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Zusammenfassung The proteasome is a barrel-shaped multi-subunit protease invol-
ved in the degradation of the Ubiquitin-tagged proteins. Here we review two models
which investigate an influence of a length dependent cleavage and transport processes
on the outcome of a digestion experiment. The first model describes the kinetics of
the proteasome degradation, the second is focused on the translocation properties of
the protein inside the proteasome. Both these approaches, mesoscopic and microscopic
ones, lead to the explanation of the experimentally observed nonmonotonous proteaso-
me product size distribution.

Self-organization is an immanent property of all complex biological systems
[5]. Two basic principles can lie behind the mechanisms of the self-organiza-
tion. First, self-organization can appear due to the effects of nonlinear dynamics
[5], where one have the interaction between elements with dynamics described
by nonlinear functions. Second, self-organization can occur due to the intrinsic
stochasticity of biological systems following the new ideas of statistical physics
[7,6]. In the latter case, the properties of noise can be exploited even to increase
the level of the order in the dynamical system. Following these two principles
in the present paper we discuss two mathematical models which describe the
proteasome function.

Proteasomes are multicatalytic cellular protease complexes that degrade in-
tracellular proteins into smaller peptides. Many roles in the cell’s metabolism
are played by proteasomes: they destroy abnormal and misfolded proteins tagged
with Ubiquitin and are an essential component of the ATP-Ubiquitin-dependent
pathway for protein degradation [3]. Proteasomes play an important role in the
immune system by generating antigenic peptides of 8-12 residues to be presen-
ted by the MHC class I molecules and, hence, are the main supplier of peptides
for its recognition by killer T-cells [13,15,23,9]. Proteasome inhibition has been
suggested as a promising new target for cancer treatment [19].

One of the important experimental result that describes the proteasome func-
tion is a length distribution of the fragments obtained in vitro experiments. For
long substrates it was found that this dependence typically is nonmonotonous
and has a single peak around the length of 7-12 amino acids (aa) for practically
all types of the proteasome [18,17,12,2]. This length of peptides is the most re-
quested length for a normal functioning of the immune system. The mechanism
behind such a length distribution is not completely clear. It was widely belie-
ved that the proteasome degrades proteins according to the “molecular ruler”
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to yield products of rather uniform size. It was proposed [26] that peptides of
7–9 residues were generated as a result of coordinated cleavages by neighboring
active sites. However, evidence for the molecular ruler is quite limited becau-
se the maximum in the length distribution is smoothed and not pronounced
as a sharp peak [12]. It is also interesting to note that in some experiments
three peak length distributions have been found [14]. Several theoretical models
for the kinetics of proteasome degradation have been published. Some of the
models describe the degradation of short peptides with qualitatively different
kinetics [24,25,22] or small number of cleavage positions [11]. The theoretical
model [11,20] for the degradation of long substrates is applied to specific prote-
ins with predefined cleavage sites and is fitted to experimental data describing
the fragment quantity after proteasomal degradation.

Here we review two models which describe the influence of a length depen-
dent cleavage, in- and efflux rates, and transport processes on the outcome of
a digestion experiment. The first model describes the proteasome kinetics [16],
the influx of the substrate, the cleavage process, and the efflux of the fragments.
It captures also the opening and closing of the proteasome gate and explains a
three-peak length distribution of products as observed experimentally [14]. The
second model [27,28] addresses solely the protein translocation and shows that
the differences in the length dependent velocity rates can be important and that
the nonmonotonous translocation rate function can result in one or three peak
length distributions.

1 Kinetic model of the the proteasome

The model. The model describes the rates at which the concentrations of frag-
ments of length k change over time. The concentrations change by proteasomal
cleavage, making two short fragments out of a long one, and by the influx and
efflux of fragments through the gates. The dynamics does not depend on the
amino acid sequence and orientation of the fragment, but only depends on the
length of the fragment. Let nk and Nk be the concentration of fragments of
length k inside and outside the proteolytic chambers. Then,

dNk
dt

= −a(k)
[
1− v

L∑

j=1

jnj

]
Nk + e(k)nk , (1)

dnk
dt

= a(k)
[
1− v

L∑

j=1

jnj

]
Nk − e(k)nk

−c
k−1∑

i=1

Fk,ink + c

L∑

j=k+1

(Fj,k + Fj,j−k)nj , (2)

for k = 1, 2, . . . , L. The substrate NL is an outside fragment of length k = L.
The first term of 1 describes the influx of fragments into the proteasome. For the
influx function a(k) we consider the case where there is no re-entry of fragments
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Parameter Description Dimension Default value

L Length of the Substrate amino acids 100

NL(0) Initial substrate concentration mol 100

â Rate of influx time−1 0.1

ê Rate of efflux time−1 1

c Cleavage rate time−1 1

θ Critical fragment length amino acids 25

µ Preferred cleavage position amino acids 9

σ Std of cleavage position amino acids 3

v Scaling factor - 1/200

Tabelle1. Parameters values of the kinetic model.

other than the substrate, i.e., we set a(k) = â for k = L, and a(k) = 0 otherwise.
The influx of substrate into the proteolytic chambers is a rate limiting factor
in protein degradation. Experimental works have suggested that the influx is
limited by the maximum amount of amino acids that can be accommodated in
the proteasome ( see [16] and refs therein). In our model the influx rate therefore

decreases when the total amount of amino acids inside,
∑L

k=1 knk, increases. The
maximum filling of the proteasome is normalized to one by a scaling parameter
v determining the maximum number of amino acids that can be accommodated
within the CP.

We assume that the influx does not strongly depend on the amino acid com-
position of the substrate. Based on the intuition that each peptide binds with
a probability p to the gate subunits, hence impairing the passage through the
narrow pore, it has been proposed that the efflux rate is a negative exponent of
the length exp(−γn) where γ = 1

1−p and n is the fragment’s length [11]. On the
other hand, the analysis of in vitro digestion of 25 and 27 aa long substrates per-
formed with the 20S proteasome suggests a length dependent reprocessing rate
which decreases with the increase of the substrate length. These data suggest
an increasing Hill function with high exponent to describe the reduced cleavage
rate for short substrates [21]. Hence, we describe the efflux rate with a pheno-
menological Hill function with high exponent and a critical length θ = 25 aa
e(k) = ê/(1 + (k/θ)10). The efflux rate switches at a fragment length of k ' θ
from the maximal efflux rate ê = 1 for short fragments to an efflux close to zero
for long fragments (see 1A).

The first two terms of 2 are the same influx and efflux terms as discussed
above. The last terms describe the cleavage machinery located in the core of
the proteasome. Fragments of length k are cut at a maximum rate c and with
probability 0 < Fk,i < 1 into two fragments of length i and k − i. Two terms
account for the loss and for the gain of each fragment of length k. The negative
term corresponds to a loss for fragments of length k which are cut in shorter
fragments, and the positive term is a gain because fragments of length j > k can
be cleaved into a fragment of length k. For parameters see Table 1.



4 F. Luciani et al.

0 10 20 30 40 50

Fragment length (k)
0

0.2

0.4

0.6

0.8

1

E
ff

lu
x 

ra
te

, e
(k

)

A

0 10 20 30 40 50 60 70

position in the sequence, i
0

0.05

0.1

0.15

0.2

0.25

C
le

av
ag

e 
pr

ob
ab

ili
ty

, g
(i)

B

Abbildung1. A. The efflux rate. B. Binomial (dashed lines) and gaussian (solid lines)
distributions for the cleavage probability.

The main assumption for the cleavage mechanism is that the proteasome
cleaves proteins starting around their N-termini or C-termini. It has been sug-
gested that there is a preferred length of 7-9 aa for an optimal docking of the
substrate with the binding grooves during the cleavage process inside the CP
[10]. We therefore assume that the proteasome starts at a distance m ' 9 from
one end of the protein/peptide, and scans the substrate chain in both directions
until a cleavage site is found. One can model [16] the cleavage probability with
a phenomenological binomial or a Gaussian distribution, as here.

The model has three rate parameters: the cleavage rate c, the maximum in-
flux rate â, and the maximum efflux rate ê. A normal time scale of proteasome
experiments is minutes. However, experimental results on proteasome degrada-
tion are typically compared for a certain level of substrate degradation, rather
than at a specific point in time. Since time is not an important issue, one can
always rescale the time such that c = 1 per time unit. Increasing the cleavage
rate will therefore be the same as decreasing the flux through the gates (i.e., as
decreasing â and ê). For details of the simulation algorithm see [16].

Kinetics. Experimental data suggest that the in vitro degradation rate of sub-
strates by the proteasome obeys Michaelis-Menten kinetics ( see [16] and refs
therein). For long substrates the maximum degradation rate and the Michaelis-
Menten constant are known to decrease with the length of the substrate. Our
model also exhibits Michaelis-Menten kinetics (see 2). For various initial sub-
strate concentrations, 2 depicts the depletion of the substrate (L = 100) in the
solution (Panel A), and the corresponding filling of the proteasome (Panel B).
There is a rapid initial phase during which the proteasome fills up by influx of
the substrate. At the very early stage of degradation, due to the filling of the
proteasome, the substrate loss is not linear. When the initial substrate concentra-
tion is low this initial phase accounts for a significant depletion of the substrate
concentration NL (see 2A). Otherwise, the substrate concentration remains high
and the filling of the proteasome approaches a quasi steady state corresponding
to a maximum degradation rate.

To study the Michaelis-Menten kinetics, we fix the substrate concentration
by fixing N(t) = N(0) and let the model approach the corresponding steady
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Abbildung2. A. Substrate consumption for a different initial concentration, NL(0).
B. Filling of the proteasome core particle (in amino acids). C. Michaelis-Menten log-
log plot; each symbol-curve denotes a substrate of a different length obtained from
the model presented in Eqs. (1, 2) in conditions where the proteasome is in a bath
of substrate in order to prevent substrate limiting effects. The solid line is given by
the initial slope âNL and the dashed-dot line is the Vmax, both predicted with the
simplified model (see [16]) for the standard parameter values (see Table 1) and an
average efflux ē = 0.2. D. Vmax as a function of the substrate length. It increases for
substrate shorter than 10 aa and decreases for longer substrates. The initial substrate
concentration is NL(0) = 6000.

state. At the steady state we measure the degradation rate as the number of
substrate molecules in solution which are lost per unit time, and depict that
as a function of the substrate concentration and the length of the substrate,
L (see 2C). This reveals a family of Michaelis-Menten curves for the various
lengths of the substrate. The longer the substrate, the smaller the maximum
degradation rate, Vmax, and the smaller the Michaelis-Menten constant, Km.
The degradation rate at low substrate concentrations is fairly independent on
the length of the substrate (see 2C).

Fig. 2D shows the maximum degradation rate Vmax, calculated numerically
from the full model Eqs. (1, 2), as a non-linear function of the substrate length.
It increases for small substrates with a maximum at ca. 10 aa and decreases
with the inverse of the length for longer substrates. Very small fragments are
weakly degraded because of the low cleavage rate for fragments shorter than 9
aa. This explains why the degradation rate decreases for very short fragments.
For longer fragments, Vmax was found to decrease with the inverse of the length.
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(A) (B) (C)

Fragment length (from 0 to 50 aa)

Abbildung3. Length distributions of the fragments outside the proteasome. From left
to right the efflux rate ê increases ê = (0.1, 1, 10). Each distribution has been taken at
the time 170 (A), 86 (B), 76 (C) when 20 % of substrate degraded. The vertical on
each plot is the log frequency (from 0 to 0.25). The influx rate â = 0.01. Note that the
distributions are insensitive to the variation in the influx rate â [16].

This is due to the fact that the CP volume is finite and thus the influx decre-
ases with the increase of the substrate length. Therefore, the degradation rate
decreses accordingly. This compares well with experimental results (see [16] and
refs therein). Interestingly, the ratio of Vmax/Km increases with the increase of
the substrate length [4] and saturates for long substrates reaching 50% of its
maximum for substrate of 23 aa which indicating that both constants decrease
with the length of the substrate in the same ratio.

Length distribution of the fragments. In vitro experiments generate clea-
vage products that range from 2 to 35 aa with an average length of 7− 8 aa (see
[16] and refs therein). Using size exclusion chromatography and on-line fluore-
scence detection, [14] showed that the products generated by the wild type (WT)
proteasome have a length distribution with three broad peaks corresponding to
lengths of 2− 3, 8− 10, and 20− 30 aa, respectively.

In 3 we show how the fragment length distribution depends on the size of the
gate, i.e., on the influx and efflux rates â and ê, as calculated with the model
Eqs. (1, 2). For an intermediate efflux rate, we obtain three-peaked distributions
similar to those observed in experiments [14] for a wide range of influx rates.
Note that the first peak has its maximum at 1 aa but we call this decreasing
slope “peak” for simplicity. In our model, the three-peaked distributions are the
result of the cleavage machinery, which tends to cut fragments of 8− 10 aa, and
the efflux of products, which favors the short fragments.

In the Panel A the efflux is slow compared to the cleavage (c/ê = 10). As a
consequence, most substrate molecules are fragmented extensively before they
are exported, and one observes short fragments in the solution. Increasing the
efflux rate 10-fold ( the panel B) gives a similar time scale to the efflux and to
the cleavage, and allows for a three-peak distribution. Another 10-fold increase
of the efflux rate (see Panel C) makes cleavage the limiting factor. The ratio of
long to short fragments increases. Because the residence time of fragments in the
CP is short, there is less fragmentation, and the first peak at 1-3 aa decreases.
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Abbildung4. The model of the proteasome with two cleavage centers. A protein with
unspecified sequence ( denoted as “0-0-0-0”) enters the single proteasome channel from
the left. It can be cleaved at any point by cleavage sites denoted by scissors. The cleaved
fragments move with different velocities depending on their length. After a waiting
time, computed by means of a Gillespie algorithm, either cleavage or translocation
may occur.

When the efflux rate and the cleavage rate have a similar time scale we ob-
serve three peaks in the distribution of fragments (see 3B). Similar to what is
observed experimentally [14], the third peak is much smaller than the other two,
and the second peak is larger than the first peak. In our model, the first peak
corresponding to the small fragments reflects an efficient cleavage mechanism
where fragments are repeatedly cleaved before they are released from the CP.
These “rest” products do not collapse to single amino acids because cleavage of
very short fragments is improbable in our model (see 1B). The second peak cor-
responding to fragments with a length of 8−10 aa, is the result of the preference
to cut at µ = 9 aa. Fragments are found in a broad peak around 9 aa, because of
the variation in the cleavage (i.e., standard deviation of the Gaussian function).
The third peak around 25 aa found in the WT distribution is due to the efflux
function. It results from the high probability of a fraction of intermediate 25-35
aa fragments to exit the proteasome. As they would have been a source for frag-
ments of length 15-25 aa, the production of fragments of this length drops. This
intuitive explanation elucidates the presence of the third peak.

2 A transport model of the proteasome

The model. The transport model assumes that the proteasome has one channel
only and two cleavage centers, i.e. a symmetric structure as seen experimentally.
The two cleavage centers represent the projection on the translocation route of
cleavage centers of two internal rings, which in reality can have up to 6 cleavage
centers but distributed in the 3D structure. The substrate, which enters this
channel can be cleaved or translocated as well as generated fragments until
they leave the channel (see Fig.4). The translocation and cleavage are modelled
by the Gillespie algorithm according to the translocation and cleavage rates
[8]. According to this algorithm we can stochastically model the system where
several events can happen with different probabilities.

The peptide or its part inside the proteasome can either be shifted by one
amino acid or it can be cleaved if it is located near the cleavage center. In this
version of the model, outrunning of fragments is forbidden, in the same way as
the peptide cannot be translocated into a position already occupied by another
fragment. Inside the proteasome, the translocation rates of the substrate or frag-
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Parameter Description Dimension Default value

l Fragment length Amino acids -
Lp Protein length Amino acids 300
L Proteasome length Amino acids 80
D Distance between a cleavage Amino acids 15

center and the proteasome end
N Number of degraded proteins - 104

Tabelle2. Parameter values of the transport model

ments depend only on their lengths and are described by the translocation rate
function Rt(l), where l is the length of the substrate or fragment part which is
inside the proteasome. Hence if the initial substrate enters the proteasome, this
length will be increased. According to this function the fragments of different
length can have different translocation rates. The probability of cleavage is des-
cribed by the function Rc(p), where p is the position in the substrate sequence.
For generated fragments the cleavage rates remain the same as they were in the
initial substrate for the corresponding positions. We assume that the substrate
is degraded by a processive mechanism, i.e., the protein cannot move back or
cannot leave the proteasome from the other side until completely processed (
for experimental argumentation see [1]). When the protein is degraded, its frag-
ments lengths are counted in the length distribution. To obtain reliable statistics,
the length distribution is averaged over large number of proteins N . This also
corresponds to the usual experimental set up. For parameters see Tabel 2.

Results. First, let us fix all the cleavage rates Rc(p) to a constant and show
that different translocation rates can result in qualitatively different forms of
length distribution. To check different translocation rate functions, we have
used a decreasing function Rt(l) = R1(l) = 1/l and a nonmonotonous func-
tion Rt(l) = R2(l) = (0.5l)3e−αl with α = 0.54 ( Fig. 5 left). If the cleavage
rates are relatively high Rc(p) = 0.01, the difference in the length distribution
will be not so much pronounced because the probability of cleavage will domi-
nate over the probability of translocation and, as a result, short fragments will
dominate in the length distribution. For both translocation rate functions the
length distribution is a monotonously decreasing function.

The situation qualitatively changes if cleavage rates are not so high, e.g.
Rc(p) = 0.001 (see Fig 6). For a monotonously decreasing function, the length
distribution is also monotonously decreasing (left). However for the translocati-
on rate function with the optimal length of transportation, one can clearly see
a peak in the length distribution (right). Hence translocation rate dependencies
can be of a crucial importance for the length distributions. If this function is
nonmonotonuos and has a clearly defined optimal transportation length, this
can result in a single peak length distribution as observed in numerous expe-
riments [18,17,12,2]. Since namely the length corresponding to this peak is the
most important length for the immune system, we conclude that translocation
properties of the protein should be taken into account in the creation of the



Mathematical Models of the Proteasome Product Size Distribution 9

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 5  10  15  20  25  30  35

Tr
an

sl
oc

at
io

n 
R

at
e

Fragment Length

1

2

Abbildung5. Left: Two qualitatively different forms of translocation rates used in the
model ( see Sec. 2), a monotonously decreasing function R1(l) ( curve 1) and a non-
monotonous function R2(l) with one maximum at the most optimal for translocation
length. For exact expressions see the text; Right: Translocation rate function R2(l) and
the intervals of its random variation (vertical bars).

virtual proteasome system. Interestingly, tuning the parameters, namely setting
Rt(l) = R2(l), α = 0.47, and D = 20 one can also obtain a three peak length
distribution (see Fig. 7, left) found in the experiment [14].

A question naturally arises: what is a mechanism behind such translocation
rates? In [28] we have assumed that the proteasome has a fluctuationally driven
transport mechanism and shown that such a mechanism generally results in a
nonmonotonous translocation rate. Since the proteasome has a symmetric struc-
ture, three ingredients are required for fluctuationally-driven translocation: the
anisotropy of the proteasome-protein interaction potential, thermal noise in the
interaction centers and the energy input.

Proteins and especially unfolded synthetic peptides have indeed a periodic
constituent in the potential due to a peptide bond. However this periodicity
can be hidden by an unperiodic, sequence specific potential. In this case the real
translocation rates for different fragments vary around the function computed for
a non-sequence specific case. Let us analyze how much this variation can change
the length distribution. For this we perform simulations with all parameters as
in Fig. 6 right, but on all simulation steps we change the translocation rates
randomly up to 50% of its initial value determined by the function R2(l) (see
Fig. 5, right). This means that at any step i the translocation rate for the
fragment of the length li is equal to R2(li)(1+Ri) where Ri are random numbers
uniformly distributed in the interval [−0.5 : 0.5]. Surprisingly, we have found
that in this case the length distribution is exactly the same as in Fig. 6 right
( not shown here). Hence, despite the real nonperiodicity of the potential the
nonperiodic constituent is not so important for the length distribution as the
periodic one, which defines the nonmonotonous rate dependence. Surely, this is
true for rather long proteins ( Lp > 150) and large statistics N > 104.

The next important question is the influence of the sequence specific cleavage
strength. Let us simulate the degradation of the Casein as in [14] with constant
cleavage rates and with sequence specific cleavage rates computed with Netchop
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Abbildung6. Length distribution for R1(l), Rc(p) = 0.001 (left) and for R2(l),
Rc(p) = 0.001 (right). It can be clearly seen that nonmonotonous translocation ra-
te can result in one peak distributions.

algorithms. Casein has a length of Lp = 188 aa and the cleavage pattern as in
in Fig. 7 right. All other parameters are the same as in the case of the three
peak length distribution, see Fig. 7 left. We have rescaled the cleavage strength
to have the same mean value of 0.001. To our surprise the length distributions
of not sequence specific case and sequence specific case are practically identical
( not shown). Hence to model the length distribution as a result of different
translocation rates, it is not so important to consider the cleavage pattern of the
substrate. However, for shorter substrates the cleavage pattern can significantly
change the length distribution.

3 Discussion

This work provides insights on the kinetic and translocation properties of the
proteasome degradation. A realistic choice for the models parameters is hard to
obtain. Both model are phenomenological and designed to qualitatively capture
the main features of the kinetics and transport. It is important to note that there
is no contradiction between these two models, the kinetic model operates on the
mesoscopic scale whereas the transport model on the microscopic one. Hence, the
transport model can be included inside the parameters of the kinetic model. At
the present stage the modelsdiscussed cannot be used for quantitative predictions
and serves as an explanation of the proteasome product size distribution. We
identify two possible directions which can be taken in order to develop these
models to be able to perform quantitative predictions. A first possibility would
be to simulate a population of proteasomes, each of them modeled with the
Gillespie algorithm, as in the transport model. A second option would be to take
into account the length dependent protein transport correction in kinetic models
of the proteasome function, as in [20,16]. In both cases, one should implement a
specific protein sequence, which certainly influences a cleavage pattern and the
proteasome-protein interaction potential, and description of in- and outfluxes,
taking into account the possibility of gate opening and closing [14].
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