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We discuss how translocation properties of the 20S proteasome influence its length dis-
tribution, one of its most important feature for the normal functioning of the immune
system. For this we consider a simple one-channel proteasome model and assume that
the protein transport depends significantly on the length of a protein located inside the
proteasome chamber. Using the master equation approach we show analytically that
the length distribution with one dominating peak, observed in the experiments, can be
achieved if the transport rate function is in a certain relation with cleavage probabilities
and the geometry of a proteasome. Our analytical results are confirmed by numerical
simulations of the protein degradation by the proteasome performed using the modified
Gillespie algorithm.
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1. Introduction

Proteasomes are a class of multicatalytic cellular protease complexes that are pri-
marily responsible for non-lysosomal protein degradation. The principle mode of
occurrence of the proteasome is a proteolytically active catalytic core, also known
as the 20S proteasome, or as a protein complex associated with regulatory particles,
the 19S ! and PA28 particles 23, The 20S proteasome is a barrel-shaped structure
composed of four stacked rings of 28 subunits %. The active cleavage sites are
located within the central chamber of the 20S proteasome, into which protein sub-
strates must enter through narrow openings of outer rings. 20S proteasomes can be
found in its usual form as a constitutive proteasome, or as an immunoproteasome
in which the active site subunits are replaced by IFN-vy-inducible immuno-subunits
56, The capped 208 proteasomes are called 268 proteasomes, and these are thought
to be responsible for the majority of the protein degradation in vivo, where as many
experiments in vitro are performed with the 20S proteasomes without multiple ATP
molecules present in regulating caps and without Ubiquitin.

The mechanism for protein degradation follows one of several pathways. Most
proteins have to be tagged with Ubiquitin in order to be recognized and degraded
by the proteasome. Proteasomes also degrade a small fraction of proteins that are
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Fig. 1. Schematic diagram of the protein degradation by the proteasome. The protein strand
(denoted by ’0-0-0-0’) enters the proteasome from the left to be cleaved by the cleavage centers
(denoted by the scissors). The length of the strand after crossing the cleavage center is denoted
by x.

not tagged with Ubiquitin, but this is thought to reflect a much older method of
substrate recognition by the proteasomes, mediated by “built-in” sequence signals.
One of the most significant effect of the proteasomal protein degradation is the
formation of antigenic peptides of length 8 —10 amino-acids which are then presented
by the MHC class I molecules for subsequent recognition by the T-lymphocytes
56,7,8,9,10 'They, therefore, form an intrinsic part of the human immune system.
As a part of the Ubiquitin system, proteasomes are involved in the regulation of
the cell cycle and the cell stress response. Recently, proteasome inhibition has been
suggested as a promising new target for cancer treatment 11,12,13

Due to the significance of the proteasomal protein degradation to the human
immune system, the modelling of the proteasome is thought to be of primary im-
portance in building a “virtual” immune system. However, theoretical prediction of
the proteasome function and hence its effect on the human immune system is still
in its infancy. There have been several approaches to modelling proteasomal protein
degradation. To model the proteasome mechanism, one should adequately describe
three essential processes involved in the proteasome function: i) selection of cleavage
sites, ii) a peptide translocation inside the proteasome, and iii) kinetics of generated
fragments. Three algorithms are available for the prediction of cleavage sites, PA-
ProC ', Netchop '°, and ProteaSMM 16. Several theoretical models for the kinetics
of proteasome degradation have been published. Some of the models describe the
degradation of short peptides with qualitatively different kinetics 171819
number of cleavage positions 2°. The theoretical model 2%2! for the degradation
of long substrates is applied to specific proteins with predefined cleavage sites and
is fitted to experimental data describing the fragment quantity after proteasomal
degradation.

One of the important experimental result related to the theoretical modelling of
the proteasome is the analysis of the length distribution of peptides produced as a
result of proteasomal digestion. The experimental analysis of proteasomal cleavage

or small

products reveals a strictly non-monotonous length distribution for long substrates.
The distribution has a peak around 7 — 12 amino acids irrespective of the type of
proteasome. Incidentally, this is also the length most frequently required for the
proper functioning of the immune system. A widely accepted explanation for this
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result was a concerted cleavage, or 'molecular ruler’ mechanism in which neighbor-
ing centers cleave the protein in a synchronized manner, as first proposed by 22.
However, this hypothesis was not supported by any experimental evidence and also
the fact that the peak in the distributions was rounded to an extent 22. Recently,
two other mechanisms, the optimal length transportation hypothesis 4 and non-
monotonous cleavage strength in kinetic models of the proteasome function 2° have
been reported.

In our study we focus solely on the protein translocation and develop the idea
that proteasome length distribution can be partially explained by peculiarities of the
peptide translocation inside the proteasome chamber, suggested in 2624, We show
that the differences in the length dependent velocity rates and its relation with
the proteasome geometry and cleavage probabilities can be of crucial importance
for the length distribution. We propose a stochastic model of proteasomal protein
degradation with given cleavage probabilities and translocation rate functions that
depend only on the length of the protein strand inside the proteasome. We, then,
examine the model analytically, with the assumption that products of cleavage
were transported out of the proteasome before undergoing further cleavage. We
obtain the necessary condition for obtaining a maximum in the length distribution
of peptides and find the necessary relation between the transport rate function,
cleavage probabilities and the geometry of the proteasome. Finally, we find the
length distributions of peptides obtained numerically to be in close agreement with
our analytical results.

2. The Model

In our model we assume that the proteasome has a single channel for the entry
of the substrate with two cleavage centers present at the same distance from the
ends, yielding in a symmetric structure as confirmed by experimental studies of
its structure. In reality a proteasome has six cleavage sites distributed spatially
around its central channel. However, due to the geometry of its locations, we believe
that a translocated protein meets only two of them. Whether the strand is indeed
transported or cleaved at a particular position is a stochastic process with certain
probabilities (see Fig. 1).

Table 1. Parameter values used in the model

Parameter Description Dimension Default Value
1 Protein Length Amino acids 200
L Proteasome Length Amino acids 80
D Distance between a cleavage center ~ Amino acids 15
and the proteasome end
N Number of degraded proteins - 1000

¥ Cleavage rate - 0.001
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The protein strand can be cleaved if it lies close to the cleavage center or it
could be transported forward by one amino-acid. We assume that the probability
of transport depends only on the length of the strand inside the proteasome. The
probability of transport is, therefore, given by a translocation rate function, v(z+ D)
where x + D is the length of the strand inside the proteasome in terms of amino
acids. The probability of cleavage is assumed to be a constant, denoted by . We also
assume that the degradation of proteins by the proteasome is a highly processive

27 i.e., in other words, the protein is not released by the proteasome until

mechanism
it is completely processed. This leads to the possibility of the proteasome making
several cuts in the same protein strand and in the formation of greater number
of smaller length peptides. The model also does not allow cleavage products to
overlap or outrun their predecessors. The standard parameters we have used for

this particular model are given in Table 1.

3. Analytics - Distribution of peptide lengths

To derive analytically the proteasome length distribution, we apply the master
equation approach for the distribution of the coordinate of the front end of the
strand and find its stationary solution as well as the distribution of peptide length.
We also assume that the products of cleavage left the chamber immediately after
cleavage. This assumption can be justified by the fact that the products of cleavage
have rather small size and can really left the proteasome very fast. We note that this
assumption will be also motivated if the transport rate function is a monotonously
decaying one, and the characteristic peptide length is small in comparison to the
distance between the cleavage center and the proteasome end. In this case most
of the peptides move faster than the incoming protein strand, and do not block
it. Later on, using numerical simulations we compare whether this assumption can
significantly change the results.

3.1. Omne cleavage center

We take the offset of the coordinate z (measured in amino acids) along the pro-
teasome at the first cleavage center (see Fig. 1). During the time interval dt, the
protein strand can move by one amino-acid with the probability v(z + D)dt and
can be cut with the probability ~vdt.

Let us have an ensemble of identical proteasomes with proteins inside, and w(x)
be the distribution of the proteins with the coordinate x. Then, at the x-th bond,
the change in dw(x) consists of the increase v(z + D — 1)w(x — 1)dt due to the
movement of protein ends from x —1 to x, the decrease —v(z+ D)w(x)dt due to the
movement of protein ends from z to = + 1, and the loss —yw(z)dt due to cleavage:

dw(z) = v+ D -1 wlx—1) —v(z+ D)w(z)]dt —vyw(x)dt. (1)

At x = 0 (the protein ends at the cleavage center) we have to set the boundary
condition: no strands are to be cut, and no strands move from x = —1 because no



Biophysical Reviews and Letters, Vol.1, No.4 (2006) 375-386

Influence of Transport Rates on Protein Degradation 379

proteins end there, but there is a gain Y . ; yw(z)dt from cleavage, i.e.
dw(0) = [7 3 w(z) - v(D) w(())} dt. 2)
=1
Using the standard master equation technique, we consider the continuous limit,
supposing that w(z) and wv(z) vary slightly from one bond to another. Then,
Yo w(z) &~ [T w(z)de = 1 (the last being the normalization condition), and
the discrete derivative in Eq. (1) may be replaced with the continuous derivative:

0
w(x,t) = —%(v(x—i—D) w(z,t)) —yw(z,t), (3)
with the boundary condition (2), w(0) = v — v(D) w(0), i.e. for stationary case
2
w(0) = - (4)

v(D)

The stationary solution of Eq. (3) with the boundary condition (4) gives the
asymptotic distribution of protein coordinates which coincides with the length dis-
tribution of peptides p(z) (because probability of a strand to be cut is independent
of its coordinate). The problem (3),(4) admits the stationary solution

= w(@) = ———exp[ - T | 5
pla) = wle) = e [ [ ] (5)
thus providing us with the analytically found proteasome product length distribu-
tion.

3.2. Two cleavage centers

Let us now have a second cleavage center at zo = L — 2D (see Fig. 1). If vdt is the
probability of cleavage by a center during the time interval dt, then the probability
of a peptide of length x to be cut by any center is v(x)dt:

]y O<z <o
v(z) = {2% T > To.

In this case, the length distribution does not coincide with the distribution of
protein coordinates. Let us start with the distribution of protein coordinates w(z).
Beyond the cleavage centers it obeys the equation which is similar to Eq. (3) :

w(x,t) = —({%(v(x—i—D) w(z,t)) —v(z) w(z, ). (7)

At the first cleavage center, again, w(0) = v/v(D); at the second one (z = x9)

w(xe) = ’y/ w(z)dr +v(ze + D — D) w(xy — 1) — v(ze + D) w(x) — yw(ze),
T2
what provides

U

v(zo + D)’ ©)

w(ze) = w(xze — 1) 4+
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where u = [~ w(z)dz.
So, for x € (0, x2) the protein coordinate distribution is:

() = — L exp| =y [ =2
wla) = (o) = e [ <7 [ ], (10)
and for x € [x2,00), one can obtain u = v(z2 + D)wq (z2),

wg(x)zﬁexp[—b/%] (11)

To note, the formulae (10) and (11) may be combined:

w(z) = ’U(Z(i—::)l)) exp [— / %} (12)

In its turn, the distribution of peptide lengths p(x) is proportional to a super-
position of w(z) and shifted wa(x), i.e., p(x) x w(zr) + wa(z + z2), that gives us
after normalization:

o) = w(z) + wa(x —l;mu:cQ)

= 2 (13)
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Fig. 2. (a) Monotonously decreasing transport rate function v(z) = v1(z). The vertical lines show
the location of the point where the condition for the maximum in the length distribution (Eq. 15)
holds and the location of the cleavage centre. The parameters are D = 15 and v = 0.001. As
predicted by theory (solid line) the numerically computed peptide length distribution (denoted by
boxes) has a maximum for one cleavage center (b), two cleavage centers with immediate disap-
pearance of cleavage products (c), and in the case where the cleavage products do not disappear

().
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3.3. Maximum in peptide length distribution

As shown below, the presence of a second cleavage centre does not significantly
change the results. Hence, to find the conditions for a maximum in the peptide
length distribution, we use the analytical expressions for the case of one cleavage
centre. This peptide length distribution has an extrema at the points where
O:dw(:v) _ ol exp[_,}/\/‘i dx’ }(_dv(x—i—D)_,y), (14)
dx v2(z + D) o v(z'+ D) dx
what gives the condition for extremum,
dv(z + D)
dx
This equation should be fulfilled at least in one point for x + D > 0. To note v
is here the rate of cleavage. Hence, there are no limitations for its value. Eq. (15)
shows that the condition for obtaining a maximum when we have a single cleavage
center is independent of the actual form of the transport rate function, but is rather
dependent on its slope. This would suggest that it is possible to obtain a peak
in the length distribution even when the transport rate function is monotonically

= —7. (15)

decreasing, and indeed that is what we find from our numerical simulations.
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Fig. 3. (a) The case when D is large and the maximum condition holds nowhere. As predicted by
the analytical theory (solid line) the length distribution does not have peaks under the assumption
that the cleavage products disappear immediately (b) or without this assumption (c).

4. Comparison with numerical results

We adapt our model for numerical simulation with the help of Gillespie algorithm
28 which enables the system to jump to the next event via the calculation of the
waiting time before any event will occur. Following the approach suggested by us
in 24, we stochastically model the system where several events can happen with
different probabilities. Suppose that on some moment of time we have a set of N
probable events with rates R;, where the ¢ — th event has the rate R; and ¢ = 1..N.
Then by generating two uniformly distributed in (0, 1) random numbers RN; and

RN,, we estimate the time T after which the next event would occur as
log(RNy)

— (16)
Zz‘]\il R;
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Fig. 4. The case of non-monotonous transport rate function vz (z), shown by solid line in (a,e,h).
From top to bottom: different location of the cleavage centre D = 3,15, 32 (shown the vertical line)
with respect to two points where the condition of maximum holds (shown vertical lines); (b,f,i)
the corresponding length distributions for the case of two cleavage centres. Numerics (boxes) is
always in good agreement with theoretical predictions (solid line); (c,g,j) the corresponding length
distribution if computed without the assumption of immediate disappearance. Only in one case (c)
of rather unrealistic too small D this length distribution changes a lot from distributions (b,f,i).

The concrete event k£ that occurs after this time can be then found from:

k+1

k N
> Ri<) RiRN; <> Ri. (17)
=1 1=1 1=1

The peptide or its part inside the proteasome can either be shifted by one amino acid
or it can be cleaved if it is located near the cleavage center. Inside the proteasome,
the translocation rates of the substrate or fragments depend only on their lengths
and are described by the translocation rate function v(x + D) (see Fig. 1). The
probability of cleavage is described by the function R.(p), where p is the position
in the substrate sequence. We set the constant cleavage probability R.(p) = v and
discuss another situation later. When the protein is degraded, its fragments lengths
are counted in the length distribution. The reliability of the results is ensured as we
conduct the study over a large number of proteins N so that the trends observed
in the length distribution have the basis in statistical results. To consider different
situations, we study different relations between the geometry of the proteasome ( the
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parameter D) and two qualitatively different transport rate functions, monotonous
and non-monotonous one.

For the sake of generality we choose the following qualitatively different transport
rate function:

vi(z) = e %2 wy(z) = 0.125e %3, (18)

where z is the peptide length and o = 0.54 is a constant. It is important to note that
such monotonous and non-monotonous transport functions can be obtained also if
we assume that the protein translocation is driven by nonequilibrium fluctuations,
as we have assumed it in 26.

4.1. Monotonously decreasing transport rates

First we consider a case of the monotonously decreasing transport rate function v;.
This form of function (see Fig. 2 (a)) may correspond to two different situations:
when the location of the cleavage centre let the condition (Eq. 15) can be fulfilled at
some point and when it cannot. The first case occurs if the parameter D is smaller
than the point where the derivative of the transport function is equal to the value
—~. As predicted by the theory in this case one should observe the maximum in the
length distribution. This is indeed the case, as can be shown by a comparison of the
numerical results with the theoretical curve for one cleavage centre (see Fig. 2 (b))
or for two cleavage centres (see Fig. 2 (c)). It should be noted that addition of
the second cleavage centre does not change the results both as predicted from the
theory or computed with the Gillespie algorithm. This holds for all situations con-
sidered in this paper, hence below we plot only the results for two cleavages centers.
These plots clearly show a good matching between the analytical theory developed
and the results of numerical simulations. To remind, both the theory and numerical
simulations have been made under the assumption that the cleavage products disap-
pear immediately after the cut. The numerical simulations allow also to check what
happens if this assumptions does not hold and the cleavage product will still move
along the channel. As expected, for a monotonously decreasing transport function,
the length distribution does not significantly change (see Fig. 2 (d)). This happens
because the shorter cleavage products have larger probability of transport and do
not stack the incoming protein.

The situation qualitatively differs if after the cleavage centre the condition of
the maximum is never fulfilled. This happens if D is relatively large (see Fig. 3 (a)).
In this case the length distribution would not have a maximum which is in good
correspondence to the result predicted by the theory. The Fig. 3 (b) illustrates that
also in this case analytical results are in good matching with numerics. The length
distributions also practically do not change if the cleavage products do not disappear
after the cleavage but are transported with the same rules as the incoming protein
(see Fig. 3 (¢)).
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4.2. Non-monotonous transport rates

To cover several possible forms of the transport function, next we analyse the trans-
port function ve(z) with one peak (see Fig. 4 (e)). The derivative of this function
can be equal to —v in two points dividing all possible coordinates into three regions
where the cleavage centre D can be located. Let us study these three possibilities.

First, let us consider the case when the location of the cleavage centre allows
the maximum condition to be fulfilled in two points (see Fig. 4 (a)). In this case
the theory predicts the non-monotonous length distribution, as confirmed also by
numerics both for one or two cleavage centres (see Fig. 4 (b)). However, if we let the
cleavage products do not disappear, then the length distribution is monotonously
decreasing, as found by numerical simulations (see Fig. 4 (c)). This is the only case
when using this assumption changes the results significantly and the theory does
not predict the form of length distribution without this assumption. One should
note that this case of D = 3 seems to be rather unrealistic, because it means that
the cleavage centre is too close to the entrance what is not the case in the reality
4,1

Next, we analyze the case, when the cleavage centre D = 15 is between two
points where the derivative is equal to —v, and hence the maximum condition can
be fulfilled in one point (see Fig. 4 (e)). As predicted by theory and confirmed by
numerics, the length distribution is to have a maximum in this case (see Fig. 4 (f)).
Noteworthy, the theory in this case works sufficiently also in the case if the cleavage
products do not disappear immediately (see Fig. 4 (g)). If we believe in the non-
monotonous transport rate function hypothesis 24, this case seems to be the most
adequate for protein degradation by the proteasome. In the last case, the cleavage
centre is so deep in the proteasome D = 32 that the maximum condition can be
fulfilled nowhere. As expected, the length distribution has no maxima in all cases
computed for this relation between the transport function and the geometry of the
proteasome.

5. Discussion

To summarize, we have suggested the analytical consideration of the protein translo-
cation inside the proteasome which allows to predict the length distribution, if we
know the transport rate function which depends only on the protein length. For
the case of fluctuationally driven protein translocation, this function can be com-
puted as in 26. The main result is that the non-monotonous length distribution
observed in many experiments can be the result of a certain relation between the
transport function, the cleavage strength and the geometry of the proteasome struc-
ture, hence confirming and refining our previous hypothesis that length dependent
translocation rates can be the reason for a non-monotonous proteasome product
size distribution. The comparison between the analytical results and those of nu-
merical simulations has revealed significant similarities when we subjected it to
monotonically decreasing transport rates and non-monotonic rates. Our theory has
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been developed under the assumption that the cleavage products leave the protea-
some chamber immediately and do not interact with the incoming protein strand.
However, numerical simulations have shown that practically in all cases the theory
makes good predictions even without this assumption except for one unrealistic case
when the cleavage centre is too close to the proteasome entrance and the transport
rate is non-monotonous.

One should note that many factors can influence the length distribution of the
proteasome, such as translocation properties, the cleavage pattern and kinetics of
the fragment production connected to different rates of influx and outflux. Here we
have focused only on the influence of translocation properties. Without any doubt,
one should also analyze other factors. In 24 using the numerical simulations of the
same model, we have shown that the cleavage pattern may be not significant for the
length distribution if the protein length is quite long (larger as 150 amino acids).
Surely, for shorter proteins the influence of the cleavage pattern will dominate,
but the interplay of this influence with transportation properties can be computed
numerically with the same model if we set the cleavage probabilities dependent on
the position along the protein strand. In the same way, one can also consider the
situation when transport properties can differ a lot for different protein sequences,
what can be the case for certain neurodegenerative diseases 2°. The open question is
how to compile influence of translocation properties and properties of protein influx
and outflux. We believe that this can be done via including transport corrections
into the model of the proteasome kinetics suggested in 2°
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