pp tree — 1)pug = (60X + [Po tree, Plus) =: § = pug = (Pp free — 1)7'7,
and thus
E=(Py = 1) '[Py, ¥)(Pysrec — 1)7'7.

Importantly, g is supported in the unscaled region, and [Py, ] is supported near the
truncation boundary.

Theorem 2.1 then follows from two additional properties.

1. Exponential decay of x1(Pp,free — 1) ' x2 with respect to the distance between
the supports of x1 and xs.
2. An estimate on (P —1)~! of the form ||(PP — 1)~ < CkM.

Property 1 follows from the decaying behaviour of the free Green’s function in
the complex-scaled coordinates (see Lemma 3.6).

Property 2 follows by first bounding (PP — 1)~! in terms of (Py — 1)~! (see
Lemma 4.2), and then bounding the latter in terms of xRpy (see Lemma 5.2), which
is polynomially bounded by assumption. This first bound requires an estimate on
(Pp.free — 1)™1 (see Theorem 3.1).

The bound on (P —1)~! in terms of (P —1)~! follows from an a priori estimate
on solutions to

(PY —lu=g

in a neighborhood of the truncation boundary. For radial PMLs, this type of esti-
mate follows easily from coercivity of the quadratic on functions supported near the
truncation boundary (see [7, Lemma 4.4]). However, because Cartesian PMLs are
not coercive near the truncation boundary (coercivity only occurs in the “corners”
of the scaling region), this estimate is now more delicate and relies on a propagation
of semiclassical singularities argument. Namely, at any point (z,£) in phase space
with z near the truncation boundary, either the semiclassical symbol of the opera-
tor is non-zero — and hence the operator is elliptic —or the backward Hamiltonian
trajectory escapes to a region of ellipticity in finite time; see Figure 2.1.

REMARK 2.2. We highlight that the only places where the Cartesian structure of
the PML is used in the above arguments are (i) to bound (Py gree — 1)7 1, (ii) to prove
the exponential estimate on the free Green’s kernel, and (iii) to prove the a priori
estimate near the truncation boundary. In particular, in any scaling where one can
establish these two estimates one can prove erponential error bounds for the PML
problem.

Why we assume that F} is linear near the PML boundary. The principal symbol of
the scaled operator Py has a nonpositive imaginary part; see (3.3) below. For such an
operator, the relevant propagation of singularities results in the semiclassical calculus
for domains with a boundary have not yet been written down in the literature. Indeed,
such propagation of singularities results in the semiclassical calculus have been proved
(i) on manifolds without boundary for operators with symbols whose imaginary parts
are single-signed [5, Theorem E.47] and (ii) on manifolds with boundary for P [19].
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*Rst,1 Rst,l

not elliptic in <>
direction
exp(—tHgp, 1 ) (@0, &0) (wo,80)
Rst,?
not elliptic in
direction
/ be
(#1,&1)
7Rst,2

Scaling in z;

Fia. 2.1. Sketch of the main argument used to prove an a priori estimate for solutions of the
Cartesian PML problem near the truncation boundary. (x1,£1) is a point of phase-space where the
problem is elliptic and hence estimates are available without propagation. In contrast, (xo,&o) is
a point where the problem is not elliptic, but from any such point, the backward Hamiltonian flow
associated to the real part of the symbol of Py — 1 will eventually reach a corner (i.e., a point of
ellipticity)

The assumption in §2.2 that F/(z) = z for |z| > Ry, allows us to use a re-
flection argument (similar to that used for the Cartesian PML analyses in 2-d in [3,
Proof of Theorem 5.5, [4, Lemma 3.4]) to extend the solution past 0Q:, and use the
propagation results of (i) above, i.e., bypassing the issue of propagation up to the
boundary. Once the relevant propagation results are written down in the literature,
this assumption can be removed.

3. Results about the free complex-scaled resolvent. With
(3.1) Fr(u)(€) == / e~ &Ry (2) d,
Rd
define for s € R

d
Il oy = ey [ (1 6P IF )@ P

THEOREM 3.1 (Bound on the free scaled resolvent). Given § > 0 and s € R,
there exists C > 0 and ko > 0 such that for all k > ko and 6 € [, 5 — 0],

||(P0}free - 1)_1HH;(Rd)_>H;+2(Rd) < Ck.

REMARK 3.2. [20, Theorem 3.6] proves an L?> — L? bound analogous to that
in Theorem 3.1 for the case of a piecewise-linear scaling function. The analogue of

Theorem 3.1 for radial PML is [7, Theorem 3.2].

To prove Theorem 3.1, and also other results below, we use the following facts
5



about the adjoint of —Ay. Let

d
Ay = det(I +i(tan0) F" (z))Ag = [ [ (1 + i(tan 0) F} (z;)) Ag.
j=1
Then, by a simple calculation,
(Ag)* = JAgJ,

where J is the action of complex conjugate; i.e., Jv = T. Therefore
(3.2) (Ag)* = Jdet(I +i(tan @) F" (x))AgJ(det(I —i(tan 6)F" (x)))~ .

To prove Theorem 3.1 we use semiclassical propagation results (i.e., PDE bounds
describing how behaviour of Helmholtz solutions are dictated by the behaviour of the
rays) from [5, Appendix E] and [21]. Note that here we use the small parameter k=1,
but [5, 21] denote the small parameter by h.

The semiclassical principal symbol of Pp frcc is

d

_ 2
po,a(,§) = 0(Po) = Z <1 i itarfieF!’(JI‘)) '
i=1 L

Observe that

d

Rpo. (2, §) = ; (1 + (tan OF) (z;))?)

d —2tan OF! (z;)&?
3.3 Spo.x(,8) = 1 |
(3.3) Spo,x(, ) ; (1 + (tan 0F) (2;))?)

(1 — (tan 0F;"(x:))*)&?

; <0

Before proceeding to estimate the free resolvent, we need a dynamical fact about
the rays associated to Py s (more precisely, the Hamiltonian flow of Rpg ).

LEMMA 3.3 (Uniform escape of the rays to ellipticity). Let d > 0. Then there are
T >0, > 0 such that for all 6 € [6, % —06], (z0,&) € T*R* with |pg,u (w0, &0) —1] < p,
there is 0 <t < T such that

|p97fr(exp(*tH§RP9,fr (5130’50)) - 1‘ B

Proof. Define
i 1 — (tanOF! (;))?

_ 2
Po = (1 + (tan 0Fi”(xi))2)2§i '

Then, since {p}, Rpo i} = 0, pj is preserved by the Hamiltonian flow for Rpg ¢
Define (x(t),£(t)) := exp(tHyp, ., )(%0,&0). Let

To := —sup {t <0 : [pgs(x(t),&(t) — 1] > p}.

Then,

2tan? OF) (x;)(3 — (tan OF] (x;))?)F" (z;)
(1+ (tan@F! (z;))?)3
6

(3.4) O (wi&;) = 2py + ;.



Observe that on [pg u — 1| < g,
0 < F/'(2:)€] < Cs|S(po,se — 1)| = Os(p) = Rpo (70, &0) = 1+ Os(p).

Therefore, there is ¢ such that

Py(r0,60) = ph(a(t).€0) > 2 + Os(w) = |6(1)] > e+ Os(v/i)

~—d
Hence, if t < 0 and |x;(t)| > Riin i, we have
Spo.ir < —c <0

which implies t < —Tp. In particular, for —Tp < t <0, |z;| < Rjin,; and hence using
this in (3.4) along with Gronwall’s inequality, for =Ty <t <0,

ri(06(0) < (= 2+ 0s(u) 1l + :(0)&:0)

But then, using again that ¢ < [§;(¢)] < C, and |z;(t)| < Riin,, for =Ty <t <0,

2
Rins > lai( =T = € ( (5 = 036 ) 1] = R ).
which implies that |Ty| < C'Ryin ;, completing the proof. 0

Recall (from, e.g., [21, §9.3]) that

S™(R2) .= {a € C®(R*) : Va,f € NY, sup (&) ™ 19920fa(x,€)| < oo},
(w,6)eR?
k>1

where (¢) := (1 + |¢]?)Y/2. Furthermore, for u € S’ and a € S™, we define

d
Onufa)ue) = ooy [ [ M 9ate.uty)das.

LEMMA 3.4 (Elliptic estimate). Let p,6, N, kg > 0, s € R and a € S° with
suppa C {|pg,sr — 1| > p}. Then there is C > 0 such that for all 0 € [0, 5 — §],
u € 8'(RY) with (Py ree — 1)u € H{(RY), and k > ko,

10Dk (@)ull 2 < Cll(Ptee — ullig + Ok ]y
Proof. Observe that for all g > 0, there is ¢ > 0 such that

{lpo.e—1 =11 = p} € {Ipo.s: — 1| = ¢(€)?}.

Hence, the lemma follows from the elliptic estimate for semiclassical pseudodifferential
operators (see e.g. the proof of [5, Theorem E.33] together with [21, Theorem 9.5]).0

LEMMA 3.5 (Propagation estimate). Let ko > 0, there is u > 0 such that for all
8,N >0 and a € S° with suppa C {|pg.s — 1| < p}, there is C > 0 such that for all
0€[0,%—6], ue SR with (P ree — 1)u € Hy ¥ (RY), and k > ko,

0Pk (a)ull gy ey < Ck[|(Po,free — 1)UHH,;N(Rd) + CNk‘_NH“”H;N(Rd)'
7



Proof. Tt will be convenient in this proof to work with pseudodifferential operators
whose kernels are supported in a unit neighborhood of the diagonal. To do this, we
fix ¥ € C°([-1,1]) with supp(l —¢) N [-1/2,1/2] = 0, and write for b € S°°, and
ueS,

k4 Kelo—
Op(b)u(e) i= g [ [ M9, (e — yulw)duds
(2m)? Jpa Jra
By integration by parts in £ (see [21, Theorem 9.6]),
10D (@) = Opy(a))ull gy < Cnk™Jull ;-

Therefore, it is sufficient to estimate Opy (a)u. For this, let x € C2°(B(0,4v/d); [0, 1))
such that .. x(z —n) =1 and define

an, = a(z, &) xn(zT), Xn(z) := x(x —n).

Then, by [5, Theorem E.47] together with locality of Py free and Lemma 3.3 there
are C' > 0, by, b, € C(R%), ¢, € C(R?) with suppb,, C {|pe.sr — 1| > ¢(€)?, |z —
n| < C}, supp b, C {|x —n| < C}, supp ¢, C {|z — n| < C} such that

0Py (an )ul| L2

< Ck||Opy (by, ) (Pa free — 1)“HH;1 + C||Opy,(bn)ul L2 + CNk_N”(anHH,:N

< Cklén(Po,srce — Dull -~ + ClOpy(bn)ull 2 + Ck ™ [ gl
k k

Next, using the elliptic estimate (see, e.g., the proof of [5, Theorem E.33] together
with [21, Theorem 9.5]) and locality of Py free to control Op,(b,)u, we obtain

(35 IOpu(an)ullzs < Ckllén(Pogee — Dl ~ + Ok [éuull .
Now, we estimate

(3.6) 10px(a)ullfx < C[Opy(a)ullz + CnE N ullf, -~

Then, using the support properties of ¢,, and (3.5), we have

1> Opylan)ul?s = (Opgan)u, Opy(an )u) 2

nezd n,n’

Z «%k(an)uﬂ (’)\-I/)k(an’)u>L2

In—n’|<C

< )" |Opy(an)ulz2

< 2 o 2 -N 2
< O Ko Posee = Dl + Ok ol
(37) < O (Paree = LJull—x + Cork™ ™ Jull} .
k k

Combining (3.6) with (3.7) completes the proof. 0



Proof of Theorem 3.1. Let p be as in Lemma 3.5 and a € S° with suppa C
{Ipo.t —1| < p} and supp(1 —a) C {|po,i: —1| > §}. Then, Lemmas 3.5 and 3.4 imply,
respectively, that

10pw(@)ull iy < CRI(Po suee — Dl + Cock™ [l -

and
10py, (1 — a)ull o> < Cl|(Po,free — Dulla; + CNkiNHU”H;N'

Hence, for k large enough,
[ull oo < CK|l(Po ree — Dullmy-
An identical argument but applied to Py, (using the relation (3.2)) implies
HUHH;S < CkH(PG*,free - 1)u||H;572,

and hence that (Pp free — 1) is invertible with the required estimate. 0

LEMMA 3.6 (Decay estimates for the free complex-scaled resolvent).  Given
6,¢,Co, kg > 0 there exists C,¢ > 0 such that the following is true. Let x1,x2 €
C>*(R%[0,1]) with supp x1 C Qur \ Quin sUpp X2 C Qst, and

10%Xil[ L < Co, la| <2, i=1,2.
Then for Rg + € < Ryin, k > ko, 0 € [0,7/2 — 4],
[ X1 (P gree — 1)71X2||L2(Rd)~>H§(Rd) < Cexp ( — ¢k tan 6 dist(supp x1, supp x2)).

To prove Lemma 3.6, we use the following lemma.

LEMMA 3.7. Suppose that u,v € R? with (u,v) > 0 and u # 0. Then (with the
principal branch of the square root),

d 1/2 U, v
(S +r) ") 52

j=1

Proof. To keep the notation concise, we denote Z;l:l(uj +iv;)? by (u+iv, u+iv)
(i.e., the inner product on R? is extended to C? bilinearly). Let p, ¢ be such that

(3.8)  pH4ig:=(u+iv,u+w)/? sothat (p+iq)? = |ul®—|v|? + 2i(u,v).

Now ¢ > 0 since (u,v) > 0, and p > 0 from the principal branch of the square root.

We need to prove that ¢ > (u,v)/|u|. Taking the imaginary part of the second
equation in (3.8) we see that pg = (u, v}, so it is enough to show that p < |u|. Taking
the real part of the second equation in (3.8) and combining it with the equality
p? + ¢® = |(u + iv,u + iv)|, we obtain that

o Nu+iv,u+ )|+ ul’ = Jof?
pm= 5 :

By the Cauchy—Schwarz inequality,

[(u+ dv,u+i0)|* = (Jul® = [o]*)? + 4w, 0)* < (Juf® = [0*)? + dful?|of?
9



= (Jul* + [v]*)*.

Hence

2 ul? + [vf? + |ul® — [o]* _ fuf?
2
and the proof is complete. 0

Proof of Lemma 3.6. By the explicit expression for the fundamental solution,

d
((Pofree — / G (7o (x H i(tan 0) F} (y;)) dy
where
(3.9)
ik? k v 1/2
Gi(z) == e <27rp(z)) HWY (kr(z), r(z2):= (;ZJQ) , and v:=(d—2)/2.

By the Schur test (see, e.g., [9, §I.1]) or the Riesz-Thorin interpolation theorem (see,
e.g., [9, Theorem 1.34]),

”Xl(Pé),free - 1)71X2HL2—>L2
1/2
< (eSSSupzeRd/ ]X1 )Gr(ve(x) — 79(9))X2(y)|dy)

 (esssup, e [ Pa@)Gaoate) = r0lwnato)] de)

Now

(3.10) HY () = \/Z exp (z(t - %” - %)) <1 + o<1)> as [t| — oo

for —m 4+ 0 < argt < 7 — §; see, e.g., [17, §10.17(i)]). Therefore given ¢ > 0 there
exists C' > 0 such that if Sr(z) > ¢ then

|Gil2)] < CKF Jr(2)| =% exp(—kSr(2)).
With vy defined by (2.2), by direct calculation
Yo(z) —v0(y) = (x —y) +i(tan0) (VF(z) — VF(y)).

By convexity of F, (VF(x) — VF(y),x — y) > 0. Therefore, by Lemma 3.7, with
u=x—yand v = (tan0)(VF(z) — VF(y)),

d 1/2
a1y (X0 -ww)”

Jj=1

(tan9)<;y, VF(z) — VF(y)>.

|z =yl

Since supp x1 C Qr \ Quin and supp x2 C Qgs, for € supp x1 and y € supp x2, there
is ¢ such that |z; — y;| > cJo — y| and |z;| > Rin,; and |y;| < Rs,; and hence, using
that D2F = diag(F}'(z;)) and F/'(x;) > 0, we obtain

— 1
(o= VF(@) = VF()) = o —y| / (DIF(sz+ (1= 9)y) =iy, o=y )ds

|z -yl
10



1
> cle —y| / F'(si + (1 — s)yi)ds
0

Fl ) — F' (s )
oo -y BN T FW) gy B s gy,
Ti = Yi Ti—Yi
The result then follows after using elliptic regularity for Py free- 0

4. Results about the complex-scaled resolvent.

THEOREM 4.1 (Agreement away from scaling). If x € C°(Qst) with supp(1l —

X) N Qub =0, then
x(Py — 1)~ 'x = xRpx.

Proof. This is proved for the case of scattering by a Dirichlet obstacle in [11,
Proposition IX.2], [3, Proof of Theorem 5.4]. For completeness we give the (short)
proof here in the black-box setting.

Given g € H, let u € D solve (Py — 1)u = xg. We first show that away from the
black-box u can be written as a solution to the free complex-scaled problem. Let ¢ €
C>(R%;[0,1]) be such that supp ¢ Nsupp(Ps — (—k~24Ap)) = () and supp(Ve) C Qst.
Then

(Po,free — 1)pu = (Py — 1)du = dxg + [Po, lu = dxg + [~k > Ag, ¢Ju
= ¢xg + [~k T?A, dlu.

so that
(4'1) (bu = (PO,free - 1)_1 (¢Xg + [_k_QAa ¢]u)

Let ¢ € C>(R%[0,1]) with supp(1 — (;S) Nsupp¢ = O and suppp C RY \ Qpp and
Xj € C(Qst)), j = 1,2 with supp(l — x;) N suppx = supp(l — X1) Nsupp Vo =

supp(1l — X2) Nsupp V¢ = supp X2 Nsupp ¢ = ()
Observe that

(Ppree — 1) 7'%1 = (—k %8¢ — 1) 7'x1 = (RppoX1) I

in the last equality, we mean the analytic continuation of Rp,_ Y1 to C? (away from
supp X1), restricted to I'. Hence, since I = R? on supp Y2, we obtain

2Py ree — 1) 7' %1 = X2(—k2A = 1)1 |r = X2 Rp,. X1
In particular, by (4.1),
0= Xodu = X2(Pofec — 1) " X1 (dxg + [k 2A, ¢]u)
(4.2) = X2Rp,..x1(dx9 + [—k2A, Plu).

Now define ~
= (1= ¢)u+ ¢Rp,,, (dxg + [-k7*A, ¢Ju)

and observe that

(P—1)i=(P-1)1-¢)u+ (P—1)¢Rp,, (dxg+ [~k >A, ¢Ju)
=(P—-1)(1 - ¢)u+ (Pree — 1)ORp,.. (dxg + [~k A, ¢lu)

=xg+ [~k 2D, ¢]X2Rp,. X1 (dxg + [k A, ¢Ju)
11



= X9,

where we used (4.2) in the last line. Since @ is outgoing, the result now follows from
uniqueness of outgoing solutions to (P — 1)u = xg (see (2.1)). 0

LEMMA 4.2 (Bounding the complex-scaled resolvent in terms of the resolvent).
Given § > 0 there exists kg > 0 such that the following is true. Given x € C®(Qst)
with supp(1 — x) N Qup = 0, there exists C > 0 such that for all § € [0, — 0], and
k> ko, (Pp— 1)~ :H — D exists and satisfies

1(Pp — 1) o < ClIxRpX||Hsn-

Proof. Given Theorem 4.1, the proof of Lemma 4.2 under the assumption that
(Py —1)7' : H — D exists is identical to the proof of the analogue of this result for
radial PML in [7, Proof of Lemma 3.3] — the only difference is that the appropriate
cut-off functions in [7, Proof of Lemma 3.3], whose support properties are defined via
balls, must now have support properties defined via suitable hyperrectangles.

To demonstrate that (Pp — 1)~ : H — D exists, we repeat the argument above
for the adjoint (Py —1) : H — D*, and then use the fact that an operator is invertible
if and only if both the operator and its adjoint are bounded below. |

5. Results about the truncated complex-scaled resolvent.

LEMMA 5.1 (Estimate near PML boundary using propagation and reflection).
Given €,0,Cy > 0 there exists kg > 0 such that given N > 0 there exists C > 0 such
that the following is true. Let Ry ; +€ < R; < Ryr; and let U := Q \ Hle(—Ri, R;)
and ¢ € C°(U) with

[0%]|Le < Co, o] 2.

Then for all 6 € [6,7/2 — 6], all k > ko and all uw € D(Qty) with u =10 on Q4

(5.1) [bullp@u) < C(’CH(PeD = Dullrqu) + ’f_NHU\IH(Qtr)),

and for all v € H(Q4r)

(5.2) leellu < C(RIPP = 1) 0lp(@u) + F ™ [0ln(gun) )
Proof. To prove (5.1), let f := (PP — 1)u € H(Q). By [6, Lemma 3.6], since
Ry > Riin,i, we may extend u to a solution @ to

(Pp—1)a=f

in a neighborhood, V, of dQy, with U € V, where f € L?(V) is an appropriate
reflection of f across dQ¢, and hence ||f||L2(V) < N f -

We now apply the propagation and elliptic estimates of [5, Theorem E.47, Theo-
rem E.33]. To do this, we first show that for any (x,&) € T*U with pg p(z,£) = 1 the
backward Hamiltonian trajectory for Rpg s encounters pg ¢ 7# 1 before exiting T*V.
Once we have proved this, the result follows directly by applying to @ [5, Theorem
E.47] near points where pg s, — 1 = 0 and [5, Theorem E.33] otherwise.

To prove the dynamical statement, observe that for any j =1,...,d and (z,§) €
T*U, with x; > Ry, and pos(z,§) = 1, we have §; = 0 = 0, Rpg st = 0 and
hence x; is constant along the Hamiltonian trajectory of Rpy g until the trajectory
meets pg r # 1. This implies that such trajectories remain inside V' until they either
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encounter pg g # 1 or exit V. To see that the former happens notice that Zi# &>
¢ > 0 and hence there is ¢ with [£;| > 0, F/'(z;) = 0. This implies that z; increases (or
decreases) and &; is constant along the Hamiltonian flow for Rpg g until F)'(x;) # 0.
Since F/'(x;) # 0, & # 0 implies pg (x4, &) # 1 and F}'(x;) > 0 for |z;| > Ry, this
implies that the backward trajectory for Rpg frec meets pg g # 1 before exiting V.

For (5.2), the procedure is the same except that we set f := (PP —1)*v € D*(Q)-
Then, in a neighborhood, V', of 0Q,,

(P — 1) =f
where f in H2(V) and ||fHH,;2(V) < C|fllp= (see the proof of [6, Lemma 3.2]). The

estimate then follows in the same way except that we follow trajectories of Rpg ¢
forward. O

LEMMA 5.2 (Bounding the truncated complex-scaled resolvent in terms of the
resolvent).  Suppose that there exists x € C°(Qs) with supp(l — x) N Qup = 0,
J C (0,00), and M > 0 such that for ko > 0 and there is Cy > 0 such that for all
keJ, k>ko

IXRex|lnsp < Cok™.
Given 6, > 0 there exists C > 0 and k1 > ko > 0 such that for R ; + € < Rer i,
0e€l6,n/2—10], and all k € T with k > kq,

H(PQD - 1)71”H(ch)—>D(Q“) < ClIxRpx||n—p-

Proof. Let (PP — 1)u = g and (PP — 1)*v = g. Recall that an operator is
invertible if and only if both the operator and its adjoint are bounded below. By this
and Lemma 4.2, it is sufficient to prove that

(5.3) ullp(@u) < Cll(Ps — 1) lasnllgllrigu
and
(5.4) V]3¢0, < Cll(Py — H~ p=#l 9D (Qu)-

Let U be as in Lemma 5.1 and let x € C°(Q,) with supp dx C U and supp(1l —x) N
Qv, = 0. By (5.1), given N > M + 1, there exists C' > 0 such that

(5.5) 10 = )l < C(klglhuau + 5 lullug. )-
On the other hand, since x € C°(Qyr),

xu=(Py—1)"" (xg + [*k”Ae,x]U)

so that, since suppdx C U,
Ixullo < CIPs = 1) s (gl + 5 el )

(5.6) < OB = 1) s (Iglhau + 5Vl )

where we have used (5.1) again in the last line. By adding (5.5) and (5.6) and using
that ||(Pp — 1)~ !||3—p is both polynomially bounded and bounded below by ck (see,
e.g., [7, Remark 3.4]) we obtain that

lull(@u) < Cl(Po = 1)~ laspllglm@un-

The bound (5.3) then follows from the definition of || - [|p(q,,) (2.3).
Repeating this argument for the adjoint problem using (5.2) instead of (5.1)
proves (5.4), and the proof is complete. d
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6. Proof of Theorem 2.1. By Theorem 4.1, it is sufficient to prove that, for
X € C(Qs) with supp(1 — x) N Qu, = 0,

(6.1) HX((PeD —1)"t—(Py— 1>_1)XH7—[~>D < Cexp ( — ck(tan ) miin{Rtr,i — Rsm})-
Given g € L? with suppg C Q;, let u € D solve

(Pp — u = xg.

As in the proof of Theorem 4.1, u can be written as a solution to the free complex-
scaled problem: let ¢ € C°°(R%; [0, 1]) be such that supp ¢Nsupp(Py — (—k~2Ag)) =0
and supp(Ve) C Qs By (4.1),

(6.2) pu = (Porec — 1) (dxg + [k > Do, $u).

The idea of the proof is now to show that if ¢ is a cut-off function supported in Q.
with ¥ = 1 except in a small neighborhood of 9Q, then u is a good approximation
to (PP —1)"'xg. Furthermore, the commutator in this difference is supported near
0Q4r, and thus the error decreases exponentially via the expression (4.1) and the
bounds on (Pp free — 1)~! in Lemma 3.6.

In more detail, let ¢p € C°(Q4,) with supp(l — %) Nsuppx = @ and supp(1 —
P)N Hle(—Rtryi + €, Ry, —€) = 0 and supp 9y Nsupp(1l — ¢) = 0. Then ¢u satisfies
Yulag,, = 0 and

(Po — 1) = ¢xg + [k~ Ag, Y]u
= xg + [-k 00, Y] pu
= X9+ [_k'_2A97'(/}](P9,free - 1)_1(¢Xg + [_k_2A9a (b]U)
Let Y € C°(R?) with supp Y C Qs with supp(1 — X) N (supp x U supp V¢) = () and
let 5 € C2°(Q4y; [0, 1]) with supp 50 H?=1(*Rtr,i +é€ Ry —e€) =0 and supp(1l — 5) N
supp V4 = (). Then
(PY —1)""xg —Yu
= =Py = D)7 k200, Y] (Posree — 1) (dxg + [~k Dp, d]u)
= —(PP = 1) [~k 200, Y]3(Posree — 1) X (dxg + [~k 200, 6](Py — 1) ' xg).

By the combination of Lemmas 4.2 and 5.2, (PQD —1)7! is polynomially bounded. We

now apply Lemma 3.6 to bound Hi(Pg,free — 1)’1%||L2HH,3. By the definitions of 5
and Y, for e > 0 small enough,

~ ~ . 1 .
dist(supp ¢, supp X) > min{ Ry, ; — Rst,; — €} > 5 min{ Ry, ; — Rst 4 }-
K3 3

Therefore, by Lemma 3.6, given d,kp > 0 there exist C,é > 0 such that for all
0 €[6,7/2 — 4], and all k > ko,

||$(P97free - 1)71£||L2(Rd)—>H]3(]Rd) < Cexp ( —ck tanﬂmiin{RtM — Rst,i})

and the proof is complete.
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