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Abstract

The noise-induced transport of a Brownian particle with regard to its mass is considered. The results of approximate analytical
calculations for the averaged probability flux in periodic ratchet-like potentials are presented. The influence of the potential shape on
the mean particle velocity is traced. In the case of sufficiently small particle mass, it is shown that with increase in mass the reversal of
flux is possible. © 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction

In recent years, phenomena of noise-induced transport for Brownian particles have been attracting
considerable interest of many scientists, for the most part in the context of different biological and chemical
problems (see, for example, [1-10]). A physical experiment demonstrating the possibility of such transport
in a ratchet-like potential field created by laser beam is described in [11]. In [12], it was experimentally
shown that directed motion of a particle can be induced merely by turning on and off a periodic asymmetric
potential (more recently, this phenomenon became known as a flashing ratchet). Similar experiments are
also presented in [13].

Systems in which noise-induced transport occurs are often called stochastic ratchets by analogy with
mechanical device ‘ratchet-and-pawl’ described and considered by Feynman [14].

In the last few years much attention has been concentrated on the problem associated with the sepa-
ration of particles of different mass and size. In this connection, studies of different models giving flux
reversals as the system parameters change are very important [10,15-18]. Below, we show analytically by an
example of a special shape of the potential that under certain conditions flux reversal is possible with in-
creasing intensity of noise or particle mass.

2. One-dimensional motion of a light Brownian particle in a viscous medium under a slow periodic force
2.1. The case of a saw-tooth potential

Here, we consider the case when viscous friction in the medium is sufficiently large and mass of the
particle is sufficiently small, that the motion of the particle can be described approximately by the equation
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X+ f(x) = o(t) + E(0), 1)
where

a for nL < x < nL + xy,
f(x) B { —dap for nL —X <x< I’lL, (2)

is a function corresponding to a periodic saw-tooth potential that is shown in Fig. 1, n = 0,41,
+2,..., L =x; +x; the period of the function f(x), ¢(¢#) = Bcoswt the small periodic force, and £(¢) is
white noise of intensity K imitating thermal fluctuations. It is easily shown that, in the absence of the force
¢(t) and of noise £(¢), the points x = nL and x = nL + x; = (n + 1)L — x, correspond to stable and unstable
equilibrium states, respectively. If noise is present, then transitions from one stable state to another can
occur. Directional motion of the particle will take place if the probabilities of transitions in opposite
directions are different.
The Fokker—Planck equation associated with Eq. (1) is

W 2 (o)~ Sl + 5 BT, )

Since f'(x) is a periodic function of x, w(x,¢) is also a periodic function of x. Thus, Eq. (3) only needs to be
solved within the interval from —x, to x;.

It is easily shown (see, for example, [19]) that the statistical average of the particle velocity x, which
determines the directional drift, is determined by the relationship

(&) = [ " 61 dx, )
where
Glx, 1) = —g awéi D 4 R, Owl, 1) (5)

can be treated as the instantaneous probability flux, F(x,¢) = ¢(¢) — f(x). Averaging (4) over time we have

W=/ " G dx, (6)

|
G(x,t) = TIEEOT i G(x,¢) dr.
So, the mean particle velocity, i.e., its net diffusive drift, is proportional to the probability flux averaged
both over space and over time.

If the frequency o is sufficiently small, we can use for solving the Fokker-Planck equation a quasi-
stationary approximation (such an approximation they often call adiabatic one [20]). In this approxima-
tion, we obtain the following equation for wy(x, ¢):

RONE0) (o~ fix)milr.0) = ~Golo). "

where Gy(¢) is the probability flux. Solving Eq. (7) with account taken of (2) we find

(Co(go) - —GO(‘”)) exp (2"—"‘) + G0 for 0 <x < xy,

W()(X, (P) =
<C0((/))_G(;(2¢))exp(2[172x)+q72 for—ngxgo’

where

q12 = @ F aip, )
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and Cy(¢) is an arbitrary function of ¢. From the periodicity condition of the function wy(x, ¢) we find the
relation between Gy(¢) and Cy(¢) : Co(@) = O(¢)Go(p), where

0(0) = 1 qrexp(2Uyp/Kar) — g1 exp(—2Uop/Kas) — (g2 — q1) exp(2Uo/K) (10)
¢ q19> exp(Zqu)/Kal) — exp(—2U0q)/Ka2)

and Uy = a1x; = apx; is the height of the potential barrier. The probability flux Gy(¢) can be found from the
normalization condition for the probability density wy(x, ¢). In so doing we obtain

B 1 1 K(a, + ay)’ 20,
G;! U(+)+ex _2%
0 (9) ‘ aiqr  axq» 2‘]@% P K

" (expRUyp/Kay) — exp(2Uy /K))(exp(—2Uyp/Kay) — exp(2U,/K))

. 11
exp(RUpp/Kay) — exp(—2Uyp/Kay) ()
In the most interesting case when ¢ is sufficiently small, namely when
aa, . K
l,— 12
max<p<<az_a1 mm(,UO>7 (12)
we find
Go() = Goi(9) + Goa(@)* + - -+, (13)
where
U0a1a2
Gor = — :
K?*(a) + ap) sinh™(Uy /K)
14
a, — a; U02 U() ( )
Gox = Go — + -2
ajay \ K*sinh’(Uy/K) K tanh(Uy/K)

Since ® = 0 we obtain from (14) and (6)

— 2 — 2 2
[~ bl ) %), (15)
2K2aya, sinh®(Uy/K) \ K?sinh*(Uy/K) K tanh(Uy/K)

i.e., the particle moves in the direction of the slower rate of potential change. It is easy to verify that, in the
absence of noise (K = 0), transport of the particle cannot occur.

Examples of the dependences of (x)/B? on K /U, described by formulas (6) and (11) are shown in Fig. 2
for a number of values of B. We see that these dependences are of radically different kinds for
B < min(a;,ay) and B > min(ay, ay). In the first case, these dependences have a maximum at a certain value
of K/Uj that is the smaller, the greater is B. For K/U; — 0, i.e., in the absence of the thermal fluctations,
(x)/B* — 0. In the second case, (x)/B> tends to a certain finite value as K /U, — 0, which can be calculated
from the theory of vibrational transport [10,21]. For B < 0.5 the dependences found are almost coincident
with those described by the approximate formula (15). In this case, the averaged particle velocity is maximal
for K/U, = 0.43. If the ratio K /U, is either very small or very large, noise-induced transport is not feasible.

We note that a similar problem was solved numerically in [22] by using the so-called matrix continued
fraction technique. It was shown that, for low frequencies, the numerical results coincide with the quasi-
stationary approximation. But for high frequencies the results obtained were radically different, for ex-

ample, a reversal of the probability flux over certain ranges of K /U, and B was detected.
2.2. The effect of the potential shape

It is interesting to find how the shape of the potential influences noise-induced transport. In the case of
arbitrary periodic potential U(x) a quasi-stationary solution of the Fokker—Planck equation (3) is
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Fig. 1. An example of a saw-tooth potential U(x).
Fig. 2. Dependence 01“@/32 on K/Uj as described by Egs. (6) and (11) for @; = 1.25,a, = 5,x; = 0.8,x, = 0.2, and: B = 0.1 (curve 1);
B =1 (curve 2); B =2 (curve 3); and B =5 (curve 4).

w(x, 1) = [C((p(t)) —@ /0 exp (M) dx’} exp ( —M) (16)

where C(¢(t)) and G(¢(¢)) are arbitrary functions of z. From the periodicity condition of the function
w(x, t) we find the relationship between C(¢) and G(¢)

_2G(p)(9) 2Lp\1™
Clo)=—7¢ 1 —exp e : (17)
where L is the period of the functions f(x) and U(x),
L —
hio) = [ oo (HE520) s (18)
0
Taking account of (17) and from the normalization condition we determine G(¢)
K 2Lp\]™" B
Glo) =5 {zlup)zz(«p) e (< 2)] - a(@} , (19)
where
L —
L(o) :/ exp < W) dx,
j (20)

s [ [ s (-2 =00 ol =) g,

If the amplitude B satisfies to the condition
LB < K, (21)
we find from (19)

G((p) ~ Gop + G()z(pz, 11((/)) ~Ly— 1o, 12(([)) ~ Iy + ho, [3(g0) =~ I3, (22)
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where
L In Iy L 213
Go = Gp=Go| ———=—-—=(1-22
T Lol o o (110 Iy K( 110120>>7
L 2U (x L 2U (x
I = /o exp (%) dx, Iy :/0 exp (—%) dx, (23)
2

/_\
NS
)
N—
&

2 [t 2U(x 2 [t
Ill:i/o XCXp( [(()>dx7 [21:E/07 X eXp

By substituting (22) into (6) we obtain

— DB /L, Iy L ( 2L ))
N ————=[(1-—=). 24
) 210l <110 Ly K Lol (24)
As the first example, we set the function f'(x) proportional to the first two terms of the Fourier series for
f(x) described by (2), viz
N
1.1 2 2 — 2
Z L1yt ap)sin 200 EX0) g 2ot X =) g 2 X £0) ) o
2 nn L L L
where x, is chosen so that U(0) =0. Plots of the functions U(x) = [ f(x) dx and f(x) for x; = 0.8,
x, =0.2, xp =0.075 and N = 2 are shown in Fig. 3(a).

As the second example, we take the function f'(x) associated with a saw-tooth potential with smoothed
edges. This function and the corresponding potential U(x) are described by the following expressions:

Fig. 3. Plots of the functions U (x fo x) dx and f'(x) as determined by equations: (a) (25) for a; = 1.25,a, = 5,x, = 0.8,x, = 0.2,
and xo = 0.075; (b) (26) and (27) for x| = 0 8, x =102, and [, =0.05 (/, =0.015,a; ~ 1.27,a, ~ 6.67, and b ~ 133.33).
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Fig. 4. Dependence of (x)/B* on K /U, for f(x) described by (2) (curve 1), (25) with N = 2 (curve 2), and (27) (curve 3), for the same
values of the parameters as in Fig. 3.

bx for 0<x< 1y,
a; for I; <x<x1 — 1y,

fx)=<a —=bx—x+1;) forx;—I1<x<x + 1, (26)
—ay for x; + L <x<L— I,

—612+b(X—L+12) fOI'L—lzgng,

% for 0<x< 1y,
CI]()C—%I) forllgxgxl—ll,

Ux) = I—M for x; — I, <x<xy + [y, (27)
1—612(X—X1—%2) fOI')Cl—Flzgng—lz,
M for L— 1, <x<L,

where

1 1 X x2 as

=— = L==——\/P—xnL+B b=-=

M= YT Lon T2 g bt 5’

x1=0.8, x, =02, L=1, [, is a certain parameter that characterizes the extent to which the potential
edges are smoothed. Plots of the functions U(x) and f'(x) for I, = 0.05 (/; ~ 0.0095, a; = 1.265, a, ~ 6.67,
and b ~ 133.333) are shown in Fig. 3(b).

For f(x) described by the expressions (25) (for a; = 1.25, a; =5, x; = 0.8, x; =0.2, N =2) and (27)
(for the same values of x; and x, and /, = 0.05) the dependences of (x)/B? on K/Uj are illustrated in Fig. 4
(curves 2 and 3, respectively). For comparison, in the same figure the corresponding dependence for a non-
smoothed saw-tooth potential is shown too (curve 1). We see that all of these dependences coincide in a

qualitative sense but diverge quantitatively.

3. One-dimensional motion of a Brownian particle with consideration for its mass

We consider now the one-dimensional motion of a Brownian particle in a viscous medium described by
the following equation:

1+ x4 1 (x) = o(t) + <(0), (28)
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where u = m/f, m the particle mass, f§ is the viscous friction factor. We assume that p is sufficiently small,
viz

w max f7(x) < 1. (29)

In this case, we can obtain an approximate one-dimensional Fokker-Planck equation for the probability
density of the variable x, much as this was done by Stratonovich [23,24]. The derivation of such an equation
is given in Appendix A. For u = 0 the equation found is the exact Fokker—Planck equation corresponding
to the Langevin equation (1). It should be emphasized that the technique for derivation of the approximate
one-dimensional Fokker—Planck equation is valid only if all derivaties of the function f'(x) are finite. This is
why, strictly speaking, we cannot use it in the cases of the saw-tooth potential and of the smoothed saw-
tooth potential.

Setting in Eq. (A.20) €2 = p, taking into account that F(x, ) = f(x) — ¢(¢), and retaining the terms up to
the order 4, inclusive, with respect to u, we find the following quasi-stationary solution of the equation for
wix, ¢):

wixi) = exp (= 20O 220NN ) 250 [ (1 ) e 3

29K 2 K
8

+2F(x,0)f"(x) + (' (x)) ] g/ (x) + 5 (23F (0™ (x) + 521" ()" (x)

+MU%W}%W@W%WHM@W@W@H%ﬂmﬂ—[ﬁgfm>

0 (4857 e 000+ 167777 (07" (3) + 308177 (2)"(x) + 18201 (x))")

1 (1237007 () + TI3F (e, )7 (0)f () + VAT (e, )7 (0" (3) -+ 7607 () (1 (0)

FI9( ()RS () + 15 (0 () + 5, 00601 (0) + o Fe, ) () ()

F P00+ Sy | exp (20 ) av (30)

where G(¢) is the probability flux at a fixed value of ¢.
From the periodicity condition of the function w(x, ¢) we find the relationship between C(¢) and G(¢)

Clp) = 2GT(@ (11 (@) — ula(@) — 12(Is(@) — L(9) @) — 12 (112 () — Lis (@)
+ La(9)9*) — 1 (Lis (@) — Lo (@)@ + I () 9” — I (@) @) [1 —exp ( - ZLT(/))] N (31)

where I, (¢) is determined by (18), and expressions for other integrals can be found in Appendix B.
Taking account of (30), we obtain from the normalization condition the following relation between C(¢)
and G(o):

C 23 115(p) — () ~ 12(1s(0) ~ B(0)0) — 2 (1s(0) ~ (@)oo + T (0))

— 1Mo (@) — I3(9) @ + La(9)9” — bs(@)¢”)] = 1,

where L, (¢), I;(¢) are determined by (20), and other integrals can be found in Appendix B.
Substituting (31) into (32) we can find G(¢). It can be written as

G(p) = Go(@) (1 + uMy () + 1P Ma(@) + ' M5() + My (), (33)

(32)
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where Gy(¢) is determined by formula (19), and

_ Db(e)u(e) — Is(@)(1 — exp(—2Lo/K))
M) = 1) h(0) — hle) (1 — exp(—2Lp/K))’

e B(0)Us(0) — B(@)9) — (s(0) — I(@)¢)(1 — exp(—2Lg/K))
Mi(p) = M2(g) + 1(o)h(@) — L()(1 — exp(—2Lo/K)) /

. 3 L(@)I12(¢) — L3 (@) + Lia(¢)p?)
My(g) = 2Mi(@)Ma(e) = M (@) + 7 o)1 — exp(—2Le/K))

_ (Lis(e) = Iis(@)e + (@) @) (1 — exp(—2Lo/K)) (34)
Li(@)h(p) — I(e)(1 — exp(—2Lp/K)) ’
My(p) = Mi(0)(2M;(9) — Mi(9)Ma(@)) + (Ma(@) — M (p))’
L(o)(his(@) — Lo(@)g + Lo(@)p” — I (9)¢?)
Li(@)h(p) — Li(e)(1 — exp(—2Le/K))
_ (In(@) = bs(@)¢ + bu(@)9® — bs(@)¢*)(1 — exp(—2Lg/K))
Li(@)h(e) — I(@)(1 —exp(—2Lo/K)) '

If ¢ is sufficiently small then in (33) we can retain only the terms of order of ¢ and ¢?. In so doing we can
put Go(¢) = Go1¢ + G, where Gy, and G, are determined by (23), and

Mi(p) = My +Myo (i =1,2,3,4).
For ¢(t) = Bcos wt we obtain

— B
(*) = B [Gos + wW(GoMy1 + GoaMig) + 12 (GoiMay + GoaMay)

+ 12 (Go1M31 + GooMso) + 1 (GorMay + GoaMa)]. (35)

For f(x) described by formula (25) the dependences of (x)/B* on K/U, for y=0 and u=0.005 are
shown in Fig. 5. We see that up to the fourth approximation the flux reversal does not occur for any
values of K/U,. Only in the fourth approximation, for moderately large values of K/Uy(K/U, > 95) it
takes place.

It is evident that the dependence of the mean velocity of a particle on its mass can be used for the
separation of particles of different masses. Examples of the dependences of (x)/B* on u for two values of
K /Uy calculated in the second, third, and fourth approximations are illustrated in Fig. 6. We see that the
difference between the results is essential even for small py. The significant difference between the results,
obtained in different approximations for ¢ > 0.002, points to the fact that the series on the left-hand side of
Eq. (A.19) converges only asymptotically. This is why the conclusion about the flux reversal calls for futher
investigation.

We note that the results obtained coincide qualitatively with the corresponding results of [10], where a
saw-tooth potential was considered.

4. Summary

In conclusion, our investigation of the influence of potential shape and particle mass on the particle
transport in stochastic ratchet devices showed that the shape of potential causes only quantitative changes
in the probability flux, whereas the increase of particle mass can lead to qualitative changes such as flux
reversal. Since, according to our results, the flux reversal is found only in the fourth approximation with
respect to mass, further investigations are required. We note that we obtained the flux reversal both with
increase of noise intensity and with increase of particle mass.
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Fig. 5. The dependences of (x)/B? on K /U, for f(x) described by formula (25) for g = 0 and u = 0.005 (curves 1 and 2): (a) in the
second approximation, (b) in the third approximation, (c) in the fourth approximation; the results in the range 0 < K/U, < 3 (on the
left), and the results in the range 2 < K /U, < 8 (on the right).
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Fig. 6. The dependences of (x)/B* on u for (a) K/U, =5 and (b) K/U, = 8. The results obtained in the second, third and fourth
approximations with respect to u are labelled 2, 3, and 4, respectively.
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Appendix A. Derivation of the approximate equation for the one-dimensional probability density

Let us consider an equation
i 4 x4 F(x) = &(1), (A.1)

where &(¢) is white noise of zero mean and intensity K. Eq. (A.1) can be rewritten in the form of two
equations of the first order



1468 P.S. Landa et al. | Chaos, Solitons and Fractals 12 (2001) 1459-1471

ex=y, €= —%—F(x)—i—é(x,t). (A.2)

The two-dimensional Fokker-Planck equation associated with Eq. (A.2) is

Ow(x,y,t) ow ow dw) K d*w
2 o) —_ _F — L4+ — A3
ST Va W% )t T2 (A3)
Let us seek a solution of Eq. (A.3) in the form of the following expansion:
wx,y,1) = Ewy(x, )Y, (), (A4)
n=0
where Y,(y) are the eigenfunctions of the boundary-value problem described by the equation
K d*y d(yY)
— —+——L4AY =0 A.S5
2 dy? + dy + (A-5)

with the boundary conditions Y (+oo) = 0. As can be easily shown, the eigenvalues of this problem 7, = n,
where n = 0,1,2..., and the eigenfunctions can be expressed in terms of the Hermite polynomials H,(z) as

N = e () (A6)

Substituting into (A.6) the expression for the Hermite polynomial we obtain

K1 d" 2
— ./ = (e VK
L) = n2"n! dy” (e ) (A7)

It can be shown that the functions Y, (y) satisty the following orthogonality and normalization conditions:

R A A

We substitute (A.4) into Eq. (A.3) taking into account the following relationships: '

W) PO Dy ), ) = S (VT D01+ Vi), (A9)
a0%,())

dy _< (n+1)(n+2)Y,12(y) —|—nY,,(y)>_

As a result, we find

o0

ow, = K ow, 2(n+1)
2 n n n n
€ § €'Y, E € [e\/;(vn + 1Y, + \/ﬁYH) e eF(x) Yoaw, — nann] -

n=0 at n=0 K
(A.10)
Equating the terms of Y, (y) with the same subscripts, we obtain the following equations:
ow, K ow,_ ow 2n
2 n n—1 2 n+1
=4/= vn+1 F — W, 1 — nW,. A1l
T 2(‘/’2 > eVt iy >+ () ot = v (A-11)

! These relationships follow from the properties of Hermite polynomials.
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For n <4 these equations are

% _ \/15%7 (A.12)
62% = \/;aav;o 2\/«6wz ]2<F(x)w0 —wi, (A.13)
2%= \/l?agz‘ +é 371(%+%F(x)w1 — 2w, (A.14)
& 6W3 \/? aavf VK= aw4 I6<F(x)w2 — 3w, (A.15)

K
2 6a_vj4 aw3 /5 awS \f ws — s, (A16)

Putting in Eq. (A.11) w; = wy + 2wy + €*wip + €Swis +--- (i =1,2,3,...), we can find sequentially the

functions wygy, wyi,. .., wi,, ... The calculations show that for n > 1 these functions can be expressed as
o WIO ) 07w
Wi = @) v Qx2n— (27) Ox2n—3 ot (Dgnn)—lwlm (A.17)

where 45,((") are functions of F(x) and its derivatives.

wio = \/%@ % + F(x)w0>. (A.18)

Substituting
= Z "wi, (A.19)
n=0
into Eq. (A.12) and using the fact that
wir) = [l dy = wolr.o),

we obtain the following equation for w(x,):

ow \/? =< ,, 0wy,
=4/=) "—. (A.20)
ot 2 nz:; Ox

If €* is sufficiently small then the series (A.19) is converged and Eq. (A.20) is the exact one-dimensional
equation for the probability density w(x, ).
In a stationary case Eq. (A.20) becomes

K "wy, = —G, (A.21)
2 n=0

where G is the probability flux. In this case the derivatives of wyo, which are contained in the expressions for
Wi, in their turn should be expanded as power series in €

ano

D _ Ez{ "(x) + <3f F (x) + 2F (x)F"(x) + 6F’(x)F”(x)) + - ’]Wlm
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62:210 = —62{ "(x) + € <3f V(x) + 2F (x)F" (x) 4 8F' (x)F" (x) + 6(F”(x))2> 4. -]wlo.

Appendix B. Integral expressions

We use the following denotations:

= [ (520

FRIf ()] = /OL /Oxf(X') exp (2(U(X’) —Ul) — e —X))> dv’ dr.

K

) =27 + 21 (70 + ()’

£os) = 251 () 4 5 (2370077 () + 5270070 + 3170 + 270" )

H 121 () ()" (x) + 201 (),

£) = K 10 + T )+ 127 (),

fix) = 1‘;’; F70) 457 (48570071 () + 167777 () () -+ 308177 (o)) + 18207 (1))
232077 () T3 (W) 0) + 14770 ()" (3) + 7607 () (')’

FII9( ()21 (0) 415 P (1) + 2 L))+ S () )

PR LW+ S0

16

7o) = B8 P2 ) ) 4 (713 () 0) 4 14T ) 0) + P ()

+ 837" ()1 (x >+%f ()0 + 5 F ()

Foe) = T ) L0 ) S )+ ()

Using these notations we have

L(o) = FIF (), ble) = FRIW). Iol0) = FIA®L  Ia(e) = FIAW] (o) = FIAW),
e [ } Le(@) = FIAW]  T(e) = FIAWL  Tn(e) = Flfs(o),

]21 |: fIV :|
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and for double integrals
Is(p) = FFIf'(X)], Is(9) = FF[/i(x)], Is(@) = FF2f"(x))], his(@) = FF[/2(x')],

Bel0) = FFIA(), Tn(o) = FF | 1) 1) = FFIAML, (o) = FFIA)L

1(9) =PI, sl) = FF| 370
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